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Abstract: In this paper, we show some refinements of generalized numerical radius inequalities involving the
Young and Heinz inequality. In particular, we present
n 1- % %

1
[

Wh(A;T1B1, ..., A;TaBy) <

inf n(x),

lIxlI=1

Y (B fUTiDBiI + (A7 g2(T{ DA
i-1

where Tj, Aj, B € B(##) (1 <i<n), f and g are nonnegative continuous functions on [0, co) satisfying
f(t)g(t) =tforallt € [0,00),p,r>1, N € N, and

1 n N 2 j-1_J. .
n =5y V(A7 820T; DADPx, X2 (B AT BPx, x)"

i=1j=1
- 2<l/<(B;Ff2(|Til)Bi)pX, (AT g2 (T DAPX, x)? k1 )2'
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1 Introduction

Let B(s7’) denote the C*-algebra of all bounded linear operators on a complex Hilbert space 27’ with an inner
product (-, -) and the corresponding norm || - ||. In the case where dim 7 = n, we identify B(2#’) with the
matrix algebra M,, of all n x n matrices with entries in the complex field. The numerical radius of T € B(.7¢)
is defined by

w(T) = sup{l[{Tx, x)| : x € S, ||x| = 1}.

It is well known that w(-) defines a norm on B(), which is equivalent to the usual operator norm | - |.
In fact, for any T € B(%), %II T| < w(T) < ||T|, see [4]. The quantity w(T) is useful in studying perturba-
tion, convergence and approximation problems as well as interactive methods, etc. For more information,
seel1,3,5,6,11, 17, 18].

The classical Young inequality says that if 0 <v <1, then a’b'™’ <va+ (1 -v)b (a, b > 0). During
the last decades several generalizations, reverses, refinements and applications of the Young inequality in
various settings have been given; see [2, 10] and the references therein. A refinement of the scalar Young
inequality is presented in [10] as follows:

a’b'™V <va+(1-v)b-ro(az -bi)?, ro=minfv,1-v}. (1.1)
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Recently, Sababheh and Choi obtained, in [14], a refinement of the Young inequality, that is,
a’b'™V <va+(1-v)b-Sy®), (1.2)

in which

N . .
= _1Yioi-1 _1\t+l rf"'l B4 b2k gk _ 2 ki+1p2-1-k-1 2’
Sn(v) le(( D12y 4 (<) . ) ik — Yk )

where N e N, 7j = [2/v] and ki = [2/-1v]. Here [x] is the greatest integer less than or equal to x. When N = 1,
inequality (1.2) reduces to (1.1).
It follows from va + (1 — v)b < (va’ + (1 = v)b")7 (r > 1) and inequality (1.1) that

a’bt™ < (va’ + (1 = v)b")7 — Sy(v).

In particular, for v = 3, we get

1

1,1 1\~ r i 1 J J 2-1_k; ki 2J Ki+1 1.2 1—ki—1 2
azb2$(5> (a"+b") —Elz(\/b 1a1—\/a1 b j )
If N = 1, then we reach [10, inequality (2.1)] as follows:
1.1 INF, vyt 11 1
azb? < (5) (a"+b")r —E(aZ -b2)”.
Let T; € B(s7) (1 < i < n). The Euclidean operator radius of Ty, ..., T, is defined in [13] by

n 1
2
We(T1, ..., T) = sup ( YI(Tx, 012 )
lIxl=1" ;=7
In [12], the functional w), of operators T4, ..., T, for p > 1 is defined by
d ;
Wp(T, ., Ta) 1= sup (Y I(Tix, )
Ixl=1% ;=7
Let Ty, ..., T, € B(27). Recently, Sheikhhosseini et al. showed in [16] that

1-1

T

|7 - inf 00, (13)

DB UTiDBI™ + [A7g*(T; DAIP)| "~ inf,

i=1

* * n
Wp(A;T1B1, ..., A;TyBy) <

1
T

where .
1 " 1 * * i
§00 = 5 Y (B (TiDBiIPx, x) 7 — (A f(T; DA x, x)7)°.
i=1
They also presented the following inequality:

