NEW GENERALIZED INEQUALITIES USING
ARBITRARY OPERATOR MEANS AND THEIR DUAL

LEILA NASIRI** AND MOJTABA BAKHERAD?

ABSTRACT. In this article, we present some operator inequalities via arbitrary
operator means and unital positive linear maps. For instance, we show that if
A, B € B(42) are two positive invertible operators such that 0 <m < A, B < M

and o is an arbitrary operator mean, then
®P(AoB) < KP(h)®P(Bo™t A),

where ¢+ is dual o, p > 0 and K(h) = (AZJ\J;Z)Z) is the classical Kantorovich

constant. We also generalize the above inequality for two arbitrary means o1, 09

which lie between ¢ and o+.

1. INTRODUCTION AND PRELIMINARIES

In this paper, B(J#) denote the C*-algebra of all bounded linear operators on a
complex Hilbert space (7, (-,-)). I stands for the identity operator. A self-adjoint
operator A € B(42) is said to be positive if (Az,z) > 0 for all z € 7, and in this
case we write A > 0. For self-adjoint operators A, B € B(s¢), the order relation
A < B means that B — A > 0. A linear map & is positive if ®(A) > 0 whenever
A > 0. It is said to be unital provided that it preserves the identity operator, that
is, (1) = I.

The axiomatic theory for pairs of positive operators has been developed by Kubo
and Ando [9].

If A,B € B(J) be two positive invertible operators, then the v—weighted arith-
metic mean, geometric mean and harmonic mean of A and B denoted by AV, B,

Atl, B Al, B, respectively, are defined follows as
AV,B=vA+ (1—v)B,  At,B=Ab (A—%BA—z)”A%,
and
AL,B= WA +(1—-v)B™H™,
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respectively. When v = %, we write AVB, A{B and A!B for the arithmetic mean,
geometric mean and harmonic mean, respectively. The v—weighted arithmetic-
geometric (AM-GM) operator inequality, which is proved in [15] says that if A, B €
B(2) are two positive operators and 0 < v < 1, then Af,B < AV,B. For a

particular case, when v = %, we obtain the AM-GM operator inequality

A$B < A;B. (1.1)

For two positive operators A, B € B(4¢), the Lowner—Heinz inequality states that,
if A< B, then

AP < BP, (0<p<1). (1.2)

In general (1.2) is not true for p > 1.

Lin [12, Theorem 2.1] showed a squaring of a reverse of (1.1), namely that the
inequality
A+ B (M +m)?\>
P° < | ————~) P*(A4B 1.
(237) = (Ut ) aasm) (13)
as well as

w(A;B)g(@%%?Sz@mwaw (1.4)

where ® is a positive unital linear map.
The Lowner—Heinz inequality and two inequalities (1.3) and (1.4) follow that for
0<p<2,

A+ B (M +m)*\?
P < P )
o ( 5 ) < ( o OP(AtB) (1.5)
and
A+ B (M +m)*\?
o < | ———— | (2(A)tP(B))” L.
(557) = (“omt) @) (16)
In [6], the authors showed that inequalities (1.5) and (1.6) for p > 2 hold.
For more improvements and refinements on the above inequalities see [13, 11] and

references therein.
Let o be an operator mean with the representing function f. The operator mean
with the representing function ﬁ is called the dual of ¢ and denoted by o*. For
A, B e B(J),

Ao*B = (B 'eA™H)
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It is trivial that for two invertible operators A, B € B(2#), AV-B = A!B and A!B <
AfB.

Let 0 <m < A, B < M, ® be a positive unital linear map and o, 7 be two arbitrary
means between the harmonic and arithmetic means. In [7], the authors obtained

the following inequality:

®*(AoB) < K*(h)®*(ATB), (1.7)

ah
The authors in [5] generalized inequality (1.7) for the higher powers as follows:

where K(h) = (WD? ith h = M is the Kantorovich constant.

o"(AoB) < KP(h)®(ArB), (1.8)

where p > 0.
Motivated by the above discussion, in this paper we first obtain the following in-

equality:
®*(AoB) < K*(h)®*(BotA) (1.9)

where 0 < m < A, B < M, ¢ is an arbitrary mean and o is its dual and K (h) =

(M+m)?
4Mm

arbitrary means o; and oy between o and o*.

is the Kantorovich constant. Then, we generalize inequality (1.9) for two

2. MAIN RESULTS

To obtain the main results we need to recall the following Lemmas.

