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SOME EXTENSIONS OF BEREZIN NUMBER INEQUALITIES ON OPERATORS

MOJTABA BAKHERAD, MONIRE HAJMOHAMADI,
RAHMATOLLAH LASHKARIPOUR AND SATYAJIT SAHOO

We establish some upper bounds for Berezin number inequalities including inequalities for 2 x 2 operator
matrices and their off-diagonal parts. Among other inequalities, it is shown that if 7 = [ ] then

ber’ () < 22 (ber(f* (IX]) +g” (1Y ")) +ber(f* (Y + " (X)) =272 inf _ nk. ki),
A KapI=

where X, Y are bounded linear operators on a Hilbert space .7 = s#(<2), r > 1, f, g are nonnegative
continuous functions on [0, co) satisfying the relation f (t)g(t) =1 (t € [0, 00)) and

ks, koy) = (S AXD + g (Y D)kays kiy)2 — ((FZAY D + 87 (X D)k, Koy )2

).

1. Introduction and preliminaries

A functional Hilbert space # = #(2) is a Hilbert space of complex valued functions on a (nonempty)
set €2, which has the property that point evaluations are continuous; i.e., for each A € Q the map f +— f(A)
is a continuous linear functional on .7#. The Riesz representation theorem ensures that for each A € Q
there is a unique element k; € 5 such that f(A) = (f, k,), for all f € 5. The collection {k; : A € 2}
is called the reproducing kernel of J#. If {e,} is an orthonormal basis for a functional Hilbert space .7,
then the reproducing kernel of J# is given by k;(z) =), en(M)en(z); see [10, Problem 37]. For A € 2,
let kk =k / ||kk | be the normalized reproducmg kernel of 7. For a bounded linear operator A on 7,
the function A defined on € by A = (Ak,\, kx) is the Berezin symbol of A, which was first introduced
by Berezin [5; 6]. The Berezin set and the Berezin number of the operator A are defined by

Ber(A) .= {Z(k) A€} and Dber(A):= sup{lZ(A)l (A€ Q},

respectively; see [12]. In some recent papers, several Berezin number inequalities have been investigated
by authors [3; 9; 8; 12; 13; 16; 17]. The Berezin number of operators A and B satisfies the properties
ber(a¢A) = || ber(A) (¢ € C), and ber(A + B) <ber(A)+ber(B) and ber(A) < ||A||, where || - | is the
operator norm. Let #(s¢) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space .7 with the corresponding norm || - ||. Throughout this paper, the operator matrix 7" = [ S }Ig] is
a matrix, where S € B(74), X € B(4, 74), Y € B(A, %) and R € H(4). The authors in [4]
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showed an upper bound for the off-diagonal part of the operator matrix, which is
(1-1) (ber(7))" < 7IACF2(Y D) + A AY DI+ 1A 2AXD) + (g1 XD)II,

where T = [?, )é ], h is a convex function and f, g are nonnegative continuous functions on [0, 0o) such

that f(t)g(t) =1t (¢t € [0, 00)).
The classical Young inequality says that if p, ¢ > 1 such that 1/p+1/q =1, thenab <a?/p+b%/q
for positive real numbers a, b. In [1], the authors showed that a refinement of the scalar Young inequality

18
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where ro =min{l/p, 1/g} and m = 1,2, .... In particular, if p =g = 2, then
(1-2) (@bh)" + (1)"@¥ —b%)? <27 @+ by".

We obtain some upper bounds for Berezin number inequalities for the off-diagonal part of an operator
matrix and refinements of them. Moreover, we obtain Berezin number inequalities for the diagonal
operator matrix.

2. Main results

To prove our results, we need the following lemmas.

Lemma 2.1 [2]. Let S € B(54), X € B(, 74), Y € B(], 765) and R € B(75). Then the following
statements hold:

(a) ber([§ %]) < max{ber(S), ber(R)}.
(b) ber([9 & ]) < 5UIXI + 1Y 1). In particular,

(2-1) ber([?( )é:|) < IX].

(c) ber(S) = sup,.g ber(Re(e'?S)).

The next lemma follows from the spectral theorem for positive operators and the Jensen’s inequality;
see, e.g., [14].

Lemma 2.2. Let T € #(#), T > 0and x € 5 such that ||x|| = 1. Then
(@ (Tx,x)" <(T"x,x) forr > 1,
) (T"x,x) <(Tx,x) forO<r <1.

