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Ira N. Levine, Quantum Chemistry

® CHAPTER 6

The hydrogen atom

THE ONE-PARTICLE CENTRAL-FORCE
PROBLEM

A single particle moving under a central force.

A central force is one derived from a potential-
energy function that is spherically symmetric.

V=V()
F=-VV(z,y,z2) = —i(0V/0z) — j(0V/dy) — k(0V/Dz)
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THE ONE-PARTICLE CENTRAL-FORCE
PROBLEM

F=-VV(z,y,2) = —i(0V/0z) — j(0V/Oy) — k(OV]Dz)

ov il
0z r dr
L z,y
v . _dv(r)r
F———E(xl—ky_]ﬁsz)—— >
r r/r is a unit vector in

the radial direction

A central-force is radially directed

THE ONE-PARTICLE CENTRAL-FORCE
PROBLEM

The quantum mechanics of a single particle subject to a CF:

H=T+V =—(h/2m)V*+V(r)
V2 = 02)02% + 0% )0y* + 8% 02?2

_6_2+g(9 102+1cot0—a—+~*1——£
T Tror  rzoer 2 0% r2sin’f 0¢?
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2 _ 2 Y T -
l = (ae2+c°wae+:sin2oa¢2>
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a-_n (a +23)+ ! L2+ V(r)
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THE ONE-PARTICLE CENTRAL-FORCE
PROBLEM

In classical mechanics: a particle subject to a
central force has its angular momentum
conserved.

In quantum mechanics: whether we can have
states with definite values for both the energy
and angular momentum. The commutator |7, 72
must vanish for this:

[H, L} =[T,L* + [V, L%

o ss (ot 20 | Y
T 1= |-— | +-= L2 12
7, %) [ 2m (8r2 o 0r> om0 J

I R: [0 20 .. 1 [1 4y .
(A R AR Ry -] UL ey
7, L] 2m [67‘2 o L ] tom ['ﬂ ’ J

Involves only 6 and ¢

THE ONE-PARTICLE CENTRAL-FORCE
PROBLEM

7,17 =0 —
[‘A/,[Aﬂ] _ 0 } [ [H, Lz] =0 if V= V(T') ]
\

Dos not involve r

=P L] i inagoe

L h? 0? 2 0 1 ., .
T 0= [ = LI L
[T, Ly) [ 2m <6r2 k= 6r> t o Z]

P nr [0 20 . 1 1 25 =
= 2 2 — =i ]
(7, L] 2m, [81‘2 + r Or ’LZ] + 2m [7‘2 ’ Z]

V.L]1=0

[ [H,L.]=0 if V=V(r) ]
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THE ONE-PARTICLE CENTRAL-FORCE
PROBLEM

[H,L*] =0
[H, L] =0 For a central force problem
[iz, EZ] =0

Let w denote the common eigenfunctions:

Hy = Ey
L) =11+ 1)y 1=0,1,2,...
ﬁ;l/):mhz/), m=—l,—I+1,...,1

THE ONE-PARTICLE CENTRAL-FORCE
PROBLEM

. (32—?+3‘9—¢)+ LBy vy = By
or

2m r Or 2mr?

0 (a% +28—¢) + W+ On” Y+ V() = Ey
r or

2m \ Or? 2mr?

¥ = R(r)Y," (6, ¢)

R, 2 [(1+ 1)R?
_Zﬁ (R +7—R> ik - R+ V(T)R—ER(T‘)
For any one particle problem with a spherically symmetric
potential-energy function V(r), the stationary-state wave functions
are 9 = R(r)Y;™(6,¢) , where the radial factor R (R) satisfies the
above equation
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NONITERACTING PARTICLES AND
SEPARATION OF VARIABLES

Noniteracting particles 1 and 2

(x1,91,21) (2,12, 22)

q1 q2

E=FE+E=TT+W+Th+ W

H=H,+H,

ﬁ:ﬁl+g2

NONITERACTING PARTICLES AND
SEPARATION OF VARIABLES

The Schrodinger equation:

(Hi + Ho)(a1, @) = B(q1,q2)

We try a solution by separation of variables
Y(q1,q2) = G1(q1)G2(g2)

H1G1(q1)G2(q2) + H2G1(q1)G2(q2) = EG1(q1)G(g2)
G2(g2) Hi1G1(q1) + G1(q1) H2G2(g2) = EG1(q1)Go(g2)

HGi(q1) | HxGa(qn)
Gi(q) Ga(q2)

=F
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NONITERACTING PARTICLES AND
SEPARATION OF VARIABLES

H:G1(q1)
Gi(q)