Lemma 2.1. [3](Choi’s inequality) Let A € B(S€) be positive and ® be a positive

unital linear map. Then
P(A)T<D(AT). (2.1)
Lemma 2.2. [15] Suppose that 0 <m < A < M. Then
A+ MmAT< M+m.

Lemma 2.3. [1, |, 2] Let A, B € B(5) be positive and A > 0. Then
() IABI| < 3]l + B

(ii) If A > 1, then ||[A* + B < ||(A+ B)}||.

(ili) A < AB if and only if ||AzBz|| < Az,
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Lemma 2.4. [8] Let X € B(5). Then || X|| <t if and only if

tI X
> 0.
()

Theorem 2.5. Let 0 <m < A, B < M such that 0 < m < M and o be an arbitrary

mean. Then

®*(AoB) < K*(h)®*(BotA), (2.2)

where ot is dual o and K (h) = (Af]\’;:fb)? is the Kantorovich constant.

Proof. Tt follows from 0 < m < A, B < M that (M — A)(m — A)A™* < 0 and
(M — B)(m — B)B™! < 0. Therefore

A+ MmA < M+m and B+ MmB™'<M+m.

Now, the subadditivity and monotonicity properties of the operator mean to con-
clude that

AoB+ Mm(A'oB™") < (A+ MmA Ho(B+ MmB™)
< (M +m)o(M +m)
=M+ m.
Using the linearity and positivity of ® and the latter inequality, we get
®(AoB) + Mm®(A'eB™) < M +m. (2.3)
Applying two inequalities (2.1) and (2.3), respectively, we have
®(AoB) + Mm® ' (Bo+A) < ®(AcB) + Mm®(Bo*A)™!
< ®(AoB) + Mm®(A~'eB™)
< M+m.

By Lemma 2.3(i) and the latter inequality, we get

2

|®(AoB)Mm®~"(BoA)|| < % |®(AoB) + Mm®(BoA)™||
< ®(AoB) + Mm®(A'oB™1)
< M +m.

This proves the assertion as desired. OJ

Remark 2.6. In special case, when o = V, since o= =! and ! < 4, inequality (2.2)

becomes inequality (1.3).
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Corollary 2.7. Let 0 <m < A, B < M such that 0 < m < M, o be an arbitrary
mean and let p > 0. Then

dP(AoB) < KP(h)®P(Bo*A), (2.4)

where o+ is dual o and K(h) = (Afj\;:”n)z 18 the Kantorovich constant.

Proof. 1f 0 < p < 2, then 0 < £ < 1. Applying inequality (2.2) we obtain the desired
result. If p > 2, then

p

H(I)g(AaB)Mgmgqri(BaLA)H
1 r P P p 2
< [#5 (o m) + atmat(Bot a)| (by Lemma 23 ()

< éll H(I)(AUB) + Mmq)_l(BULA)Hp (by Lemma 2.3 (ii))

IN

|®(AoB) + MmCD((BULA))_al (by (2.1))

| (Ao B) + Mm®(A~ o B7)||"

INA
N R R [

(M +m)? (by inequality (2.3)).
Therefore, by Lemma 2.3(iii) we have
dP(AoB) < KP(h)®?(BotA).
0J

Remark 2.8. Using the same reason as in Remark 2.6 says that inequality (2.4) is a

generalization of inequality (1.5) which is presented in [0].
In the following theorem, we generalize inequality (1.7).

Theorem 2.9. Let 0 < m < A, B < M, o1 and oy be two arbitrary means which

lie between o and o and let p > 0. Then for every positive unital linear map ®,

" (AcyB) < KP(h)®P(BaiA), (2.5)

where o+ is dual o and K(h) = (AfAZTn)Q s the Kantorovich constant.
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Proof. To prove (2.5), let o1 > ot and o9 < 0. Therefore,

®(AcyB) + Mmd ' (BoyA) < ®(AcyB) + Mm®(Boy A)™! (by (2.1))
(AoB) + Mm®(Bo*A)™!

