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Preface

The theory of smooth manifolds is a frequently discussed area in modern mathe-
matics among the broad class of audience. A number of popular books on this
subject are available for general readers with little prerequisite in mathematics. On
the other hand, numerous textbooks and monographs for advanced graduate stu-
dents and research fellows are available as well. The intermediate books, allowing
senior undergraduate students to enter the exciting field of smooth manifolds in a
pedagogical way, are very few.

It is argued that new concepts involved in this field are too complicated to allow
a simple introduction. Thus, the only way to master this theory is to be a time-
consuming effort to accumulate the intelligible parts of advanced textbooks into a
comprehensible collection of notes. No doubt, this approach has the advantage of
making young students, with perseverance to go through such a learning process, a
very well-trained future research worker. But unfortunately, this severely limits the
number of students who ever really master the subject. This book modestly attempts
to bridge the gap between a university curriculum and the more advanced books on
Smooth Manifolds. Actually, the manuscript has evolved from my habit of writing
elaborate proofs of different theorems over the past one decade.

This book intentionally supplies to the readers a high level of detail in arguments
and derivations. More lengthy proofs of various theorems are, in general, outlined
in such a way that they can be digested by an interested senior undergraduate
student with little risk of ever getting lost. This book has been written in such a style
that it invites the young students to fill in the gaps everywhere during its study. It is
another matter that the author is there for the needy students with complete solu-
tions. That is why, supplying a separate list of problems will only deviate us from
the main aim of this book.

In my experience, some common problems for a young university student, trying
to master mathematics, are the phrases in literatures like “it is clear that …”, “it is
easy to see that …”, “it is straightforward”, etc. If a student cannot supply the proof
of such a “clearly,” which most likely is the case, the common reaction under the
time pressure of the studies is to accept the statement as true. And from this point
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on, throughout the rest part of the course, the deeper understanding of the subject is
lost.

I have benefited from a number of advanced textbooks on the subject, and some
unpublished works of my own and my distinguished friends. Some of these sources
are mentioned in the bibliography. However, in an introductory book such as this, it
is not possible to mention all literatures and all the people who have contributed to
the understanding of this exciting field.

It is hoped that our readers (active and passive both) will find that I have
substantially fulfilled the objective of bridging the gap between university curric-
ulum and more advanced texts, and that they will enjoy the reading this book as
much as I did while writing it.

Rajnikant Sinha
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Chapter 1
Differentiable Manifolds

The pace of this chapter is rather slow for the simple reason that the definition of
smooth manifold is itself forbidding for many unfamiliar readers. Although many
young university students feel comfortable with the early parts of multivariable
calculus, if one feels uncomfortable, then he should go first through some parts of
Chap. 3. How verifications are done in various examples of smooth manifolds is a
crucial thing to learn for a novice, so this aspect has been dealt here with some more
detail.

1.1 Topological Manifolds

Definition Let M be a Hausdorff topological space. Let m be a positive integer. If,
for every x in M; there exists an open neighborhood U of x such that U is
homeomorphic to some open subset of Euclidean space Rm, then we say that M is
an m-dimensional topological manifold.

Definition Let M be an m-dimensional topological manifold. Let x be an element
of M: So there exists an open neighborhood U of x such that U is homeomorphic to
some open subset of Euclidean space R

m: Hence, there exists a homeomorphism

uU : U ! uU Uð Þ

such that uUðUÞ is an open subset of Rm: Here, the ordered pair ðU;uUÞ is called a
coordinate chart of M: ðU;uUÞ is also simply denoted by ðU;uÞ:
Definition Let M be an m-dimensional topological manifold. Let ðU;uUÞ be a
coordinate chart of M: So

uU : U ! uU Uð Þ � R
mð Þ:

© Springer India 2014
R. Sinha, Smooth Manifolds, DOI 10.1007/978-81-322-2104-3_1
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Hence, for every x in U; uUðxÞ is in R
m: So there exist real numbers u1; . . .; um

such that

uU xð Þ ¼ u1; . . .; um
� �

:

Here, we say that uiði ¼ 1; . . .;mÞ are the local coordinates of the point x. In
short, we write

uU xð Þð Þi � ui:

Lemma 1.1 Let M be an m-dimensional topological manifold. Let ðU;uUÞ; ðV ;uVÞ
be coordinate charts of M such that U \V is nonempty. Then,

1. domðuV � ðuUÞ�1Þ ¼ uUðU \ VÞ;
2. ranðuV � ðuUÞ�1Þ ¼ uVðU \ VÞ;
3. uV � ðuUÞ�1 is a function,
4. uV � ðuUÞ�1 is 1–1,
5. uUðU \ VÞ;uVðU \ VÞ are open subsets of Rm;

6. ðuV � ðuUÞ�1Þ�1 ¼ uU � ðuV Þ�1;

7. ðuV � ðuUÞ�1Þ : uUðU \ VÞ ! uV ðU \ VÞ, and ðuU � ðuV Þ�1Þ : uV ðU \ VÞ
! uUðU \ VÞ are homeomorphisms.

Proof of 1 Let us take any x in domðuV � ðuUÞ�1Þ: We want to show that x is in
uUðU \ VÞ:

Since x is in domðuV � ðuUÞ�1Þ, by the definition of domain, there exists y such
that ðx; yÞ is in uV � ðuUÞ�1: Since ðx; yÞ is in uV � ðuUÞ�1, by the definition of
composition, there exists z such that ðx; zÞ is in ðuUÞ�1; and ðz; yÞ is in uV : Since
ðx; zÞ is in ðuUÞ�1; ðz; xÞ is in uU : Since ðz; xÞ is in uU ; and uU : U ! uUðUÞ;
uUðzÞ ¼ x; and z is in U: Since ðz; yÞ is in uV ; and uV : V ! uV ðVÞ; uVðzÞ ¼ y;
and z is in V : Here, z is in U; and z is in V ; so z is in U \V : Since z is in U \V ; and
x ¼ uUðzÞ; x is in uUðU \ VÞ: Thus, (see Fig. 1.1),

dom uV � uUð Þ�1
� �

� uU U \ Vð Þ:

Next, let x be in uUðU \ VÞ: We want to prove that x is in domðuV � ðuUÞ�1Þ:
Since x is in uUðU \ VÞ; there exists y inU \V such that uUðyÞ ¼ x: Since y is in

U \V ; y is in U; and y is in V : Since y is in U; and uU : U ! uUðUÞ; there exists z
such that ðy; zÞ is inuU :Since y is inV ; anduV : V ! uV ðVÞ; there existsw such that
ðy;wÞ is in uV : Since ðy; zÞ is in uU ; ðz; yÞ is in ðuUÞ�1: Since ðz; yÞ is in ðuUÞ�1; and
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ðy;wÞ is in uV ; ðz;wÞ is in uV � ðuUÞ�1; and hence, z is in domðuV � ðuUÞ�1Þ: Since
ðy; zÞ is in uU ; and uU is a function, uUðyÞ ¼ z: Since uUðyÞ ¼ z; and uUðyÞ ¼ x;
x ¼ z: Since x ¼ z; and z is in domðuV � ðuUÞ�1Þ; x is in domðuV � ðuUÞ�1Þ: Thus,

uU U \Vð Þ � dom uV � uUð Þ�1
� �

:

h

Proof of 2 On using 1, we have domðuU � ðuVÞ�1Þ ¼ uV ðV \UÞ: So

LHS ¼ ran uV � uUð Þ�1
� �

¼ dom uV � uUð Þ�1
� ��1
� �

¼ dom uUð Þ�1
� ��1

� uVð Þ�1
� �

¼ dom uU � uVð Þ�1
� �

¼ uV V \Uð Þ
¼ uV U \Vð Þ ¼ RHS:

h

Fig. 1.1 m-dimensional topological manifold
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Proof of 3 Since ðU;uUÞ is a coordinate chart of M, uU is a 1–1 function, and
hence, ðuUÞ�1 is a function. Since ðuUÞ�1 is a function, and uV is a function, their
composite uV � ðuUÞ�1 is a function. h

Proof of 4 Since ðU;uUÞ is a coordinate chart of M; uU is a 1–1 function, and
hence, ðuUÞ�1 is a 1–1 function. Since ðV ;uV Þ is a coordinate chart of M; uV is a
1–1 function. Since ðuUÞ�1 is 1–1, and uV is 1–1, uV � ðuUÞ�1 is 1–1. h

Proof of 5 Since ðU;uUÞ is a coordinate chart of M; uU : U ! uUðUÞ is a
homeomorphism from open subset U of M onto open subset uUðUÞ of Rm: Sim-
ilarly, V is an open subset of M: Since U;V are open subsets of M; U \V is an
open subset of M: Since U;U \V are open subset of M; and U \V � U; U \V is
open in U: Since U \V is open in U; and uU : U ! uUðUÞ is a homeomorphism,
uUðU \VÞ is open in uUðUÞ: Since uUðU \VÞ is open in uUðUÞ; and uUðUÞ is an
open subset of Rm; uUðU \VÞ is an open subset of Rm:

Similarly, uV ðU \VÞ is an open subset of Rm: h

Proof of 6

LHS ¼ uV � uUð Þ�1
� ��1

¼ uUð Þ�1
� ��1
� �

� uVð Þ�1¼ uU � uVð Þ�1¼ RHS:

h

Proof of 7 Since ðuV � ðuUÞ�1Þ�1 ¼ uU � ðuVÞ�1; it suffices to prove that

uV � uUð Þ�1
� �

: uU U \Vð Þ ! uV U \Vð Þ;

and

uU � uVð Þ�1
� �

: uV U \Vð Þ ! uU U \Vð Þ

are continuous.
Since ðU;uUÞ is a coordinate chart of M; uU is a homeomorphism, and hence,

ðuUÞ�1 is continuous. Since ðV ;uVÞ is a coordinate chart of M; uV is a homeo-
morphism, and hence, uV is continuous. Since ðuUÞ�1;uV are continuous, their
composite uV � ðuUÞ�1 is continuous.

Similarly, uU � ðuVÞ�1 is continuous. Hence, uV � ðuUÞ�1 is a homeomorphism.
Similarly, uU � ðuV Þ�1 is a homeomorphism. h
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1.2 Smooth Manifolds

Definition Let M be an m-dimensional topological manifold. Let ðU;uUÞ; ðV ;uVÞ
be coordinate charts of M; and let U \V be nonempty. So

uV � uUð Þ�1
� �

: uU U \Vð Þ ! uV U \Vð Þ

is a homeomorphism from uUðU \VÞ onto uVðU \VÞ; where uUðU \VÞ and
uV ðU \VÞ are open subsets of Rm:

For every ðx1; . . .; xmÞ in uUðU \VÞ; put

uV � uUð Þ�1
� �

x1; . . .; xm
� � � f 1 x1; . . .; xm

� �
; . . .; f m x1; . . .; xm

� �� � ¼ y1; . . .; ym
� �

;

where ðy1; . . .; ymÞ is in uVðU \VÞ; and

uU � uVð Þ�1
� �

y1; . . .; ym
� � � g1 y1; . . .; ym

� �
; . . .; gm y1; . . .; ym

� �� � ¼ x1; . . .; xm
� �

:

Since uV � ðuUÞ�1 is continuous, each f i: uUðU \VÞ ! R is continuous.
Similarly, each gi: uVðU \VÞ ! R is continuous.

For fixed i; and for every j ¼ 1; . . .;m; if ðDjf iÞðx1; . . .; xmÞ exists at every point
ðx1; . . .; xmÞ of uUðU \VÞ; then we get functions Djf i : uUðU \VÞ ! R: If every
Djf i : uUðU \VÞ ! R is continuous, then we say that f i is C1:

Similarly, by gi is C1; we shall mean that each Djgi : uVðU \VÞ !
R ðj ¼ 1; . . .;mÞ is continuous. By ðU;uUÞ and ðV ;uVÞ are C1-compatible, we
mean that

either ðU \ V is an empty setÞ;

or

ðf i; gi areC1 for every i ¼ 1; . . .;m;wheneverU \ V is a nonempty setÞ:

For fixed i; and for every j; k ¼ 1; . . .;m; if DkðDjf iÞ ð� Dkjf iÞ exists at every
point of uUðU \VÞ; then we get functions DkðDjf iÞ : uUðU \VÞ ! R: If each
DkðDjf iÞ : uUðU \VÞ ! R is continuous, then we say that f i is C2:

Similarly, by gi is C2; we shall mean that each DkðDjgiÞ : uVðU \VÞ !
R ðj; k ¼ 1; . . .;mÞ is continuous. By ðU;uUÞ and ðV ;uV Þ are C2-compatible, we
mean that

1.2 Smooth Manifolds 5



either ðU \ V is an empty setÞ;

or

ðf i; gi areC2 for every i ¼ 1; . . .;m;wheneverU \ V is a nonempty setÞ:

Similar definitions for ðU;uUÞ and ðV ;uV Þ are C3-compatible can be supplied,
etc.

It is clear that if ðU;uUÞ and ðV ;uVÞ are C3-compatible, then ðU;uUÞ and
ðV ;uVÞ are C2-compatible, etc.

Definition Let M be an m-dimensional topological manifold. Let r be a positive
integer. Let

A � U;uUð Þ; V ;uVð Þ; W ;uWð Þ; . . .f g

be a nonempty collection of coordinate charts of M: If

1. fU;V ;W ; . . .g is a cover of M; that is, [fU : ðU;uUÞ is in Ag ¼ M;
2. all pairs of members in A are Cr-compatible,
3. A is maximal (in the sense that if ðeU ;ueU Þ is a coordinate chart of M, but not a

member of A; then there exists ðU;uUÞ in A; such that ðeU ;ueU Þ and ðU;uUÞ
are not Cr-compatible),

then we say that A is a Cr-differentiable structure on M; and the ordered pair
ðM;AÞ is called a Cr-differentiable manifold. Here, members of A are called
admissible coordinate charts of M:

Theorem 1.2 Let M be an m-dimensional topological manifold. Let r be a positive
integer. Let

A � U;uUð Þ; V ;uVð Þ; W ;uWð Þ; . . .f g

be a nonempty collection of coordinate charts of M satisfying

1. fU;V ;W ; . . .g is a cover of M; that is, [fU : ðU;uUÞ is in Ag ¼ M;
2. all pairs of members in A are Cr-compatible.

Then, there exists a unique Cr-differentiable structure B on M which containsA:
(This theorem suggests that in constructing a differentiable manifold, it is enough to
find a collection A of coordinate charts for which conditions 1 and 2 are satisfied.)

Proof Existence Let B be the collection of all coordinate charts ðU;uUÞ
of M such that ðU;uUÞ is Cr-compatible with every member of A: First of all, we
shall try to show that B contains A: For this purpose, let us take any ðU;uUÞ in A:

By the condition 2, ðU;uUÞ is Cr-compatible with all members of A; so by the
definition of B; ðU;uUÞ is in B: Hence, A is a subset of B: Further since A is
nonempty, and A is a subset of B; B is nonempty.
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Now we want to prove that B is a Cr-differentiable structure on M; that is,

1. [fU : ðU;uUÞ is in Bg ¼ M;
2. all pairs of members of B are Cr-compatible.
3. B is maximal (in the sense that, if ðeU ;ueU Þ is a coordinate chart of M, but not a

member of B; then there exists ðU;uUÞ in B such that ðeU ;ueU Þ and ðU;uUÞ are
not Cr-compatible).

For 1: Since A is contained in B; [fU : ðU;uUÞis in Ag � [fU : ðU;uUÞ
is in Bg � M: Now, by the given condition 1, [fU : ðU;uUÞ is in Bg ¼ M:
For 2: Let us take any ðU;uUÞ in B; and ðV ;uV Þ in B: We have to prove that
ðU;uUÞ and ðV ;uVÞ are Cr-compatible.

Here, two cases arise: either U \V is an empty set, or U \V is a nonempty set.h

Case I: when U \V is an empty set. In this case, by the definition of Cr-
compatible, ðU;uUÞ and ðV ;uV Þ are Cr-compatible.
Case II: when U \V is a nonempty set. For every ðx1; . . .; xmÞ in uUðU \VÞ; put

uV � uUð Þ�1
� �

x1; . . .; xm
� � � f 1 x1; . . .; xm

� �
; . . .; f m x1; . . .; xm

� �� �
¼ y1; . . .; ym
� �

;

where ðy1; . . .; ymÞ is in uVðU \VÞ; and

uU � uVð Þ�1
� �

y1; . . .; ym
� � � g1 y1; . . .; ym

� �
; . . .; gm y1; . . .; ym

� �� �
¼ x1; . . .; xm
� �

:

We have to show that f i; gi are Cr for every i ¼ 1; . . .;m:
SinceU \V is nonempty, there exists an element x inU \V ð� MÞ: Since x is in

M, by condition 1, there exists ðW ;uWÞ in A such that x is in W : Since
ðU;uUÞ is in B; and ðW ;uWÞ is inA, by the definition of B; ðU;uUÞ and ðW ;uWÞ
are Cr-compatible. Since x is in W ; and x is in U \Vð� UÞ; x is in W \U; and
hence, U \W is a nonempty set. Since ðU;uUÞ and ðW ;uWÞ are Cr-compatible,
and U \W is nonempty, by the definition of Cr-compatible, f i1; g

i
1 are Cr for

every i ¼ 1; . . .;m, where for every ðx1; . . .; xmÞ in uUðU \WÞ;
uW � uUð Þ�1
� �

x1; . . .; xm
� � � f 11 x1; . . .; xm

� �
; . . .; f m1 x1; . . .; xm

� �� � ¼ y1; . . .; ym
� �

2 uW U \Wð Þ;

and

uU � uWð Þ�1
� �

y1; . . .; ym
� � � g11 y1; . . .; ym

� �
; . . .; gm1 y1; . . .; ym

� �� � ¼ x1; . . .; xm
� �

:
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Similarly, f i2; g
i
2 are Cr for every i ¼ 1; . . .;m, where for every ðx1; . . .; xmÞ in

uV ðV \WÞ;

uW � uVð Þ�1
� �

x1; . . .; xm
� � � f 12 x1; . . .; xm

� �
; . . .; f m2 x1; . . .; xm

� �� � ¼ y1; . . .; ym
� �

2 uW V \Wð Þ
;

and

uV � uWð Þ�1
� �

y1; . . .; ym
� � � g12 y1; . . .; ym

� �
; . . .; gm2 y1; . . .; ym

� �� � ¼ x1; . . .; xm
� �

:

Now for every ðx1; . . .; xmÞ in uUðU \V \WÞ
f 1 x1; . . .; xm
� �

; . . .; f m x1; . . .; xm
� �� �

¼ uV � uUð Þ�1
� �

x1; . . .; xm
� �

¼ uV � uWð Þ�1
� �

� uW � uUð Þ�1
� �� �

x1; . . .; xm
� �

¼ uV � uWð Þ�1
� �

uW � uUð Þ�1
� �

x1; . . .; xm
� �� �

¼ uV � uWð Þ�1
� �

f 11 x1; . . .; xm
� �

; . . .; f m1 x1; . . .; xm
� �� �

¼ g12 f 11 x1; . . .; xm
� �

; . . .; f m1 x1; . . .; xm
� �� �

; . . .; gm2 f 11 x1; . . .; xm
� �

; . . .; f m1 x1; . . .; xm
� �� �� �

:

Hence,

f 1 x1; . . .; xm
� � ¼ g12 f 11 x1; . . .; xm

� �
; . . .; f m1 x1; . . .; xm

� �� �
:

Since g12; and each f k1 ðk ¼ 1; . . .;mÞ are Cr;

og12 f 11 x1; . . .; xmð Þ; . . .; f m1 x1; . . .; xmð Þ� �
ox1

¼
Xn
k¼1

og12 f 11 x1; . . .; xmð Þ; . . .; f m1 x1; . . .; xmð Þ� �
of k1 x1; . . .; xmð Þ

of k1 x1; . . .; xmð Þ
ox1

 !

exists and is continuous. It follows that

of 1 x1; . . .; xmð Þ
ox1

¼ og12 f 11 x1; . . .; xmð Þ; . . .; f m1 x1; . . .; xmð Þ� �
ox1

� �

exists and is continuous. Similarly, of 1ðx1;...;xmÞ
ox2 exists and is continuous, etc.

So f 1 is C1: Similarly, f 1 is C2; etc. Hence, f 1 is Cr: Similarly, f 2 is Cr; etc. So
each f i is Cr: Similarly, each gi is Cr: Thus, we have shown that, in all cases,
ðU;uUÞ and ðV ;uV Þ are Cr-compatible.
For 3: We claim that B is maximal. If not, otherwise, let B be not maximal. We
have to arrive at a contradiction. Since B is not maximal, there exists a
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coordinate chart ðU;uUÞ of M such that ðU;uUÞ is not a member of B; and
ðU;uUÞ is Cr-compatible with every member of B: Since ðU;uUÞ is
Cr-compatible with every member of B; and A is contained in B; ðU;uUÞ is
Cr-compatible with every member of A; and hence, by the definition
of B; ðU;uUÞ is in B; a contradiction.
Thus,wehave shown thatB is aCr-differentiable structure onM;which containsA:
Uniqueness If not, otherwise, let B1 and B2 be two distinct Cr-differentiable

structures on M; which contains A: We have to arrive at a contradiction. Since B1

and B2 are two distinct Cr-differentiable structures on M; either (there exists a
coordinate chart ðU;uUÞ of M such that ðU;uUÞ is in B1; and ðU;uUÞ is not in
B2Þ or (there exists a coordinate chart ðU;uUÞ of M such that ðU;uUÞ is in B2;
and ðU;uUÞ is not in B1Þ:
Case I: when there exists a coordinate chart ðU;uUÞ ofM such that ðU;uUÞ is in
B1; and ðU;uUÞ is not in B2: First of all, we shall show that B1 is contained in
B; where B is the differential structure constructed above. For this purpose, let
us take any coordinate chart ðV ;uV Þ of M in B1: We have to show that ðV ;uVÞ
is in B: Since ðV ;uV Þ is in B1; and B1 is a Cr-differentiable structure on M
which contains A; ðV ;uVÞ is Cr-compatible with every member of A; and
hence, by the definition of B; ðV ;uVÞ is in B: Thus, we have shown that B1 is
contained in B:
Similarly, B2 is contained in B: Since ðU;uUÞ is not in B2; and B2 is Cr-

differentiable structure on M; there exists ðV ;uVÞ in B2; such that ðV ;uVÞ and
ðU;uUÞ are not Cr-compatible. Since ðV ;uV Þ is in B2; and B2 is contained in B;
ðV ;uVÞ is in B: Since ðU;uUÞ is in B1; and B1 is contained in B; ðU;uUÞ is in B:
Since ðU;uUÞ; ðV ;uV Þ are in B; and B is a Cr-differentiable structure on M;
ðV ;uVÞ and ðU;uUÞ are Cr-compatible, a contradiction.

Case II: when there exists a coordinate chart ðU;uUÞ of M such that ðU;uUÞ is
in B2; and ðU;uUÞ is not in B1. This case is similar to the case I. h

Theorem 1.3 Let M be an m-dimensional topological manifold. Let

A � U;uUð Þ; V ;uVð Þ; W ;uWð Þ; . . .f g

be a nonempty collection of coordinate charts of M satisfying

1. fU;V ;W ; . . .g is a cover of M; that is, [fU : ðU;uUÞ is in Ag ¼ M;

2. all pairs of members in A are C2-compatible.

Then, there exists a unique C1-differentiable structure B on M which contains A:

Proof First of all, we shall show that 20: all pair of members inA are C1-compatible.
For this purpose, let us take any ðU;uUÞ and ðV ;uV Þ in A: Here, two cases arises:
either U \V is an empty set, or U \V is a nonempty set. h

Case I: when U \V is an empty set. In this case, by the definition of
C1-compatible, ðU;uUÞ and ðV ;uV Þ are C1-compatible.
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Case II: when U \V is a nonempty set. For every ðx1; . . .; xmÞ in uUðU \VÞ; put

uV � uUð Þ�1
� �

x1; . . .; xm
� � � f 1 x1; . . .; xm

� �
; . . .; f m x1; . . .; xm

� �� � ¼ y1; . . .; ym
� �

;

where ðy1; . . .; ymÞ is in uVðU \VÞ; and

uU � uVð Þ�1
� �

y1; . . .; ym
� � � g1 y1; . . .; ym

� �
; . . .; gm y1; . . .; ym

� �� � ¼ x1; . . .; xm
� �

:

It is enough to show that f i; gi are C1 for every i ¼ 1; . . .;m:
Since ðU;uUÞ and ðV ;uVÞ inA, by condition 2, ðU;uUÞ is C2-compatible with

ðV ;uVÞ: Since ðU;uUÞ is C2-compatible with ðV ;uV Þ; and U \V is nonempty, by
the definition of C2-compatible, f i; gi are C2 for every i ¼ 1; . . .;m. Since,
for every i ¼ 1; . . .;m; f i; gi are C2; we have f i; gi are C1:
Now, on using conditions 1, 20, and Theorem 1.2, there exists a unique
C1-differentiable structure B on M which contains A: h

Note 1.4 As above, we can prove the following result:

Let M be an m-dimensional topological manifold. Let r; s be positive integers
satisfying 0\s� r: Let

A � U;uUð Þ; V ;uVð Þ; W ;uWð Þ; . . .f g

be a nonempty collection of coordinate charts of M satisfying

1. fU;V ;W ; . . .g is a cover of M; that is, [fU : ðU;uUÞ is in Ag ¼ M;
2. all pairs of members in A are Cr-compatible.

