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e Classical-Mechanical Treatment
e Quantum-Mechanical Treatment

Ali Ebrahimi )




Univ. of Sistan and Baluchestan AVERVARA K

The one-dimensional harmonic| 3:::
oscillator: Classical treatment | :

| .
——— I‘\ Closed system with no '
\/\/\/\ exchange of energy outside the
A - | system implies conservation of
| = | energy.

>, Mass, m

lllustration showing a classical particle mass m attached to a spring
and constrained to move in one dimension. The displacement of the
particle from its equilibrium position is x. The box drawn with a
broken line indicates a closed system.

The one-dimensional harmonic| ::::

oscillator: Classical treatment | @

F=ma
F, = —kx

d’x :

—kr=m—z c=(km)” | y"(x) + c?y(x) = 0
x = Asin (27wt + b) y = A cos cx + B sin cx

Lo
u=2—1—(£) y=Dsin (cx + e)

T \m
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The one-dimensional harmonic| 3:::
oscillator: Classical treatment | &
v av av
Be==gs HE=pgn, Hesg
dv
F, = ~ i = —kx

z = Asin(2wvt + b)

V = [kzdz = }kz? + C, » :
d—j=Ax2nvcos(2nvt+b>

V=1kz* C=0

" = 22 ma?
T = .—Em(dsc/dt)2

E=T+V = $kA* = 2n°v*mA®

The one-dimensional harmonic| ::::

oscillator: Classical treatment | @

P(y)

~1 ¥ 1

Classical probability density for an oscillating particle.
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The one-dimensional harmonic| ::::

oscillator: Quantum treatment |:

Hamiltonian function

P ’ P L W
H(x, p) :T”—i- V(x)= m+5mw x

Hamiltonian operator

A S G he d? T, h? [ d? .
A=T+V=-"C tor??ma?=— 2 (2 _a2s?
2m dz? Ty 2m (dm'—’ @ )
a = 2nvm/h
d*
- v ) —2 2.2 -
T + (2mER a’z ) =0

There are two procedures available for solving this differential equation.

1) The Frobenius or series solution method

2) The ladder operator procedure

The one-dimensional harmonic| ::::

oscillator: Quantum treatment |:

1) The Frobenius or series solution method
A substitution that simplify the procedure is:

Y =e 2 f(2)

P = e"”'z/'z(f” - 2azf —af +o?z?f)

2
j—;g +(2mEr 2 — %2 =0

(@) = 2azf'(z) + (2mER™2 —a)f(z) =0
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The one-dimensional harmonic| ::::

oscillator: Quantum treatment |:

f(z) = Z ™

n=0
(o ¢] o>
Pile) = Z nepx™ ! = Z nepe™ !
n=1 n=0
o0
f'(@) =" nln = epz"?
n=2
o o] ) (o <]
=3 G+ +ejrea? =) (n+2)(n+ ey 2™
J=0 n=0

(@) = 2azf'(z) + (2mER™2 — a)f(z) =0

The one-dimensional harmonic| ::::
oscillator: Quantum treatment |:

(n+2)(n + 1)epge — 2anc, + (2mER™? — a)en] =0
a+ 2an — 2mEh2 Two term recursion relation.
Cpn42 = (n n 1)(n T 2) Cn Thus, there is two arbitrary

constants: ¢y and ¢,
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The one-dimensional harmonic| ::::

oscillator: Quantum treatment |:

If Ccy = 0 00 o0

: 2/ P TS P P o

p=e “r /-f('r) =e€ e b E ('nw” =c ar’/2 E (".!l-r“.'
n=0,24,... =0

Ifcy=0

00

20 :
_ 2 e 2 j« 9
v=e az®/2 § : (,‘,,.’l,‘" — e Qz /2 § :(_2” lx_.‘ +1

n=1,3,... =0

The general solution:

. 0 . 0
vf’ — “._lpfnr"/’z § Cals II.ZHI + B()—n.r"/'z E (,_“I.H
1=0 ' 1=0

The one-dimensional harmonic| s:::

oscillator: Quantum treatment |:

We now must see if the boundary conditions on the wave function lead to
any restrictions on the solution.