= L1

HyG>(g2) _
Ga(q2) :

E=F + FE»

H,G\(q1) = E\Gi(a1), HyGao(q2) = E2Ga(g2)

NONITERACTING PARTICLES AND
SEPARATION OF VARIABLES

For n particles (noninteractinh)
H=H +H+ - +H,
(1,42, -, qn) = G1(q1)G2(g2) - . . Grnlqn)

E=E+E+ --+E,
H,G,=EG; i=12,....,n
When Hamiltonian is the sum of separate terms for each coordinate:
H = Hy(2,p:) + Hy (9, 5y) + H.(2,p2)
¥(z,y,2) = F(z)G(y)K(2)

E=E, +E, +E.
H.K(2) = E:K(2)  [,F(z)=E,F(x) H,G(y)=E,Cly)
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REDUCTION OF THE TWO-PARTICLE PROBLEM
TO TWO ONE-PARTICLE PROBLEMS

Two particles 1 and 2 with following coordinates:

(®1,91,21) (x2,y2,22)

The potential energy is usually a function of only the relative coordiates

Ty — I Y2 — 1 22— 21

REDUCTION OF THE TWO-PARTICLE PROBLEM
TO TWO ONE-PARTICLE PROBLEMS

ry;, T2 Specify the positions of 1 and 2

(z1,91,21) , (Z2,y2,22) Coordinates of 1 and 2

r=ry—r Relative or internal coordinates
=Ty — T, Y=y -1, z=z3— 2
Components of r
R=iX+jY +kZ
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REDUCTION OF THE TWO-PARTICLE PROBLEM
TO TWO ONE-PARTICLE PROBLEMS

miz1 + moZs
X=0 T s

mi + Mo
_ myyy +mays R = TP + MaTy
my + my mi +mz
mi1z] + mo2a
Z=——"=

my + mo

The definition of the center of mass of two-particle system

We also have:
r=T9—TI

REDUCTION OF THE TWO-PARTICLE PROBLEM
TO TWO ONE-PARTICLE PROBLEMS

R — miTr1 + My rn=R- m2 r
m + my mi + mo
_ m
r=7ry—T] =R+ LI
mi1 + mso
_
A transformation of coordinate
—
T1, Y1, 21 X, Y Z
_
T2, Y2, 22 Y, 2
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REDUCTION OF THE TWO-PARTICLE PROBLEM
TO TWO ONE-PARTICLE PROBLEMS

T = %m1|f‘1|2 + %m2|f‘2|2 vy = drl/dt = i‘l-

l

m1<R— 2 f)-(R— ™
mi + ma mp + mag
+imy (R + ™ i) (Ry 0

my + mo m1 + me

l AP =A-A

T =

o=

] mimeo .
T=21(m +ma)|R>+ 1 ——= |72
5 (1 2)|R|" + 3 — 2||

[e| = |dr/dt| # dlr|/dt

REDUCTION OF THE TWO-PARTICLE PROBLEM
TO TWO ONE-PARTICLE PROBLEMS

mims

T=21(m +ms)RZ+ 1 72
5 (1 2)|R| 2m1+m2||
M=mi;+mo

mi1meo

H= m1 + my
T = MR + Lpji?

— N

The kinetice energy of a The kinetice enrgy of internal
hypothetical particle of mass (relative) motion of the two
M located at the center of particles (vibration and

mass rotation)
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T1,Y1,21,%2,Y2,22 _— Py, = M1y, covy DPzg = M22y

XY, Z 29,2 py=MX, p,=MY, p,=MZ

Px = (T, Py = 1Y » pr = pz

We define these linear momenta for the new coordinates

We define two new momentum vectors:

Py SIiMX +jMY +kMZ and P, = ipd + juy + ks

T = IM|R]* + Lplt|?

l Py =iMX +iMY + kM2 ana Dy = ipé + jug + ks
T = lle2 + ’p,u|2
2M 24
If: V=V(z,y,z2) V is a function only of the

relative coordinates

2 2
D p# 4
H= P o |Ps
ol T [21‘ +V(w,y,z)}
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Suppose we had a system composed of two particles:

M  subject to no force

B Subject to the potential energy function

V=V(z,y,2)
There is no interaction between two particles
What is the Hamiltonian?
2 2
P Du
H=Du  \Ph oy,
o T [QH +V(z,y z)]
E=Ey+E,
(B2, /2M)brs = Enstons the Schrodinger equation for Eyv >0

a free particle of mass M
132
|2 +V@02)| bule2) = Butila9.2)

We have separated the problem to two separate one particle problems:
1) Translational motion of the entire system of mass
2) The relative or internal motion

For the hydrogen atom:

M = m, +m, = memy/(me + myp)
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THE TWO-PARTICLE RIGID ROTOR

A two particle system with the particles held at a fixed distance from
each other by a rigid massless rod of length d

|r| =d. V=0

The energy of rotor is wholly kinetics and the kinetic energy of internal
motion is wholly rotational

We separate off the translational motion of the system from as a
whole and concern ourselves with the rotational motion

g _Dh _ M _mama
2u 2u

my + mo
V =V(r)

The coordinates of fictitious particle with mass p is the relative
coordinates of particles 1 and 2.