Then, there exists a unique Cs-differentiable structure B on M which contains A:

Definition Let M be an m-dimensional topological manifold. Let A be a nonempty
collection of coordinate charts of M: If

1. [fU : ðU;uUÞ is in Ag ¼ M;
2. all pairs of members in A are C1-compatible (in the sense that every pair of

members in A is Cr-compatible for every positive integer rÞ,
then we say that A is an atlas on M:

Definition Let M be an m-dimensional topological manifold. Let

A � U;uUð Þ; V ;uVð Þ; W ;uWð Þ; . . .f g

be a nonempty collection of coordinate charts of M: If
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1. A is an atlas on M;

2. A is maximal (in the sense that if ðeU ;ueU Þ is a coordinate chart of M, but not a

member of A; then there exists ðU;uUÞ in A; such that ðeU ;ueU Þ and ðU;uUÞ
are not C1-compatible),

then we say that A is a C1-differentiable structure on M; and the pair ðM;AÞ is
called a C1-differentiable manifold. C1-differentiable structure is also called
smooth structure, and C1-differentiable manifold is also called smooth manifold.

Here, members of A are called admissible coordinate charts of M:

Note 1.5 We shall try to prove: if A is an atlas on an m-dimensional topological
manifold M, then there exists a unique C1-differentiable structure B on M which
contains A:

Existence Let B be the collection of all coordinate charts ðU;uUÞ
of M such that ðU;uUÞ is C1-compatible with every member of A:

First of all, we shall try to show that B contains A: For this purpose, let us take
any ðU;uUÞ in A: Since A is an atlas, and ðU;uUÞ is in A; ðU;uUÞ is C1-
compatible with all members of A, and hence, by the definition of B; ðU;uUÞ is in
B: Hence, A is a subset of B:

Further since A is nonempty, and A is a subset of B; B is nonempty. Now we
want to prove that B is a C1-differentiable structure on M; that is,

1. [fU : ðU;uUÞ is in Bg ¼ M;
2. all pairs of members of B are C1-compatible.
3. B is maximal (in the sense that if ðeU ;ueU Þ a coordinate chart of M, but not a

member of B; then there exists ðU;uUÞ in B such that ðeU ;ueU Þ and ðU;uUÞ are
not C1-compatible.

For 1: Since A is contained in B; [fU : ðU;uUÞ is in Ag � [fU : ðU;uUÞ
is in Bg � M: Since A is an atlas, [fU : ðU;uUÞ is in Ag ¼ M: Thus, [fU :
ðU;uUÞ is in Bg ¼ M:
For 2: Let us take any ðU;uUÞ in B; and ðV ;uV Þ in B: We have to prove that
ðU;uUÞ and ðV ;uVÞ are C1-compatible. Here, two cases arise: either U \V is
an empty set, or U \V is a nonempty set.

Case I: when U \V is an empty set. In this case, by the definition of Cr-
compatible, ðU;uUÞ and ðV ;uV Þ are Cr-compatible for every positive integer r,
and hence, ðU;uUÞ and ðV ;uV Þ are C1-compatible.
Case II: when U \V is a nonempty set. For every ðx1; . . .; xmÞ in uUðU \VÞ; put

uV � uUð Þ�1
� �

x1; . . .; xm
� � � f 1 x1; . . .; xm

� �
; . . .; f m x1; . . .; xm

� �� � ¼ y1; . . .; ym
� �

;

where ðy1; . . .; ymÞ is in uVðU \VÞ; and
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uU � uVð Þ�1
� �

y1; . . .; ym
� � � g1 y1; . . .; ym

� �
; . . .; gm y1; . . .; ym

� �� � ¼ x1; . . .; xm
� �

:

We have to show that f i; gi are C1 for every i ¼ 1; . . .;m:
SinceU \V is nonempty, there exists an element x inU \V ð� MÞ: Since x is in

M; and A is an atlas, there exists ðW ;uW Þ in A such that x is in W : Since
ðU;uUÞ is in B; and ðW ;uW Þ is inA, by the definition of B; ðU;uUÞ and ðW ;uWÞ
are C1-compatible. Since x is in W ; and x is in U \Vð� UÞ; x is in W \U; and
hence, U \W is a nonempty set. Since ðU;uUÞ and ðW ;uWÞ are C1-compatible,
and U \W is nonempty, by the definition of C1-compatible, f i1; g

i
1 are C1 for

every i ¼ 1; . . .;m, where for every ðx1; . . .; xmÞ in uUðU \WÞ;

uW � uUð Þ�1
� �

x1; . . .; xm
� � � f 11 x1; . . .; xm

� �
; . . .; f m1 x1; . . .; xm

� �� �
¼ y1; . . .; ym
� � 2 uW U \Wð Þ;

and

uU � uWð Þ�1
� �

y1; . . .; ym
� � � g11 y1; . . .; ym

� �
; . . .; gm1 y1; . . .; ym

� �� � ¼ x1; . . .; xm
� �

:

Similarly, f i2; g
i
2 are C1 for every i ¼ 1; . . .;m, where for every ðx1; . . .; xmÞ in

uV ðV \WÞ;

uW � uVð Þ�1
� �

x1; . . .; xm
� � � f 12 x1; . . .; xm

� �
; . . .; f m2 x1; . . .; xm

� �� �
¼ y1; . . .; ym
� � 2 uW V \Wð Þ;

and

uV � uWð Þ�1
� �

y1; . . .; ym
� � � g12 y1; . . .; ym

� �
; . . .; gm2 y1; . . .; ym

� �� � ¼ x1; . . .; xm
� �

:

Now for every ðx1; . . .; xmÞ in uUðU \V \WÞ

f 1 x1; . . .; xm
� �

; . . .; f m x1; . . .; xm
� �� �

¼ uV � uUð Þ�1
� �

x1; . . .; xm
� �

¼ uV � uWð Þ�1
� �

� uW � uUð Þ�1
� �� �

x1; . . .; xm
� �

¼ uV � uWð Þ�1
� �

uW � uUð Þ�1
� �

x1; . . .; xm
� �� �

¼ uV � uWð Þ�1
� �

f 11 x1; . . .; xm
� �

; . . .; f m1 x1; . . .; xm
� �� �

¼ g12 f 11 x1; . . .; xm
� �

; . . .; f m1 x1; . . .; xm
� �� �

; . . .; gm2 f 11 x1; . . .; xm
� �

; . . .; f m1 x1; . . .; xm
� �� �� �

:
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Hence,
f 1 x1; . . .; xm
� � ¼ g12 f 11 x1; . . .; xm

� �
; . . .; f m1 x1; . . .; xm

� �� �
:

Since g12; and each f k1 ðk ¼ 1; . . .;mÞ are C1;

og12 f 11 x1; . . .; xmð Þ; . . .; f m1 x1; . . .; xmð Þ� �
ox1

¼
Xn
k¼1

og12 f 11 x1; . . .; xmð Þ; . . .; f m1 x1; . . .; xmð Þ� �
of k1 x1; . . .; xmð Þ

of k1 x1; . . .; xmð Þ
ox1

 !

exists and is continuous. It follows that

of 1 x1; . . .; xmð Þ
ox1

¼ og12 f 11 x1; . . .; xmð Þ; . . .; f m1 x1; . . .; xmð Þ� �
ox1

� �

exists and is continuous. Similarly, of 1ðx1;...;xmÞ
ox2 exists and is continuous, etc.

So f 1 is C1: Similarly, f 1 is C2; etc. Hence, f 1 is C1: Similarly, f 2 is C1; etc. So
each f i is C1: Similarly, each gi is C1: Thus, we have shown that, in all cases,
ðU;uUÞ and ðV ;uVÞ are C1-compatible.

For 3: We claim that B is maximal. If not, otherwise, let B be not maximal. We
have to arrive at a contradiction. Since B is not maximal, there exists a coordinate
chart ðU;uUÞ of M such that ðU;uUÞ is not a member of B; and ðU;uUÞ is C1-
compatible with every member of B: Since ðU;uUÞ is C1-compatible with every
member of B; and A is contained in B; ðU;uUÞ is C1-compatible with every
member ofA; andhence, by the definition ofB; ðU;uUÞ is inB; a contradiction. Thus,
we have shown that B is a C1-differentiable structure on M; which contains A:

Uniqueness If not, otherwise, let B1 and B2 be two distinct C1-differentiable
structures on M; which contains A: We have to arrive at a contradiction. Since B1

and B2 are two distinct C1-differentiable structures on M;
either

(there exists a coordinate chart ðU;uUÞ of M such that ðU;uUÞ is in B1; and
ðU;uUÞ is not in B2Þ
or

(there exists a coordinate chart ðU;uUÞ of M such that ðU;uUÞ is in B2; and
ðU;uUÞ is not in B1Þ:
Case I: when there exists a coordinate chart ðU;uUÞ ofM such that ðU;uUÞ is in
B1; and ðU;uUÞ is not in B2.
First of all, we shall show that B1 is contained in B; where B is the differential

structure constructed above. For this purpose, let us take any coordinate chart
ðV ;uVÞ of M in B1: We have to show that ðV ;uV Þ is in B: Since ðV ;uV Þ is in B1;
and B1 is a C1-differentiable structure on M which contains A; ðV ;uV Þ is
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C1-compatible with every member of A; and hence, by the definition of B;
ðV ;uVÞ is in B: Thus, we have shown that B1 is contained in B:

Similarly, B2 is contained in B: Since ðU;uUÞ is not in B2; and B2 is C1-
differentiable structure on M; there exists ðV ;uVÞ in B2 such that ðV ;uVÞ and
ðU;uUÞ are not C1-compatible. Since ðV ;uV Þ is in B2; and B2 is contained in B;
ðV ;uVÞ is in B: Since ðU;uUÞ is in B1; and B1 is contained in B; ðU;uUÞ is in B:
Since ðU;uUÞ; ðV ;uV Þ are in B; and B is a C1-differentiable structure on M;
ðV ;uVÞ and ðU;uUÞ are C1-compatible, a contradiction.
Case II: when there exists a coordinate chart ðU;uUÞ of M such that ðU;uUÞ is
in B2; and ðU;uUÞ is not in B1. This case is similar to the case I. Thus, in all
cases, we get a contradiction. h

From now on, we shall assume without further mention that in our differentiable
manifold ðM;AÞ; M is a second countable topological space.

1.3 Examples of Smooth Manifolds

Example 1.6 (i) Let G be a nonempty open subset of Rm: Let us take G for M:
Since Rm is a Hausdorff second countable topological space, G with the induced

topology is a Hausdorff second countable topological space. For every x in G; G is
an open neighborhood of x: Since the identity mapping

IdG : G ! G

given by

IdG xð Þ ¼ x

for every x in G is a homeomorphism from G onto G; G is an m-dimensional
topological manifold. For A; let us take the singleton set fðG; IdGÞg: It is easy to
observe that A satisfies the conditions 1 and 2 of Theorem 1.2 for every positive
integer r: Hence, there exists a unique C1-differentiable structure on G which
contains fðG; IdGÞg: This C1-differentiable structure on G is called the standard
differentiable structure of G: Thus, every nonempty open subset of R

m is an
example of a smooth manifold.

(ii) Let M be an m-dimensional smooth manifold, whose topology is O; and
differential structure is A: Let ðU;uUÞ 2 A:

Since ðU;uUÞ 2 A; U is an open subset of M: Let O1 be the induced topology
over U; that is, O1 ¼ fG : G � U; and G 2 Og: Put A1 � fðU;uUÞg. Since M is
an m-dimensional smooth manifold,M is a Hausdorff space. Since M is a Hausdorff
space, and U is a subspace of M; U with the induced topology is a Hausdorff space.
Since M is an m-dimensional smooth manifold, M is a second countable space.
Since M is a second countable space, and U is a subspace of M; U with the induced
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topology is a second countable space. It is easy to observe that A satisfies the
conditions 1 and 2 of Theorem 1.2 for every positive integer r: Hence, there exists a
unique C1-differentiable structure on U which contains fðU;uUÞg:

Thus for every admissible coordinate chart ðU;uUÞ of an m-dimensional smooth
manifold M; U is an m-dimensional smooth manifold.

Example 1.7 For m ¼ 1; 2; 3; . . .; by the m-dimensional unit sphere Sm; we mean
the set

x1; . . .xmþ1
� �

: x1; . . .xmþ1
� � 2 R

mþ1 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ � � � þ xmþ1ð Þ2

q
¼ 1

	 

:

Since Rmþ1 is a Hausdorff second countable topological space, and Sm is a subset
of Rmþ1; Sm with the induced topology is a Hausdorff second countable topological
space. Here,

S1 � x1; x2
� �

: x1; x2
� � 2 R

2 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2

q
¼ 1

	 

;

S2 � x1; x2; x3
� �

: x1; x2; x3
� � 2 R

3 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q
¼ 1

	 

; etc.

Now we shall try to prove that the unit circle S1 is a 1-dimensional topological
manifold. For this purpose, let us take any ða1; a2Þ in S1: We have to find an open
neighborhood G of ða1; a2Þ, and a homeomorphism u : G ! uðGÞ such that uðGÞ
is an open subset of R1: Since ð0; 0Þ does not lie in S1; and ða1; a2Þ is in S1; both of
a1; a2 cannot be 0. So two cases arise: either a1 6¼ 0 or a2 6¼ 0:

Case I: when a1 6¼ 0
Now two subcases arise: either 0\a1 or a1\0:
Subcase I: when 0\a1. Let us take

x1; x2
� �

: x1; x2
� � 2 S1 and 0\x1

� �
for G1: Since ða1; a2Þ 2 S1 and 0\a1; ða1; a2Þ 2 G1: Since

x1; x2
� �

: x1; x2
� � 2 S1 and 0\x1

� � ¼ x1; x2
� �

: x1; x2
� � 2 R

2 and 0\x1
� �\ S1;

and fðx1; x2Þ : ðx1; x2Þ 2 R
2 and 0\x1gð¼ ð0;1Þ � ð�1;1ÞÞ is open in R

2;

fðx1; x2Þ : ðx1; x2Þ 2 S1 and 0\x1gð¼ G1Þ is open in S1 relative to the induced
topology. Thus, G1 is open in S1: Since ða1; a2Þ 2 G1; and G1 is open in S1; G1 is
an open neighborhood of ða1; a2Þ: Since
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G1 ¼ x1; x2
� �

: x1; x2
� � 2 S1 and 0\x1

� �
¼ x1; x2

� �
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2

q
¼ 1 and 0\x1

	 

;

it is clear that fx2 : ðx1; x2Þ 2 G1g is equal to the open interval ð�1; 1Þ:
Let us define a function

p1 : G1 ! x2 : x1; x2
� � 2 G

� �
as follows: for every ðx1; x2Þ in G1;

p1 x1; x2
� � ¼ x2:

Clearly, p1 is a 1–1 function from G1 onto the open interval ð�1; 1Þ: Further,
since projection map is a continuous and open map,

p1 : G1 ! �1; 1ð Þ

is a homeomorphism. Thus, we have shown that there exist an open neighborhood
G1 of ða1; a2Þ and a homeomorphism p1 : G1 ! ð�1; 1Þ; where ð�1; 1Þ is an
open subset of R1:

Subcase II: when a1\0. Proceeding as in subcase I, there exist an open
neighborhood

G2 � x1; x2
� �

: x1; x2
� � 2 S1 and x1\0

� �
of ða1; a2Þ and a homeomorphism

p2 : G2 ! �1; 1ð Þ

defined as: for every ðx1; x2Þ in G2;

p2 x1; x2
� � ¼ x2:

Case II: when a2 6¼ 0
Now two subcases arise: either 0\a2 or a2\0:
Subcase I: when 0\a2. Proceeding as above, there exist an open neighborhood

G3 � x1; x2
� �

: x1; x2
� � 2 S1 and 0\x2

� �
of ða1; a2Þ and a homeomorphism

p3 : G3 ! �1; 1ð Þ
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defined as: for every ðx1; x2Þ in G3;

p3 x1; x2
� � ¼ x1:

Subcase II: when a2\0. Proceeding as above, there exist an open neighborhood

G4 � x1; x2
� �

: x1; x2
� � 2 S1 and x2\0

� �
of ða1; a2Þ and a homeomorphism

p4 : G4 ! �1; 1ð Þ

defined as: for every ðx1; x2Þ in G4;

p4 x1; x2
� � ¼ x1:

Thus, we see that in all cases, there exist an open neighborhood G of ða1; a2Þ,
and a homeomorphism u : G ! uðGÞ; where uðGÞ is an open subset of R1:

Hence, by the definition of topological manifold, S1 is a 1-dimensional topo-
logical manifold. Here, we get four coordinate charts ðG1; p1Þ; ðG2; p2Þ; ðG3; p3Þ;
ðG4; p4Þ: Let us take

G1; p1ð Þ; G2; p2ð Þ; G3; p3ð Þ; G4; p4ð Þf g

for A: We want to show that A has the following two properties:

1. [fU : ðU;uUÞ is in Ag ¼ S1;
2. all pairs of members in A are C1-compatible.

For 1: Here,

[ U : U;uUð Þ; is in Af g
¼ G1 [G2 [G3 [G4

¼ x1; x2
� �

: x1; x2
� � 2 S1 and 0\x1

� �[ x1; x2
� �

: x1; x2
� � 2 S1 and x1\0

� �
[ x1; x2
� �

: x1; x2
� � 2 S1 and 0\x2

� �[ x1; x2
� �

: x1; x2
� � 2 S1 and x2\0

� �
¼ S1:

For 2: Let us take ðG1; p1Þ; ðG2; p2Þ as a pair of members of A: Since

G1 \G2 ¼ ð x1; x2
� �

: x1; x2
� � 2 S1 and 0\x1

� �\ x1; x2
� �

: x1; x2
� � 2 S1 and x1\0

� �Þ
is an empty set, by the definition of Cr-compatible, ðG1; p1Þ; ðG2; p2Þ are
Cr-compatible for every positive integer r: Hence, ðG1; p1Þ; ðG2; p2Þ are
C1-compatible.
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Next, let us take ðG1; p1Þ; ðG3; p3Þ as a pair of members of A: Here,

G1 \G3 ¼ x1; x2
� �

: x1; x2
� � 2 S1 and 0\x1

� �\ x1; x2
� �

: x1; x2
� � 2 S1 and 0\x2

� �
¼ x1; x2

� �
: x1; x2
� � 2 S1; 0\x1 and 0\x2

� �
:

We want to prove that

p1 � p�1
3

� �� �
: p3 G1 \G3ð Þ ! p1 G1 \G3ð Þ

is C1:

By Lemma 1.1, p1 � ðp�1
3 Þ is a homeomorphism from open subset p3ðG1 \G3Þ

of R
1 onto open subset p1ðG1 \G3Þ of R

1: Now let us take any p3ðxÞ in
p3ðG1 \G3Þ; where x is in G1 \G3: Since x is in G1 \G3; and G1 \G3 ¼
fðx1; x2Þ : ðx1; x2Þ 2 S1; 0\x1 and 0\x2g; there exist real numbers x1; x2 such
that x ¼ ðx1; x2Þ 2 S1; 0\x1 and 0\x2. Since

x1; x2
� � 2 S1 ¼ x1; x2

� �
: x1; x2
� � 2 R

2 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2

q
¼ 1

	 

;

and 0\x2; x2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðx1Þ2

q
: Since 0\x1; 0\x2; and ðx1Þ2 þ ðx2Þ2 ¼ 1; it follows

that 0\x1\1; and 0\x2\1: Hence, t � p3ðxÞ ¼ p3ðx1; x2Þ ¼ x1 2 ð0; 1Þ: Now it
is clear that p3ðG1 \G3Þ is equal to the open interval ð0; 1Þ:
Further,

p1 � p�1
3

� �� �
tð Þ ¼ p1 � p�1

3

� �� �
p3 xð Þð Þ ¼ p1 p�1

3

� �
p3 xð Þð Þ� �

¼ p1 xð Þ ¼ p1 x1; x2
� � ¼ x2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x1ð Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p3 x1; x2ð Þð Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p3 xð Þð Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p

or,

p1 � p�1
3

� �� �
tð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� tð Þ2

q
for every t in p3ðG1 \G3Þð¼ ð0; 1ÞÞ: Therefore,

p1 � p�1
3

� �� �0
tð Þ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p 2tð Þ ¼ tffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p

or,

p1 � p�1
3

� �� �0
tð Þ ¼ tffiffiffiffiffiffiffiffiffiffiffiffi

1� t2
p t 2 0; 1ð Þð Þ:

18 1 Differentiable Manifolds



It follows that t 7! ðp1 � ðp�1
3 ÞÞðtÞ is a differentiable function on the open subset

p3ðG1 \G3Þ of R1: Also, since

p1 � p�1
3

� �� �0
tð Þ ¼ tffiffiffiffiffiffiffiffiffiffiffiffi

1� t2
p :

and t 7! tffiffiffiffiffiffiffi
1�t2

p is a continuous function,

p1 � p�1
3

� �� �
: p3 G1 \G3ð Þ ! p1 G1 \G3ð Þ

is C1: Similarly, we can show that

p1 � p�1
3

� �� �
: p3 G1 \G3ð Þ ! p1 G1 \G3ð Þ

is C2; etc. Thus,

p1 � p�1
3

� �� �
: p3 G1 \G3ð Þ ! p1 G1 \G3ð Þ

is Cr for every positive integer r: Hence,

p1 � p�1
3

� �� �
: p3 G1 \G3ð Þ ! p1 G1 \G3ð Þ

is C1: Thus, we have shown that the pair ðG1; p1Þ; ðG3; p3Þ are C1-compatible.
Similarly, we can show that all other pairs of members inA are C1-compatible.

This proves 2. Hence, by Theorem 1.2, there exists a unique C1-differentiable
structure B on S1 which containsA: Thus, the ordered pair ðS1;BÞ is an example of
a smooth manifold of dimension 1.

Similarly, we can construct a C1-differentiable structure on S2; etc. In short, the
unit sphere Sm is a smooth manifold of dimension m.

Example 1.8 Let us define a relation 	 over R2 � fð0; 0Þg as follows:
For every ðx1; x2Þ; ðy1; y2Þ in R

2 � fð0; 0Þg; by
x1; x2
� �	 y1; y2

� �
we shall mean there exists a real number t such that

x1; x2
� � ¼ t y1; y2

� �
:

We shall try to show that 	 is an equivalence relation over R2 � fð0; 0Þg; that is,
1. ðx1; x2Þ	 ðx1; x2Þ for every ðx1; x2Þ in R

2 � fð0; 0Þg;
2. if ðx1; x2Þ	 ðy1; y2Þ; then ðy1; y2Þ	 ðx1; x2Þ;
3. if ðx1; x2Þ	 ðy1; y2Þ; and ðy1; y2Þ	 ðz1; z2Þ then ðx1; x2Þ	 ðz1; z2Þ:
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For 1: Since ðx1; x2Þ ¼ 1ðx1; x2Þ; ðx1; x2Þ	 ðx1; x2Þ:
For 2: Since ðx1; x2Þ	 ðy1; y2Þ; there exists a real number t such that ðx1; x2Þ ¼
tðy1; y2Þ: Since ðx1; x2Þ; ðy1; y2Þ are in R

2 � fð0; 0Þg; ðx1; x2Þ and ðy1; y2Þ are
nonzero. Since ðx1; x2Þ and ðy1; y2Þ are nonzero, and ðx1; x2Þ ¼ tðy1; y2Þ; t is
nonzero, and hence, ðy1; y2Þ ¼ 1

t ðx1; x2Þ: Since ðy1; y2Þ ¼ 1
t ðx1; x2Þ; ðy1; y2Þ	

ðx1; x2Þ:
For 3: Since ðx1; x2Þ	 ðy1; y2Þ; there exists a real number t such that ðx1; x2Þ ¼
tðy1; y2Þ: Since ðy1; y2Þ	 ðz1; z2Þ; there exists a real number s such that
ðy1; y2Þ ¼ sðz1; z2Þ: Since ðx1; x2Þ ¼ tðy1; y2Þ; and ðy1; y2Þ ¼ sðz1; z2Þ; ðx1; x2Þ ¼
tðsðz1; z2ÞÞ ¼ ðstÞðz1; z2Þ; and hence, ðx1; x2Þ	 ðz1; z2Þ:
Thus, we have shown that 	 is an equivalence relation over R2 � fð0; 0Þg:
If ðx1; x2Þ 6¼ ð0; 0Þ; then the equivalence class of ðx1; x2Þ is given by

x1; x2
� �
 � � y1; y2

� �
: y1; y2
� �	 x1; x2

� �� �
¼ y1; y2

� �
: y1; y2
� � ¼ t x1; x2

� �
for some real t

� �
or,

x1; x2
� �
 � ¼ t x1; x2

� �
: t 6¼ 0

� �
:

We shall denote the quotient space

R
2 � 0; 0ð Þf g� �

=	

of all equivalence classes by P1: Thus,

P1 � x1; x2
� �
 �

: x1; x2
� � 6¼ 0; 0ð Þ� �

or,

P1 ¼ t x1; x2
� �

: t 6¼ 0
� �

: x1; x2
� � 6¼ 0; 0ð Þ� �

:

The topology of R2 � fð0; 0Þg is the induced topology of the standard topology of
R

2; and the topology of the quotient space ðR2 � fð0; 0ÞgÞ=	ð¼ P1Þ is the
quotient topology. Thus, a subset G of P1 is open means the set

[ x1; x2
� �
 �

: x1; x2
� �
 � 2 G

� �
is open in R

2 � fð0; 0Þg; that is,
[ t x1; x2

� �
: t 6¼ 0

� �
: x1; x2
� �
 � 2 G

� �
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is open in R
2 � fð0; 0Þg; that is, either

[ t x1; x2
� �

: t 6¼ 0
� �

: x1; x2
� �
 � 2 G

� �
or

[ t x1; x2
� �

: t 6¼ 0
� �

: x1; x2
� �
 � 2 G

� �[ 0; 0ð Þf g

is open in R
2:

Since R
2 is a Hausdorff space, its subspace R

2 � fð0; 0Þg is a Hausdorff space,
and hence, its quotient space ðR2 � fð0; 0ÞgÞ=	ð¼ P1Þ is a Hausdorff space.
Since R

2 is a second countable space, its subspace R
2 � fð0; 0Þg is a second

countable space, and hence, its quotient space ðR2 � fð0; 0ÞgÞ=	ð¼ P1Þ is a
second countable space. Put

U1 � x1; x2
� �
 �

: x1 6¼ 0
� �

:

We want to show that U1 is open in P2:
For this purpose, we must show that

[ t x1; x2
� �

: t 6¼ 0
� �

: x1; x2
� �
 � 2 U1

� �
is open in R

2 � fð0; 0Þg:
Since (see Fig. 1.2),

[ t x1; x2
� �

: t 6¼ 0
� �

: x1; x2
� �
 � 2 U1

� � ¼ [ t x1; x2
� �

: t 6¼ 0
� �

: x1 6¼ 0
� �

¼ R
2 � 0; x2

� �
: x2 is any real

� �
;

and R
2 � fð0; x2Þ : x2 is any realg is open in R

2; [fftðx1; x2Þ : t 6¼ 0g :

½ðx1; x2Þ
 2 U1g is open in R2 � fð0; 0Þg: Thus,wehave shown thatU1 is open inP1:

O
O

Fig. 1.2 Hausdorff space
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Now let us define a function

u1 : U1 ! R

as follows: for every ½ðx1; x2Þ
 in U1

u1 x1; x2
� �
 �� � � x2

x1
:

We shall try to show that

1. u1 is well-defined,
2. u1 is 1–1,
3. u1 is continuous,
4. u1ðU1Þ is open in R;

5. u�1
1 : u1ðU1Þ ! U1 is continuous.