1 ¢ 2a «12(1-a) . Pl
Wp(T1, ..., To) < E[i:zl(nw +IT7 P01 -2 inf G00)" |7, (1.4)
inwhich, 0 <@ <1, p > 1and §(x) = (I Til?%x, x)7 - (| T} 120-9x, x)7)2.
In the same paper, they showed

1) < €12(1— .
WH(T1, o Ty < 2| DT 177 2009 - inf g0, (1.5)
i=1 -
where {(x) = 3 X1 ((ITi%x, x)7 - (| T} [2-9Px, x)7)2.
Moreover, they established the inequalities
n
Wh(T1, ..., Tw) < | Y alTilP + (1 - )| T; |p|l - inf €00, (1.6)

i=1
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and

T T
W (ITaly oo | TaWL (T, - o . TS g—“ T~P|l+—|l T.*‘IU- inf  6(x,y), 1.7
7 (T4l | Tal)W}(IT;] T3 21| P+ Zl| F1%) = inf_, 806 ) (1.7)

where {(x) = min{a, 1 - a} ¥, (| TilPx, x)? - (T} |Px, x)7)? and

n n 2
o(x,y) = f)(ijZ(lTilx, yP - ijZ(IT,.*Ix, y)q) .
i=1 i=1

Assume that X € B(.7#). The mixed Heinz means are defined by

aypl-a 1-ay pa
Ha(A,B):A XB ;—A XB ’

in which, 0 < a < 1 and A, B > 0, see [8]. In [15], Sattari et al. showed that

w(A“XB'") < | XI'|leA” + (1 - @)B'], (1.8)

where A, B, X € B(2¢), with A, B positive,r >2and 0 < a < 1.
Using inequality (1.8), they presented an upper bound for the Heinz means of matrices as follows:
A"+ B’

W (Ha(4, B) < IXI'| =

(1.9)

In the present paper, we refine inequalities (1.3)—(1.9). We also find an upper bound for the functional w,.

2 Main results

To prove our numerical radius inequalities, we need several known lemmas. The first lemma is a simple result
of the classical Jensen, Young and a generalized mixed Cauchy-Schwarz inequalities [7, 9].

Lemma 2.1. Leta,b > 0,0 <v < 1 andr # 0. Then the following hold:
(@) a'b'™ <va+(1-v)b<va +(1-v)b)r forr>1.
(b) If T € B(s7) and x, y € 2 are any vectors, then

KTx, )1 < (AT1 %, ) T* 12Ty, y).

(c) Iff, g are nonnegative continuous functions on [0, co) which satisfy the relation f(t)g(t) = t (t € [0, c0)),
then

KTx, )| < IFATDxNgUT* DxIl
forallx,y € 7.

Lemma 2.2 (McCarty inequality [9]). Let T € B(sZ), T > 0, and let x € 2 be a unit vector. Then
(@) (Tx,x)" <(T'x,x) forr>1,
(b) (T'x,x) < (Tx,x)" forO<r<1.

Now, by using inequality (1.2), we get the first result.

Theorem 2.3. Let A, B, X € B(J¢), with A, B positive,r > 2 and 0 < v < 1. Then

WAYXB') < IXI[IVA" + (1= V)BTl - inf n(x0)], (2.1)
where
¥ 1j9j-1 nea[lit1
ne) = Y (1727 + (7 [2=])
j=1

_ : . : )
x( YeBrx, 07k (Arx, 0k - Y(Arx, )1 (Brx, X))
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Proof. Let x € 2 be a unit vector. Then, by Lemma 2.2 and inequality (1.2),
[(AVXBY™x, x)|" = KXB™™x, AVx)|"
< IXI"IB* Vx| A x|
= IXI"(BX M Vx, x) 2 (A%x, x) 2