Lemma 2.3 [14, Theorem 1]. Let T € #(s¢) and x,y € S be any vectors. If f, g are nonnegative
continuous functions on [0, 0o) which are satisfying the relation f(t)g(t) =t (¢t € [0, 00)), then

(Tx, ) < (f2AT Dx, x> (T* Dy, y).

Now, we are in position to demonstrate the main results of this section by using some ideas from
[15; 4].
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Theorem 2.4. Suppose that T = [ ] € B D), r > 1 and f, g are nonnegative continuous
functions on [0, 00) satisfying the relatlon f)g)=t (t €0, 00)). Then

2}’ 1 1
(ber(T))" < Eberf<f2’(|X|) + g2 (1Y* ) berz(f (1Y) +g* (1X*]),

and
2r 1 |
(ber(T))" < 5 ber2 (f¥ (IX])+ > (IY*])) ber2 (g% (1Y) + &> (1X*])).

Proof. For (L1, Ap) € 2] X 29, let IQ(M ) = [ig ] be the normalized reproducing kernel in 71 & 5#. Then

Tk m)s kg i) " = (X kg, Koy ) + (Yo, Kiy) |
< (WX, ka )+ (Y sy, k) ) (by the triangular inequality)

2}’
< 3(|<ka2, k)" + 1Yk, ka)l") (by the convexity of f(¢) =1")
.
1

< Z (X Dk, ki) (X Dy )
<3 3ar k) (G2 X Dk, s ) )

1

+ ((F2AY Doy k) 2 (Y * Dy Ky ) 2

)") (by Lemma 2.3)

2r 1
< S (XD ki) (87 Xk i)
(XY Doy, ko) 2 (8% (IV*Dkay i) ?)  (by Lemma 2.2(a)
2r 1
3(<f2’(|X|>kh,kh> + (g% (1Y *Dksy, kny))?

1
x ((fZ Y Dk, k) + (82 (IX*Dkay, K3y )) 2
(by the Cauchy—Schwarz inequality)

(LAY + g (X D)kay Ky )2

r 1

(FZUXD + & (1Y )k, ki) 2

< Z berb (F7 XD + g7 (V*D) bert (F7 (VD) + g7 (X"
=3 g g7 (X))
Therefore,
2r 1 1
ber’ () < = ber? (£ (I1X|) + g (IY*)) ber> (¥ (1Y ]) + g (| X"])).

Hence, we get the first inequality. For the proof of the second inequality, we have

(2-2) UTkg200> ki oa)) " = Xk, ) + (Yo )|
< Xk, ko) + (Yo, k) ]) (by the triangular inequality)

r

2 , .
< 5(|<ka2, ko) + (Y ks, ko)) (by the convexity of f(¢) =1")

2r Ir
= S (20X Dk kg (21X D K ) )

+ (1Y Dy, Ky )2

(F2(Y* Dk, kxz)f)r) (by Lemma 2.3).
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With a similar argument to the proof of the first inequality we have the second inequality and this com-
pletes the proof of the theorem. ]

Theorem 2.4 includes some special cases as follows.

Corollary 2.5. Let T =[ 0 X | € (/4 & #),0< p < landr > 1. Then

ber’ (T) < 22 ber: (X7 +|Y*(1=P)) ber: (|y 7 + | X*|>(1=1)
and
1 1
ber’ (T) < 2" ber? (| X|*7 + |Y*[*?) ber: (|Y | 1= 4 | x* > (1=p)),

Proof. The result follows immediately from Theorem 2.4 for f(t) =t? and g(t) =t'"? (0O < p <1). O
Remark 2.6. Taking f(t) = g(t) = 12 (t € [0,00)) and r = 1 in Theorem 2.4, we get,

ber([g ﬂ) < Lber? (IX|+[Y*]) ber (Y| +]X*]).

IfweputY=X,r=1and f(t) =g(t) = t7 in Theorem 2.4, then we get a refinement of inequality
(2-1) as follows.

Corollary 2.7. Assume that X € B(), r > 1 and f, g are nonnegative continuous functions on [0, 00)
satisfying the relation f(t)g(t) =1t (¢t € [0, 00)). Then

ber([g ﬂ) < Lber(|X|+1X") < 1 X].

In the following corollary we obtain the following inequality.