For 1: Let ½ðx1; x2Þ
 ¼ ½ðy1; y2Þ
; where ½ðx1; x2Þ
; ½ðy1; y2Þ
 are in U1: Since
½ðx1; x2Þ
; ½ðy1; y2Þ
 are in U1; ðx1; x2Þ; ðy1; y2Þ are nonzero members of R2; and

x1; y1 are nonzero. Since x1; y1 are nonzero, x2
x1 ;

y2

y1 are real numbers.

We must prove that

x2

x1
¼ y2

y1
:

Since ½ðx1; x2Þ
 ¼ ½ðy1; y2Þ
; ðx1; x2Þ	 ðy1; y2Þ: Further since ðx1; x2Þ; ðy1; y2Þ are
nonzero members of R2; there exists a nonzero real number t such that

x1; x2
� � ¼ t y1; y2

� � ¼ ty1; ty2
� �

:

So x1 ¼ ty1; and x2 ¼ ty2: Since x1 ¼ ty1; x2 ¼ ty2; and x1; y1; t are nonzero,
x2
x1 ¼ ty2

ty1 ¼ y2

y1 : This proves 1.

For 2: Let u1ð½ðx1; x2Þ
Þ ¼ u1ð½ðy1; y2Þ
Þ: We have to prove that ½ðx1; x2Þ
 ¼
½ðy1; y2Þ
; that is, there exists a real number t such that ðx1; x2Þ ¼ tðy1; y2Þ: Here,

x2

x1
¼ u1 x1; x2

� �
 �� � ¼ u1 y1; y2
� �
 �� � ¼ y2

y1
:

Case I: when x2 6¼ 0

Since x2
x1 ¼ y2

y1 ; and x
2 6¼ 0; y2 6¼ 0; and hence, x1 ¼ x2

y2 y
1: So ðx1; x2Þ ¼ x2

y2 ðy1; y2Þ:
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Case II: when x2 ¼ 0

Since x2
x1 ¼ y2

y1 ; and x2 ¼ 0; y2 ¼ 0: So ðx1; x2Þ ¼ ðx1; 0Þ ¼ x1
y1 ðy1; 0Þ ¼ x1

y1 ðy1; y2Þ:
Thus, we see that in all cases, there exists a real number t such that ðx1; x2Þ ¼
tðy1; y2Þ: This proves 2.
For 3. Let us note that the equivalence class ½ðx1; x2Þ
 of ðx1; x2Þ is simply the
straight line joining the origin O and ðx1; x2Þ; but origin O deleted. Further, the
slope ð¼ tan hÞ of this line is the u1-image of ½ðx1; x2Þ
: Since tan h is a con-
tinuous function over ð� p

2 ;
p
2Þ; it is clear that

u1 : U1 ! R

is a continuous function.
For 4. It is clear that

u1 U1ð Þ ¼ �1;þ1ð Þ ¼ R ;

and R is an open set, so u1ðU1Þ is an open set of real numbers.
For 5. In 4, we have seen that u1ðU1Þ ¼ R; so it remains to prove that u�1

1 :
R ! U1 is continuous.
Since, for every m in R; ½ð1;mÞ
 is in U1; and u1ð½ð1;mÞ
Þ ¼ m

1 ¼ m;

u�1
1 mð Þ ¼ 1;mð Þ½ 
:

Since m 7! ð1;mÞ is continuous, and ðx1; x2Þ 7! ½ðx1; x2Þ
 is continuous, their
composite m 7! ½ð1;mÞ
 is continuous, that is, u�1

1 is a continuous function. This
proves 5.
Similarly, we can show that

U2 � x1; x2
� �
 �

: x2 6¼ 0
� �

is an open subset of P1; and the function

u2 : U2 ! R

defined as follows: for every ½ðx1; x2Þ
 in U2

u2 x1; x2
� �
 �� � � x1

x2
;

is a homeomorphism from U2 onto R: Thus, the open subset U2 of P2 is
homeomorphic to R:
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Since P1 is a Hausdorff space, and fU1;U2g is an open cover of P1, P1 is a
1-dimensional topological manifold. Here, we get two coordinate charts ðU1;u1Þ;
ðU2;u2Þ: Let us take

U1;u1ð Þ; U2;u2ð Þf g:

for A: We want to show that A has the following two properties:

1. U1 [U2 ¼ P1;
2. all pairs of members in A are Cr-compatible, for every r ¼ 1; 2; 3; . . .:

For 1: It is clear from the construction of U1 and U2:

For 2: Let us take ðU1;u1Þ; ðU2;u2Þ as a pair of members in A: Here,

U1 \U2 ¼ x1; x2
� �
 �

: x1 6¼ 0; and x2 6¼ 0
� �

:

Further

u2 � u1ð Þ�1 : u1 U1 \U2ð Þ ! u2 U1 \U2ð Þ

is a continuous function. Also, for every m in u1ðU1 \U2Þ; there exists ½ðx1; x2Þ

in U1 \U2 such that

m ¼ u1 x1; x2
� �
 �� �

:

Since ½ðx1; x2Þ
 is in U1 \U2; x1 6¼ 0 and x2 6¼ 0: Now m ¼ u1ð½ðx1; x2Þ
Þ ¼ x2
x1,

and hence,

u2 � u1ð Þ�1
� �

mð Þ ¼ u2 u1ð Þ�1 mð Þ
� �

¼ u2 u1ð Þ�1 u1 x1; x2
� �
 �� �� �� �

¼ u2 x1; x2
� �
 �� � ¼ x1

x2
¼ 1

m
:

Now since u1ðU1 \U2Þ ¼ R� f0g ¼ u2ðU1 \U2Þ; ðu2 � ðu1Þ�1Þ : m 7! 1
m

is Cr for every r ¼ 1; 2; 3; . . .: This proves 2. Hence, by Theorem 1.2, there exists
a unique C1-differentiable structure B on P1 which contains A: Thus, the ordered
pair ðP1;BÞ is an example of a smooth manifold of dimension 1. Similarly, we can
construct a C1-differentiable structure on P2; etc.
In short, we say that the projective space Pm is a smooth manifold of dimension m.

Example 1.9 Let M be a 2-dimensional smooth manifold with differentiable
structure A; and let N be a 3-dimensional smooth manifold with differentiable
structure B:
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Now we want to show that the Cartesian product M � N; with the product
topology, is a ð2þ 3Þ-dimensional topological manifold. For this purpose, we must
prove that

1. M � N; with the product topology, is a Hausdorff topological space,
2. for every ðx; yÞ in M � N; there exists an open neighborhood of ðx; yÞ in M � N

which is homeomorphic to some open subset of the Euclidean space R
2þ3 (see

Fig 1.3).

For 1: Since M is a smooth manifold, the topology of M is Hausdorff. Similarly
the topology of N is Hausdorff. Since the topologies of M and N are Hausdorff,
their product topology is Hausdorff. This proves 1.
For 2: Let us take any ðx; yÞ in M � N; where x is in M; and y is in N: Since x is
inM; andM is a 2-dimensional smooth manifold with differentiable structure A;
there exists a coordinate chart ðU;uUÞ 2 A such that x is in U: Similarly, there
exists a coordinate chart ðV ;wVÞ 2 B such that y is in V : Since ðU;uUÞ 2 A;
and A is a differentiable structure on M; uU is a homeomorphism from the open
subset U of M onto the open subset uUðUÞ of R2: Similarly, wV is a homeo-
morphism from the open subset V of N onto the open subset wVðVÞ of R3:
Since x is in U; and U is open in M; U is an open neighborhood of x: Similarly,

V is an open neighborhood of y: Since U is an open neighborhood of x; and V is
an open neighborhood of y; the Cartesian product U � V is an open neighborhood
of ðx; yÞ in M � N: Since uUðUÞ is open in R

2; and wV ðVÞ is open in R
3; their

Cartesian product ðuUðUÞÞ � ðwV ðVÞÞ is open in R
2 � R

3ð¼ R
2þ3Þ:

Now let us define a function

uU � wVð Þ : U � V ! uU Uð Þð Þ � wV Vð Þð Þð Þ

as follows: for every ðx; yÞ in U � V ;

uU � wVð Þ x; yð Þ � uU xð Þ;wV yð Þð Þ:

It remains to prove that ðuU � wVÞ is a homeomorphism, that is,

Fig. 1.3 Hausdorff topological space
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1: ðuU � wV Þ is 1� 1;

2: ðuU � wV Þ is onto;
3: ðuU � wV Þ is continuous,
4: ðuU � wV Þ�1 is continuous:

For 1: Let ðuU � wVÞðx; yÞ ¼ ðuU � wV Þðz;wÞ; where x; z are in U; and y;w are
in V : We have to show that ðx; yÞ ¼ ðz;wÞ; that is, x ¼ z; and y ¼ w: Since

uU xð Þ;wV yð Þð Þ ¼ uU � wVð Þ x; yð Þ ¼ uU � wVð Þ z;wð Þ ¼ uU zð Þ;wV wð Þð Þ;

uU xð Þ ¼ uU zð Þ; and wV yð Þ ¼ wV wð Þ:

Since uU is a homeomorphism, uU is 1–1. Since uU is 1–1, and uUðxÞ ¼ uUðzÞ;
x ¼ z: Similarly y ¼ w: This proves 1.
For 2: We have to prove that

uU � wVð Þ : U � V ! uU Uð Þð Þ � wV Vð Þð Þð Þ

is onto. For this purpose, let us take any ðs; tÞ in ðuUðUÞÞ � ðwVðVÞÞ: Now we
have to find a member of U � V ; whose ðuU � wV Þ-image is ðs; tÞ: Since ðs; tÞ is
in ðuUðUÞÞ � ðwV ðVÞÞ; s is in uUðUÞ; and t is in wV ðVÞ: Since s is in uUðUÞ;
there exists an element x in U such that s ¼ uUðxÞ. Similarly, there exists an
element y in V such that t ¼ wV ðyÞ: Since x is in U; and y is in V ; ðx; yÞ is in
U � V : Further

uU � wVð Þ x; yð Þ ¼ uU xð Þ;wV yð Þð Þ ¼ s; tð Þ:

This proves 2.
For 3: Since uU is a homeomorphism, uU is a continuous function, and hence,
x 7!uUðxÞ is continuous. Since, in the product topology, ðx; yÞ 7! x is contin-
uous, and x 7!uUðxÞ is continuous, their composite ðx; yÞ 7!uUðxÞ is continu-
ous. Similarly, ðx; yÞ 7!wV ðyÞ is continuous. Since ðx; yÞ 7!uUðxÞ is continuous,
and ðx; yÞ 7!wV ðyÞ is continuous, with respect to product topology,
ðx; yÞ 7! ðuUðxÞ;wV ðyÞÞð¼ ðuU � wV Þðx; yÞÞ is continuous, and hence,

uU � wVð Þ : U � V ! uU Uð Þð Þ � wV Vð Þð Þð Þ

is a continuous function. This proves 3.
For 4: We have to prove that ðuU � wV Þ�1 : ððuUðUÞÞ � ðwVðVÞÞÞ ! U � V
is continuous, that is,

uU � wVð Þ : U � V ! uU Uð Þð Þ � wV Vð Þð Þð Þ
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is an open mapping. For this purpose, let us take any open subset G� H of
U � V ; where G is open in U; and H is open in V : We have to prove that
ðuU � wV ÞðG� HÞ is open in ðuUðUÞÞ � ðwV ðVÞÞ. By the definition of
ðuU � wV Þ;

uU � wVð Þ G� Hð Þ ¼ uU Gð Þ � wV Hð Þð Þ:

Since uU : U ! ðuUðUÞÞ is a homeomorphism, and G is open in U; uUðGÞ is an
open subset of uUðUÞ. Similarly, wV ðHÞ is an open subset of wV ðVÞ: Since uUðGÞ
is an open subset of uUðUÞ; and wVðHÞ is an open subset of wV ðVÞ; their
Cartesian product uUðGÞ � wV ðHÞð¼ ðuU � wV ÞðG� HÞÞ is an open subset of
the product space uUðUÞ � wV ðVÞ: This proves 4.
Thus,

uU � wVð Þ : U � V ! uU Uð Þð Þ � wV Vð Þð Þð Þ

is a homeomorphism. This proves 2.
Hence, M � N; with the product topology, is a ð2þ 3Þ-dimensional topological
manifold. Since M is a 2-dimensional smooth manifold, M is a second countable
space. Similarly, N is a second countable space. Since M;N are second countable
spaces, their productM � N is a second countable space. Here, for every ðU;uUÞ 2
A; and for every ðV ;wV Þ 2 B, we get the coordinate chart ðU � V ; ðuU � wV ÞÞ of
M � N: Let us denote the collection

U � V ; uU � wVð Þð Þ : U;uUð Þ 2 A; V ;wVð Þ 2 Bf g

of coordinate charts of M � N by C:
We want to show that C has the following two properties:

1: [fU � V : ðU � V ; ðuU � wV ÞÞ 2 Cg ¼ M � N;

2: all pairs of members in C are Cr-compatible, for every r ¼ 1; 2; 3; . . .:

For 1: This is clear from the above discussion.
For 2: Let us take any ðU � V ; ðuU � wVÞÞ; ðÛ � V̂ ; ðuÛ � wV̂ÞÞ as a pair of
members in C: Here,

U � Vð Þ \ Û � V̂
� � ¼ U \ Û

� �� V \ V̂
� �

:

Now we want to prove that the mapping

uÛ � wV̂

� � � uU � wVð Þ�1
� �

: uU � wVð Þ U � Vð Þ \ Û � V̂
� �� �

! uÛ � wV̂

� �
U � Vð Þ \ Û � V̂

� �� �
is C1; that is,
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uÛ � wV̂

� � � uU � wVð Þ�1
� �

: uU � wVð Þ U \ Û
� �� V \ V̂

� �� �
! uÛ � wV̂

� �
U \ Û
� �� V \ V̂

� �� �
is C1: Here, ðU � V ; ðuU � wVÞÞ is in C; so ðU;uUÞ 2 A and ðV ;wVÞ 2 B:
Similarly, ðÛ;uÛÞ 2 A and ðV̂ ;wV̂ Þ 2 B: Since ðU;uUÞ 2 A; ðÛ;uÛÞ 2 A; and
A is a differentiable structure, ðU;uUÞ and ðÛ;uÛÞ are Cr-compatible for every
positive integer r: Since ðU;uUÞ and ðÛ;uÛÞ are Cr-compatible for every positive
integer r; ðU;uUÞ and ðÛ;uÛÞ are C1-compatible. Since ðU;uUÞ and ðÛ;uÛÞ are
C1-compatible, f 1; f 2; g1; g2 are C1; where, for every ðx1; x2Þ in
uUðU \ ÛÞð� R

2Þ;

uÛ � uUð Þ�1
� �

x1; x2
� � � f 1 x1; x2

� �
; f 2 x1; x2
� �� � ¼ y1; y2

� � 2 uÛ U \ Û
� �

;

and

uU � uÛ

� ��1
� �

y1; y2
� � � g1 y1; y2

� �
; g2 y1; y2
� �� � ¼ x1; x2

� �
:

Similarly, h1; h2; h3; k1; k2; k3 are C1; where for every ðx1; x2; x3Þ in
wV ðV \ V̂Þð� R

3Þ;

wV̂ � wVð Þ�1
� �

x1; x2; x3
� � � h1 x1; x2; x3

� �
; h2 x1; x2; x3
� �

; h3 x1; x2; x3
� �� �

¼ y1; y2; y3
� � 2 wV̂ V \ V̂

� �
;

and

wV � wV̂

� ��1
� �

y1; y2; y3
� � � k1 y1; y2; y3

� �
; k2 y1; y2; y3
� �

; k3 y1; y2; y3
� �� �

¼ x1; x2; x3
� �

:

Let us take any ðx1; x2; x3; x4; x5Þ in ðuU � wVÞððU \ ÛÞ � ðV \ V̂ÞÞð� R
2þ3Þ: So

there exist x in U \ Û and x� in V \ V̂ such that

uU xð Þ;wV x�ð Þð Þ ¼ uU � wVð Þ x; x�ð Þ ¼ x1; x2; x3; x4; x5
� �

:

Hence,

uU � wVð Þ�1 x1; x2; x3; x4; x5
� � ¼ x; x�ð Þ;

or
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uU xð Þ ¼ x1; x2
� �

;

and

wV x�ð Þ ¼ x3; x4; x5
� �

:

Now

uÛ � wV̂

� � � uU � wVð Þ�1
� �

x1; x2; x3; x4; x5
� �

¼ uÛ � wV̂

� �
uU � wVð Þ�1 x1; x2; x3; x4; x5

� �� �
¼ uÛ � wV̂

� �
x; x�ð Þ

¼ uÛ � uUð Þ�1�uU

� �� �
xð Þ; wV̂ � wVð Þ�1�wV

� �� �
x�ð Þ

� �
¼ uÛ � uUð Þ�1

� �
� uU

� �
xð Þ; wV̂ � wVð Þ�1

� �
� wV

� �
x�ð Þ

� �
¼ uÛ � uUð Þ�1

� �
uU xð Þð Þ; wV̂ � wVð Þ�1

� �
wV x�ð Þð Þ

� �
¼ uÛ � uUð Þ�1

� �
x1; x2
� �

; wV̂ � wVð Þ�1
� �

x3; x4; x5
� �� �

¼ uÛ � uUð Þ�1
� �

x1; x2
� �

; wV̂ � wVð Þ�1
� �

x3; x4; x5
� �� �

¼ f 1 x1; x2
� �

; f 2 x1; x2
� �� �

; h1 x3; x4; x5
� �

; h2 x3; x4; x5
� �

; h3 x3; x4; x5
� �� �� �

¼ f 1 x1; x2
� �

; f 2 x1; x2
� �

; h1 x3; x4; x5
� �

; h2 x3; x4; x5
� �

; h3 x3; x4; x5
� �� �

:

Thus, for every ðx1; x2; x3; x4; x5Þ in ðuU � wV ÞððU \ ÛÞ � ðV \ V̂ÞÞð� R
2þ3Þ;

uÛ � wV̂

� � � uU � wVð Þ�1
� �

x1; x2; x3; x4; x5
� �

¼ f 1 x1; x2
� �

; f 2 x1; x2
� �

; h1 x3; x4; x5
� �

; h2 x3; x4; x5
� �

; h3 x3; x4; x5
� �� �

:

Now we want to prove that F1 : ðx1; x2; x3; x4; x5Þ 7! f 1ðx1; x2Þ is C1: Here,
F1 ¼ f 1 � a; where a : R5 ! R

2 is defined by aðx1; x2; x3; x4; x5Þ � ðx1; x2Þ: So
for x ¼ ðx1; x2; x3; x4; x5Þ;

DF1� �
xð Þ ¼ D f 1 � a� �� �

xð Þ ¼ Df 1
� �

a xð Þð Þ � Dað Þ xð Þð Þ

or,

DF1� �
xð Þ ¼ of 1

ox1

� �
a xð Þð Þ of 1

ox2

� �
a xð Þð Þ

h i 1 0 0

0 1 0

0 0

0 0

� �
¼ of 1

ox1

� �
a xð Þð Þ of 1

ox2

� �
a xð Þð Þ 0 0 0

h i
:
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Hence,
DF1 ¼ D1f 1ð Þ � a D2f 1ð Þ � a 0 0 0


 �
:

Since f 1 is C1; ðD1f 1Þ is continuous. Since ðD1f 1Þ is continuous, and a is
continuous, their composite ðD1f 1Þ � a is continuous. Similarly, ðD2f 1Þ � a is
continuous. Since ðD1f 1Þ � a; ðD2f 1Þ � a are continuous, and

DF1 ¼ D1f 1ð Þ � a D2f 1ð Þ � a 0 0 0

 �

;

F1 is C1: Thus, we have shown that ðx1; x2; x3; x4; x5Þ 7! f 1ðx1; x2Þ is C1:

Similarly, the functions ðx1; x2; x3; x4; x5Þ 7! f 2ðx1; x2Þ; ðx1; x2; x3; x4; x5Þ 7!
h1ðx3; x4; x5Þ;

x1; x2; x3; x4; x5
� � 7! h2 x3; x4; x5

� �
; x1; x2; x3; x4; x5
� � 7! h3 x3; x4; x5

� �
are C1: Since ðx1; x2; x3; x4; x5Þ 7! f 1ðx1; x2Þ; ðx1; x2; x3; x4; x5Þ 7! f 2ðx1; x2Þ;

x1; x2; x3; x4; x5
� � 7! h1 x3; x4; x5

� �
; x1; x2; x3; x4; x5
� � 7! h2 x3; x4; x5

� �
;

x1; x2; x3; x4; x5
� � 7! h3 x3; x4; x5

� �
are C1; and

uÛ � wV̂

� � � uU � wVð Þ�1
� �

x1; x2; x3; x4; x5
� �

¼ f 1 x1; x2
� �

; f 2 x1; x2
� �

; h1 x3; x4; x5
� �

; h2 x3; x4; x5
� �

; h3 x3; x4; x5
� �� �

;

uÛ � wV̂

� � � uU � wVð Þ�1
� �

: uU � wVð Þ U \ Û
� �� V \ V̂

� �� �
! uÛ � wV̂

� �
U \ Û
� �� V \ V̂

� �� �
is C1:

Similarly, we can prove that ðuÛ � wV̂Þ � ðuU � wV Þ�1 is C2; etc. Hence, the
pair ðU � V ; ðuU � wVÞÞ; ðÛ � V̂ ; ðuÛ � wV̂ÞÞ ofmembers in C areCr-compatible,
for every r ¼ 1; 2; 3; . . .: This proves 2.

Hence, by Theorem 1.2, there exists a unique C1-differentiable structure D on
M � N which contains C: Thus, the ordered pair ðM � N;DÞ is an example of a
smooth manifold of dimension ð2þ 3Þ. Similarly, if M is an m-dimensional
smooth manifold, and N is an n-dimensional smooth manifold, then the Cartesian
product M � N; with the product topology, becomes an ðmþ nÞ-dimensional
smooth manifold. In short, we say that the product manifold M � N is an ðmþ nÞ-
dimensional smooth manifold.
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Chapter 2
Tangent Spaces

Above dimension three, Euclidean space loses its quality of being visible. So, in order
to investigate higher-dimensional smooth manifolds, we need to generalize the
concept of tangent line in the case of curves in two-dimensional Euclidean space, and
tangent plane in the case of surfaces in three-dimensional Euclidean space, using
abstract tools of algebra, and analysis. This generalized concept has been named the
tangent space. Among many other concepts that facilitate the enquiry into the
properties of higher-dimensional smooth manifolds as we shall see later, the notion of
tangent space is foremost. It is possible to introduce tangent space in various ways.
Because each method has its own merit, we shall introduce it in multiple ways in this
chapter for deeper understanding. Remember that in the process of generalization,
unlike curves and surfaces, smooth manifolds are devoid of any ambient space. It was
in this sense a challenging task for early mathematicians.