< IXI"(A™x, )" (B'x, )"~

< IXI[v(A™X, ) + (1= )(B'x, 0] = IXI" Y. (-2 7y + (-1 [%])
j=1

X ( 2(/(Brx, X)2)’71_k; (ATx, X)ki _ 2</(ArX, X)ki+1(BrX, X)zj—l_kj_1>

2
Taking the supremum over x € 77, with ||x| = 1, in the above inequality we deduce the desired inequality. [

Remark 2.4. Let N = 1 in inequality (2.1). Then

W (AYXB) < 1XIT[ VAT + (1 - )BT| - inf rl(x)], 2.2)
x||=

in which, n(x) = ro({A"x, x)% - (B"x, x)%)2 and ro = min{v, 1 - v}. Hence, inequality (2.2) is a refinement of

inequality (1.8).

Using Theorem 2.3 we can find an upper bound for Heinz means of matrices that is a refinement of (1.9).

Theorem 2.5. Suppose A, B, X € B(7), with A, B positive. Then

w (4, B) < x| A2 - in g,

5 -3 inf {(x)

wherer>2,0<v<1,neN,and

j=1

j . j , 2
X ( 2\)/(B’x, x)2 ki (Arx, x)ki - Z(/(A’x, x)ki+1(Brx, x)z”l—"f—l) .
Proof. For a unit vector x € J#, we have

r
<

|<AVXBPV + AlfVXBVX X>

( [(AVXBVx, x)| + |{AT"VXB"x, x)| )'
2

2
B [{(AVXBVx, x)|" + [{(A1"VXBVx, x)|"
= 2

x|’ X"
IX] [(vA" + (1 -V)B'x, x)] - IX]
2 2 &

X ( z\j/bzi_lfk,' akj _ 2</akj+1b2j_1*kj*1 )2

X1
2

(o2t 1yt [#])

<

IX)" &

2 5

+ [((1 —V)A" + VBx, X)] _ ((_1)r;2i—1v+(—1)&+1[%])

, : . : 5
x ( 2</<B’x, x)? 7K (Arx, x)ki — Z</<A’x, x)kit1(Brx, x)? -kt )
N 1

- [(F5 7)) - @]__1((—1)”21'-1 e )

j . j . 2
x( YiBrx, )21 (Arx, 1) - Y(Arx, )% (Brx, )2 k-1 )

If we take the supremum over x € 7, with ||x|| = 1, then we deduce the desired inequality. O
Brought to you by | Université de Strasbourg

Authenticated
Download Date | 5/7/19 7:55 PM



DE GRUYTER M. Hajmohamad et al., Further refinements of generalized numerical radius inequalities =—— 5

In the next theorem we show a refinement of inequality (1.3).

Theorem 2.6. Let T;, A;, B; € B(27) (1 < i < n) and let f and g be nonnegative continuous functions on [0, co)
satisfying f(t)g(t) = t for all t € [0, co). Then

1-1, n
=) B ATDB + ;20T A
=

* * n
Wh(A;T1B1, ..., A;TnBy) < - lrulfln( X),

wherep,r > 1, N € N, and

1 Ly 2J j-1_Jc * )
LEED) >( (A 82T DAYPx, )24 (B: F2( T3 B)Px, X)W
i=1j=1

j =1 _Je._ 2
- A (B} f2(ITi])Bi)Px, X)"””((A?gZ(ITfI)Ai)pX,X>21 ki 1) .
Proof. Let x € 2# be any unit vector. Then, by Lemma (2.1) (c), Lemma (2.2) (a) and (1.2),

Z|(A TiBix, x)|P = Z|(TBX Aix)|P
i=1 i=1

lef(IT DBix|IPIlg(I T DAix|I

1]
M= IDM= IDM= I

(f(ITzl)B X, f(Ti)Bix) * (I T; DAix, g(IT; NAix) &
B FFAUTiDBix, X) % (A7 g2(TF DA, x) &