Corollary 2.8. Let T = [ 9 X ] € #(J4 @ 53). Then
ber(T) <  ber? (IX| + |Y*|) ber? (Y| + | X*|) < } max{ber(|X|+|Y*|), ber(|Y| +|X*]}.
Proof. In Theorem 2.4, weputr =1, f(t) =g(t) = t2 and applying arithmetic-geometric mean, get

ber(T) < 1 ber?(|X| + |Y*|) ber? (|Y] + | X*|)
_ l<loer<|X| F|Y*]) +ber(]Y] + |X*|>>

< 1 max{ber(|X|+[Y*|), ber(|Y|+|X*)}. O

Applying inequality (1-2), we obtain the following theorem.
Theorem 2.9. Suppose that T = [8 ’é ] € B(54 ® s%) and f, g are nonnegative continuous functions
on [0, oo) satisfying the relation f(t)g(t) =1t (¢t € [0, 00)). Then forr > 1

ber’ (T) < 2"~ 2(ber(f* (1X]) + g% (1Y*])) +ber(f¥ (1Y) + g~ (1X*]))) — 2’—2”(k i’?f)uzl n(ks, s k),

where

=

)

Nk k) = ((FUXD 4 87 (Y Dkis, ki) 2 — (X AY D + g7 (IX* D)k, k)
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Proof. For (A1, A2) € Q1 x 23, let IG(M’ A) = [,’i:; ] be the normalized reproducing kernel in 4 @ 4.
Then

(T kG, 20y Ky o) I = (X, o) + (Yo, ko) |

< WXk, ka ) + (Y ks, ks ) (by the triangular inequality)
2 , )
5(|(Xk,\2, k) + 1Y ks, s k)| ) (by the convexity of f (1) =1t")
2"

[\

< ((F2UX Doy ki) (821 X* Dy Ky )2
+ (Y Dk ko) 2 (82(1Y *Dkay. ki) Z)  (by Lemma 2.3)
(L2 UX Dy ki) 2 8% (IX*Dhiy ki)
Y Dk )2 (8% (Y Doy ki)
(2 UX Doy, ki) + (&7 (Y D, i)
X (£ (1Y Doy o) + (82 (XD ki)

(T AYD + ¥ (X Dk, k)2

2}"
2

=

?)

2}"
=2

1

2’ 2r 2r * 5
ZE((f (XD + g7 (Y™ )kiy, kry) 2

< Z(((fz’(IXI) +g¥ (IY* ki, ki) + (7Y D + g7 X D)k, kay))

—Z(((fzr(|x|)+82r(|Y*|))k/\2,kA2 V2 — ((FT (YD) + ¢ (IX* )k, ki) ?)
(by inequality (1-2))
2’ 2r 2r * 2r 2r *
fz(ber(f (XD + g7 (1Y) +ber( 2 (IY]) + g2 (1X*])))

r

— —(<(f2’(IX|) + &7 (Y )y ki) — (ST YD + 87 (X* )y, k)

D=

).

Taking the supremum over all unit vectors k(k1 A = [kA ] € J4 @ s, we get the desired inequality. [
If we put X =Y in Theorem 2.9, then we get next result.

Corollary 2.10. Let X € B(5) and f, g be nonnegative continuous functions on [0, 00) satisfying the
relation f(t)g(t) =t (t € [0, 00)). Then forr > 1

0 X
ber” <27 AXD + e (IXD) =272  inf k., ki),
([X OD_ IFAXD 4+ g 4X*DI n<k-Al.k~A2>n=1"( s koy)

where

D=

(ks ki) = (L7 AXD + 87 IX*D)kays kay)® — (X AXD + g7 (X Doy Koy )2)

3. Generalizations of the Berezin number of an operator

In this section, we present some Berezin number inequalities for the generalized Aluthge transform, T,
and then we present some inequalities, which generalized known inequalities.



1946 MOJTABA BAKHERAD, MONIRE HAJMOHAMADI, RAHMATOLLAH LASHKARIPOUR AND SATYAJIT SAHOO

Let T =U|T| (U is a partial isometry with ker U = rang |T|) be the polar decomposition of T. For
an operator T € #(s¢), the generalized Aluthge transform, denoted by, 7}, is defined as

T, =|TI'UIAI'"™, O<t<1).

In the next theorem, we obtain an upper bound for the Berezin number of generalized Aluthge transform

of the off-diagonal operator matrix T = [ 9 ¥ ].