THE TWO-PARTICLE RIGID ROTOR

X,y, z:. relative cartizian coordinates
r, 0, ¢: relative spherical coordinat

r=cte=d
Thus, the problem is equivalent to a particle of mass p constrained to
move on the surface of sphere of radius r.

V =0 1is a special case of V = V(r)

Thus:
Yv=Y"(0,9)

J rather than | is used for the rotational angular-momentum quantum
number

2 Vir) =
P u (T) 0 ? 2\—1712
— i 1
H 2]”-}- 2. +V(z,y,2)) ——o-—> H=(2ud*)"'L
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THE TWO-PARTICLE RIGID ROTOR

Hy = Ey
(2ud®)'LPY (0, 9) = EY]"(0,¢)
(2ud®) ' J(J + 1)R*Y (0, ¢) = EY]"(6, )

2
B J(J+ 1)k ’
2ud?

J=0,1,2...

I = moment of inertia

THE TWO-PARTICLE RIGID ROTOR

7= Z mqp? m; = the mass of particle 1
i=1 p; = the perpendicular disctance from particle i to
the axis
I =m,pf+m,p;
]
I H
v < d >
I = pd® _ 9 .
m, P iC = )
w=mama/(my + mso) :
d= p1+ p2 !
mypy = map2
; 1)h?
p=JUEIN G5
2ud?
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THE TWO-PARTICLE RIGID ROTOR

2
E— J(J+ 1)k
2ud?
I = pd?
v
_J(J + 1R
= oI
J=0,1,2,...

The lowest level is E=0. Does this violate the uncertainty principle?

Are the energy levels degenerate for rigid rotor?

The energy depends on J when the wave function depends on J

and m
2J+1

THE TWO-PARTICLE RIGID ROTOR

A Cartesian coordinate system with the origin at the rotor’s center of mass

This coordinate system undergoes the same translational motion as
the rotor’s center of mass but does not rotate in space
V4

m,

m
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THE TWO-PARTICLE RIGID ROTOR

The rotational levels of a diatomic molecule can be well approximated
by the two-particle rigid-rotor energies.

For allowed pure-rotational transitions:
) AJ=+1

2) a molecule must have a nonzero dipole moment

These transitions locate in microwave region.

U:E.]_H—EJ [(J+1)(J+2)—-J(J+1)]h

= =2 1
h 8721 Ci+d)8

Rotational constant: B = h/87%1, J=0,1,2,...

THE TWO-PARTICLE RIGID ROTOR

v=2(J+1)B
J=3 ] J— J+1
2— 3 v=6B
J=2 7\
J=1 7y
0—-1 v =2B
J=0

2B 4B 6B

Spectrum - B —->1—d
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EXAMPLE:

The lowest-frequency pur-rotational absorption line of 2C?2S occurs at
48991.0 MHz. Find the bond distance in 2C32S

J—J+1 v=2(J+1)B
v=2B
B = h/8nl = v)2
I=h/4n’v
I =ud®
d = (h/am’vp)'/?

_mama 12(31.97207) 1 B s
B = o T ms 12+ 3107207 602214 x 100 8 = 144885 X107 g

EXAMPLE:
g L b N7 _ 1 6.62608 x 10~** Js
2 \voop 27 [ (48991.0 x 106s-1)(1.44885 x 1026 kg)

=15377x 107" m = 1.5377 A

}1/2
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THE HYDROGEN ATOM

Consists of a proton and an electron

e: proton’s charge
-e : electron’s charge e=16x101YC

Hydrogenlike atom:

A system consisting of one electron and a nucleus of charge Ze
1 hydrogen atom
2 He*
3 Li%*

Z
Z
Z

THE HYDROGEN ATOM

A one-electron wave function is called orbital (whether or not it is
hydrogenlike)

An orbital for an electron in an atom is called an atomic orbital.