= ®(AoB) + Mm®(A 'oB™1)

L

<

< M +m (by (2.3)).

Using the same ideas as used in the proof of Theorem 2.5 and Corollary 2.7, one

can obtain the desired result. O

To find a better bound than the obtained bound in inequality (2.4), we need to

state the following Lemma.

Lemma 2.10. [12] Let 0 <m < A, B < M and o be an arbitrary mean. Then for

every positive unital linear map P
|®*(AcB) + M*m2®"((AcB)™ )| < M? +m?.

Theorem 2.11. Let 0 <m < A, B < M, o be an arbitrary mean and p > 4. Then
K(h)(M? +m?
2» Mm

where o+ is dual o and K(h) = %&2)2 is the Kantorovich constant.

d*(AoB) < ( ))p dP(BotA), (2.6)

Proof. By Theorem 2.5 we have
d3(BotA) < K*(h)®%(AoB). (2.7)
A simple computation shows that

H@g(AaB)M%m%@-%(BaLA)H
2

M2 2
m ( by Lemmas 2.3(i) )

K(h)

AN
o |

Ki(h)®2(AoB) + ( )Zcb—é’(BalA)

M2m2 %
K®*(AoB) + K0 (I)Q<BO'J'A)H ( by Lemmas 2.3(ii) )

IN

| K (h)®*(Ao B) + M*m>K(h)®~*(AcB)||* ( by (2.7) )

IN

K3 (h) || 9*(AoB) + M*m*®*(AoB)™||* (by (2.1))

IN

VS|

e Rl o i N e B

IN

(K(h) (M? 4 m?))* ( by Lemma 2.10).
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Therefore

, ) 1 (K (h) (M?+m?2)\*
an (AsB)® Q(BalA)H <4 ( (h) (Mm )) .
The latter relation is equivalent to
K(h) (M? +m?)

25 Mm
This proves the desired result. 0

d*(AcB) < ( )p dP(BotA).

Remark 2.12. When p > 4, the derived result in Theorem 2.11 is tighter than
inequality (2.4).

Moreover, we show that Theorem 2.11 holds for 0 < p < 4.

Corollary 2.13. Let0 <m < A, B < M, ¢ be an arbitrary mean and let 0 < p < 4.

Then

K(h) (M?*+m?)
2Mm

d*(AoB) < ( )p dF(BotA),

where ot is dual o and K (h) = (AZA;TA?2.

Proof. By Theorem 2.5 we have

K(h) (M? +m?)
2Mm

If 0 <p <4, then 0 <& < 1. With the aid of the latter inequality and inequality

(1.2), we conclude the desired inequality. O

d*(AoB) < ( )4 dY(BotA).

Theorem 2.14. Let 0 <m < A, B < M, o1 and o5 be two arbitrary means between

o and ot, 1 < a <2 and p > 2a. Then for every positive unital linear map ®

(3 () (M + m®))
16 MPmp

where o+ is dual o and K(h) = %J\ZZ)Q is the Kantorovich constant.

dP(AoyB) < ®P(Boy A) (2.8)

Proof. At once from inequality (2.5) follows that for 1 < a < 2
& Y(Bo1A) < K¥(h)® (Ao B). (2.9)

Using the fact that 0 <m < A, B < M, it deduces that 0 < m < AcyB < M. Now,
the linearity property ® results that 0 < m < ®(AoesB) < M. Since 1 < a < 2, one

can easily prove that

O (AoyB) + M*m D~ *(AoyB) < M“ 4+ m®. (2.10)
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Therefore

HM%m%%(A@B)qr%(BalA)H

2

< i HK*%(h)M%mgqu(BalA) + K (h)®2(AoyB)|| ( by Lemma 2.3(i) )

2

= i H (K_%(h)Mamaq)_a(BalA) + K%(h>‘I’a(AU2B))i ( by Lemma 2.3(ii) )

= S Mome @ (Boy ) + K3 ()8 (A0uB)||
1

a P
@

<~ ||K2(h)Mo*m*® “(AcyB) + K2 (h)®*(AcyB)||* ( by (2.9))
< K3 (h)(M® 4+ m®)«( by (2.10)),

that is
(W) (M + me)¥
AM3m3

Y

P p K%
H@E(A@B)@—a(BalA)H <

or equivalently

2p

(K2(h)(M*>+m®))

(A, B) <
(A2 B) < 16Mm

OP(Boi A).