Theorem 3.1. Suppose that T = [0 & | € B( & H#5). Then
(3-1) ber(T) < S(INY 11X+ XY ]).
Proof. Let X =U|X| and Y = V|Y| be the polar decompositions of the operators X and Y. Then
vol-lvells ]
Y O vV 0 0 1X|

is the polar decomposition of 7. The generalized Aluthge transform of 7 is

~ Jou - Y|" 0 oulfvi*= o 0 |Y|'U X'
T, =1T| T = ‘ 1 | = ‘ 1t :
Vo 0 |XI"||V o 0 |X]| X'V Y| 0

S0 0 IyYrux|-
XIVIFIT 0

<s(IVIUIX=" 1+ 1XIVIY™=1)  (by Lemma 2.1(b)).

ber(f}) = ber<|:

Since, | X*|> = XX* = U|X|?U*, so |X|'~" = U*|X*|'"~'U. Thus,
NYIuIX| =" =mylrvo*x '~ uj = nrx"i.
Similarly, ||| X'V |Y|'~"|| = ||| X|"|Y*|'~"||. Therefore,
ber(Z;) < L(NYIIX* 1"+ 11X 1Y )). O
Theorem 3.2. Assume that T € (). Then
(3-2) ber(T) < JIT1* + TP + 1 ber(T)),
where t € [0, 1].
Proof. Let k; € . We have
Re(e'®Tk;, k) = Re(eU|T |k, k;)

=Re(U|T|'|T|""ks. k)

=Re(|T|" ks, |TI'U*k;)

= T + T Ukl = 31| T = T Uk, |

(by the polarization identity)

1T+ 1T Uk

1
=3
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@ O\T|" T " U ks, (|T|" ™" 4+ |T|'U*)k;,)

(
(T 1T US| T + UIT Dk k)
(TP +1T1P0 + T, + e (1) ko ki)
(
(

TP +1T1X Dk, ko) + 2T, + e7(T) ks, k2
TP+ 1T POk k) + 4 (Re(e? Tk ki)
TP+ T PI7) + § ber(Re(e"'T,)

< INTP +1T P70 + 4 ber(T)).

1
4
1
4
1
1
1
1
1
4
<1
4

By taking the supremum over A € 2, we get the desired result. ]
Remark 3.3. By putting t = % in Theorem 3.2, we get
(3-3) ber(T) < 17| + 1 ber(T)),
where T € B(7).
From Theorem 3.1 we deduce the next result for the off-diagonal operator matrix 7 = [ 8 )é ]
Corollary 3.4. Let T =[ 0 X | € (/4 @ H5). Then
(3-4) ber(7) < g max (IIX [ V1) + (Y 1"1X*1 1+ 1X1 =),
Proof. 1t is immediately deduced from Theorem 3.1 and Remark 3.3. (]

In the following we present some Berezin number inequalities for the operator matrix 7 = [f, }Ig]

Theorem 3.5. Suppose that T = [ § }lg] € B(q @ 3). Then

(3-5) ber(T) < 1 ber(S) +ber(R) + %\/az ber*(S) + | X |1 + 5\/ (1 —a)2ber’(S) + || Y2
for0<oa <1.

Proof.

2
2Re(e?S) X e fY*
€r| s —if yx i0
'Y +e X 2Re(e' R)
2aRe(e?S) e X 2(1 —a)Re(e?S) e~y
(ber|: R 0 + ber iy 0

) iGT —i0 T*
ber(Re(e!? T)) = ber(L)

b

N —

Y
-2

b 00
TP ) JRe(e®R)

_1 20 ber(Re(e!?S)) |le!? X|| N 2(1 — ) ber(Re(e'?S)) |le Y%
—2 le= 0 X*| 0 le?Y | 0

0 0
* [ 0 2ber(Re(e’? R)) D (by Theorem 2.1 of [2])
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<l([2aber(S) ||X||:|+|:2(1—a)ber(S) Y]]

=3\l x1 o 1Y 0]+2ber(R))

|:oz ber(S) ++/a?ber?(S) + || X||2 + (1 — «) ber(S)

| =

+ \/(1 —a)2ber’*(S)+ || Y|I2+2 ber(R)}

s%hm$+namw-ﬂmﬂ®+MW+ALWVMﬂ$+WW}

Taking supremum over 6 € R, we get

ber(T) < 5 ber(S) +ber(R) + %\/oﬂ ber?(S) + || X2 + %\/(1 — )2 ber?(S) + ||Y |2 O
Using similar argument as used in previous theorem, we have the following result.