2.1 Smooth Functions

Definition Let M be an m-dimensional smooth manifold. Let f : M ! R be any
function. Let p be an element of M. If, for every admissible coordinate chart
ðU;uUÞ of M satisfying p 2 U, ðf � ðuUÞ�1Þ : uUðUÞ ! R is C1 at the point
uUðpÞ in R

m, then we say that f is C1 at p in M.

Observe that, if f is C1 at p in M, then f is continuous at p.
Reason: SinceM is an m-dimensional smooth manifold, and p is an element ofM,

there exists an admissible coordinate chart ðU;uUÞ ofM satisfying p 2 U. Since f is
C1 at p in M, ðf � ðuUÞ�1Þ : uUðUÞ ! R is C1 at the point uUðpÞ in R

m: Since
ðf � ðuUÞ�1Þ : uUðUÞ ! R is C1 at the point uUðpÞ in R

m, ðf � ðuUÞ�1Þ :
uUðUÞ ! R is continuous at the point uUðpÞ. Since ðU;uUÞ is an admissible
coordinate chart of M, uU : U ! uUðUÞ is continuous. Since uU : U ! uUðUÞ is
continuous, and p 2 U,uU : U ! uUðUÞ is continuous at p. SinceuU : U ! uUðUÞ
is continuous at p, and ðf � ðuUÞ�1Þ : uUðUÞ ! R is continuous at the point uUðpÞ,
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their composite function ðf � ðuUÞ�1Þ � uU ð¼ f � ððuUÞ�1 � uUÞ ¼ f Þ is continu-
ous at p. Thus, f is continuous at p.

Theorem 2.1 Let M be an m-dimensional smooth manifold. Let f : M ! R be any
function. Let p be an element of M. If there exists an admissible coordinate chart
ðU;uUÞ of M satisfying p 2 U such that ðf � ðuUÞ�1Þ : uUðUÞ ! R is C1 at the
point uUðpÞ in R

m, then f is C1 at p in M.

Proof Let us take any admissible coordinate chart ðV ;uVÞ of M satisfying p 2 V .
We have to show that ðf � ðuV Þ�1Þ : uV ðVÞ ! R is C1 at the point uVðpÞ in R

m.
Since

f � uVð Þ�1
� �

¼ f � uUð Þ�1�uU

� �� �
� uVð Þ�1¼ f � uUð Þ�1

� �
� uU

� �
� uVð Þ�1

¼ f � uUð Þ�1
� �

� uU � uVð Þ�1
� �

;

ðuU � ðuV Þ�1Þ is C1 at the point uVðpÞ in R
m, and ðf � ðuUÞ�1Þ is C1 at the point

uUðpÞ in R
m, their composite ðf � ðuUÞ�1Þ � ðuU � ðuV Þ�1Þð¼ ðf � ðuVÞ�1ÞÞ is

C1 at the point uV ðpÞ in Rm: Thus, we have shown that ðf � ðuV Þ�1Þ : uVðVÞ ! R

is C1 at the point uV ðpÞ in R
m: h

Definition Let M be an m-dimensional smooth manifold. Let f : M ! R be any
function. By f is C1 on M (or f is smooth on M), we mean that f is C1 at every
point p in M. The set of all smooth functions f : M ! R on M is denoted by
C1ðMÞ.

Observe that, if f is C1 on M, then f is a continuous function.

Definition Let M be an m-dimensional smooth manifold, and N be an n-dimen-
sional smooth manifold. Let f : M ! N be any continuous function. Let p be an
element of M. If for every admissible coordinate chart ðU;uUÞ of M satisfying
p 2 U, and for every admissible coordinate chart ðV ;wV Þ of N satisfying f ðpÞ 2 V ,
each of the n component functions of the mapping

wV � f � uUð Þ�1
� �

: uU U \ f�1ðVÞ� �! wV ðVÞ

is C1 at the point uUðpÞ in R
m (in short, the mapping

wV � f � uUð Þ�1
� �

: uU U \ f�1 Vð Þ� �! wV Vð Þ

is C1 at the point uUðpÞ in R
m); then, we say that f is C1 at p in M.

As above we observe that if f : M ! N is C1 at p inM, then f is continuous at p.

Theorem 2.2 Let M be an m-dimensional smooth manifold, and N be an
n-dimensional smooth manifold. Let f : M ! N be any continuous function. Let p
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be an element of M. If there exist an admissible coordinate chart ðU;uUÞ of M
satisfying p 2 U, and an admissible coordinate chart ðV ;wV Þ of N satisfying f ðpÞ 2
V such that each of the n component functions of the mapping

wV � f � uUð Þ�1
� �

: uU U \ f�1 Vð Þ� �! wV Vð Þ

is C1 at the point uUðpÞ in R
m; then, f is C1 at p in M.

Proof Let us take any admissible coordinate chart ðbU ;ubU Þ of M satisfying p 2 bU ,

and any admissible coordinate chart ðbV ;wbV Þ of N satisfying f ðpÞ 2 bV . We have to

show that

wbV � f � ubU� ��1
� �

: ubU bU \ f�1 bV� �� �
! wbV bV� �

is C1 at the point ubU ðpÞ in R
m. Since

wbV � f � ubU� ��1
� �

¼ wbV � f � uUð Þ�1�uU

� �� �
� ubU� ��1

� �
¼ wbV � f � uUð Þ�1

� �
� uU � ubU� ��1
� �� �

¼ wbV � wVð Þ�1�wV

� �
� f

� �
� uUð Þ�1

� �
� uU � ubU� ��1
� �� �

¼ wbV � wVð Þ�1
� �

� wV � fð Þ � uUð Þ�1
� �

� uU � ubU� ��1
� �� �

;

ðuU � ðuUÞ�1Þ is C1 at the point ubU ðpÞ in Rm, wV � ðf � ðuUÞ�1Þ is C1 at the point

uUðpÞ in Rm, and ðwbV � ðwVÞ�1Þ is C1 at the point wV ðf ðpÞÞ in Rn, their composite

ðwbV � ðwV Þ�1Þ � ðððwV � f Þ � ðuUÞ�1Þ � ðuU � ðubU Þ�1ÞÞ ð¼ wbV � ðf � ðubU Þ�1ÞÞ is C1

at the point ubU ðpÞ in R
m.

Thus, we have shown that wbV � ðf � ðubU Þ�1Þ : ubU ðbU \ f�1ðbV ÞÞ ! wbV ðbV Þ is

C1 at the point ubU ðpÞ in R
m. h

Lemma 2.3 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and K be a k-dimensional smooth manifold. Let p be an element
of M. Let f : M ! N be C1 at p in M, and g : N ! K be C1 at f(p) in N. Then,
g � f is C1 at p in M.

Proof We have to prove that g � f is C1 at p in M. By Theorem 2.2, we must find
an admissible coordinate chart ðU;uUÞ of M satisfying p 2 U; and an admissible
coordinate chart ðW ; vwÞ of K satisfying ðg � f ÞðpÞ 2 W such that the mapping
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vw � g � fð Þ � uUð Þ�1
� �

: uU U \ g � fð Þ�1 Wð Þ
� �

! vw Wð Þ

is C1 at the point uUðpÞ in Rm. Since p is in M, and M is an m-dimensional smooth
manifold, there exists an admissible coordinate chart ðU;uUÞ of M satisfying
p 2 U. Since f : M ! N, and p is inM, f(p) is in N. Since f(p) is in N, and N is an n-
dimensional smooth manifold, there exists an admissible coordinate chart ðV ;wVÞ
of N satisfying f ðpÞ 2 V . Since f : M ! N is C1 at p in M, ðU;uUÞ is an
admissible coordinate chart of M satisfying p 2 U, and ðV ;wVÞ is an admissible
coordinate chart of N satisfying f ðpÞ 2 V , the mapping

wV � f � uUð Þ�1
� �

: uU U \ f�1 Vð Þ� �! wV Vð Þ

is C1 at the point uUðpÞ in R
m.

Similarly, there exists an admissible coordinate chart ðW ; vwÞ of K satisfying
gðf ðpÞÞ 2 W such that the mapping

vw � g � wVð Þ�1
� �

: wV V \ g�1 Wð Þ� �! vw Wð Þ

is C1 at the point wVðf ðpÞÞ in R
n. Since wV � ðf � ðuUÞ�1Þ is C1 at the point

uUðpÞ in R
m, and vw � ðg � ðwV Þ�1Þ is C1 at the point wVðf ðpÞÞ in R

n, their
composite ðvw � ðg � ðwV Þ�1ÞÞ � ðwV � ðf � ðuUÞ�1ÞÞð¼ vw � ððg � f Þ � ðuUÞ�1ÞÞ is
C1 at the point uUðpÞ in R

m: h

Definition Let M be an m-dimensional smooth manifold, and N be an n-dimen-
sional smooth manifold. Let p be an element of M, and let G be an open neigh-
borhood of p in M. Let f : G ! N be any continuous function. If for every
admissible coordinate chart ðU;uUÞ of M satisfying p 2 U, and for every admis-
sible coordinate chart ðV ;wV Þ of N satisfying f ðpÞ 2 V , each of the n component
functions of the mapping

wV � f � uUð Þ�1
� �

: uU U \G\ f�1 Vð Þ� �! wV Vð Þ

is C1 at the point uUðpÞ in R
m (in short, the mapping

wV � f � uUð Þ�1
� �

: uU U \G\ f�1 Vð Þ� �! wV Vð Þ

is C1 at the point uUðpÞ in R
m); then, we say that f is C1 at p in M.

Definition Let M be an m-dimensional smooth manifold, and N be an n-dimen-
sional smooth manifold. Let G be a nonempty open subset of M. Let f : G ! N be
any continuous function. By f is a smooth map from G to N, we mean that f is C1 at
every point p in G.
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Definition Let M and N be m-dimensional smooth manifolds. Let f : M ! N be a
1–1, onto mapping. If f is a smooth map from M to N, and f�1 is a smooth map from
N toM, then we say that f is a diffeomorphism from M onto N. We observe that if f is
a diffeomorphism from M onto N, then f is a homeomorphism from M onto N.

Definition Let M be an m-dimensional smooth manifold, and N be an m-dimen-
sional smooth manifold. If there exists a function f : M ! N such that f is a
diffeomorphism from M onto N, then we say that the manifolds M and N are
isomorphic (or, diffeomorphic).

Definition Let M be an m-dimensional smooth manifold. Let a and b be any real
numbers such that a < b. Let c be a continuous function from the open interval ða; bÞ
toM. Recall that the open interval ða; bÞ is a 1-dimensional smooth manifold. Hence,
it is meaningful to say that c is a smooth map from ða; bÞ to M. If c is a smooth map
from ða; bÞ to M, then we say that c is a parametrized curve in the manifold M.

Definition Let M be an m-dimensional smooth manifold. Let p 2 M. Let c be a
parametrized curve in the manifoldM. If there exists a real number e[ 0 such that c
is defined on the open interval ð�e; eÞ, and cð0Þ ¼ p, then we say that c is a
parametrized curve in M through p. The set of all parametrized curves inM through
p is denoted by CpðMÞ (or, simply CpÞ.
Example 2.4 In the Example 1.9, let us define

p1 : M � N ! M

as follows: for every ðx; yÞ in M � N,

p1ðx; yÞ ¼ x:

We want to prove that p1 is a smooth function from the product manifold M � N
onto M. For this purpose, let us take any ðp; qÞ in M � N. Now, there exists a
coordinate chart ðU � V ; ðuU � wV ÞÞ of the product manifold M � N such that
ðU;uUÞ 2 A; ðV ;wV Þ 2 B, and ðp; qÞ is in U � V . Hence, ðU;uUÞ is a coordinate
chart of M such that pð¼ p1ðp; qÞÞ is in U. We want to show that

uU � p1 � uU � wVð Þ�1: uU � wVð Þ U � Vð Þ ! uU Uð Þ

is C1 at the point ðuU � wV Þðp; qÞð¼ ðuUðpÞ;wVðqÞÞÞ in R
2þ3. Let us take any

ðx1; x2; x3; x4; x5Þ in ðuU � wV ÞðU � VÞ. So, there exist u in U, and v in V such that

uU uð Þ;wV vð Þð Þ ¼ uU � wVð Þ u; vð Þ ¼ x1; x2; x3; x4; x5
� �

:

Hence,

uU � wVð Þ�1 x1; x2; x3; x4; x5
� � ¼ ðu; vÞ;
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or

uU uð Þ ¼ x1; x2
� �

; wV vð Þ ¼ x3; x4; x5
� �

:

So

uU � p1 � uU � wVð Þ�1
� �

x1; x2; x3; x4; x5
� � ¼ uU � p1ð Þ uU � wVð Þ�1 x1; x2; x3; x4; x5

� �� �
¼ uU � p1ð Þ u; vð Þ ¼ uU p1 u; vð Þð Þ ¼ uU uð Þ
¼ x1; x2
� �

:

Hence, ðuU � p1 � ðuU � wVÞ�1Þ : ðx1; x2; x3; x4; x5Þ 7! ðx1; x2Þ, which is trivi-
ally C1.

So, by Theorem 2.2, the natural projection p1 of the product manifold M � N is
a smooth map. Similarly, the natural projection p2 of the product manifold M � N
is a smooth map.

Definition Let M be an m-dimensional smooth manifold. Let p be an element of
M. By C1

p ðMÞ (or, simply C1
p Þ, we mean the collection of all real-valued functions

f whose dom f is an open neighborhood of p in M, and for every admissible
coordinate chart ðU;uUÞ of M satisfying p 2 U,

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m. Observe that if f is in C1

p ðMÞ, then f is continuous
on some open neighborhood of p.

Definition Let M be an m-dimensional smooth manifold. Let f : M ! R
k be any

function. By f is smooth, we mean for every p in M there exists an admissible
coordinate chart ðU;uUÞ of M satisfying p 2 U such that the composite function
f � ðuUÞ�1 : uUðUÞ ! R

k is smooth in the sense of ordinary calculus. Remember,
uUðUÞ is an open subset of Rm containing uUðpÞ.
Note 2.5 Let G be a nonempty open subset of R

m. We know that G is an m-
dimensional smooth manifold with the standard differentiable structure containing
fðG; IdGÞg. Let f : G ! R

k be any smooth function in the sense just defined. We
want to show that f : G ! R

k is a smooth function in the sense of ordinary calculus.
Since G is nonempty, there exists a in G. Since a is in G, and f : G ! R

k be any
smooth function in the sense just defined, there exists an admissible coordinate chart
ðU;uUÞ of G satisfying a 2 U such that the composite function f � ðuUÞ�1 :

uUðUÞ ! R
k is smooth in the sense of ordinary calculus. Since ðU;uUÞ is in

fðG; IdGÞg, U ¼ G, and uU ¼ IdG. Since U ¼ G, and uU ¼ IdG, f � ðuUÞ�1 ¼
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f � ðIdGÞ�1 ¼ f � IdG ¼ f , and uUðUÞ ¼ IdGðUÞ ¼ U ¼ G. Since uUðUÞ ¼ G; and
f � ðuUÞ�1 ¼ f , and f � ðuUÞ�1 : uUðUÞ ! R

k is smooth in the sense of ordinary
calculus, f : G ! R

k is smooth in the sense of ordinary calculus.

Conversely, let f : G ! R
k be smooth in the sense of ordinary calculus. We

want to show that f : G ! R
k is a smooth function in the sense just defined. Let us

take any a in G. We have to find an admissible coordinate chart ðU;uUÞ of
G satisfying a 2 U such that the composite function f � ðuUÞ�1 : uUðUÞ ! R

k is
smooth in the sense of ordinary calculus. Let us take ðG; IdGÞ for ðU;uUÞ. Hence,
uUðUÞ ¼ IdGðUÞ ¼ U ¼ G; and f � ðuUÞ�1 ¼ f � ðIdGÞ�1 ¼ f � IdG ¼ f . Since
uUðUÞ ¼ G; f � ðuUÞ�1 ¼ f , and f : G ! R

k is smooth in the sense of ordinary
calculus, f � ðuUÞ�1 : uUðUÞ ! R

k is smooth in the sense of ordinary calculus.
Thus, we have shown that f : G ! R

k is smooth in the sense of ordinary cal-
culus if and only if f : G ! R

k is a smooth function in the sense just defined.

Note 2.6 Let M be an m-dimensional smooth manifold. Let f : M ! R
k be any

smooth function. Similar to the proof of Theorem 2.1, it can be shown that for every
p in M, and for every admissible coordinate chart ðU;uUÞ of M satisfying p 2 U;

the composite function f � ðuUÞ�1 : uUðUÞ ! R
k is smooth in the sense of

ordinary calculus.

2.2 Algebra of Smooth Functions

Note 2.7 Let M be an m-dimensional smooth manifold. By C1ðMÞ, we mean the
collection of all smooth functions f : M ! R. For every f, g in C1ðMÞ, we define
ðf þ gÞ : M ! R as follows: for every x in M,

f þ gð Þ xð Þ � f xð Þ þ g xð Þ:

For every f in C1ðMÞ, and for every real t, we define ðtf Þ : M ! R as follows:
for every x in M,

tfð Þ xð Þ � t f xð Þð Þ:

It is clear that the set C1ðMÞ, together with vector addition, and scalar multi-
plication defined as above, constitutes a real linear space. In short, C1ðMÞ is a real
linear space.

For every f, g in C1ðMÞ, we define ðf � gÞ : M ! R as follows: for every x inM,

f � gð Þ xð Þ � f xð Þð Þ g xð Þð Þ:
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It is easy to see that

1. for every f ; g; h in C1ðMÞ, ðf � gÞ � h ¼ f � ðg � hÞ,
2. for every f ; g in C1ðMÞ, f � g ¼ g � f ,
3. for every f ; g; h in C1ðMÞ, ðf þ gÞ � h ¼ f � hþ g � h,
4. for every real t, and for every f ; g in C1ðMÞ, tðf � gÞ ¼ ðtf Þ � g.

In short, C1ðMÞ is an algebra.

Note 2.8 Let M be an m-dimensional smooth manifold. Let p 2 M. Let ðU;uUÞ be
an admissible coordinate chart ofM satisfying p 2 U. Let c be in CpðMÞ. Since c is in
CpðMÞ, there exists a real number d[ 0 such that c is a smooth map from ð�d; dÞ to
M, and cð0Þ ¼ p. Since c is a smooth map from ð�d; dÞ toM, and 0 is in ð�d; dÞ, c is
continuous at 0. Since c is continuous at 0, cð0Þ ¼ p, and U is an open neighborhood
of p, c�1ðUÞ is an open neighborhood of 0, and hence, ð�d; dÞ \ c�1ðUÞ is an open
neighborhood of 0. Also since domðuUÞ ¼ U, and domðcÞ ¼ ð�d; dÞ, domðuU � cÞ
¼ ð�d; dÞ \ c�1ðUÞ. Since ðuU � cÞ : ðð�d; dÞ \ c�1ðUÞÞ ! R

m, ð�d; dÞ \ c�1ðUÞ
is an open neighborhood of 0, uU is a smooth, and c is a smooth map, ðuU � cÞ0ð0Þ
exists and is a member of Rm.

Definition Let M be an m-dimensional smooth manifold. Let p 2 M. Let c; c1 be in
CpðMÞ. By c � c1, we shall mean that for every admissible coordinate chart
ðU;uUÞ of M satisfying p 2 U, ðuU � cÞ0ð0Þ ¼ ðuU � c1Þ0ð0Þ.
Lemma 2.9 Let M be an m-dimensional smooth manifold. Let p 2 M. Let c; c1 be
in CpðMÞ. If there exists an admissible coordinate chart ðU;uUÞ of M satisfying
p 2 U, and ðuU � cÞ0ð0Þ ¼ ðuU � c1Þ0ð0Þ, then c � c1.

Proof Let us take any admissible coordinate chart ðV ;wV Þ of M satisfying p 2 V :
We have to prove that ðwV � cÞ0ð0Þ ¼ ðwV � c1Þ0ð0Þ.

LHS ¼ wV � cð Þ0 0ð Þ ¼ wV � uUð Þ�1�uU

� �
� c

� �0
0ð Þ

¼ wV � uUð Þ�1
� �

� uU � cð Þ
� �0

0ð Þ

¼ wV � uUð Þ�1
� �� �0

uU � cð Þ 0ð Þð Þ
� �

uU � cð Þ0 0ð Þ� �
¼ wV � uUð Þ�1

� �� �0
uU � cð Þ 0ð Þð Þ

� �
uU � c1ð Þ0 0ð Þ� �

¼ wV � uUð Þ�1
� �� �0

uU c 0ð Þð Þð Þ
� �

uU � c1ð Þ0 0ð Þ� �
¼ wV � uUð Þ�1

� �� �0
uU pð Þð Þ

� �
uU � c1ð Þ0 0ð Þ� �

¼ wV � uUð Þ�1
� �� �0

uU c1 0ð Þð Þð Þ
� �

uU � c1ð Þ0 0ð Þ� �
¼ wV � uUð Þ�1

� �� �0
uU � c1ð Þ 0ð Þð Þ

� �
uU � c1ð Þ0 0ð Þ� �

;
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and

RHS ¼ wV � c1ð Þ0 0ð Þ ¼ wV � uUð Þ�1�uU

� �
� c1

� �0
0ð Þ

¼ wV � uUð Þ�1
� �

� uU � c1ð Þ
� �0

0ð Þ

¼ wV � uUð Þ�1
� �� �0

uU � c1ð Þ 0ð Þð Þ
� �

uU � c1ð Þ0 0ð Þ� �
:

Hence, LHS = RHS. h

Lemma 2.10 Let M be an m-dimensional smooth manifold. Let p 2 M. Then, � is
an equivalence relation over Cp Mð Þ.
Proof Here, we must prove

1. for every c in Cp Mð Þ, c � c,
2. if c � c1, then c1 � c,
3. if c � c1 and c1 � c2, then c � c2.

For 1: Since p 2 M, andM is an m-dimensional smooth manifold, there exists an
admissible coordinate chart ðU;uUÞ of M satisfying p 2 U: Since
ðuU � cÞ0ð0Þ ¼ ðuU � cÞ0ð0Þ, by Lemma 2.9, c � c:
For 2: Let c � c1:We have to prove that c1 � c: For this purpose, let us take any
admissible coordinate chart ðU;uUÞ of M satisfying p 2 U. We must show that
ðuU � c1Þ0ð0Þ ¼ ðuU � cÞ0ð0Þ. Since c � c1, ðuU � cÞ0ð0Þ ¼ ðuU � c1Þ0ð0Þ, and
hence, ðuU � c1Þ0ð0Þ ¼ ðuU � cÞ0ð0Þ.
For 3: Let c � c1 and c1 � c2. We have to prove that c � c2. For this purpose,
let us take any admissible coordinate chart ðU;uUÞ of M satisfying p 2 U.
We must show that ðuU � cÞ0ð0Þ ¼ ðuU � c2Þ0ð0Þ. Since c � c1, ðuU � cÞ0ð0Þ ¼
ðuU � c1Þ0ð0Þ. Since c1 � c2, ðuU � c1Þ0ð0Þ ¼ ðuU � c2Þ0ð0Þ. Since ðuU � cÞ0
ð0Þ ¼ ðuU � c1Þ0ð0Þ; and ðuU � c1Þ0ð0Þ ¼ ðuU � c2Þ0ð0Þ, ðuU � cÞ0ð0Þ ¼ ðuU � c2Þ0
ð0Þ. h

Note 2.11 LetM be an m-dimensional smooth manifold. Let p 2 M. By the Lemma
2.10, the quotient set CpðMÞ=� is the collection of all equivalence classes ½½c��,
where c is in CpðMÞ. Thus,

Cp Mð Þ=� � c½ �½ � : c 2 Cp Mð Þ� 	
where

c½ �½ � � c1 2 Cp Mð Þ : c1 � c
� 	

:

Intuitively, the Lemma 2.10 says that in CpðMÞ we will not distinguish between
c1 and c whenever c1 � c.
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Definition Let M be an m-dimensional smooth manifold. Let p 2 M. Let ðU;uUÞ
be any admissible coordinate chart of M satisfying p 2 U. Let c; c1 be in CpðMÞ. If
½½c�� ¼ c1, then c � c1, and hence, ðuU � cÞ0ð0Þ ¼ ðuU � c1Þ0ð0Þ. This shows that
½½c�� 7! ðuU � cÞ0ð0Þ is a well-defined function from CpðMÞ=� to R

m. We shall
denote this function by uU	: Thus,

uU	 : ðCpðMÞ=�Þ ! R
m

is the function defined as follows: for every ½½c�� in CpðMÞ=� where c is in CpðMÞ,

uU	 c½ �½ �ð Þ � uU � cð Þ0 0ð Þ:

Lemma 2.12 Let M be an m-dimensional smooth manifold. Let p 2 M. Let
ðU;uUÞ be any admissible coordinate chart of M satisfying p 2 U. Then, the
function

uU	 : Cp Mð Þ=�� �! R
m

is 1–1 and onto.

Proof 1–1: Let uU	ð½½c��Þ ¼ uU	ð½½c1��Þ, where c; c1 are in CpðMÞ. We have to prove
that ½½c�� ¼ ½½c1��, that is, c � c1. Since ðuU � cÞ0ð0Þ ¼ uU	ð½½c��Þ ¼ uU	ð½½c1��Þ ¼
ðuU � c1Þ0ð0Þ, ðuU � cÞ0ð0Þ ¼ ðuU � c1Þ0ð0Þ, and hence, by Lemma 2.9, c � c1.