How the two infinite series behave for large x:

a+2an —2mEh 2
c
n+1)(n+2) ™

Cnt2 =

n =2l

corye o+ 4dal — 2mER™?

e (U+1)(20+2)
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The one-dimensional harmonic| ::::

oscillator: Quantum treatment |:

Assuming that for large values of x the later terms are the dominant ones:

Col42 4l o

~ =

en @@ 1

Forn=2]+1
Sy &
Cars i
The one-dimensional harmonic| ::::

oscillator: Quantum treatment |:

o0 P 22
e :ZF_1+Z+E+

n=0

121 I+1 ,2042
2 axr « T
e =1+az’+---+ + +---

I (I+1)!

(}Ill 1

For large |
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The one-dimensional harmonic| 3:::
oscillator: Quantum treatment |

For large x:

. 2 2
Each series goesas e“ ax”/2

Ygoesas e

If we could sorpehow break off the series after a finite number of terms, then
the factor ¢~ /2 would ensure that y went to zero as x became infinite.

How?

If the coefficient for c, (n=v) become zero, then c,,,, C,.4, ... Vanishes

Cnt2 = (n+1)(n+2) “n
The one-dimensional harmonic| 3:::

oscillator: Quantum treatment |:

n=v a+2av—2mER? =0

2mEh™? = (2v + 1)27vmh !

E=(v+3)hv, v=0,1,2,...

E,=(n+ %) fiw, with n=0,1,2,3,......
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The one-dimensional harmonic| ::::

oscillator: Quantum treatment | :

Ey= Thw

M(x) = +mwix?

E: g = ‘;‘ﬁu.‘

E| = %flu.‘

Ey= %f’“-'

Zero point energy # 0

The one-dimensional harmonic| 3:::

oscillator: Quantum treatment |:

a+2an — 2mEh 2

Cran = ¢
n (n+Dn+2) "
E=(@w+ %)hu,
2a(n — v)
Cp +2 — ot . On

(n+1)(n+2)

b = 8*012/2((:0 -*-(.‘-_).'AI"2 i +(.‘L..'Ifll)
Y e’“*z/'z((:];r. + c32d + - + cpxY)

For values of E that differ from above mentioned equation, y is
not quadratically integrable
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- - o0
The one_-dlmepsmnal b = s’/ 3 cus?
harmonic oscillator: -

Quantum treatment

In the region around
x = 0, the three
curves nearly
coincide. For |a'2x|
> 3, the E/hv =
0.500 curve nearly
coincides with the x

E/hy = 0499 ——

axis. A

The one-dimensional harmonic
oscillator: Quantum treatment

why is E;=0 ?
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Even and odd functions e
Even functions:
Definition:  f(—z) = f(z) f(x)
Example: 22, b’
(—2)? = 2?
e~b(=2)* = g—ba” x
/ " fade = 2 [ s

Even and odd functions

Odd functions:

Definition:

g(~x)
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The Harmonic-Oscillator 8
Wave Functions o2
(TP o et gy —— oven
even Odd
Yo = coe— 0% /2 even

o o0
) . _ 2 —az? — 2 —ax?
Normalization: 1 —/ |C0‘ € dr = 2|co| / € dz
—oo 0

II;IO = (a/ﬂ_)lfd()—rr.zz/B

Exercise: complete the normalization of y, wave function.