Theorem 3.6. Assume that T =[5 X | € #(J4 ® 3). Then

(3-6) ber(T) <  ber(R) + ber(S) + %\/ocz ber’*(R) + ||V ||> + %\/(1 —a)2ber’(R) + || X |2
forO<a<1.

In the final part of the article we want to provide generalization of Berezin number of an operator. For
our goal we need to the following inequalities, which were obtained in [11]:

(3-7) a’h'™ < va+ (1 —v)b < (va" + (1 —v)b")7,
and

al bl al’ BT\’
(3-8) ab§—+—§< + )

P q P q

where a,b>0,ve[0,1],r>1and p,g > 1suchthat1/p+1/qg =1.
In the next theorem, we obtain upper bound for powers of the Berezin number.

Theorem 3.7. Assume that T € B(’) and f, g are nonnegative continuous functions on [0, 0o) satis-
fying the relation f(t)g(t) =1t (¢t € [0, 00)). Then

1 1
(3-9) ber® (7) = 3 (171 +ber(— /7 (T2 +—g” ((T2))).
p q

wherer > 1, p>q > 1withl/p+1/q =1and gr > 2.

Proof. Let k) € o be unit vector. We need the following refinement of Schwarz’s inequality:
(3-10) lalllbll = Ka, b) — (a, e){e, b)| + |(a, e){e, b)| = |{a, b)|,

where a, b, e are vectors in 57 and |e|| = 1. Using (3-10), we have

(3-11) s(lalllbll + {a, b)1) = |(a, e)(e, b)I.
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By putting e =k, a = Tk, and b = T*k;, in (3-11) and applying (3-7), we get

1
Tk " IT*ks |I” + (T %k, kx)l’)’
3 .

Tk ko) P < 3 (IT N T kol + KT ks, ) < <
Hence
(3-12) Tk ki) < STk I T*Kll” + KT ks ka)).
Then from Lemma 2.3, inequality (3-8) and Lemma 2.2(a), we have

Tk, k)" < I FAT* DR g (T2 Dk ll”
= <f2(|T2|)kA, k)2 g ((TH* ks, k)2

L 2Tk, k)P + }1<g2<|<T2)*|)kk,kx>fq/2

=

“cl'—‘“cl

FPT ks, ks) + q1<g”4<|<T2>*|)kk, k)

—_—
SRES

f’”(|T2|)+qg”7(|(T )* |)k/\,kx>

By using inequality (3-12), we get

1

r r * r 1 r r *
Tk k) S (IR NT "R+ FPOTD 4 2 g D, i)

< (NI ver (AT 4 e (AT )
= S(01 ber( T2+ g7 (D))

By taking supremum over unit vector k;, we get the desired inequality. O
Remark 3.8. From inequality (3-12), we have

ber” (T) < 3 (ber” (TH + I TI1*") < 3(ITI* + T I < T
Theorem 3.9. Assume that T € B(). Then for any v € [0, 1] and t € R,

TN < (1 =v)*+ v ber*(T) + v[|T —tI|>+ (1 — )| T —itI|*.
Proof. We use the following inequality, which obtained in [7]
wlitb —al* + (1 = v)|lith — al*)[6]1* = [lal*|b]* = (1 — v)Im(a, b) + vRe(a, b))* (= 0)

forany a,b e s#,v [0, 1] and r € R. So,

lall*lb]1* < ((1 —v)Im(a, b) + vRe(a, b)) + (vith —all* + (1 — v)|lith — a||»)|1b||*
< ((1=v)* +vH){a, b)* + l|th — all* + (1 — v)|lith — a||»)|1b]|*.
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Choosing a = Tk;, b =k, with ||k, || = 1, we get
IT ks |12l |1 < (1 = )Im(T ks, k) + vRe(T ks, k;.))*

+ itk — Thall* + (1 = v)llitky — Tha 1P ks ]I?

< (1 =v)* + V) (Tks, kn) |
+ Witk — Thall* + (1 = ) liths, — Tk 1)l |1

= ((1=v)> + )Tk, k) >
+ W= Dk l* + (1=t — Dk ) 1k )

<((1=v)2+v>)ber’ (T)+v||T —tI|>+ (1 =) T —itl|>

Taking the supremum over all unit vectors k;,, we get the desired result. U
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