Onto: Let us take any v in R
m. We have to find c in CpðMÞ such that

uU	ð½½c��Þ ¼ v; that is, ðuU � cÞ0ð0Þ ¼ v; that is, limt!0
ðuU�cÞðtÞ�ðuU�cÞð0Þ

t ¼ v; that is,

limt!0
uUðcðtÞÞ�uUðcð0ÞÞ

t ¼ v; that is, limt!0
uUðcðtÞÞ�uUðpÞ

t ¼ v. Let us define a function
c1 : ð�1; 1Þ ! R

m as follows: For every t in the open interval ð�1; 1Þ,

c1 tð Þ � tvþ uU pð Þ:

Put

c � uUð Þ�1�c1:

We shall try to prove that

1. cð0Þ ¼ p;
2. 0 is an interior point of the domain of c,
3. c is a smooth map from ð�d; dÞ to M for some d[ 0,

4. limt!0
uUðcðtÞÞ�uUðpÞ

t ¼ v.
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For 1: Here,

LHS ¼ c 0ð Þ ¼ uUð Þ�1� c1
� �

0ð Þ ¼ uUð Þ�1 c1 0ð Þð Þ ¼ uUð Þ�1 0vþ uU pð Þð Þ
¼ uUð Þ�1 uU pð Þð Þ ¼ p ¼ RHS:

This proves 1.
For 2: By the definition of c1, the function c1 : ð�1; 1Þ ! R

m is continuous.
Since c1 : ð�1; 1Þ ! R

m is continuous, and 0 is in the open interval ð�1; 1Þ, c1
is continuous at 0. Since ðU;uUÞ is a coordinate chart of M, ðuUÞ�1 : uUðUÞ !
U is a 1–1, onto, continuous function, and uUðUÞ is an open subset of Rm. Since
p 2 U, uUðpÞ 2 uUðUÞ. Since c1ð0Þ ¼ 0vþ uUðpÞ ¼ uUðpÞ 2 uUðUÞ, and
ðuUÞ�1 : uUðUÞ ! U is continuous, ðuUÞ�1 : uUðUÞ ! U is continuous at the
point c1ð0Þ. Since c1ð0Þ 2 uUðUÞ, and uUðUÞ is an open subset of Rm, uUðUÞ
is an open neighborhood of c1ð0Þ. Since c1 : ð�1; 1Þ ! R

m is continuous,
uUðUÞ is an open neighborhood of c1ð0Þ, there exists d[ 0 such that d\1 and,
for every t in ð�d; dÞ, we have c1ðtÞ 2 uUðUÞ, and hence, cðtÞ ¼
ððuUÞ�1 � c1ÞðtÞ ¼ ðuUÞ�1ðc1ðtÞÞ 2 U. Since cðtÞ 2 U for every t in ð�d; dÞ, it
follows that ð�d; dÞ is a subset of the domðcÞ. Hence, 0 is an interior point of the
domain of the function c. This proves 2.
For 3: In 2, we have seen that c is defined over ð�d; dÞ. Now, it remains to be
proved that c is a smooth map from ð�d; dÞ to M; that is, c is C1 at every point
t in ð�d; dÞ. Here, c is defined over ð�d; dÞ, so cðtÞ is meaningful for every t in
ð�d; dÞ. Since cðtÞ is meaningful for every t in ð�d; dÞ, and

c tð Þ ¼ uUð Þ�1� c1
� �

tð Þ ¼ uUð Þ�1 c1 tð Þð Þ ¼ uUð Þ�1 tvþ uU pð Þð Þ;

ðuUÞ�1ðtvþ uUðpÞÞ is meaningful for every t in ð�d; dÞ. Since ðU;uUÞ is a
coordinate chart of M, ðuUÞ�1 : uUðUÞ ! U. Since ðuUÞ�1 : uUðUÞ ! U, and
ðuUÞ�1ðtvþ uUðpÞÞ is meaningful for every t in ð�d; dÞ, ðuUÞ�1ðtvþ uUðpÞÞ
is in U for every t in ð�d; dÞ. Since ðuUÞ�1ðtvþ uUðpÞÞ is in U for every t in
ð�d; dÞ, and cðtÞ ¼ ðuUÞ�1ðtvþ uUðpÞÞ, cðtÞ is in U for every t in ð�d; dÞ:
Thus, c maps ð�d; dÞ to U:

Now, it remains to be proved that c is a smooth map from ð�d; dÞ to M; that is,
c is C1 at every point t in ð�d; dÞ: For this purpose, let us fix any t in ð�d; dÞ:
Since c1 is C1 at t; c ¼ ðuUÞ�1 � c1; c maps ð�d; dÞ to U; and t is in ð�d; dÞ;
uU � c is C1 at t: Since uU � c is C1 at t; and ðU;uUÞ is an admissible coordinate
chart of M satisfying cðtÞ 2 U, by Theorem 2.2, c is C1 at t in ð�d; dÞ: This
proves 3. From 1, 2, and 3, we find that c is a parametrized curve in M through p;
that is, c is in CpðMÞ.
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4. LHS ¼ lim
t!0

uUðcðtÞÞ � uUðpÞ
t

¼ lim
t!0

uUðððuUÞ�1 � c1ÞðtÞÞ � uUðpÞ
t

¼ lim
t!0

c1ðtÞ � uUðpÞ
t

¼ lim
t!0

ðtvþ uUðpÞÞ � uUðpÞ
t

¼ v ¼ RHS:

This proves that uU	 : ðCpðMÞ=�Þ ! R
m is onto. h

Note 2.13 Let M be an m-dimensional smooth manifold. Let p 2 M: Let ðU;uUÞ
be any admissible coordinate chart of M satisfying p 2 U:

Since uU	 : ðCpðMÞ=�Þ ! R
m is 1–1 onto, ðuU	Þ�1 : Rm ! ðCpðMÞ=�Þ exists,

and is 1–1 onto. This fact allows us to define a binary operation + over CpðMÞ=�
as follows:

For every ½½c��; ½½c1�� in CpðMÞ=� where c; c1 are in CpðMÞ; by ½½c�� þ ½½c1��, we
mean

uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ:

Next, for every ½½c�� in CpðMÞ=� where c is in CpðMÞ; and for every real t; by
t½½c��, we mean

uU	ð Þ�1 t uU	 cð Þð Þð Þ:

Hence, uU	ð½½c�� þ ½½c1��Þ ¼ uU	ð½½c��Þ þ uU	ð½½c1��Þ; and uU	ðt½½c��Þ ¼ tðuU	ð½½c��ÞÞ:
Now, we want to verify that CpðMÞ=� is a real linear space:

1. þ is associative: Take any ½½c��; ½½c1��; ½½c2�� in CpðMÞ= � where c; c1; c2 are in
CpðMÞ: We have to show that ð½½c�� þ ½½c1��Þ þ ½½c2�� ¼ ½½c�� þ ð½½c1�� þ ½½c2��Þ:

LHS ¼ c½ �½ � þ c1½ �½ �ð Þ þ c2½ �½ � ¼ uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ
� �

þ c2½ �½ �

¼ uU	ð Þ�1 uU	 uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ
� �

þ uU	 c2½ �½ �ð Þ
� �

¼ uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ þ uU	 c2½ �½ �ð Þð Þ
¼ uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þ þ uU	 c2½ �½ �ð Þð Þð Þ;

RHS ¼ c½ �½ � þ c1½ �½ � þ c2½ �½ �ð Þ ¼ c½ �½ � þ uU	ð Þ�1 uU	 c1½ �½ �ð Þ þ uU	 c2½ �½ �ð Þð Þ
� �

¼ uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 uU	ð Þ�1 uU	 c1½ �½ �ð Þ þ uU	 c2½ �½ �ð Þð Þ
� �� �

¼ uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þ þ uU	 c2½ �½ �ð Þð Þð Þ:

Hence, LHS ¼ RHS:

2. Existence of zero element: Here uU	 : ðCpðMÞ= �Þ ! R
m is 1–1 onto, and

0 2 R
m; so ðuU	Þ�1ð0Þ is in ðCpðMÞ= �Þ: We shall try to prove that ðuU	Þ�1ð0Þ
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serves the purpose of zero element. For this purpose, let us take any ½½c�� in
CpðMÞ=� where c is in CpðMÞ: We have to show that

uU	ð Þ�1 0ð Þ þ c½ �½ � ¼ c½ �½ �:

LHS ¼ uU	ð Þ�1 0ð Þ þ c½ �½ �
¼ uU	ð Þ�1 uU	 uU	ð Þ�1 0ð Þ

� �
þ uU	 c½ �½ �ð Þ

� �
¼ uU	ð Þ�1 0þ uU	 c½ �½ �ð Þð Þ
¼ uU	ð Þ�1 uU	 c½ �½ �ð Þð Þ ¼ c½ �½ � ¼ RHS:

3. Existence of negative element: Let us take any ½½c�� in CpðMÞ= � where c is in
CpðMÞ: Since ½½c�� is in CpðMÞ=�, and uU	 : ðCpðMÞ= �Þ ! R

m; uU	ð½½c��Þ is

in R
m; and hence, �ðuU	ð½½c��ÞÞ is in R

m: So ðuU	Þ�1ð�ðuU	ð½½c��ÞÞÞ is in
ðCpðMÞ=�Þ: We have to show that

uU	ð Þ�1 � uU	 c½ �½ �ð Þð Þð Þ þ c½ �½ � ¼ uU	ð Þ�1 0ð Þ:

LHS ¼ uU	ð Þ�1 � uU	 c½ �½ �ð Þð Þð Þ þ c½ �½ �
¼ uU	ð Þ�1 uU	 uU	ð Þ�1 � uU	 c½ �½ �ð Þð Þð Þ

� �
þ uU	 c½ �½ �ð Þ

� �
¼ uU	ð Þ�1 � uU	 c½ �½ �ð Þð Þð Þ þ uU	 c½ �½ �ð Þð Þ ¼ uU	ð Þ�1 0ð Þ ¼ RHS:

4. þ is commutative: Take any ½½c��; ½½c1�� in CpðMÞ=� where c; c1 are in CpðMÞ:We
have to show that ½½c�� þ ½½c1�� ¼ ½½c1�� þ ½½c��:

LHS ¼ c½ �½ � þ c1½ �½ � ¼ uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ
¼ uU	ð Þ�1 uU	 c1½ �½ �ð Þ þ uU	 c½ �½ �ð Þð Þ
¼ c1½ �½ � þ c½ �½ � ¼ RHS:

5. Take any ½½c��; ½½c1�� inCpðMÞ= �where c; c1 are inCpðMÞ: Take any real number t:
We have to prove that

t c½ �½ � þ c1½ �½ �ð Þ ¼ t c½ �½ � þ t c1½ �½ �:

LHS ¼ t c½ �½ � þ c1½ �½ �ð Þ ¼ uU	ð Þ�1 t uU	 c½ �½ � þ c1½ �½ �ð Þð Þð Þ
¼ uU	ð Þ�1 t uU	 uU	ð Þ�1 uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ

� �� �� �
¼ uU	ð Þ�1 t uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þð Þ;

RHS ¼ t c½ �½ � þ t c½ �½ �1¼ uU	ð Þ�1 t uU	 c½ �½ �ð Þð Þð Þ þ uU	ð Þ�1 t uU	 c½ �½ �1
� �� �� �

:
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So it remains to be proved that

uU	ð Þ�1 t uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þð Þ ¼ uU	ð Þ�1 t uU	 c½ �½ �ð Þð Þð Þ
þ uU	ð Þ�1 t uU	 c1½ �½ �ð Þð Þð Þ

that is,

t uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ ¼ uU	 uU	ð Þ�1 t uU	 c½ �½ �ð Þð Þð Þ þ uU	ð Þ�1 t uU	 c1½ �½ �ð Þð Þð Þ
� �

:

RHS ¼ uU	 uU	ð Þ�1 t uU	 c½ �½ �ð Þð Þð Þ þ uU	ð Þ�1 t uU	 c1½ �½ �ð Þð Þð Þ
� �

¼ uU	 uU	ð Þ�1 t uU	 c½ �½ �ð Þð Þð Þ
� �

þ uU	 uU	ð Þ�1 t uU	 c1½ �½ �ð Þð Þð Þ
� �

¼ t uU	 c½ �½ �ð Þð Þ þ t uU	 c1½ �½ �ð Þð Þ
¼ t uU	 c½ �½ �ð Þ þ uU	 c1½ �½ �ð Þð Þ ¼ LHS:

6. Take any ½½c�� in CpðMÞ=� where c is in CpðMÞ: Take any real numbers s; t: We
have to prove that

sþ tð Þ c½ �½ � ¼ s c½ �½ � þ t c½ �½ �:

LHS ¼ sþ tð Þ c½ �½ � ¼ uU	ð Þ�1 sþ tð Þ uU	 c½ �½ �ð Þð Þð Þ
¼ uU	ð Þ�1 s uU	 c½ �½ �ð Þð Þ þ t uU	 c½ �½ �ð Þð Þð Þ;

RHS ¼ s c½ �½ � þ t c½ �½ � ¼ uU	ð Þ�1 uU	 s c½ �½ �ð Þ þ uU	 t c½ �½ �ð Þð Þ:

So it remains to be proved that

uU	ð Þ�1 s uU	 c½ �½ �ð Þð Þ þ t uU	 c½ �½ �ð Þð Þð Þ ¼ uU	ð Þ�1 uU	 s c½ �½ �ð Þ þ uU	 t c½ �½ �ð Þð Þ;

that is,

s uU	 c½ �½ �ð Þð Þ þ t uU	 c½ �½ �ð Þð Þ ¼ uU	 s c½ �½ �ð Þ þ uU	 t c½ �½ �ð Þ:

RHS ¼ uU	 s c½ �½ �ð Þ þ uU	 t c½ �½ �ð Þ ¼ s uU	 c½ �½ �ð Þð Þ þ t uU	 c½ �½ �ð Þð Þ ¼ LHS:

7. Take any ½½c�� in CpðMÞ=� where c is in CpðMÞ: Take any real numbers s; t: We
have to prove that

stð Þ c½ �½ � ¼ s t c½ �½ �ð Þ:
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LHS ¼ stð Þ c½ �½ � ¼ uU	ð Þ�1 stð Þ uU	 c½ �½ �ð Þð Þð Þ;

RHS ¼ s t c½ �½ �ð Þ ¼ uU	ð Þ�1 s uU	 t c½ �½ �ð Þð Þð Þ ¼ uU	ð Þ�1 s t uU	 c½ �½ �ð Þð Þð Þð Þ
¼ uU	ð Þ�1 stð Þ uU	 c½ �½ �ð Þð Þð Þ:

Hence, LHS ¼ RHS:

8. Take any ½½c�� in CpðMÞ=� where c is in CpðMÞ: We have to prove that

1 c½ �½ � ¼ c½ �½ �:

LHS ¼ 1 c½ �½ � ¼ uU	ð Þ�1 1 uU	 c½ �½ �ð Þð Þð Þ ¼ uU	ð Þ�1 uU	 c½ �½ �ð Þð Þ ¼ c½ �½ � ¼ RHS: h

Thus, we have shown that CpðMÞ=� is a real linear space.
Since CpðMÞ=� is a real linear space, uU	 : ðCpðMÞ= �Þ ! R

m is 1–1, onto,

uU	ð c½ �½ � þ c1½ �½ �Þ ¼ uU	ð c½ �½ �Þ þ uU	ð c1½ �½ �Þ; and uU	ðt c½ �½ �Þ ¼ tðuU	 c½ �½ �ð ÞÞ;

so uU	 is an isomorphism between real linear space CpðMÞ=� and the real linear
space Rm: Further since the dimension of Rm is m; CpðMÞ=� is a real linear space
of dimension m:

Conclusion: Let M be an m-dimensional smooth manifold. Let p be an element
of M: Then, CpðMÞ=� is isomorphic to R

m for some vector addition, and scalar
multiplication over CpðMÞ=�:

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
The set CpðMÞ=� is denoted by TpM or TpðMÞ (see Fig. 2.1).

Note 2.14 Let M be a 2-dimensional smooth manifold. Let p 2 M: Let ðU;uUÞ be
any admissible coordinate chart of M satisfying p 2 U: Let us define functions

u1 : U ! R; u2 : U ! R

as follows: for every x in U;

Fig. 2.1 Dimensional smooth manifold
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uU xð Þ � u1 xð Þ; u2 xð Þ� �
:

(In short, we say that u1; u2 are the component functions of uU :) We shall try to
prove that u1 is in C1

p ðMÞ: By the definition of C1
p ðMÞ; it remains to be proved that

for every admissible coordinate chart ðV ;uV Þ of M satisfying p 2 V ,

u1 � uVð Þ�1
� �

: uV U \Vð Þ ! R

is C1 at the point uV ðpÞ in R
2:

SinceM is a 2-dimensional smooth manifold, and ðU;uUÞ; ðV ;uV Þ are admissible
coordinate charts of M satisfying p 2 U \V , by the definition of smooth manifold,

uU � uVð Þ�1
� �

: uV U \Vð Þ ! R

is C1 at the point uV ðpÞ in R
2:

For every ðy1; y2Þ in uVðU \VÞ; we have ðuV Þ�1ðy1; y2Þ 2 U \V 
 U; and
hence,

uU � uVð Þ�1
� �

y1; y2
� � ¼ uU uVð Þ�1 y1; y2

� �� �
¼ u1 uVð Þ�1 y1; y2

� �� �
; u2 uVð Þ�1 y1; y2

� �� �� �
¼ u1 � uVð Þ�1

� �
y1; y2
� �

; u2 � uVð Þ�1
� �

y1; y2
� �� �

So ðu1 � ðuV Þ�1Þ; ðu2 � ðuV Þ�1Þ are the component functions of ðuU � ðuVÞ�1Þ:
Next, since ðuU � ðuV Þ�1Þ is C1 at the point uVðpÞ in R

2; its component functions
ðu1 � ðuVÞ�1Þ; ðu2 � ðuV Þ�1Þ are C1 at the point uVðpÞ in R2: This proves that u1 is
in C1

p ðMÞ: Similarly, u2 is in C1
p ðMÞ:

Theorem 2.15 Let M be an m-dimensional smooth manifold. Let p be an element
of M:

Let � be a relation over C1
p ðMÞ defined as follows: for every f and g in

C1
p ðMÞ; by f � g; we shall mean that there exists an open neighborhood H of p

such that f ðxÞ ¼ gðxÞ for every x in H: Then, � is an equivalence relation over
C1
p ðMÞ:

Proof Here, we must prove

1. for every f in C1
p ðMÞ; f � f ;

2. if f � g, then g� f ;
3. if f � g; and g� h, then f � h:
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For 1. Let us take any f in C1
p ðMÞ: So, by the definition of C1

p ðMÞ; dom f is an
open neighborhood of p in M: Since dom f is an open neighborhood of p in M;
and f ðxÞ ¼ f ðxÞ for every x in dom f , by the definition of � ; f � f : This proves 1.
For 2. Let f � g where f and g are in C1

p ðMÞ: So, by the definition of � ; there
exists an open neighborhood H of p such that f ðxÞ ¼ gðxÞ for every x in H:
Hence, gðxÞ ¼ f ðxÞ for every x in H; where H is an open neighborhood of p:
Therefore, by the definition of � , g� f , this proves 2.
For 3. Let f � g; and g� h; where f ; g; h are in C1

p ðMÞ: Since f � g, by the
definition of � ; there exists an open neighborhood H of p such that f ðxÞ ¼ gðxÞ
for every x in H: Similarly, there exists an open neighborhood K of p such that
gðxÞ ¼ hðxÞ for every x in K: Since H;K are open neighborhoods of p; H \K is
an open neighborhood of p: Also we have f ðxÞ ¼ hðxÞ for every H \K: Hence,
by the definition of � ; f � h: This proves 3.

Hence, � is an equivalence relation over C1
p ðMÞ: h

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
From Theorem 2.15, the relation � is an equivalence relation over C1

p ðMÞ: The
quotient set C1

p ðMÞ=� ; of all equivalence classes is denoted by F pðMÞ (or, simply
F pÞ: Thus,

F p Mð Þ � f½ � : f 2 C1
p Mð Þ

n o
where

f½ � � g : g 2 C1
p Mð Þ and g� f

n o
:

Intuitively, Theorem 2.15 says that in C1
p ðMÞ we will not distinguish between f

and g whenever f � g:

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
Let f ; g be in C1

p ðMÞ: By the sum f þ g, we mean the function whose domain is
ðdom f Þ \ ðdom gÞ; and for every x in ðdom f Þ \ ðdom gÞ;

f þ gð Þ xð Þ � f xð Þ þ g xð Þ:

By the product f � g, we mean the function whose domain is ðdom f Þ \ðdom gÞ;
and for every x in ðdom f Þ \ðdom gÞ;

f � gð Þ xð Þ � f xð Þ � g xð Þ:

For any real t; by the scalar multiple tf , we mean the function whose domain is
dom f ; and for every x in dom f ;
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tfð Þ xð Þ � t f xð Þð Þ:

Theorem 2.16 Let M be an m-dimensional smooth manifold. Let p be an element
of M: If f ; g are in C1

p ðMÞ, then f þ g is in C1
p ðMÞ:

Proof Here, let f ; g be in C1
p ðMÞ: We must prove:

1. domðf þ gÞ is an open neighborhood of p in M;
2. for every admissible coordinate chart ðU;uUÞ of M satisfying p 2 U,

f þ gð Þ � uUð Þ�1
� �

: uU dom f þ gð Þð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m:

For 1. Since f ; g are in C1
p ðMÞ; dom f and dom g are open neighborhoods of p

in M; and hence, their intersection ðdom f Þ \ðdom gÞ is an open neighborhood
of p in M: Since ðdom f Þ \ðdom gÞ is an open neighborhood of p in M; and
domain of f þ g is ðdom f Þ \ðdom gÞ; domðf þ gÞ is an open neighborhood of p
in M: This proves 1.
For 2. Let us take any admissible coordinate chart ðU;uUÞ of M satisfying
p 2 U: Since f is in C1

p ðMÞ, by the definition of C1
p ðMÞ;

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m: Similarly,

g � uUð Þ�1
� �

: uU dom gð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m: Further, since

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

and

g � uUð Þ�1
� �

: uU dom gð Þ \Uð Þ ! R;

their sum is the function

f � uUð Þ�1
� �

þ g � uUð Þ�1
� �

: uU dom fð Þ \Uð Þð Þ \ uU dom gð Þ \Uð Þð Þ ! R;
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and is C1 at the point uUðpÞ in R
m: Now, since

dom f � uUð Þ�1
� �

þ g � uUð Þ�1
� �� �

¼ uU dom fð Þ \ Uð Þð Þ \ uU dom gð Þ \ Uð Þð Þ
¼ uU dom fð Þ \ Uð Þ \ dom gð Þ \ Uð Þð Þ
¼ uU dom fð Þ \ dom gð Þð Þ \ Uð Þ
¼ uU dom f þ gð Þð Þ \ Uð Þ
¼ dom f þ gð Þ � uUð Þ�1

� �

and, for every x in dom f þ gð Þ � uUð Þ�1
� �

;

f � uUð Þ�1
� �

þ g � uUð Þ�1
� �� �

xð Þ ¼ f � uUð Þ�1
� �� �

xð Þ þ g � uUð Þ�1
� �� �

xð Þ

¼ f uUð Þ�1
� �

xð Þ
� �

þ g uUð Þ�1
� �

xð Þ
� �

¼ f þ gð Þ uUð Þ�1
� �

xð Þ
� �

¼ f þ gð Þ � uUð Þ�1
� �

xð Þ

so,

f � uUð Þ�1
� �

þ g � uUð Þ�1
� �

¼ f þ gð Þ � uUð Þ�1:

Since ðf � ðuUÞ�1Þ þ ðg � ðuUÞ�1Þ ¼ ðf þ gÞ � ðuUÞ�1; and ðf � ðuUÞ�1Þ þ
ðg � ðuUÞ�1Þ is C1 at the point uUðpÞ in R

m; ðf þ gÞ � uUÞ�1 is C1 at the point
uUðpÞ in R

m: This proves 2. Hence, f þ g is in C1
p ðMÞ: h

Theorem 2.17 Let M be an m-dimensional smooth manifold. Let p be an element
of M: If f ; g are in C1

p ðMÞ, then f � g is in C1
p ðMÞ:

Proof Its proof is quite similar to the proof of Theorem 2.16. h

Theorem 2.18 Let M be an m-dimensional smooth manifold. Let p be an element
of M: If t is a real, and f is in C1

p ðMÞ, then tf is in C1
p ðMÞ:

Proof Its proof is similar to the proof of Theorem 2.16. h

Theorem 2.19 Let M be an m-dimensional smooth manifold. Let p be an element
of M: If f ; g; h; k are in C1

p ðMÞ; f � g; and h� k, then ðf þ hÞ� ðgþ kÞ:
Proof Let us take any f ; g; h; k in C1

p ðMÞ; and let f � g; h� k: Since f ; g are in
C1
p ðMÞ, by Theorem 2.16, f þ h is in C1

p ðMÞ: Similarly gþ k is in C1
p ðMÞ: We

have to prove that ðf þ hÞ� ðgþ kÞ: So, by the definition of � ; we must find an
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open neighborhood H of p such that ðf þ hÞðxÞ ¼ ðgþ kÞðxÞ for every x in H:
Since f � g; there exists an open neighborhood H1 of p such that f ðxÞ ¼ gðxÞ for
every x in H1: Since h� k; there exists an open neighborhood H2 of p such that
hðxÞ ¼ kðxÞ for every x in H2: Since H1;H2 are open neighborhoods of p; H1 \H2

is an open neighborhoods of p: Also, for every x in H1 \H2; ðf þ hÞðxÞ ¼ f ðxÞþ
hðxÞ ¼ gðxÞ þ kðxÞ ¼ ðgþ kÞðxÞ: h

Theorem 2.20 Let M be an m-dimensional smooth manifold. Let p be an element
of M: If f ; g; h; k are in C1

p ðMÞ; f � g; and h� k, then ðf � hÞ� ðg � kÞ:
Proof Its proof is quite similar to the proof of Theorem 2.19. h

Theorem 2.21 Let M be an m-dimensional smooth manifold. Let p be an element
of M: If f ; g are in C1

p ðMÞ; f � g; and t is a real, then ðtf Þ� ðtgÞ:
Proof Let us take any f ; g in C1

p ðMÞ; and let f � g: Since f ; g are in C1
p ðMÞ, by

Theorem 2.18, tf is in C1
p ðMÞ: Similarly, tg is in C1

p ðMÞ: We have to prove that
ðtf Þ� ðtgÞ: So, by the definition of � ; we must find an open neighborhood H of p
such that ðtf ÞðxÞ ¼ ðtgÞðxÞ for every x in H: Since f � g; there exists an open
neighborhood H of p such that f ðxÞ ¼ gðxÞ for every x in H: So, for every x in H;
ðtf ÞðxÞ ¼ tðf ðxÞÞ ¼ tðgðxÞÞ ¼ ðtgÞðxÞ: h

Note 2.22 Theorems 2.19, 2.20, and 2.21 give guarantee that the following defi-
nitions are legitimate.