(B F2(ITiDB)Px, X) 2 (A7 g2(I T DA)PX, x) 2

]
=

IN
.M=

Il
=

[(%((B;f2(|ri|>3i)p'x, 0+ 3 (AT AT DAY x,0)) |

1 S ? J-1_Je; * .
32, Z( {¢@Ar 2T DAPx, )2 4 (BE F2(TiD)By)Px, x)¥

||M;«,

- AR AT, )11 (A7 2T} DAPx, )21 )’

Sanyly Z (1B PATDB” + (422070 ) )

r

-3 Z Z (3 «casg2aT; DAY x, )2 k(B F2(TiD By, x)

11]1

- AR AT, ) (A7 2T DAPx, )2 1)’

By taking the supremum on the unit vector x in .7Z we reach the desired inequality. O

Corollary 2.7. Let Aj, B; € B(oZ’) (1 <i < n). Then forr, p > 1 we have

* * nl_% S
WAIBL, s ArBa) < 0| Y (B 4 1AP)
=1

— inf ,
‘ IIIﬁl 1 10

where

neo = ZZ( Yaaiex, 02 b Birx, )% - (1BiRpx, )1 (1A ex, 102 k1),

i=1j=1
Proof. Choosing f(t) = g(t) = t* and Ti=1Ifori=1,2,...,nin Theorem 2.6, we get the desired result. [
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Corollary 2.8. Let T; € B(27) (1 <i < n), and let f and g be nonnegative continuous functions on [0, co) such
that f(t)g(t) = t forall t € [0, 00) and r,p > 1. Then
1_,

WO(Ty, ..., Ty <

X fZ'P<|Ti|)+g2fp<|T;‘|>)|| - inf 1), 2.3)

lIxli=1

where

no = ZZ( g (T 1x, 07 22 Tix, 08 - AP (Tibx, 05+ (2P (1T Dx, 10271

11]1

In particular,

1 n
Wh(T1, o T) < 5| Y AT 41T 120799)] - inf. no, (2.4)
i=1

where 0 < a < 1 and

. N 2
n(x) = ZZ( T 2a-0rx, )27k T2enx, x)ki — (| Til2a0x, )b (|7 [20-0px, )2 K1),
i=1j=1

Proof. Selecting A; =B;=1 fori=1,2,...,n in Theorem 2.6, we get the first result. Letting f(t) = t?,
gt)=t'"% r=1andB;=A; =Ifori=1,2,...,nininequality (2.3), we reach the second inequality. O

Remark 2.9. Note that inequality (2.4) is a refinement of inequality (1.5), since

||M:

18 j .
2 *12(1- * _ 1k .
(TP, x)7 = (IT; PPx, x)7) Ezzz(z (1T [2A-px, x) 2 k(| Ty 2P x, x)b

1
2/

- TP, b Ty PO-0px, )2 1),
Now, by lettingn =2, N =1, T1 = Band T, = C in Theorem 2.6, we obtain the following consequence.

Corollary 2.10. Let B, C € B(5¢). Then, forallp >1and0 < a < 1,

1
wp(B, €) < S|IBI*P + B 2007 + |CPP 4 |C7 P77 - inf (),

where
n(x) = %[(<|B|2“Px, X)7 = (IB*PU9Px, x)3)? 4+ ((|CP%x, x)7 - (|C*P0-9Px, x)7)?].