For the hydrogenlike atom let:

X, ¥, and z be relative coordinate of electron relative to the nucleus.
and

r=iz+jy+kz
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THE HYDROGEN ATOM

Force on the electron:

Z€/2

A central force <«— F=— >
’

T
r

\

_ dv(r) Unit vector in the r direction

dr

F =

r
T

dV(r)/dr = Ze'? [12

dr Ze?
/= 2 —_ = ——
V="7Ze = "

Where V=0 atr =w

THE HYDROGEN ATOM

A two particle problem

!

Two one particle problem
1) Translation of a particle with mass M =m_+ m,
2) (internal motion) motion of a fictitious particle of mass
1 at potential

Z€/2

r

V=

Al Ebrahimi YA
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THE HYDROGEN ATOM

meMmN
p=——
mMe + my z

The Hamiltonian of internal motion r

. h‘z Zr'Z
B=—-V -2 my

2 T

V is a function of r X

!

A one-particle central-force problem

THE HYDROGEN ATOM

Thus:
[")b(r7 97 ¢) = R(r)y’lnz(67 ¢) ) l = 07 17 27 Lamy lml S l

ym Spherical harmonic
R(r) Radial factor

2 2 2
_ (Ru+§R')+l(l+—1)hR—-Z%R:ER(r)

24 2ur?
a = h?/pe?
2 2E 2Z  I(l+1
R"+—R'+[7+——(2) R=0
r ae ar r2
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SOLUTION OF RADIAL EQUATION

Power-series solution:

Tree term recursion relation

l A substitution

Two term recursion relation

Examining the behavior of solution for large values of r:

2 28 272 l(l+1
R'+ >R + [4—2 += —(—-;—)]R:O
r ae’ ar T2,
i For large r
2E
R'+—R=0
ae’

Using auxiliary equation exp [£( —2E/ae'2) 1/27.]

SOLUTION OF RADIAL EQUATION

exp [£(—2E/ae?) /?r]

1) ForE>0 R(r) ~ eT1V2uET/h

We are giving the behavior of R

R(r) remains finite for all values of r

Physically these eigenfunctions correspond to states in which the
electron is not bound to the nucleus

Continuum eigenfunctions

Are not normalizable

Angular part is spherical harmonic
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SOLUTION OF RADIAL EQUATION

2)E<0 (bound states)

exp [£(—2E/ae?) /?r]
To make it finite as r goes to infinity, we prefer the minus sign

exp[- (—2E/ae?)  ?r]

In order to get a two-term recursion relation:

R(r) =e “"K(r)

2E 1/2
ae’

SOLUTION OF RADIAL EQUATION

The substitution will guarantee nothing about the behavior of wave
function for large r. The differential equation will still have two linearly
independent solution.

R(r) = etCmJ(r)
J(r) = e 2°"K(r)

2 2F l 1
R lp |22 22 WD) L_
r ae’? ar r?

l R(r) = e “"K(r)

r’K" + (2r = 20r*)K' +[(2Za™" - 20)r =11+ 1)]K = 0
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SOLUTION OF RADIAL EQUATION

) . If we did we would find
K = Z CkT that the first few
k=0 coefficients are zero

o0
K:chrk, cs 20
k= AN

The first nonzero
coefficient

o0 o0
K = Z Ciysri TP =1° Z bjr, bo #0
Jj=0 Jj=0

j=k-—s bj = Cj+s

SOLUTION OF RADIAL EQUATION
K" 4+ (2r — 2Cr)K' +[(2Za™ ! = 2C)r —1(1 + 1)]K =0
K(r) =r"M(r)
M(r)=> biri, by #0
j=0
rEM" 4+ [(2s + 2)r = 2CT2 M + [s* + s + (2Za™! —2C - 2Cs)r — 11+ 1)]M =0
M(O)Zbo, MI(O):bl, M”(O):ng
bo(s> +s—1>-1)=0

$+s-02-1=0— s=1, s=—-1—-1
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SOLUTION OF RADIAL EQUATION

We test the behavior of wave function
R(r) = e °"K(r)

R(r)=e Tt Z bir! 4 K(r) = M(r)
i=0

M(r)="> byl
e CT=1-Cr+... J=0

R(x) behaves as bhyr* for small r

For the root 1 = s, R(r) behaves properly at the origin

For s = -1 -1 R(r) is proportional to for small r

pl+l

1=0,1,2,.... Thus R(r) becomes infinite at the origin

SOLUTION OF RADIAL EQUATION

That is not a good argument, since for the relativistic hydrogen atom, 1 =
0 eigenfunctions are infinite at r=0.

From the standpoint of quadratic integrability:

. 1 1
/|R|‘2r2drm/7dr T
0 of 4 F=0

For | = 1,2, T is equal to infinite and s = -1 -1 is not acceptable

For 1=0, it is finite and R(r) ~ r'!, but why is not acceptable?