Definition For every f ; g in C1
p ðMÞ; and for every real t;

½f � þ ½g� � ½f þ g�;
t½f � � ½tf �;

½f �½g� � ½f � g�:

Theorem 2.23 Let M be an m-dimensional smooth manifold. Let p be an element
of M: The quotient set C1

p ðMÞ=� ; together with vector addition, and scalar
multiplication is defined as follows: for every f ; g in C1

p ðMÞ; and for every real t;

½f � þ ½g� � ½f þ g�; t½f � � ½tf �;

constitute a real linear space. In short, F pðMÞ is a real linear space.

Let us define multiplication operation over C1
p ðMÞ=� as follows: for every f ; g

in C1
p ðMÞ;

½f �½g� � ½f � g�:
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Then,

1. for every f ; g; h in C1
p ðMÞ; ð½f �½g�Þ½h� ¼ ½f �ð½g�½h�Þ;

2. for every f ; g in C1
p ðMÞ; ½f �½g� ¼ ½g�½f �;

3. for every f ; g; h in C1
p ðMÞ; ð½f � þ ½g�Þ½h� ¼ ½f �½h� þ ½g�½h�;

4. for every real t; and for every f ; g in C1
p ðMÞ; tð½f �½g�Þ ¼ ðt½f �Þ½g�:

In short, F pðMÞ is an algebra.

Proof The conditions for linear space remain to be verified.

1. + is associative: Let us take any f ; g; h in C1
p ðMÞ: We have to prove that

f½ � þ g½ �ð Þ þ h½ � ¼ f½ � þ g½ � þ h½ �ð Þ:

LHS ¼ f½ � þ g½ �ð Þ þ h½ � ¼ f þ g½ � þ h½ � ¼ f þ gð Þ þ h½ � ¼ f þ gþ hð Þ½ �
¼ f½ � þ gþ h½ � ¼ f½ � þ g½ � þ h½ �ð Þ ¼ RHS:

2. Existence of zero element: Let us define the constant function 0 : M ! R as
follows: For every x in M; 0ðxÞ � 0: We want to prove that 0 is in C1

p ðMÞ: For
this purpose, we must prove

1. The domain of the function 0 is an open neighborhood of p in M;
2. for every admissible coordinate chart ðU;uUÞ of M satisfying p 2 U,

0 � uUð Þ�1
� �

: uU dom 0ð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m:

For 1: Here, the domain of the function 0 is M which is an open neigh-
borhood of p in M: This proves 1.
For 2: Let us take any admissible coordinate chart ðU;uUÞ of M satisfying
p 2 U. Now, by the definition of the function 0; ð0 � ðuUÞ�1Þ is the constant
function 0 defined on the open subset uUðUÞ of Rm; which is known to be
C1 at the point uUðpÞ in R

m: This proves 2.
Thus, we have shown that 0 is in C1

p ðMÞ: Now, it remains to be showed that
½0� þ ½f � ¼ ½f � ¼ ½f � þ ½0� for every f in C1

p ðMÞ: Here,

LHS ¼ 0½ � þ f½ � ¼ 0þ f½ � ¼ f½ � ¼ f þ 0½ � ¼ f½ � þ 0½ � ¼ RHS:

This proves 2.
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3. Existence of negative element: Let us take any f in C1
p ðMÞ: So, by the definition

of C1
p ðMÞ; f is a real-valued function f whose dom f is an open neighborhood

of p in M; and for every admissible coordinate chart ðU;uUÞ of M satisfying
p 2 U,

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m:

Now, let us define a function ð�f Þ : ðdom f Þ ! R as follows:
For every x in dom f ; ð�f ÞðxÞ � �ðf ðxÞÞ: We want to prove that ð�f Þ is in
C1
p ðMÞ: For this purpose, we must prove

1. The domain of the function ð�f Þ is an open neighborhood of p in M;
2. For every admissible coordinate chart ðU;uUÞ of M satisfying p 2 U,

�fð Þ � uUð Þ�1
� �

: uU dom �fð Þð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m:

For 1: Since f is in C1
p ðMÞ, by the definition of C1

p ðMÞ; dom f is an open
neighborhood of p in M: Since dom f is an open neighborhood of p in M; and,
by the definition of ð�f Þ; domð�f Þ ¼ dom f ; domð�f Þ is an open neighborhood
of p in M: This proves 1.
For 2: Let us take an admissible coordinate chart ðU;uUÞ ofM satisfying p 2 U.
Now, by the definition of the function ð�f Þ; ð�f Þ � ðuUÞ�1 ¼ �ðf � ðuUÞ�1Þ:
Since ðf � ðuUÞ�1Þ is C1 at the point uUðpÞ in R

m; �ðf � ðuUÞ�1Þ is C1 at the
point uUðpÞ in R

m: Since �ðf � ðuUÞ�1Þ is C1 at the point uUðpÞ in R
m; and

ð�f Þ � ðuUÞ�1 ¼ �ðf � ðuUÞ�1Þ; ð�f Þ � ðuUÞ�1 is C1 at the point uUðpÞ in
R

m: This proves 2.

Thus, we have shown that ð�f Þ is in C1
p ðMÞ: Now, it remains to be showed

that ½ð�f Þ� þ ½f � ¼ ½0� ¼ ½f � þ ½ð�f Þ�. Here,

LHS ¼ �fð Þ½ � þ f½ � ¼ �fð Þ þ f½ � ¼ 0½ � ¼ f þ �fð Þ½ � ¼ f½ � þ �fð Þ½ � ¼ RHS:

This proves 3.

4. + is commutative: Let us take any f ; g in C1
p ðMÞ: We have to prove that

f½ � þ g½ � ¼ g½ � þ f½ �:
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Here

LHS ¼ f½ � þ g½ � ¼ f þ g½ � ¼ gþ f½ � ¼ g½ � þ f½ � ¼ RHS:

This proves 4.
5. For every real s; t; and f in C1

p ðMÞ; ðsþ tÞ½f � ¼ s½f � þ t½f � :
Here

LHS ¼ sþ tð Þ f½ � ¼ sþ tð Þf½ � ¼ sfð Þ þ tfð Þ½ � ¼ sfð Þ½ � þ tfð Þ½ � ¼ s f½ � þ t f½ �
¼ RHS:

6. For every real s; t; and f in C1
p ðMÞ; ðstÞ½f � ¼ sðt½f �Þ :

Here,

LHS ¼ stð Þ f½ � ¼ stð Þf½ � ¼ s tfð Þ½ � ¼ s tfð Þ½ � ¼ s t f½ �ð Þ ¼ RHS:

7. For every real t; and for every f ; g in C1
p ðMÞ; tð½f � þ ½g�Þ ¼ t½f � þ t½g� :

Here,

LHS ¼ t f½ � þ g½ �ð Þ ¼ t f þ gð Þ½ � ¼ t f þ gð Þ½ � ¼ tfð Þ þ tgð Þ½ �
¼ tfð Þ½ � þ tgð Þ½ � ¼ t f½ � þ t g½ � ¼ RHS:

8. For every f in C1
p ðMÞ; 1½f � ¼ ½f � :

Here,

LHS ¼ 1 f½ � ¼ 1f½ � ¼ f½ � ¼ RHS:

Thus, we have shown that quotient set C1
p ðMÞ=� is a real linear space.

Now, we want to prove that F pðMÞ is an algebra.

1. Multiplication is associative:

LHS ¼ f½ � g½ �ð Þ h½ � ¼ f � g½ � þ h½ � ¼ f � gð Þ � h½ � ¼ f � g � hð Þ½ �
¼ f½ � g � h½ � ¼ f½ � g½ � h½ �ð Þ ¼ RHS:

2. Multiplication is commutative:

LHS ¼ f½ � g½ � ¼ f � g½ � ¼ g � f½ � ¼ g½ � f½ � ¼ RHS:

3. Multiplication distributes over +:

LHS ¼ f½ � þ g½ �ð Þ h½ � ¼ f þ g½ � h½ � ¼ f þ gð Þ � h½ � ¼ f � hð Þ þ g � hð Þ½ �
¼ f � h½ � þ g � h½ � ¼ f½ � h½ � þ g½ � h½ � ¼ RHS:

4. LHS ¼ tð½f �½g�Þ ¼ t½f � g� ¼ ½tðf � gÞ� ¼ ½ðtf Þ � g� ¼ ½tf �½g� ¼ ðt½f �Þ½g� ¼ RHS: h
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2.3 Smooth Germs on Smooth Manifolds

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
Under the vector addition, and scalar multiplication as defined in Theorem 2.23,
F pðMÞ is a real linear space. The members of F pðMÞ are called C1-germs at p on
M. Thus, if f is in C1

p ðMÞ, then the equivalence class ½f � is in F pðMÞ; and hence, ½f �
is a C1-germ at p on M:

Theorem 2.24 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let c be in CpðMÞ: Let f be in C1

p ðMÞ: Then,
1. 0 is an interior point of the domain of the real-valued function f � c;
2. limt!0

ðf �cÞð0þtÞ�ðf �cÞð0Þ
t exists,

3. if f � g, then

lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

¼ lim
t!0

g � cð Þ 0þ tð Þ � g � cð Þ 0ð Þ
t

:

Proof

1: Since c is in CpðMÞ, by the definition of CpðMÞ; there exists a real number
d[ 0 such that c : ð�d; dÞ ! M, cð0Þ ¼ p; and c is a smooth map from
ð�d; dÞ to M: Since cis a smooth map from ð�d; dÞ to M; c is a continuous
map.

Since f is in C1
p ðMÞ; f : ðdom f Þ ! R and dom f is an open neighborhood of p

in M: Since cð0Þ ¼ p; and p is in dom f ; 0 is an element of the domain of f � c:
Since f is in C1

p ðMÞ; f is continuous on some open neighborhood U of p. Since
c : ð�d; dÞ ! M is a continuous map, cð0Þ ¼ p; and U is an open neighborhood of
p; there exists e[ 0 such that e\d and, for every t in ð�e; eÞ, we have cðtÞ 2 U
ð
 ðdom f ÞÞ; and hence, ðf � cÞðtÞ ¼ f ðcðtÞÞ 2 R: It follows that ð�e; eÞ is a subset
of domðf � cÞ: Hence, 0 is an interior point of the domain of the function f � c: This
proves 1.

2: Since 0 is an interior point of the domain of the real-valued function f � c; it is
meaningful to write

lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

;

provided it exists. Now we shall try to show that limt!0
ðf �cÞð0þtÞ�ðf �cð0Þ

t exists.
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Since p 2 M; and M is an m-dimensional smooth manifold, there exists an
admissible coordinate chart ðU;uUÞ of M satisfying p 2 U: Since f is in C1

p ðMÞ;
and ðU;uUÞ is an admissible coordinate chart of M satisfying p 2 U;

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m: Observe that the domain of ðf � ðuUÞ�1Þ; that is,

uUððdom f Þ \UÞ is an open neighborhood of uUðpÞ ð¼ uUðcð0ÞÞ ¼ ðuU � cÞð0ÞÞ
in R

m: Since c is a smooth map from ð�d; dÞ to M; and 0 2 ð�d; dÞ; c is C1 at 0 in
R: Since c is C1 at 0 in R; cð0Þ ¼ p; and ðU;uUÞ is an admissible coordinate chart
of M satisfying p 2 U; ðuU � cÞ : ð�d; dÞ ! R

m is C1 at the point 0 in R: Since

uU � cð Þ : �d; dð Þ ! R
m

is C1 at the point 0;

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point ðuU � cÞð0Þ in R
m; and the domain of ðf � ðuUÞ�1Þ is an open

neighborhood of ðuU � cÞð0Þ in R
m; the composite function ðf � ðuUÞ�1Þ �

ðuU � cÞð¼ f � cÞ is C1 at the point 0 in R: Hence,

d f � cð Þ tð Þ
dt






t¼0

that is,

lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

exists. This proves 2.

3: Let f � g:

We have to prove that

lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

¼ lim
t!0

g � cð Þ 0þ tð Þ � g � cð Þ 0ð Þ
t

:

Since f � g, there exists an open neighborhood H of pð¼ cð0ÞÞ such that f ðxÞ ¼
gðxÞ for every x in H: Since f ðxÞ ¼ gðxÞ for every x in H; and cð0Þ is in H;

f � cð Þ 0ð Þ ¼ f c 0ð Þð Þ ¼ g c 0ð Þð Þ ¼ g � cð Þ 0ð Þ:
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Since c : ð�d; dÞ ! M is a continuous map, and H is an open neighborhood of
cð0Þ; there exists e1 [ 0 such that e1\d; and for every t in the open interval
ð�e1; e1Þ; cðtÞ is in H: Since 0 is an interior point of the domain of the function f � c;
there exists e2 [ 0 such that e2\d; and the open interval ð�e2; e2Þ is contained in the
domain of the function f � c: Similarly, there exists e3 [ 0 such that e3\d; and the
open interval ð�e3; e3Þ is contained in the domain of the function g � c: Put

e � min e1; e2; e3f g:

Clearly, e[ 0: If t is in the open interval ð�e; eÞ; then t is in the open interval
ð�e2; e2Þ; and hence, ðf � cÞðtÞ is meaningful. Similarly, if t is in the open interval
ð�e; eÞ; then ðg � cÞðtÞ is meaningful. If t is in the open interval ð�e; eÞ; then t is in
the open interval ð�e1; e1Þ; and hence, cðtÞ is in H: Since, for every t in ð�e; eÞ; cðtÞ
is in H; and since f ðxÞ ¼ gðxÞ for every x in H; for every t in ð�e; eÞ;

f � cð Þ tð Þ ¼ f c tð Þð Þ ¼ g c tð Þð Þ ¼ g � cð Þ tð Þ:

Hence,

lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

¼

lim
t!0

f � cð Þ tð Þ � f � cð Þ 0ð Þ
t

¼ lim
t ! 0;

t in �e; eð Þ

f � cð Þ tð Þ � f � cð Þ 0ð Þ
t

¼ lim
t ! 0;

t in �e; eð Þ

g � cð Þ tð Þ � g � cð Þ 0ð Þ
t

¼ lim
t ! 0;

t in �e; eð Þ

g � cð Þ 0þ tð Þ � g � cð Þ 0ð Þ
t

¼ lim
t!0

g � cð Þ 0þ tð Þ � g � cð Þ 0ð Þ
t

:

This proves 3. h

Note 2.25 Let M be an m-dimensional smooth manifold. Let p be an element of M:
Let c be in CpðMÞ: Let ½f � be in F pðMÞ where f is in C1

p ðMÞ: Let ½g� be in F pðMÞ
where g is in C1

p ðMÞ: If ½f � ¼ ½g�, then f � g; and hence,
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lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

¼ lim
t!0

g � cð Þ 0þ tð Þ � g � cð Þ 0ð Þ
t

:

So the following definition is well defined.

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
Let c be in CpðMÞ: Let ½f � be in F pðMÞ where f is in C1

p ðMÞ: Then,

lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

exists, and is denoted by �c; ½f �
: Thus,

�c; f½ �
 � lim
t!0

f � cð Þ 0þ tð Þ � f � cð Þ 0ð Þ
t

or,

�c; f½ �
 � d f � cð Þ tð Þ
dt






t¼0

:

Theorem 2.26 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let c be in CpðMÞ: Let ½f � be in F pðMÞ where f is in C1

p ðMÞ: Let ½g� be in
F pðMÞ where g is in C1

p ðMÞ: Then,
1. �c; f½ � þ g½ �
 ¼ �c; f½ �
 þ�c; g½ �
;
2. �c; a½f �
 ¼ a�c; ½f �
 for every real a:

In short, we say that �;
 is linear in the second variable.

Proof

1. Here

LHS ¼ �c; f½ � þ g½ �
 ¼ �c; f þ g½ �
 ¼ lim
t!0

f þ gð Þ � cð Þ 0þ tð Þ � f þ gð Þ � cð Þ 0ð Þ
t

¼ lim
t!0

f þ gð Þ c tð Þð Þ � f þ gð Þ c 0ð Þð Þ
t

¼ lim
t!0

f c tð Þð Þ þ g c tð Þð Þð Þ � f c 0ð Þð Þ þ g c 0ð Þð Þð Þ
t

¼ lim
t!0

f c tð Þð Þ � f c 0ð Þð Þð Þ þ g c tð Þð Þ � g c 0ð Þð Þð Þ
t

¼ lim
t!0

f c tð Þð Þ � f c 0ð Þð Þð Þ
t

þ g c tð Þð Þ � g c 0ð Þð Þð Þ
t

� �
¼ lim

t!0

f c tð Þð Þ � f c 0ð Þð Þð Þ
t

þ lim
t!0

g c tð Þð Þ � g c 0ð Þð Þð Þ
t

¼ lim
t!0

f c t þ 0ð Þð Þ � f c 0ð Þð Þð Þ
t

þ lim
t!0

g c t þ 0ð Þð Þ � g c 0ð Þð Þð Þ
t

¼ �c; f½ �
 þ�c; g½ �
 ¼ RHS:
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2. Here

LHS ¼ �c; a f½ �
 ¼ �c; af½ �
 ¼ lim
t!0

afð Þ � cð Þ 0þ tð Þ � afð Þ � cð Þ 0ð Þ
t

¼ lim
t!0

afð Þ c tð Þð Þ � afð Þ c 0ð Þð Þ
t

¼ lim
t!0

a f c tð Þð Þð Þ � a f c 0ð Þð Þð Þ
t

¼ lim
t!0

a
f c tð Þð Þ � f c 0ð Þð Þ

t

� �
¼ a lim

t!0

f c tð Þð Þ � f c 0ð Þð Þ
t

� �
¼ a lim

t!0

f c t þ 0ð Þð Þ � f c 0ð Þð Þ
t

� �
¼ a�c; f½ �
 ¼ RHS:

h

Note 2.27 Let M be an m-dimensional smooth manifold. Let p 2 M: Let ½½c��; ½½c1��
be in TpMð¼ CpðMÞ=�Þ where c; c1 are in CpðMÞ: Let ½f �; ½f1� be in F pðMÞ where
f ; f1 are in C1

p ðMÞ: Let ½½c�� ¼ ½½c1��; and ½f � ¼ ½f1�: We shall try to show that

d f � cð Þ tð Þ
dt






t¼0

¼ d f1 � c1ð Þ tð Þ
dt






t¼0

:

Since p 2 M; and M is an m-dimensional smooth manifold, there exists an
admissible coordinate chart ðU;uUÞ of M satisfying p 2 U: Now since ½½c�� ¼
½½c1��; c � c1; and hence, ðuU � cÞ0ð0Þ ¼ ðuU � c1Þ0ð0Þ: Since ½f � ¼ ½f1�; f � g; and
hence, there exists an open neighborhood H of pð¼ cð0ÞÞ such that f ðxÞ ¼ gðxÞ for
every x in H:

LHS ¼ d f � cð Þ tð Þ
dt






t¼0

¼
d f � uUð Þ�1�uU

� �
� c

� �
tð Þ

dt








t¼0

¼
d f � uUð Þ�1
� �

� uU � cð Þ
� �

tð Þ
dt








t¼0

¼ f � uUð Þ�1
� �0

uU � cð Þ 0ð Þð Þ
� �

uU � cð Þ0 0ð Þ� �
¼ f � uUð Þ�1

� �0
uU � cð Þ 0ð Þð Þ

� �
uU � c1ð Þ0 0ð Þ� �

¼ f � uUð Þ�1
� �0

uU c 0ð Þð Þð Þð Þ
� �

uU � c1ð Þ0 0ð Þ� �
¼ f � uUð Þ�1

� �0
uU pð Þð Þð Þ

� �
uU � c1ð Þ0 0ð Þ� �

¼ f � uUð Þ�1
� �0

uU c1 0ð Þð Þð Þð Þ
� �

uU � c1ð Þ0 0ð Þ� �
¼ f � uUð Þ�1

� �0
uU � c1ð Þ 0ð Þð Þ

� �
uU � c1ð Þ0 0ð Þ� �

¼
d f � uUð Þ�1
� �

� uU � c1ð Þ
� �

tð Þ
dt








t¼0

¼ d f � c1ð Þ tð Þ
dt






t¼0

¼ RHS:

h
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Hence, the following definition is legitimate:

Definition Let M be an m-dimensional smooth manifold. Let p 2 M: Let ½½c�� be in
TpM where c is in CpðMÞ: Let ½f � be in F pðMÞ where f is in C1

p ðMÞ: By ½½c��½f �, we
shall mean dðf � cÞðtÞ

dt jt¼0ð¼ �c; ½f �
Þ:
Lemma 2.28 Let M be an m-dimensional smooth manifold. Let p 2 M: Let ½½c�� be
in TpM where c is in CpðMÞ: Then
1. ½½c��ð½f � þ ½f1�Þ ¼ ½½c��½f � þ ½½c��½f1� for every ½f �; ½f1� in F pðMÞ where f ; f1 are in

C1
p ðMÞ;

2. ½½c��ðt½f �Þ ¼ tð½½c��½f �Þ for every ½f � in F pðMÞ where f is in C1
p ðMÞ; and for every

real t;
3. ½½c��ð½f �½f1�Þ ¼ ð½½c��½f �Þðf1ðpÞÞ þ ðf ðpÞÞð½½c��½f1�Þ

for every ½f �; ½f1� in F pðMÞ where f ; f1 are in C1
p ðMÞ:

Proof

1: LHS ¼ ½½c��ð½f � þ ½f1�Þ ¼ ½½c��ð½f þ f1�Þ ¼ �c; ½f þ f1�
 ¼ �cþ ½f1�

¼ �c; ½f �
 þ�c; ½f1�
 ¼ c½f � þ c½f1� ¼ RHS:

2: LHS ¼ ½½c��ðt½f �Þ ¼ ½½c��ð½tf �Þ ¼ �c; t½f �
 ¼ t�c; ½f �
 ¼ tð½½c��½f �Þ ¼ RHS:

3: LHS ¼ ½½c��ð½f �½f1�Þ ¼ ½½c��ð½f � f1�Þ ¼ dððf � f1Þ � cÞðtÞ
dt

jt¼0 ¼
dððf � f1ÞðcðtÞÞÞ

dt
jt¼0

¼ dððf ðcðtÞÞ � f1ðcðtÞÞÞÞ
dt

jt¼0¼
dððððf � cÞðtÞÞ � ððf1 � cÞðtÞÞÞÞ

dt
jt¼0

¼ dððf � cÞðtÞÞ
dt

jt¼0ððf1 � cÞð0ÞÞ þ ððf � cÞð0ÞÞdððf1 � cÞðtÞÞ
dt

jt¼0

¼ ð½½c��½f �Þððf1 � cÞð0ÞÞ þ ððf � cÞð0ÞÞð½½c��½f �Þ
¼ ð½½c��½f �Þððf1ðcð0ÞÞÞÞ þ ðf ðcð0ÞÞÞð½½c��½f1�Þ
¼ ð½½c��½f �Þððf1ðpÞÞÞ þ ðf ðpÞÞð½½c��½f1�Þ ¼ RHS:

h

2.4 Derivations

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
Let D : F pðMÞ ! R be any function. If