0
Remark 2.15. In special case, for o = 2, inequality (2.8) becomes inequality (2.6).
Remark 2.16. By taking 0 = V in inequality (2.8), we get inequality (1.8).

Theorem 2.17. Let0 <m < A, B < M such that0 < m < M and o be an arbitrary
mean. Then for every positive unital linear map ® and two arbitrary means o1 and

oy which lie between o and o and p > 0, the following inequality holds

O7(AgyB)®P(BoyA) + 3P(Boy A)dP (Ao, B) < 2KP()®P(Boy A)  (2.11)

where ot is dual o and K (h) = (AA{;;L)Z is the Kantorovich constant.

Proof. 1t follows from (2.5) that
| PP (AcyB)® P (BoA)|| < KP(h). (2.12)
Applying Lemma 2.4 we have

K(h)PI (B ) (AnB) | _
OP (A, B)D P (Boy A) K(h)PI -
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and

K(h)PI (A0 B)2 P (B A) \ _
®~P(Ba A)®P(AcyB) K(h)PI -

Summing up two above inequalities, we obtain the following inequality

<2K(h)p] By >>0’
By  2K(hPI |~

where
1 =P P(BoyA)PP(AcyB) + ®P(AcyB)PP(Bo A)
and
Py = PP(AceB)® P (BoA) + &P (Bo A)PP(AoeB).
Again using Lemma 2.4 we get the desired result. 0

Remark 2.18. Put ¢ = V, inequality (2.11) reduces to some results in [2]

3. A REFINED INEQUALITY FOR ARITHMETIC-GEOMETRIC MEAN

Let A, B € B(4#) be two invertible positive operators, 0 < v < land —1 < ¢ < 1.

We use from the notation Af,, B to define the power mean
1
Aty B = A (L= )T +v (A%BA%>Q) 't
For more information see [10]. The authors in [ 1] proved that if 0 <m < A, B < M
such that 0 <m < M and 0 < v < u <1, =1 < ¢ < 1. Then for every positive
unital linear map ® and p > 0, the following inequality holds

i (AV,,B +ZMm (A'V,B! - A‘lﬁwB‘l))
1

< KP(h)®"(Af,,B), (3.1)

where K(h) = (%;2)2 is the Kantorovich constant.

Using the following theorem, we obtain a generalization from inequality (3.1).

Theorem 3.1. Suppose that 0 < m < A,B < M such that 0 < m < M and
O<v<u<l -1<g<1landl < a < 2. Then for every positive unital linear
map P and p > 0, the following inequality holds

PP (AV,,B + ZMm(Alv,,Bl - AlijBl)>

< (K%(h)(MO‘ + m*
- 16 MPmp

N

P

)" OP(Af,.,B), (3.2)
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where K (h) = (Aﬁ}zy is the Kantorovich constant.

Proof. For 1 < a < 2, by inequality (3.1), we have

P <AV,,B + ZMm (A7'V,B7! - Alﬁq#Bl)) < K*(h)®*(At,.B) (3.3)
il

The last inequality deduces using a process similar to inequality (2.10). This shows
that

H@g (AV,,B + sz (Ailvail - Alﬂq,uBl)) q)g(Aﬁq,uB)H
1

r
«

- K5 (h)(M® 4+ m®)
B AM5mS
Then

P (AVVB +ZMm (A7'V,B — AluwBl))
7

_ (KE O+ me)

= 16 MPmp (Ao B).

Remark 3.2. Taking aw = 2, inequality (3.2) becomes inequality (3.1).

Remark 3.3. By putting a = 2,y = % and taking ¢ — 0, inequality (3.2) collapse to

the derived result in [2].
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