1) Further study shows that it corresponds to an energy value that the
experimental hydrogen-atom spectrum shows does not exist

2) r!satisfy the Schrodinger equation everywhere in space except at the
origin

3) the Hamiltonian operator is not Hermitian with respect to it
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SOLUTION OF RADIAL EQUATION

Taking the first root:

R(r) =e “rps Z bir?
=0

[

R(ry = e “"rt M(r)

M+ (25 +2)r — 207 )M’ +[s* + s+ (2Za™! —2C — 2Cs)r — (1 + 1)]M =0

l -

rM" + (21 +2 = 2C7)M' + (2Za™ ' —2C —2C)M =0

M(r)= Z b1
4=0

oo o0

M=) gbrdTh =Y bt = (kA Dbt =D (G + Dbjpar?
j=0 j=1

k=0 j=0
M= "G - Db 2 =3 50— D2 =3 (k + Dkbg k™!
j=0

j=l k=0

= .
=3 (G + jbjar?™!

=0
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SOLUTION OF RADIAL EQUATION

rM" + (21 +2=2Cr)M' + (2Za™' —2C - 200)M =0
o0 27 j
Z[ (G + Dbje1 + 20+ 1) + 1)bj + (‘ —20“201‘2CJ> 1] =0

i=0 l

b (2C +2C1+2C5 — 2Za_1)
T TG ) 20+ )G+ 1)

We examine the infinite series 37(;) = Z bir! for large r:
=0
For large r the behaviour of the series are determined by the
terms with large j
biy1 2Cj _ 2C
bj _]2 j

SOLUTION OF RADIAL EQUATION

(20)771 1 (20)j+17«j+1
J! (G+D!

(ecy+t v 20 2C

G+ @0y g+l

2T =142Cr +---

For large r, the infinite series behave like e2¢r

R(’l") = e*CT‘ s Zb rd R(T) ~ e—Cr 1.,2Cr _ rleCr
Jj=0

r—ow === R(r)— o andwill notbe quadratically integrable

We have to cut the series, then the eCr factor will
ensure that the wave function goes to zero as r goes
to infinity

The last term: br*
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R(r)=e ~En SZbr’

bj“— ](j+1)+2(l+1)( 1)

=0 forj=k

20(k+1+1)=2Za" ", k=0,1,2,...
k and 1 are integers, and we define a new integer:

n=k+1+1, n=123,...

SOLUTION OF RADIAL EQUATION

Energy levels:
2C0(k+1+1)=2Za™!
l n=k+1+1
Cn=Za*

l C = (—2E/ae’*)!/?

Z2 2 Z2 4 . .
E= -2 (e_) :_in;; a = Kpe’?

Bound-state energy levels of hydrogenlike atom
They are discrete
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SOLUTION OF RADIAL EQUATION

Energy levels of the hydrogen atom and the

potential energy curve

SOLUTION OF RADIAL EQUATION

All changes in n are allowed in light absorption and

€mission

H-atom spectral lines

— | ~<

1
2

1

109677.6 cm

gy =

YV

1mi
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SOLUTION OF RADIAL EQUATION

Degeneracy:

a) For bound states: g

n

p n, 1, m
n=1,23,... n different values for 1
1=0,1,2,...,n—1

+
m=-0L—-1+1,...,0,...,0—1,1 21 + 1 values for m

Degeneracy = n?
b) Continuum levels:

For a given level there is no restriction on the
maximum value of 1

Degeneracy = «

Z(zz +=>2=>1
=0 =0 =0
n-1 n—-1 n—-1
A=231=2"1
=0 =0 =1

1
Z(zz+1) =251 +n=n’
=0
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THE BOUND-STATE HYDROGEN-ATOM
WAVE FUNCTIONS

The radial factor:

R(r) = e=CrlM(r) il
M(r) = E]_ bjTj R (r) = plo—Zr/na Z br
Jj=0

¢ = Zfna 2Z j+l+l-n
na (j+1)(j+20+2) 7

bjy1 =

a = h*/pe’?

The complete wave function:

Yt = Rut(r)Y (8, 8) = anmszm(e%_ﬂ ¢

How many nods do R(r) and Y(6,9) have?