1. Dð½f � þ ½f1�Þ ¼ D½f � þ D½f1� for every ½f �; ½f1� inF pðMÞwhere f ; f1 are inC1
p ðMÞ;

2. Dðt½f �Þ ¼ tðD½f �Þ for every ½f � inF pðMÞwhere f is inC1
p ðMÞ; and for every real t;

3. Dð½f �½f1�Þ ¼ ðD½f �Þðf1ðpÞÞ þ ðf ðpÞÞðD½f1�Þ for every ½f �; ½f1� in F pðMÞ where f ; f1
are in C1

p ðMÞ;
then we say that D is a derivation at p. Here, the collection of all derivations at p is
denoted by DpðMÞ:

h
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Example 2.29 Let M be an m-dimensional smooth manifold. Let p 2 M: Let ½½c�� be
in TpM where c is in CpðMÞ:

By the Lemma 2.28, the mapping ½f � 7! ½½c��½f � is an example of a derivation at p:
We shall denote this derivation by D½½c��: Thus,

D c½ �½ � f½ �ð Þ � c½ �½ � f½ �

for every ½f � in F pðMÞ where f is in C1
p ðMÞ: Also

Dc : c½ �½ � 2 TpM
� 	 
 Dp Mð Þ:

Note 2.30 Let M be an m-dimensional smooth manifold. Let p be an element of M:
For every D;D1 in DpðMÞ; we define Dþ D1 : F pðMÞ ! R as follows: For every
½f � in F pðMÞ where f is in C1

p ðMÞ; ðDþ D1Þð½f �Þ � D½f � þ D1½f �: We shall try to
show that Dþ D1 is in DpðMÞ; that is,
1. ðDþ D1Þð½f � þ ½f1�Þ ¼ ðDþ D1Þ½f � þ ðDþ D1Þ½f1� for every ½f �; ½f1� in F pðMÞ

where f ; f1 are in C1
p ðMÞ;

2. ðDþ D1Þðt½f �Þ ¼ tððDþ D1Þ½f �Þ for every ½f � in F pðMÞ where f is in C1
p ðMÞ;

and for every real t;
3. ðDþ D1Þð½f �½f1�Þ ¼ ððDþ D1Þ½f �Þðf1ðpÞÞ þ ðf ðpÞÞððDþ D1Þ½f1�Þ for every

½f �; ½f1� in F pðMÞ where f ; f1 are in C1
p ðMÞ:

For 1: LHS ¼ ðDþ D1Þð½f � þ ½f1�Þ ¼ Dð½f � þ ½f1�Þ þ D1ð½f � þ ½f1�Þ
¼ ðD½f � þ D½f1�Þ þ ðD1½f � þ D1½f1�Þ
¼ ðD½f � þ D1½f �Þ þ ðD½f1� þ D1½f1�Þ
¼ ðDþ D1Þ½f � þ ðDþ D1Þ½f1� ¼ RHS:

For 2: LHS ¼ ðDþ D1Þðt½f �Þ ¼ Dðt½f �Þ þ D1ðt½f �Þ
¼ tðD½f �Þ þ tðD1½f �Þ ¼ tðD½f � þ D1½f �Þ
¼ tððDþ D1Þ½f �Þ ¼ RHS:

For 3: LHS ¼ ðDþ D1Þð½f �½f1�Þ ¼ Dð½f �½f1�Þ þ D1ð½f �½f1�Þ
¼ ððD½f �Þðf1ðpÞÞ þ ðf ðpÞÞðD½f1�ÞÞ þ ððD1½f �Þðf1ðpÞÞ þ ðf ðpÞÞðD1½f1�ÞÞ
¼ ððD½f �Þ þ D1½f �Þðf1ðpÞÞ þ ðf ðpÞÞðD½f1� þ D1½f1�Þ
¼ ððDþ D1Þ½f �Þðf1ðpÞÞ þ ðf ðpÞÞððDþ D1Þ½f1�Þ ¼ RHS:

This proves that D + D1 is in DpðMÞ.
For every D in DpðMÞ; and for every real t; we define tD : F pðMÞ ! R as follows:
For every ½f � in F pðMÞ where f is in C1

p ðMÞ; ðtDÞð½f �Þ � tðD½f �Þ: We shall try to
show that tD is in DpðMÞ; that is,
1. ðtDÞð½f � þ ½f1�Þ ¼ ðtDÞ½f � þ ðtDÞ½f1� for every ½f �; ½f1� in F pðMÞ where f ; f1 are in

C1
p ðMÞ;

2. ðtDÞðs½f �Þ ¼ sððtDÞ½f �Þ for every ½f � in F pðMÞ where f is in C1
p ðMÞ; and for

every real s;
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3. ðtDÞð½f �½f1�Þ ¼ ððtDÞ½f �Þðf1ðpÞÞ þ ðf ðpÞÞððtDÞ½f1�Þ for every ½f �; ½f1� in F pðMÞ
where f ; f1 are in C1

p ðMÞ:
For 1: LHS ¼ ðtDÞð½f � þ ½f1�Þ ¼ tðDð½f � þ ½f1�ÞÞ

¼ tðD½f � þ D½f1�Þ ¼ tðD½f �Þ þ tðD½f1�Þ ¼ ðtDÞ½f � þ ðtDÞ½f1� ¼ RHS:
For 2: LHS ¼ ðtDÞðs½f �Þ ¼ tðDðs½f �ÞÞ ¼ tðsðD½f �ÞÞ

¼ sðtðD½f �ÞÞ ¼ sððtDÞ½f �Þ ¼ RHS:
For 3: LHS ¼ ðtDÞð½f �½f1�Þ ¼ tðDð½f �½f1�ÞÞ ¼ tððD½f �Þðf1ðpÞÞ þ ðf ðpÞÞðD½f1�ÞÞ

¼ tðD½f �Þðf1ðpÞÞ þ ðf ðpÞÞtðD½f1�Þ
¼ ððtDÞ½f �Þðf1ðpÞÞ þ ðf ðpÞÞððtDÞ½f1�Þ ¼ RHS:

This proves that tD is in DpðMÞ:
Now, we shall try to verify that DpðMÞ is a real linear space.

1. + is associative: Let us take any D;D1;D2 in DpðMÞ: We have to prove that
ðDþ D1Þ þ D2 ¼ Dþ ðD1 þ D2Þ; that is, for every ½f � in F pðMÞ where f is in
C1
p ðMÞ; ððDþ D1Þ þ D2Þ½f � ¼ ðDþ ðD1 þ D2ÞÞ½f �:
LHS ¼ Dþ D1ð Þ þ D2ð Þ f½ � ¼ Dþ D1ð Þ f½ � þ D2 f½ � ¼ D f½ � þ D1 f½ �ð Þ þ D2 f½ �

D f½ � þ D1 f½ � þ D2 f½ �ð Þ ¼ D f½ � þ D1 þ D2ð Þ f½ � ¼ Dþ D1 þ D2ð Þð Þ f½ � ¼ RHS:

2. Existence of zero element: Let us define the constant function 0 : F pðMÞ ! R

as follows: for every ½f � in F pðMÞ; 0½f � � 0: We want to prove that 0 is in
DpðMÞ: For this purpose, we must prove

1. 0ð½f � þ ½f1�Þ ¼ 0½f � þ 0½f1� for every ½f �; ½f1� in F pðMÞ where f ; f1 are in
C1
p ðMÞ;

2. 0ðt½f �Þ ¼ tð0½f �Þ for every ½f � in F pðMÞ where f is in C1
p ðMÞ; and for every

real t;
3. 0ð½f �½f1�Þ ¼ ð0½f �Þðf1ðpÞÞ þ ðf ðpÞÞð0½f1�Þ; for every ½f �; ½f1� inF pðMÞwhere f ;

f1 are in C1
p ðMÞ:

For 1: LHS ¼ 0ð½f � þ ½f1�Þ ¼ 0 ¼ 0þ 0 ¼ 0½f � þ 0½f1� ¼ RHS:
For 2: LHS ¼ 0ðt½f �Þ ¼ 0 ¼ t � 0 ¼ tð0½f �Þ ¼ RHS:
For 3: LHS ¼ 0ð½f �½f1�Þ ¼ 0ð½f � f1�Þ ¼ 0 ¼ 0ðf1ðpÞÞ þ ðf ðpÞÞ0 ¼ ð0½f �Þðf1ðpÞÞ þ
ðf ðpÞÞð0½f1�Þ ¼ RHS:

Thus, we have shown that 0 is in DpðMÞ: Now, it remains to be showed that
0þ D ¼ D for every D in DpðMÞ; that is, for every ½f � in F pðMÞ where f is in
C1
p ðMÞ; ð0þ DÞ½f � ¼ D½f �:

LHS ¼ 0þ Dð Þ f½ � ¼ 0 f½ � þ D f½ � ¼ 0þ D f½ � ¼ D f½ � ¼ RHS:

Hence, 0 serves the purpose of zero element in DpðMÞ:
3. Existence of negative element: Let us take any D in DpðMÞ: Now, let us define

ð�DÞ : F pðMÞ ! R as follows: For every ½f � in F pðMÞ; ð�DÞ½f � � �ðD½f �Þ:
We want to prove that ð�DÞ is in DpðMÞ: For this purpose, we must prove
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1. ð�DÞð½f � þ ½f1�Þ ¼ ð�DÞ½f � þ ð�DÞ½f1� for every ½f �; ½f1� in F pðMÞ where f ;
f1 are in C1

p ðMÞ;
2. ð�DÞðt½f �Þ ¼ tðð�DÞ½f �Þ for every ½f � in F pðMÞ where f is in C1

p ðMÞ; and for
every real t;

3. ð�DÞð½f �½f1�Þ ¼ ðð�DÞ½f �Þðf1ðpÞÞ þ ðf ðpÞÞðð�DÞ½f1�Þ; for every ½f �½f1� in
F pðMÞ where f ; f1 are in C1

p ðMÞ
For 1: LHS ¼ ð�DÞð½f � þ ½f1�Þ ¼ �ðDð½f � þ ½f1�ÞÞ ¼ �ðD½f � þ D½f1�Þ

¼ �ðD½f �Þ þ ð�ðD½f1�ÞÞ ¼ ð�DÞ½f � þ ð�DÞ½f1� ¼ RHS:
This proves 1.
For 2: LHS ¼ ð�DÞðt½f �Þ ¼ �ðDðt½f �ÞÞ ¼ �ðtðD½f �ÞÞ

¼ tð�ðD½f �ÞÞ ¼ tðð�DÞ½f �Þ ¼ RHS:
For 3: LHS ¼ ð�DÞð½f �½f1�Þ ¼ �ðDð½f �½f1�ÞÞ ¼ �ððD½f �Þðf1ðpÞÞ þ ðf ðpÞÞðD½f1�ÞÞ

¼ ð�ðD½f �ÞÞðf1ðpÞÞ þ ðf ðpÞÞð�ðD½f1�ÞÞ
¼ ðð�DÞ½f �Þðf1ðpÞÞ þ ðf ðpÞÞðð�DÞ½f1�Þ ¼ RHS:

Thus, we have shown that ð�DÞ is in DpðMÞ: Now, it remains to be showed that
ð�DÞ þ D ¼ 0; that is, for every ½f � in F pðMÞ where f is in C1

p ðMÞ;
ðð�DÞ þ DÞ½f � ¼ 0½f �:
LHS ¼ �Dð Þ þ Dð Þ f½ � ¼ �Dð Þ f½ � þ D f½ � ¼ � D f½ �ð Þ þ D f½ � ¼ 0 ¼ 0 f½ � ¼ RHS:

Hence, ð�DÞ serves the purpose of negative element of D in DpðMÞ:
4. + is commutative: Let us take any D;D1 in DpðMÞ: We have to prove that

Dþ D1 ¼ D1 þ D; that is, for every ½f � in F pðMÞ where f is in C1
p ðMÞ;

ðDþ D1Þ½f � ¼ ðD1 þ DÞ½f �:

LHS ¼ Dþ D1ð Þ f½ � ¼ D f½ � þ D1 f½ � ¼ D1 f½ � þ D f½ � ¼ D1 þ Dð Þ f½ � ¼ RHS:

This proves 4.
5. For every real s; t; and D in DpðMÞ; we have to prove that ðsþ tÞD ¼ sDþ tD;

that is, for every ½f � in F pðMÞ where f is in C1
p ðMÞ; ððsþ tÞDÞ½f � ¼

ðsDþ tDÞ½f �: Here
LHS ¼ sþ tð ÞDð Þ f½ � ¼ sþ tð Þ D f½ �ð Þ ¼ s D f½ �ð Þ þ t D f½ �ð Þ ¼ sDð Þ f½ � þ tDð Þ f½ �

¼ sDþ tDð Þ f½ � ¼ RHS:

6. For every real s; t; and D in DpðMÞ; we have to prove that ðstÞD ¼ sðtDÞ; that is,
for every ½f � in F pðMÞ where f is in C1

p ðMÞ; ððstÞDÞ½f � ¼ ðsðtDÞÞ½f �: Here,
LHS ¼ stð ÞDð Þ f½ � ¼ stð Þ D f½ �ð Þ ¼ s t D f½ �ð Þð Þ ¼ s tDð Þ f½ �ð Þ ¼ s tDð Þð Þ f½ � ¼ RHS:
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7. For every real t; and for every D;D1 in DpðMÞ; we have to prove that
tðDþ D1Þ ¼ tDþ tD1; that is, for every ½f � in F pðMÞ where f is in C1

p ðMÞ;
ðtðDþ D1ÞÞ½f � ¼ ðtDþ tD1Þ½f �: Here

LHS ¼ t Dþ D1ð Þð Þ f½ � ¼ t Dþ D1ð Þ f½ �ð Þ ¼ t D f½ � þ D1 f½ �ð Þ ¼ t D f½ �ð Þ þ t D1 f½ �ð Þ
¼ tDð Þ f½ � þ tD1ð Þ f½ � ¼ tDþ tD1ð Þ f½ � ¼ RHS:

8. For every D in DpðMÞ; we have to show that 1D ¼ D; that is, for every ½f � in
F pðMÞ where f is in C1

p ðMÞ; ð1DÞ½f � ¼ D½f �: Here,

LHS ¼ 1Dð Þ f½ � ¼ 1 D f½ �ð Þ ¼ D f½ � ¼ RHS:

Thus, we have shown that DpðMÞ is a real linear space.

Lemma 2.31 Let M be an m-dimensional smooth manifold. Let p be an element of
M: Let D : F pðMÞ ! R be a derivation at p. Let ½f � be in F pðMÞ where f is in
C1
p ðMÞ: If f is a constant function, then D½f � ¼ 0:

Proof Since f is a constant function, there exists a real number c such that f ðxÞ ¼ c
for every x in the domain of f : Since

D 1ð Þ ¼ D 1 � 1ð Þ ¼ D 1ð Þð Þ 1 pð Þð Þ þ 1 pð Þð Þ D 1ð Þð Þ ¼ D 1ð Þð Þ1þ 1 D 1ð Þð Þ
¼ 2 D 1ð Þð Þ;

Dð1Þ ¼ 0: Now,

LHS ¼ D f½ � ¼ D cð Þ ¼ D c1ð Þ ¼ c D 1ð Þð Þ ¼ c � 0 ¼ 0 ¼ RHS:
h

Note 2.32 Let M be a 2-dimensional smooth manifold. Let p 2 M: Let ðU;uUÞ be
any admissible coordinate chart of M satisfying p 2 U: Let u1; u2 be the component
functions of uU : So

u1 : U ! R; u2 : U ! R;

and for every x in U;

uU xð Þ ¼ u1 xð Þ; u2 xð Þ� �
:

Since u1 is in C1
p ðMÞ; ½u1� is in F pðMÞ: Similarly, ½u2� is in F pðMÞ:

h
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Further, let us observe that

D1 u1 � uUð Þ�1
� �� �

uU pð Þð Þ

¼ D1 u1 � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �
¼ lim

t!0

u1 � uUð Þ�1
� �

u1 pð Þ þ t; u2 pð Þð Þ � u1 � uUð Þ�1
� �

u1 pð Þ; u2 pð Þð Þ
t

¼ lim
t!0

u1 � uUð Þ�1
� �

u1 pð Þ; u2 pð Þð Þ þ t; 0ð Þð Þ � u1 � uUð Þ�1
� �

u1 pð Þ; u2 pð Þð Þ
t

¼ lim
t!0

u1 � uUð Þ�1
� �

uU pð Þ þ t; 0ð Þð Þ � u1 � uUð Þ�1
� �

uU pð Þð Þ
t

¼ lim
t!0

u1 � uUð Þ�1
� �

uU pð Þ þ t; 0ð Þð Þ � u1 pð Þ
t

¼ lim
t!0

u1 uUð Þ�1 uU pð Þ þ t; 0ð Þð Þ
� �

� u1 pð Þ
t

¼ lim
t!0

u1 qð Þ � u1 pð Þ
t

where q � ðuUÞ�1ðuUðpÞ þ ðt; 0ÞÞ; that is,

u1 qð Þ; u2 qð Þ� � ¼ uU qð Þ ¼ uU pð Þ þ t; 0ð Þ ¼ u1 pð Þ; u2 pð Þ� �þ t; 0ð Þ
¼ u1 pð Þ þ t; u2 pð Þ� �

:

Hence, u1ðqÞ ¼ u1ðpÞ þ t: This shows that

D1 u1 � uUð Þ�1
� �� �

uU pð Þð Þ ¼ lim
t!0

u1 qð Þ � u1 pð Þ
t

¼ lim
t!0

u1 pð Þ þ tð Þ � u1 pð Þ
t

¼ 1:

Thus,

D1 u1 � uUð Þ�1
� �� �

uU pð Þð Þ ¼ 1:

64 2 Tangent Spaces



Next

D2 u1 � uUð Þ�1
� �� �

uU pð Þð Þ

¼ D2 u1 � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �
¼ lim

t!0

u1 � uUð Þ�1
� �

u1 pð Þ; u2 pð Þ þ tð Þ � u1 � uUð Þ�1
� �

u1 pð Þ; u2 pð Þð Þ
t

¼ lim
t!0

u1 � uUð Þ�1
� �

u1 pð Þ; u2 pð Þð Þ þ 0; tð Þð Þ � u1 � uUð Þ�1
� �

u1 pð Þ; u2 pð Þð Þ
t

¼ lim
t!0

u1 � uUð Þ�1
� �

uU pð Þ þ 0; tð Þð Þ � u1 � uUð Þ�1
� �

uU pð Þð Þ
t

¼ lim
t!0

u1 � uUð Þ�1
� �

uU pð Þ þ 0; tð Þð Þ � u1 pð Þ
t

¼ lim
t!0

u1 uUð Þ�1 uU pð Þ þ 0; tð Þð Þ
� �

� u1 pð Þ
t

¼ lim
t!0

u1 qð Þ � u1 pð Þ
t

where q � ðuUÞ�1ðuUðpÞ þ ð0; tÞÞ; that is,

u1 qð Þ; u2 qð Þ� � ¼ uU qð Þ ¼ uU pð Þ þ 0; tð Þ ¼ u1 pð Þ; u2 pð Þ� �þ 0; tð Þ
¼ u1 pð Þ; u2 pð Þ þ t
� �

:

Hence, u1ðqÞ ¼ u1ðpÞ: This shows that

D2 u1 � uUð Þ�1
� �� �

uU pð Þð Þ ¼ lim
t!0

u1 pð Þ � u1 pð Þ
t

¼ 0:

Thus,

D2 u1 � uUð Þ�1
� �� �

uU pð Þð Þ ¼ 0:

Similarly, ðD2ðu2 � ðuUÞ�1ÞÞðuUðpÞÞ ¼ 1; and ðD1ðu2 � ðuUÞ�1ÞÞðuUðpÞÞ ¼ 0:

Definition Let M be a 2-dimensional smooth manifold. Let p be an element of M:

Let ðU;uUÞ be any admissible coordinate chart of M satisfying p 2 U: Let u1; u2 be
the component functions of uU : The function o

ou1jp : F pðMÞ ! R is defined as
follows: For every ½f � in F pðMÞ;
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o
ou1






p

 !
f½ � � D1 f � uUð Þ�1

� �� �
uU pð Þð Þ:

The function o
ou2jp : F pðMÞ ! R is defined as follows: For every ½f � in F pðMÞ;

o
ou2






p

 !
f½ � � D2 f � uUð Þ�1

� �� �
uU pð Þð Þ:

From the Note 2.32,

o
oui






p

 !
u j
� � ¼ 1 if i ¼ j

0 if i 6¼ j:




Note 2.33 We shall prove that o
ou1jp is in DpðMÞ: For this purpose, we must prove

1. ð o
ou1jpÞð½f � þ ½f1�Þ ¼ ð o

ou1jpÞ½f � þ ð o
ou1jpÞ½f1� for every ½f �; ½f1� in F pðMÞ where f ; f1

are in C1
p ðMÞ;

2. ð o
ou1jpÞðt½f �Þ ¼ tðð o

ou1jpÞ½f �Þ for every ½f � in F pðMÞ where f is in C1
p ðMÞ; and for

every real t;
3. ð o

ou1jpÞð½f �½f1�Þ ¼ ðð o
ou1jpÞ½f �Þðf1ðpÞÞ þ ðf ðpÞÞðð o

ou1jpÞ½f1�Þ; for every ½f �; ½f1� in
F pðMÞ where f ; f1 are in C1

p ðMÞ

For 1: LHS ¼ o
ou1






p

 !
f½ � þ f1½ �ð Þ ¼ o

ou1






p

 !
f þ f1½ �ð Þ ¼ D1 f þ f1ð Þ � uUð Þ�1

� �� �
uU pð Þð Þ

¼ D1 f � uUð Þ�1
� �

þ f1 � uUð Þ�1
� �� �� �

uU pð Þð Þ ¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ

þ D1 f1 � uUð Þ�1
� �� �

uU pð Þð Þ ¼ o
ou1






p

 !
f½ � þ o

ou1






p

 !
f1½ � ¼ RHS:

For 2: LHS ¼ o
ou1






p

 !
t f½ �ð Þ ¼ D1 tfð Þ � uUð Þ�1

� �� �
uU pð Þð Þ ¼ D1 t f � uUð Þ�1

� �� �� �
uU pð Þð Þ

¼ t D1 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

¼ t
o
ou1






p

 !
f½ �

 !
¼ RHS:

For 3: LHS ¼ o
ou1






p

 !
f½ � f1½ �ð Þ ¼ o

ou1






p

 !
f � f1½ �ð Þ ¼ D1 f � f1ð Þ � uUð Þ�1

� �� �
uU pð Þð Þ

¼ D1 f � uUð Þ�1
� �

� f1 � uUð Þ�1
� �� �� �� �

uU pð Þð Þ

¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

f1 � uUð Þ�1
� �

uU pð Þð Þ
� �

þ f � uUð Þ�1
� �

uU pð Þð Þ
� �

D1 f1 � uUð Þ�1
� �� �

uU pð Þð Þ
� �

¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

f1 pð Þð Þ þ f pð Þð Þ D1 f1 � uUð Þ�1
� �� �

uU pð Þð Þ
� �

¼ o
ou1






p

 !
f½ �

 !
f1 pð Þð Þ þ f pð Þð Þ o

ou1






p

 !
f1½ �

 !
¼ RHS:
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This proves that o
ou1jp is in DpðMÞ: Similarly, o

ou2jp is in DpðMÞ:
Note 2.34 We shall prove that o

ou1jp; o
ou2jp are linearly independent. For this purpose,

let t1ð o
ou1jpÞ þ t2ð o

ou2jpÞ ¼ 0: We have to show that t1 ¼ t2 ¼ 0: Since t1ð o
ou1jpÞ þ

t2ð o
ou2jpÞ ¼ 0; so

0 ¼ 0 u1
� � ¼ t1

o
ou1






p

 !
þ t2

o
ou2






p

 ! !
u1
� � ¼ t1

o
ou1






p

 !
u1
� � !

þ t2
o
ou2






p

 !
u1
� � !

¼ t1 1ð Þ þ t2 0ð Þ ¼ t1:

Thus, t1 ¼ 0: Similarly, t2 ¼ 0: Thus, we have shown that o
ou1jp; o

ou2jp are linearly
independent.