The Harmonic-Oscillator
Wave Functions e

W
2
w,=e ™ Pex+ex’ +..+c,x")
2
= crze” /7
| normalization X
. 2y«
V) = (4(13/71‘)1/4;17870't /2
(byv=1
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The Harmonic-Oscillator st
Wave Functions e
v, = e_”"‘z/z(c0 +e,x° +..+c,x") s = (T—LZE% o

P2 = (co + c2z?)e -az?/2 Cy = 2(;('_22) co = —2aco

Yo = co(l - 2n:r2)e"‘”2/2

¥ = (a/47)'/4(2az? — 1)e=*% /2

(c)v=2

The one-dimensional harmonic| ::::

oscillator: Quantum treatment | :

2) The ladder operator procedure

1/4
Wo(z) = (2°01) 172 (%) e 2 H, (o' 1)

.2
dne z

n :2
Ho(2) = (-1)"e* —

ZIIn(Z) = an-l(Z) + _r‘l_,f.{n+l(z)

Example:

Obtain the the Hermite polynomials for n =0 to n =10, and
normalized g, to y;

Hoy=1, H =2z  Hy=42>-2  H;=82"-122
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The Harmonic-Oscillator HH
Wave Functions e
4 Classically:
E=T+V
T20
E E-V=T20
E2V
The classically allowed (-a < x < a) and forbiden (x < -a and x > a)
regions for the harmonic oscillator.
The Harmonic-Oscillator 8
Wave Functions e

In quantum mechanics:

TY # cte¥ We can not assign definite
VA"P - cteW valuesto T and V

Stationary state wave functions

Classical equations: E=T+V and V20
Quantum mechanics: E=<T>+<V> and <V>20

So, in quantum mechanics <V> < E, but we can not write VSE

A particle has some probability to be found in classically
forbidden regions where V > E
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The Harmonic-Oscillator
Wave Functions e
For a harmonic oscillator stationary state
E=(v+ }hv
V = Yex? = 2P
V<E
2% 2ma? <(v+ Lhw.
2 = (v+Hh/2nPvm = Qv + 1)/e. a = 2avm/h
—(2v+ 1)1/2 <all?z < (2v + 1)1/
The Harmonic-Oscillator
Wave Functions i

There are 2 different phenomenon to classical H.O
1) energy of ground state is not zero : ZPE
2) particle can be found in the classical forbidden region

E (in units of hyy)
n w S o
1 1 1 1

o
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The Harmonic-Oscillator 8

Wave Functions o2
Probability density of 12th state of H.O

The Harmonic-Oscillator HH

Wave Functions

As we go to higher energy states y, |@|? tend to have maxima
farther from origin

o A 2
/ =
V = 2k£L‘

(V) = ff;h[;\?‘/dm

(T)=—(#/2m) [ *§" dx
l Integration by parts

(T) = (h?/2m) [*°_ |dv/dw|?dx
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o000
o000
o000
a2
Vibration of molecules :
M, _ m; +m,
m; +m,
U=U(R)
Internal motion of diatomic molecule = vibration +rotation
o000
o000
o000
a2
Vibration of molecules :
X=R-R,
R, = equilibrium distance
§
k= ﬂ'lef'/d:r.2
k = d*U/dR?|p=r.
0 R — &
1 (k\? mims d2U
Vo — — —_— " y, =), k =
27 \ p my + mso dR? R=R.
Equilibrium vibrational frequency
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Vibration of molecules

Eip=w+ .—f,)huf —(v+ ‘—E,)Qhu,,:r,w
Unharmonicity constant = v x, >0
Selection rule Av=1

For absorption or emission of electromagnetic radiation to occur, the
vibration must change the molecule’s dipole moment.

Vlight: (Ez - El)/h ~ [('U-_z + ,—é)hl/f, — (‘Ul + .—i)h!/‘,]/h

=(v2 — 1 )Ve = Ve

Il
—

Av = 2,3,... overtones, much weakerthan Av

Vibration of molecules

Vight = Ve — v e (vy + 1)

N; . e v
= g e~ (Ei E;)/kT Boltzmann distribution law

Nj g
E; and E; are the energies of levels i and j, g, and g; are the degenerecies of

]
levels i and j, N; and N; are the populations of levels i and j.

gi =1 for a nondegenerate level
v=0—>1

(v=0—-20—3,...) Overton bands
v=1—22-3 Hot bands
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Vibration of molecules

Eyip = _;(vi + %)hz/,;. For a polyatomic molecule
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