GROUND STATE WAVE FUNCTION AND
ENERGY

Ryp(r) = boe47/a

oo
lb0|2/ e~ 2erlapgr —
0

A 3/2 ’
RIO(T) =2 <—> e_Zr/a
a

7\ 3/? :

Rio(r) =2 (—) g <eie _ 1 (2N .
a Y100 = 72 \a €

Yy = 1/(47f)1/2
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MeNyp MMe Me
= — = = 0.9994557
M ¥ m,  1+me/m, 1+ 0000544617 e
p =~ m, > The error is about 1 part in 2000
2
ag = > =0.52018 A Bohr radius
mee’
e = 1.602177 x 1071°C
LV-C=1J=10" erg
leV =1.602177 x 107 J = 1.602177 x 10 Perg
EXAMPLE

Calculate the ground-state energy of the hydrogen
atom using SI units and convert the result to electron
volts.

l n=12=1, € =ef(4rey)??

E = — et [8h2e3

_0.9994557(9.10939 x 10~°" kg)(1.602177 x 107" C)*
© 8(6.62608 x 1031 J 5)2(8.8541878 x 10~ 12 C?/N m?)2

= —(2.17868 x 107'® J)[(1 eV)/(1.602177 x 10~ *° J)]

E = —-13.598 eV
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EXAMPLE
Find <T> for the hydrogen-atom ground state
* 7 h2 * 2
(T)= [ " Tydr = ~o YV dr
: 0%y 200 1 as 0%y 200
2 _ 200 2 _ 209
e or? ror ‘rzth ¥ drs t r Jr
L*y =1(1 + 1)h%y 1 =0 for an s state
!l’ =,n.—1/2a~3/28~r/a
ap/or = —mV2g2e 1/
62¢/8r2‘= 7 2g"72p1/a
dr = r*sin6drdodep
EXAMPLE

2 2w rmofoo
Ty = - ﬁ——l—‘J f f <1e‘2’/" _2 e‘z’/") r?sin 6 dr do d¢
o Jo Jo r

a

ﬁ2 27 T ) 2 hZ 2
= — ” f deé f sin 6 d6 f ('— e/ — 2re—2'/a) dr=— = €
2uma® J, b b, \a 2ua®  2a

a = h?/pe'?
(T = 13.598 eV

nkE
= n=-1
<T> n+2

W)= 2+Ez

n
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GROUND STATE WAVE FUNCTION
For points on the x axis
r=(z2+y2 + Y2 p= (:c2)1/2_: |z
P100(x,0,0) = 72 (Z )3/ 2eZIxl/0

A
Y100 0, 0)

V= —Ze’z/r

vy is continuous at the origin

v dy/dx is discontinuous at the origin

v" We say that the wave function has a cusp at the origin because
the potential energy becomes infinite at the origin.

THE HYDROGEN-ATOM BOUND-STATE
WAVE FUNCTIONS

The hydrogen-atom bound-state wave functions are
denoted by three subscripts (n, 1, m)

fer Js | pld|fla|n]ilk]...
cojof1f2|3f4als]6]7]...
h

f) i)r?;‘(lz)iple nl m

d diffuse 9

f fundamental P

And we go alphabetically » 1 m
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THE HYDROGEN-ATOM BOUND-STATE
WAVE FUNCTIONS

n=2
Y200, Y21-1, Y210 , Woq1
¢2s ’ ¢2p—17 1/)21)07 7ﬁb2:01

The radial factors depends on n and 1, but not on m

Each of three 2p wave functions has the same radial
factor.

THE HYDROGEN-ATOM BOUND-STATE
WAVE FUNCTIONS

Radial factors in the hydrogenlike-atom
wave functions

_ 1 (252 _Zr)2a
Ryp = 55 (3) " "re
_ 2 (z)\3/2 2Zr | 22%r%\ —Zr/3a
Ros =355 (3)7 (1 - 50 + 55 ) e
_ 8 (z\3/2(z 222\ - Zr/3
RSP  27V6 (Tz_) TT - 60; e r/3a
_ 4 (Z\/? 2 —Zr/3a
Raq = 81/30 (3)" r2e
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THE HYDROGEN-ATOM BOUND-STATE
WAVE FUNCTIONS

1 Z 5/2 _
Yo, s 2\a) "€ “ sin e
1 Z 5/2 B
Yaps = 17 2a) e Zr/28 cos @
A _ .
Yop, = s 2\a) "¢ 7% sin 0 ¢
tf’fmz =—Yzp_, and L'&ikIL] =V,
t.l"l*].’u Tff?P_\ = I"L’Z;P_! L‘hp—[ = _U}?‘pﬂ l'lhp"

THE HYDROGEN-ATOM BOUND-
STATE WAVE FUNCTIONS

Al Ebrahimi VY
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a?R(r)