Theorem 2.11. Let T; € B() (1 <i < n). Then

n 1
2 *(2(1- ; Plr
w(T1, ..., Tn)<—[=z(|||Ti| " IT7 PO -2 inf i)’ |, (2.5)
wherep > 1,0 < a < 1and
1 ) #12(1 2J-1-k; 2 ki _ ¥ 2 ki+1/1T*12(1-a) 21k-1)?
ni0) = 5 Y (A7 120-0rx, )27 Tyepx, )k - QT RoPx, ) T P00, 2027 o1 )
j=1

Proof. By using of Lemma 2.1 and inequality (1.2), for any unit vector x € .7, we have

n

YT, )P < Y (ATi2%, x) 2 (1T7 24 0x, x) )P

i=1 i=1
13 2a *12(1-a) < b %12(1— 2J-1_: 2 k:
< 55 2 LTI 0 + (IT7 P, 00 = Y (JIT7 RO-0rx, 027k (| Tif2apx, x)
i=1 j=1
- Rqmizerx, ok 1 2000, )27 k1))
15 2a *12(1-a) & 2 %12(1— 2J-1_k: 2 Pa
Z—Z[um HITFPOOx, ) - Y (1T P0-0px, x)27' ki (| T3 220, x)

-

j=1

. — 21p
= ATiaex, yb (T PO, )27 k1)
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Thus,

(iunx,xnp)‘l’

i=1

IA
N[~

N -
Y (T2 4177 P00, x) - Y (AT [20-02x, 102 k(T 290x, 20K
j=1

™M=

I
Ju

/ - 2\P]7
- 2</<|Ti|2apx,X)ki+1<|le“|2(1—a)pX, X>2/*1—k,._1) ) ]

T

M:

al;

Now, by taking the supremum over all unit vectors x € 7, we get the desired result. O

(AT + 177 PO, ) - 2mi00 )|

Ul
[

Remark 2.12. If N = 1 in inequality (2.5), then we reach inequality (1.4). It follows from

1 1 .12(1- 1
ST, X)7 = (T P9, x)7)?

N
1 ; — ; — 2
=3 Y (3T Pa-0rx, )2 R Ty 20, )k - J(ITi20x, Xy T 20-0px, x)? k1)
j=1

that inequality (2.5) is a refinement of inequality (1.4).

Theorem 2.13. Let T; e B(2#) (1 <i<n).Then,forO<a<landp = 2,

wh(T1, ..., Tp) <

Y @i + (1= IT;1)] - inf no, (2.6)
i-1 =

where

M=
M=

1= 3 ($(cmarta corm[22))

2

1

1]
.

I

=

. - . - 2
< (AT 1P, 02 B (TP 08 = ATPx 0k 1T P, 07 01))
Proof. For every unit vector x € ., by Lemma 2.1 (b), Lemma 2.2 (b) and (1.2), we have

Z|<T1x X = Z(|<T,x X))
i=1 i=1

< ) (UTilP%%, ) T; P4 9x, x))

i=1

i((ITIpx )T Px, x0T
i=1

p
2

n

Y (@I TilPx, %) + (1= @)IT; Px, %)) - Z(Z(( 12 e+ (- 1)"'”[”;1])

x (T x, 07 K (TP, 0% — 3 THPx, 081 T I, 02 1)’ )

(@ Til? + (1 - )| T} 1P)x, x)— 1nf n(x)

M:«.

]
-

S

WeE

I
-

- < Z(alT,-lp +(1- )T P)x, x> — inf n().
& Ixl=1
Now by taking the supremum over a unit vector x € 7 we get the desired result. O

Remark 2.14. If we put N = 1 in inequality (2.6), then we get inequality (1.6). Hence, inequality (2.6) is a
refinement of (1.6).
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In [12, Remark 3.10], Moslehian et al. showed
wp(B, C) < %IIIBIP +|B* P +|CIP +|C* PP, (2.7)
in which, B, C € B(#) and p > 2. In the following result we show a refinement of (2.7).
Corollary 2.15. Let B, C € B(5¢). Then, forp > 2,
WH(B, C) < SIBIP + B°IP +ICP+1C"P) - inf (v, 2.8)

where n(x) = 1(((IBIPx, x) - (IB*|Px, x)7)? = ({ICIPX, X) 7 = (|C*[Px, x)?)?).
In particular, if A € B(J7), then
w2(A) < %HA*A +AA*.