THE HYDROGEN-ATOM BOUND-STATE
WAVE FUNCTIONS

0.7
0.6
0.5
2s
047

03

02

0.1

THE RADIAL DISTRIBUTION FUNCTION
[6f dr = [R(r) Y (8, ¢)fr? sin 0 dr d6 d¢
The probability of finding the electron in the region of
space where its coordinates lie in the ranges r to r +

dr, 8 to 6 + db and ¢ to @ + do

What is the probability of the electron with r to r +dr
with no restriction on 6 and ¢

2@
[R,(r)]r? dr J J Y70, )] sin 8 d0 dp = [R,(r)]*r? dr
0 0

27 T
J J Y76, ¢)}* sin 0 d6 dp = 1
0 -0
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" 5 Determines the probability of finding the
R*(r)r electron at a distance r from the nucleus;
Radial distribution function

R,.(r) is not zero at r =0, but radial distribution
function for 1sis zeroatr =0

0.6—
- THE RADIAL DISTRIBUTION FUNCTION
0.4+
a[R(r)2 r2
0.3
s
0.2
0.1
| |
1 2 3 4 5 1/
arez e 20 25
0.1
| ! | I | !
1 2 34 5 6 17 8 9 rla
”[R(V)]zrz 0.2 2p
0.1
1 2 3 4 5 6 7 8 9 ra
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EXAMPLE

Find the probability that the electron in the ground-
state H atom 1s less than a distance a from the nucleus

= 4[e " *(=5/4) — (-1/4)] = 0.323

REAL HYDOGENLIKE FUNCTIONS

em? makes the spherical harmonics complex with the
exception of m =0

1 1 VA
Py, = W(l#Zp,. + Pp) = o (;) @
®

e** = cos¢ * isin ¢

[ . dr =
1 A
s (/|1/)2p_1|2 dr+/!wzm|2dr+/w§p_lw2pl dr+/w3pl1/;2p_ld7>

=2(1+1+0+0)=1

Ali Ebrahimi vy
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REAL HYDOGENLIKE FUNCTIONS

Vo1 and Yy, ; are normalized and orthogonal.

2m

2
J (e ) dg =J edp =0
o

0

REAL HYDOGENLIKE FUNCTIONS

U =L(¢ — iy, )= 1 (Z)S/zrsin()sinqbe_z’/z”
T2 T o \a

1 VA 5/2
‘IJZP, — <_> ye—Zr/Za
T4V 2g \4a

1 4 ia —Zrf2a .
bop, = Yo, = \/:7(5;) ze %" zero in xy plane

Wapxs Wapy, and Yy, are mutually orthogonal
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REAL HYDOGENLIKE FUNCTIONS

szpl = Ez\llzl?l L2\|]2p1 = 2h2\V2p1 izWZpl = h\VZPl
5 2 2
H\V2p71 - E2W2p71 L sz—l = 2h \Ijzp—l L sz,l = _h\VZp,]

By, = E3Vp, L2\|’2p0 - 2hz\l’zpo Ly,,, =0y,,,

H\Vsz = EZWZpX Lz\Vsz = 2h2\|]2px szsz # Ctewsz
3 r2 2
H\Ijzpy - E2\|j2py L szy =2h sz}' L \IIZp * Cl‘€\l/2py

Hy,, =B, L2W2pz :2h2W2pz Ly,, =0y, ,

REAL HYDOGENLIKE FUNCTIONS

For n = 3:
aa, = (1/ i\/i)('/’sd2 = ¥34.,)

1 VA 7/2
( ) e Z"1*4? sin? § (2 sin ¢ cos ¢)

C 81Var \a

2 Z 7/2
( ) e—Zr/?mxy

 81V2r \a

Exercise: Continue for other functions with n = 3
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VE[VYVEF

3dp = (1N§) (3cos?0 — 1)
3dpe2_p2= 5 Z\Y2 127,72 _7r sin” 6 cos 2¢
3dey = - = CX[ sin? @ sin 2¢
q;,_ = o500 (”0) (3”0) LXD( 320 ) .s%n fsin2¢
Iyz = sin 26 cos ¢
3d,. = sin 26 sin ¢
REAL HYDOGENLIKE FUNCTIONS
Real Hydrogenlike Wave Functions
1 (ZV2
- (&= —Zrja
1s i <a) e
32
o= (D)o 2o
42wy \a a
1 A
- - (= ~Zrf2a
2p, 4(271-)1/2(0) re cosf
1 ZN? e
2p, = )" (;) re”%1 sin @ cos ¢
1 YA .
2p, = W(;) re %"2 gin @ sin ¢
32 2.2
3s = ;(5) (27 ~ 184 4 22) e~ 2%
81(37)2\a a pe
212 (Z)S/Z( Zr) z
= | — - = —Zrf3a
3p, a7 \a 6 7)€ cos 6
Ali Ebrahimi ¥
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REAL HYDOGENLIKE FUNCTIONS