Proof. Ifwetake N=1,n=2,T; =B, T, =C,and a = % in Theorem 2.13, we get the first inequality.
In this particular case, let A = B + iC be the Cartesian decomposition of A. Then A*A + AA* = 2(B? + C?)
and infjx=1 n(x) = 0. Thus, for p = 2, inequality (2.8) can be written as

1
w3(B, C) < |B* + C?|| = SIA"A+ AA".

The desired inequality follows by noting that

WH(B. €) = sup{I(Bx, 1) +1(Cx, X)I'} = sup|(Ax, x)I* = w?(A). O
x|[=1 x|=1
Theorem 2.16. Let T; e B(#) (1 <i<n),r>1,andp > q > 1, with%+%1=%. Then
r< r <
(T, ..., IT AT e ITHD < = TiP| + — T - inf  A(x,y), 2.
Wo(IT1l, « oo, I TaDWo(TS , -, I T3 p"i;' il ||+q||;| 9] - inf A6 y) (2.9)

where

N n

i9j- e[ it 1 RSP 2J-1-k; ;
Alx, y) =j;((—1)r,21 1(1—:) +(=1)7 1[%])( \j(;w" x, y)‘1> (Z(|Tl|x, y)P>
ki+1 , n 2-1-k;-1 2
\/(ZUT,IX y>p) (izzl(m |x,y>q) ) .

Proof. Letx,y € lB(%) be unit vectors. Applying inequality (1.2) and Lemma (2.2) (a), we get

((Z<|T|x )’ (Z<|T*|x,y> )’ )

n N

< YTy + Z<IT*IX p1= Y (o2 (L) e 2])
p i=1 l 1 l 1 p 2
) n 2J-1-k; , n k; ; n . ki+1 , n . 211 5
x( \j(i;qn |x,y>q) <;<|Tilx’y>p) . \j<i=21<lT'|X’y>p) (;“T" m)q) )
< LS qmipx, y>+—Z<IT*I‘1x D=3 (2 (D)« e [12))
p i=1 l 1 j=1 p 2

n 2-1-k; , n k; zj n ki+1 , 1 . 2-1-k-1 \ 2
x(\j(ZaT e)(LATyy) —\j(;wuyw) (Xarimn) )

i=1

B Il)<< i:illTi|p)X’y> i £<( Z|T5|q>x’y> _é((_l)rjzj_l(lg) * Ll)mq%})

n

x ( \j( YAt y>q)2] o (; XS y7) v \j( i, y>p)k””( ST I, y)q)”’l"“"l )2_
=1 i=1 i=1

By taking the supremum on x, y € s with |x|| = |yl = 1, we get the desired inequality. O
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Remark 2.17. If we put N = 1 in inequality (2.9), then we come to inequality (1.7). It follows from

r n n 2
—( Y I Tilx, y)P - 2Z<|T;‘|x,y>q>
P\ \ia i-1

< (2 (—1)rf+1[#])( {0

j=1 i

n

(i) (S mi )’

n
=1 i=1

_ (i(ITiIX, y)p>kj+1< g(w; Ix, y)q)zjl_kj_1>2

that inequality (2.9) is a refinement of (1.7).

Corollary 2.18. Let T; € B(s7’) (1 <i < n). Then

1 n . n . )
Wl Tl oo Tabwe(1T3 Lo TaD < 5 (| X 700 + | Y 1ir ) = im 206,),
& = Il=lyl=1
where
Ax, y) = i((—l)ffzf*(l) oI
T 2 2
; n Z(Zj’l—k;) n ij
x ( (Yariin) (Xamiey)
i=1 i=1
,. n 2(kj+1) , n 2(2-1-k;-1) 2
~A(Xamen) T (Rarien) ) :
i=1 i=1

Proof. The result is obtained by letting p = ¢ = 2 and r = 1 in inequality (2.9). O

Corollary 2.19. Let T4, ..., T, € B(JZ) be positive operators. Then

1
2

we(Tl,...,Tn)s"iTl?
i=1
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