Real Hydrogenlike Wave Functions

VE[VYVEF

P 572 7
3p, (Z) (6 - 7’) re=%7% sin 6 cos ¢

" 8la2\a
212 [ 7\ Zr 2
-~ £ _ e —2Zrf3a i i
3p, oz (a) (6 2 )re sin 9 sin ¢
1 zZ 7/2 B .
3d, = —81(671-)1/2 (—a—) rle %% (3 cos? 9 — 1)
22 [ Z\I2
3d,, = W(;) r?e=2' sin @ cos O cos ¢
T

21/2 VA 7/2
3d,, = W (;) r’e~2/ sin @ cos 0 sin ¢
T

A
3dp_yp = <—> r¥e~%3 sin’@ cos 2¢

812m)2 \ a

1 Z 7/2
3d,, = —_—81(2 7 (—a—) r?e~%"% sin® 0 sin 2¢
ar

HYDROGENLIKE ORBITALS

The ways of
depicting orbitals:

1) Drawing graphs of the
functions

2) Drawing contour
surfaces of constant
probability density

1) Drawing graphs of the functions

To graph the variation of w(r, 0, @), we need four dimensions

l

Instead, we draw graphs of the factors in y

Graphing R(r) versus r, we get previous curves

Ali Ebrahimi
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HYDROGENLIKE ORBITALS

Graphs of S(0):
z | Az
0\( +
1
V2 _
Plot of S ,(6) Plot of S, ((6)

Sop = 1/V2, Si0 = 4V6cosh

HYDROGENLIKE ORBITALS

We can draw a single graph that plots | S(6)T(p) | as a function
of 0 and ¢

For an s orbital:  ST=1/(4m)2 A sphere of radius 1/(4m)'/2

For a p, orbital: ST = 1(3/m)"/2cos
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HYDROGENLIKE ORBITALS

Drawing contour surfaces of constant probability density:

We shall draw surfaces in space, on each of which the value of
| w |2 probability density, is constant.

1s

HYDROGENLIKE ORBITALS

2ps,
3p.=3p,

Al Ebrahimi FY
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HYDROGENLIKE ORBITALS

3d,e. 2

HYDROGENLIKE ORBITALS
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HYDROGENLIKE ORBITALS

Product @
)

Equal and opposite regions
cancel by symmetry

s times 2p,

Equal and opposite regions
2p, times 2p, cancel by symmetry

Drawings of orbitals and their products to demonstrate
orthogonality.

THE ZEEMAN EFFECT
Application of an external magnetic field
cause a splitting of atomic spectral lines

A charge Q with velocity v gives rise to a
magnetic field B at point P in space

B:'Z—OQVSXI‘ Uo= 4m x 1077 NC Zsg?
™ T

r: a vector from Q to P
1.: permeability of vacuum
B: magnetic induction or magnetic flux

density (T)
Q 1s in coulomb
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Electric dipole moment: a vector from —Q to +Q with
magnitude bQ

Magnetic dipole moment (m): a vector of magnitude IA
I =current, A = the area of loop
m is perpendicular to the plane

The current is the charge flow per unit time. t=2mr/v

I1=Q/t=Qv/ 2nr

l

m| = TA = (Qu/2rr)ar? = Qur/2 = Qrp/2m

m 1s the mass of the charged particle
p is the linear momentum

THE ZEEMAN EFFECT

r is perpendicular to p thus:

my, = Ui KP = gL
& om om
| @==e
e
my — _Qme L
| = (0 D2 = A1+ 1))

2m,

B = eh/2m, =9.274 x 1072 /T Bohr magneton
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THE ZEEMAN EFFECT

For H atom in the presence of an external magnetic field

The interaction energy between magnetic dipole
moment and external magnetic field

EB =—m-B
s = —=Ti:B
2m,
We take the z axis along the B: B = Bk

EB:; B(L,i+ Lyj+L:k) k= “_BL =&BLZ

M, 2m., : h

Additional term in Hamailtonian:

FIB = ﬂeBh‘lf/z

THE ZEEMAN EFFECT

The Schrodinger equation for the H atom in a magnetic

field (H + Ag)y = Ey

A is the Hamiltonian in the absence of an external field
(H + Hp)R(r)YT"(0,0) = HRY[" + B.h 'BL,RY["

22 r2
= (—— S ﬁeBm) RYJ"

n? 2a
additional term
Thus, m degeneracy is removed

m is called magnetic quantum number

Spin magnetic moment of electron did not
consider in this discussion
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