Lemma 2.35 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: Let ðU;uUÞ be any admissible coordinate chart of M satisfying p 2 U: Let us
define functions

u1 : U ! R; u2 : U ! R

as follows: For every x in U;

uU xð Þ � u1 xð Þ; u2 xð Þ� �
:

If uUðpÞ ¼ ð0; 0Þ, then f o
ou1jp; o

ou2jpg is a basis of the real linear space DpðMÞ:
Proof From the above discussion, it remains to be proved that f o

ou1jp; o
ou2jpg gen-

erates the whole space DpðMÞ: For this purpose, let us take any D in DpðMÞ: We
have to find real numbers t1; t2 such that D ¼ t1ð o

ou1jpÞ þ t2ð o
ou2jpÞ; that is, for every

½f � in F pðMÞ where f is in C1
p ðMÞ; we have

D f½ � ¼ t1
o
ou1






p

 !
þ t2

o
ou2






p

 ! !
f½ �:

Let us take any ½f � in F pðMÞ where f is in C1
p ðMÞ: It suffices to prove that

D f½ � ¼ D u1
� �� � o

ou1






p

 !
þ D u2

� �� � o
ou2






p

 ! !
f½ �;

that is,

D f½ � ¼ D u1
� �� � o

ou1






p

 !
f½ �

 !
þ D u2

� �� � o
ou2






p

 !
f½ �

 !
:

Let us note that for every uUðqÞð¼ ðu1ðqÞ; u2ðqÞÞÞ in uUðUÞ; where q is in U;
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f qð Þ � f pð Þ ¼ f qð Þ � f uUð Þ�1 0; 0ð Þ
� �

¼ f uUð Þ�1 u1 qð Þ; u2 qð Þ� �� �
� f uUð Þ�1 0; 0ð Þ
� �

¼ f � uUð Þ�1
� �

u1 qð Þ; u2 qð Þ� �� f � uUð Þ�1
� �

0; 0ð Þ

¼ f � uUð Þ�1
� �

u1 qð Þ� �
t; u2 qð Þ� �

t
� �� �


t¼1

t¼0

¼
Z1
0

d
dt

f � uUð Þ�1
� �

u1 qð Þ� �
t; u2 qð Þ� �

t
� �� �

dt

¼
Z1
0

D1 f � uUð Þ�1
� �� �

u1 qð Þ� �
t; u2 qð Þ� �

t
� �� � d

dt
u1 qð Þ� �

t
� �� ��

þ D2 f � uUð Þ�1
� �� �

u1 qð Þ� �
t; u2 qð Þ� �

t
� �� � d

dt
u2 qð Þ� �

t
� �� ��

dt

¼
Z1
0

D1 f � uUð Þ�1
� �� �

u1 qð Þ� �
t; u2 qð Þ� �

t
� �� �

u1 qð Þ� ��
þ D2 f � uUð Þ�1

� �� �
u1 qð Þ� �

t; u2 qð Þ� �
t

� �� �
u2 qð Þ� ��

dt

¼ u1 qð Þ� � Z1
0

D1 f � uUð Þ�1
� �� �

u1 qð Þ� �
t; u2 qð Þ� �

t
� �� �

dt

þ u2 qð Þ� � Z1
0

D2 f � uUð Þ�1
� �� �

u1 qð Þ� �
t; u2 qð Þ� �

t
� �� �

dt

¼ u1 qð Þ� � Z1
0

D1 f � uUð Þ�1
� �� �

t u1 qð Þ; u2 qð Þ� �� �� �
dt

þ u2 qð Þ� � Z1
0

D2 f � uUð Þ�1
� �� �

t u1 qð Þ; u2 qð Þ� �� �� �
dt

¼ u1 qð Þ� � Z1
0

D1 f � uUð Þ�1
� �� �

t uU qð Þð Þð Þ
� �

dt

þ u2 qð Þ� � Z1
0

D2 f � uUð Þ�1
� �� �

t uU qð Þð Þð Þ
� �

dt

¼ u1 qð Þ� � Z1
0

o
ou1






uUð Þ�1 t uU qð Þð Þð Þ

 !
f½ �

 !
dt

þ u2 qð Þ� � Z1
0

o
ou2






uUð Þ�1 t uU qð Þð Þð Þ

 !
f½ �

 !
dt

¼ u1 qð Þ� �
g1 qð Þð Þ þ u2 qð Þ� �

g2 qð Þð Þ;
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where

g1 qð Þ �
Z1
0

o
ou1






uUð Þ�1 t uU qð Þð Þð Þ

 !
f½ �

 !
dt;

and

g2 qð Þ �
Z1
0

o
ou2






uUð Þ�1 t uU qð Þð Þð Þ

 !
f½ �

 !
dt

for every q in U: Hence,

f qð Þ ¼ u1 qð Þ� �
g1 qð Þð Þ þ u2 qð Þ� �

g2 qð Þð Þ þ f pð Þ ¼ u1g1
� �

qð Þ þ u2g2
� �

qð Þ þ f pð Þ
¼ u1g1 þ u2g2 þ f pð Þ� �

qð Þ

for every q in U: So

f ¼ u1g1 þ u2g2 þ f pð Þ:

Next

D f½ � ¼ D f pð Þ þ u1g1 þ u2g2
� � ¼ D f pð Þ½ � þ D u1g1

� �þ D u2g2
� �

¼ 0þ D u1g1
� �þ D u2g2

� � ¼ D u1g1
� �þ D u2g2

� �
¼ D u1

� �� �
g1 pð Þð Þ þ u1 pð Þ� �

D g1½ �ð Þ� �þ D u2
� �� �

g2 pð Þð Þ þ u2 pð Þ� �
D g2½ �ð Þ� �

¼ D u1
� �� �

g1 pð Þð Þ þ 0ð Þ D g1½ �ð Þ� �þ D u2
� �� �

g2 pð Þð Þ þ 0ð Þ D g2½ �ð Þ� �
¼ D u1

� �� �
g1 pð Þð Þ þ D u2

� �� �
g2 pð Þð Þ

¼ D u1
� �� � Z1

0

o
ou1






uUð Þ�1 t uU pð Þð Þð Þ

 !
f½ �

 !
dt

0@ 1A
þ D u2

� �� � Z1
0

o
ou2






uUð Þ�1 t uU pð Þð Þð Þ

 !
f½ �

 !
dt

0@ 1A
¼ D u1

� �� � Z1
0

o
ou1






uUð Þ�1 t 0;0ð Þð Þ

 !
f½ �

 !
dt

0@ 1A
þ D u2

� �� � Z1
0

o
ou2






uUð Þ�1 t 0;0ð Þð Þ

 !
f½ �

 !
dt

0@ 1A
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¼ D u1
� �� � Z1

0

o
ou1






uUð Þ�1 0;0ð Þ

 !
f½ �

 !
dt

0@ 1A
þ D u2

� �� � Z1
0

o
ou2






uUð Þ�1 0;0ð Þ

 !
f½ �

 !
dt

0@ 1A
¼ D u1

� �� � Z1
0

o
ou1






p

 !
f½ �

 !
dt

0@ 1Aþ D u2
� �� � Z1

0

o
ou2






p

 !
f½ �

 !
dt

0@ 1A
¼ D u1

� �� � o
ou1






p

 !
f½ �

 !Z1
0

1dt

0@ 1Aþ D u2
� �� � o

ou2






p

 !
f½ �

 !Z1
0

1dt

0@ 1A
¼ D u1

� �� � o
ou1






p

 !
f½ �

 !
1þ D u2

� �� � o
ou2






p

 !
f½ �

 !
1

¼ D u1
� �� � o

ou1






p

 !
f½ �

 !
þ D u2

� �� � o
ou2






p

 !
f½ �

 !
¼ RHS:

h

Lemma 2.36 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: Then, DpðMÞ is a 2-dimensional real linear space.

Proof Since M is a 2-dimensional smooth manifold, and p is in M; there exists an
admissible coordinate chart ðU;uUÞ of M satisfying p 2 U: Here, we can find
admissible coordinate chart ðU;wUÞ of M satisfying wUðxÞ ¼ uUðxÞ � uUðpÞ for
every x in U: Hence, wUðpÞ ¼ 0: Let us define functions

u1 : U ! R; u2 : U ! R

as follows: For every x in U;

u1 xð Þ; u2 xð Þ� � � wU xð Þ:

Then, by Lemma 2.35, f o
ou1jp; o

ou2jpg is a basis of the real linear space DpðMÞ:
Hence, the dimension of DpðMÞ is 2: h

As above, we can prove the following

Lemma 2.37 Let M be an m-dimensional smooth manifold. Let p be an element of
M: Then, DpðMÞ is an m-dimensional real linear space. Also, if ðU;uUÞ is any
admissible coordinate chart of M satisfying p 2 U; then f o

ou1jp; . . .; o
oumjpg is a basis

of DpðMÞ; where u1; . . .; um are the component functions of uU :

h
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Theorem 2.38 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Put

Hp Mð Þ � f½ � : f½ � 2 F p Mð Þ; and �c; f½ �
 ¼ 0 for every c in Cp Mð Þ� 	
:

Then, HpðMÞ is a linear subspace of the real linear space F pðMÞ: In short, we
say that Hp is a linear subspace of F p:

Proof Let us try to prove that HpðMÞ is nonempty. Let us recall that ½0� 2 F pðMÞ;
where 0 denotes the constant function zero defined on M: Since, for every c in
CpðMÞ,

�c; 0½ �
 ¼ lim
t!0

0 c t þ 0ð Þð Þ � 0 c 0ð Þð Þ
t

¼ lim
t!0

0� 0
t

¼ lim
t!0

0 ¼ 0;

by the definition of HpðMÞ; ½0� 2 HpðMÞ: Hence, HpðMÞ is nonempty.
Now, it remains to be proved that

1. If ½f � 2 HpðMÞ; ½g� 2 HpðMÞ; then ½f � þ ½g� 2 HpðMÞ;
2. For every real a; and for every ½f � 2 HpðMÞ; a½f � 2 HpðMÞ:

For 1: Let ½f � 2 HpðMÞ; ½g� 2 HpðMÞ: Since ½f � 2 HpðMÞ; ½g� 2 HpðMÞ; and
HpðMÞ is contained in F pðMÞ; ½f � 2 F pðMÞ; ½g� 2 F pðMÞ: Since ½f � 2
F pðMÞ; ½g� 2 F pðMÞ; and by Theorem 2.23, F pðMÞ is a real linear space,
½f � þ ½g� 2 F pðMÞ:
Now, let us take any c in CpðMÞ. Since ½f � 2 HpðMÞ; by the definition of
HpðMÞ; �c; ½f �
 ¼ 0: Similarly, �c; ½g�
 ¼ 0: Now, by Theorem 2.26,

�c; f½ � þ g½ �
 ¼ �c; f½ �
 þ�c; g½ �
 ¼ 0þ 0 ¼ 0:

So, by the definition of HpðMÞ; ½f � þ ½g� 2 HpðMÞ: This proves 1.
For 2: Let a be any real number, and let ½f � 2 HpðMÞ: Since ½f � 2 HpðMÞ; and
HpðMÞ is contained in F pðMÞ; ½f � 2 F pðMÞ: Since a is a real number,
½f � 2 F pðMÞ;and by Theorem 2.23, F pðMÞ is a real linear space, a½f � 2 F pðMÞ:
Now, let us take any c in CpðMÞ. Since ½f � 2 HpðMÞ; by the definition of
HpðMÞ; �c; ½f �
 ¼ 0: Now, by Theorem 2.26,

�c; a f½ �
 ¼ a�c; f½ �
 ¼ a 0ð Þ ¼ 0:

So, by the definition of HpðMÞ; a½f � 2 HpðMÞ: This proves 2. Hence, HpðMÞ is
a linear subspace of the real linear space F pðMÞ: h
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2.5 Cotangent Spaces

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
The set

f½ � : f½ � 2 F p Mð Þ; and �c; f½ �
 ¼ 0 for every c in Cp Mð Þ� 	
is denoted by HpðMÞ (or, simply HpÞ: From Theorem 2.38, Hp is a linear subspace

of the real linear space F p: So it is meaningful to write the quotient space F p

Hp
: We

know that

F p

Hp
� f½ � þ Hp : f½ � 2 F p
� 	

:

Here, vector addition, and scalar multiplication over F p

Hp
are defined as follows:

For every ½f �; ½g� 2 F p; and for every real t;

f½ � þ Hp
� �þ g½ � þ Hp

� � � f½ � þ g½ �ð Þ þ Hp ¼ f þ g½ � þ Hp;

t f½ � þ Hp
� � � t f½ �ð Þ þ Hp ¼ tf½ � þ Hp:

The quotient space F p

Hp
is denoted by T	

p ðMÞ (or, simply T	
p ) and is called the

cotangent space of M at p: Since F p

Hp
is a real linear space, the cotangent space T	

p of

M at p is a real linear space. Intuitively, in T	
p , we will not distinguish between ½f �

and ½g� whenever ½f � � ½g� is in Hp:

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:

Let ½f � 2 F p: ½f � þ Hp is denoted by ½~f � ðor; ½f �� Þ or ðdf Þp; and is called the
cotangent vector on M at p determined by the term ½f �: Thus, we can write

T	
p ¼ ½~f � : f½ � 2 F p

� 	
or,

T	
p ¼ dfð Þp: f½ � 2 F p

n o
:

From the above discussion, we get the following formulae:

f½ ��þ g½ ��¼ f þ g½ ��
t f½ � �¼ tf½ ��



or,
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dfð Þpþ dgð Þp¼ d f þ gð Þð Þp
t dfð Þp
� �

¼ d tfð Þð Þp:

(

Theorem 2.39 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let ½f � be in F pðMÞ where f is in C1

p ðMÞ: Let ðU;uUÞ be an admissible
coordinate chart of M satisfying p 2 U: Then, ½f � 2 HpðMÞ if and only if

D1 f � uUð Þ�1
� �� �

uU pð Þð Þ ¼ D2 f � uUð Þ�1
� �� �

uU pð Þð Þ ¼ � � �
¼ Dm f � uUð Þ�1

� �� �
uU pð Þð Þ ¼ 0:

In other words, ½f � 2 HpðMÞ if and only if ð o
ou1jpÞ½f � ¼ ð o

ou2jpÞ½f � ¼ � � � ¼
ð o
oumjpÞ½f � ¼ 0:

Proof (if part): Let

D1 f � uUð Þ�1
� �� �

uU pð Þð Þ ¼ � � � ¼ Dm f � uUð Þ�1
� �� �

uU pð Þð Þ ¼ 0:

We have to show that ½f � 2 HpðMÞ; that is, �c; ½f �
 ¼ 0 for every c in CpðMÞ.
For this purpose, let us take any c in CpðMÞ. Since �c; ½f �
 ¼ dðf � cÞðtÞ

dt
jt¼0; we

must prove that

d f � cð Þ tð Þ
dt






t¼0

¼ 0:

Since c is in CpðMÞ, by the definition of CpðMÞ; c is a parametrized curve in M
through p; and hence, there exists a real number d[ 0 such that c is defined on the
open interval ð�d; dÞ; cð0Þ ¼ p; and c is a smooth map from ð�d; dÞ to M: As in
the proof of Theorem 2.24, we can show that 0 is an interior point of the domain of
the mapping uU � c: Since 0 is an interior point of the domain of the mapping
uU � c; there exists e[ 0 such that e\d; and each of the m component functions of
the mapping

uU � cð Þ : �e; eð Þ ! R
m

is C1 at 0 in ð�e; eÞ; and hence, each of the m functions F1 : ð�e; eÞ ! R; . . .;Fm :
ð�e; eÞ ! R is C1 at 0 in ð�e; eÞ where

F1 tð Þ; . . .;Fm tð Þð Þ � uU � cð Þ tð Þ

for every t in ð�e; eÞ: Since f is in C1
p ðMÞ, by the definition of C1

p ðMÞ; dom f is an
open neighborhood of p in M; and
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f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point uUðpÞ ð¼ uUðcð0ÞÞ ¼ ðuU � cÞð0ÞÞ in R
m; and hence, the partial

derivatives ðD1ðf � ðuUÞ�1ÞÞððuU � cÞð0ÞÞ; . . .; ðDmðf � ðuUÞ�1ÞÞððuU � cÞð0ÞÞ
exist. Now,

LHS ¼ d f � cð Þ tð Þ
dt






t¼0

¼
d f � uUð Þ�1
� �

� uU � cð Þ
� �

tð Þ
dt








t¼0

¼ D1 f � uUð Þ�1
� �� �

uU � cð Þ 0ð Þð Þ . . . Dm f � uUð Þ�1
� �� �

uU � cð Þ 0ð Þð Þ
h i dF1 tð Þ

dt

..

.

dFm tð Þ
dt

2666664

3777775
t¼0

¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ . . . Dm f � uUð Þ�1
� �� �

uU pð Þð Þ
h i dF1 tð Þ

dt

..

.

dFm tð Þ
dt

2666664

3777775
t¼0

¼ 0 . . . 0½ �

dF1 tð Þ
dt

..

.

dFm tð Þ
dt

2666664

3777775
t¼0

¼ 0 � dF1 tð Þ
dt

� �
þ . . .þ 0 � dFm tð Þ

dt

� �� �
t¼0

¼ 0 ¼ RHS:

h

Proof (only if part): Let ½f � 2 HpðMÞ: We have to show that

D1 f � uUð Þ�1
� �� �

uU pð Þð Þ ¼ � � � ¼ Dm f � uUð Þ�1
� �� �

uU pð Þð Þ ¼ 0:

If not, otherwise, let ðD1ðf � ðuUÞ�1ÞÞðuUðpÞÞ (for simplicity) be nonzero. We
have to arrive at a contradiction. Let us define a function c1 : ð�1; 1Þ ! R

m as
follows: For every t in the open interval ð�1; 1Þ;

c1 tð Þ � t; 0; . . .; 0ð Þ þ uU pð Þ:

Put

c � uUð Þ�1� c1:

We shall try to prove that

1. cð0Þ ¼ p;
2. 0 is an interior point of the domain of c;
3. c is a smooth map from ð�d; dÞ to M for some d[ 0:
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For 1: Here,

LHS ¼ c 0ð Þ ¼ uUð Þ�1� c1
� �

0ð Þ ¼ uUð Þ�1 c1 0ð Þð Þ ¼ uUð Þ�1 0; 0; . . .; 0ð Þ þ uU pð Þð Þ
¼ uUð Þ�1 uU pð Þð Þ ¼ p ¼ RHS:

This proves 1.
For 2: By the definition of c1; the function c1 : ð�1; 1Þ ! R

m is continuous.
Since c1 : ð�1; 1Þ ! R

m is continuous, and 0 is in the open interval ð�1; 1Þ; c1
is continuous at 0.

Since ðU;uUÞ is a coordinate chart of M; ðuUÞ�1 : uUðUÞ ! U is a 1–1; onto,
continuous function, and uUðUÞ is an open subset of Rm: Since p 2 U; uUðpÞ 2
uUðUÞ: Since c1ð0Þ ¼ ð0; 0; . . .; 0Þ þ uUðpÞ ¼ uUðpÞ 2 uUðUÞ; and ðuUÞ�1 :

uUðUÞ ! U is continuous, ðuUÞ�1 : uUðUÞ ! U is continuous at the point
c1ð0Þ: Since c1ð0Þ 2 uUðUÞ; and uUðUÞ is an open subset of Rm; uUðUÞ is an
open neighborhood of c1ð0Þ: Since c1 : ð�1; 1Þ ! R

m is continuous, uUðUÞ is an
open neighborhood of c1ð0Þ; there exists d[ 0 such that d\1 and, for every t in
ð�d; dÞ we have c1ðtÞ 2 uUðUÞ; and hence, cðtÞ ¼ ððuUÞ�1 � c1ÞðtÞ ¼
ðuUÞ�1ðc1ðtÞÞ 2 U: Since cðtÞ 2 U for every t in ð�d; dÞ; it follows that ð�d; dÞ is
a subset of the domðcÞ: Hence, 0 is an interior point of the domain of the function
c: This proves 2.
For 3: In 2, we have seen that c is defined over ð�d; dÞ: Now, it remains to be
proved that c is a smooth map from ð�d; dÞ toM; that is, c is C1 at every point t
in ð�d; dÞ:
Here, c is defined over ð�d; dÞ; so cðtÞ is meaningful for every t in ð�d; dÞ:

Since cðtÞ is meaningful for every t in ð�d; dÞ; and

c tð Þ ¼ uUð Þ�1� c1
� �

tð Þ ¼ uUð Þ�1 c1 tð Þð Þ ¼ uUð Þ�1 t; 0; . . .; 0ð Þ þ uU pð Þð Þ;

ðuUÞ�1ððt; 0; . . .; 0Þ þ uUðpÞÞ is meaningful for every t in ð�d; dÞ: Since ðU;uUÞ
is a coordinate chart of M; ðuUÞ�1 : uUðUÞ ! U: Since ðuUÞ�1 : uUðUÞ ! U;

and ðuUÞ�1ððt; 0; . . .; 0Þ þ uUðpÞÞ is meaningful for every t in ð�d; dÞ;
ðuUÞ�1ððt; 0; . . .; 0Þ þ uUðpÞÞ is in U for every t in ð�d; dÞ: Since
ðuUÞ�1ððt; 0; . . .; 0Þ þ uUðpÞÞ is in U for every t in ð�d; dÞ; and cðtÞ ¼
ðuUÞ�1ððt; 0; . . .; 0Þ þ uUðpÞÞ; cðtÞ is in U for every t in ð�d; dÞ: Thus, c maps
ð�d; dÞ to U:

Now, it remains to be proved that c is a smooth map from ð�d; dÞ to M; that is, c
is C1 at every point t in ð�d; dÞ: For this purpose, let us fix any t in ð�d; dÞ: From
the definition of c1; c1 is C1 at t: Since t is in ð�d; dÞ; and c maps ð�d; dÞ to U;

cðtÞ is in U: Since c1 is C
1 at t; c ¼ ðuUÞ�1 � c1; c maps ð�d; dÞ to U; and t is in

ð�d; dÞ; uU � c is C1 at t: Since uU � c is C1 at t; and ðU;uUÞ is an admissible
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coordinate chart of M satisfying cðtÞ 2 U, by Theorem 2.2, c is C1 at t in ð�d; dÞ:
This proves 3.

From 1, 2, and 3, we find that c is a parametrized curve in M through p; that is,
c is in CpðMÞ: Since ½f � 2 HpðMÞ; and c is in CpðMÞ, by the definition of HpðMÞ;
�c; ½f �
 ¼ 0: Put

uU pð Þ � a1; . . .; amð Þ:

Next, let us define m functions F1 : ð�d; dÞ ! R; . . .; Fm : ð�d; dÞ ! R such
that for every t in ð�d; dÞ;

F1 tð Þ; . . .;Fm tð Þð Þ � uU � cð Þ tð Þ ¼ c1 tð Þ ¼ t; 0; . . .; 0ð Þ þ uU pð Þ
¼ t; 0; . . .; 0ð Þ þ a1; . . .; amð Þ ¼ t þ a1; a2; . . .; amð Þ:

Hence,

0 ¼ �c; f½ �
 ¼ d f � cð Þ tð Þ
dt






t¼0

¼
d f � uUð Þ�1
� �

� uU � cð Þ
� �

tð Þ
dt








t¼0

¼ D1 f � uUð Þ�1
� �� �

uU � cð Þ 0ð Þð Þ � � � Dm f � uUð Þ�1
� �� �

uU � cð Þ 0ð Þð Þ
h i

d t þ a1ð Þ
dt

d a2ð Þ
dt

..

.

d amð Þ
dt

26666666664

37777777775
t¼0

¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ � � � Dm f � uUð Þ�1
� �� �

uU pð Þð Þ
h i 1

0

..

.

0

26664
37775
t¼0

¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ � 1þ 0þ � � � þ 0 ¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ 6¼ 0;

which is a contradiction. h

Theorem 2.40 Let M be a m-dimensional smooth manifold. Let p be an element of
M: Let f 1; f 2 2 C1

p ðMÞ: Let G be an open neighborhood of ðf 1ðpÞ; f 2ðpÞÞ in R2: Let
F : G ! R be a smooth function. Then, there exists f in C1

p ðMÞ such that for every
x in dom f ;

f xð Þ ¼ F f 1 xð Þ; f 2 xð Þ� �
:
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Proof For this purpose, by the definition of C1
p ðMÞ; we must find a function f such

that

1. dom f is an open neighborhood of p in M;

2. f ðxÞ ¼ Fðf 1ðxÞ; f 2ðxÞÞ for every x in dom f ; and
3. for every admissible coordinate chart ðU;uUÞ of M satisfying p 2 U,

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R
m:

Since f 1 2 C1
p ðMÞ, by the definition of C1

p ðMÞ; f 1 is a real-valued function

whose domðf 1Þ is an open neighborhood of p in M: Similarly, f 2 is a real-valued
function whose domðf 2Þ is an open neighborhood of p in M: Since domðf 1Þ is an
open neighborhood of p in M; and domðf 2Þ is an open neighborhood of p in M;

their intersection domðf 1Þ \ domðf 2Þ is an open neighborhood of p in M: Put

V1 � dom f 1
� �\ dom f 2

� �
:

Let us define a function

g : V1 ! R
2

as follows: For every x in V1

g xð Þ � f 1 xð Þ; f 2 xð Þ� �
:

Since f 1 2 C1
p ðMÞ; f 1 is continuous at p: Similarly, f 2 is continuous at p: Since

f 1; f 2 are continuous at p; and gðxÞ ¼ ðf 1ðxÞ; f 2ðxÞÞ for every x in V1; g : V1 ! R
2

is continuous at p. Since g : V1 ! R
2 is continuous at p, and G is an open

neighborhood of ðf 1ðpÞ; f 2ðpÞÞð¼ gðpÞÞ in R
2; there exists an open neighborhood

Vð
 V1 ¼ domðf 1Þ \ domðf 2ÞÞ of p such that gðVÞ is contained in G. Since gðVÞ is
contained in G; and F : G ! R, for every x in V ; FðgðxÞÞð¼ Fðf 1ðxÞ; f 2ðxÞÞÞ is a
real number.

Now, let us define a function

f : V ! R

as follows: For every x in V ;

f xð Þ � F f 1 xð Þ; f 2 xð Þ� �
:

Clearly, the conditions 1 and 2 are satisfied.
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For 3, let us take an admissible coordinate chart ðU;uUÞ of M satisfying p 2 U.
We have to show that the function

f � uUð Þ�1
� �

: uU V \Uð Þ ! R

is C1 at the point uUðpÞ in R
m: Here, for every uUðxÞ in uUðV \UÞ; where x is in

V \U; we have

f � uUð Þ�1
� �

uU xð Þð Þ

¼ f � uUð Þ�1
� �

� uU

� �
xð Þ ¼ f � uUð Þ�1� uU

� �� �
xð Þ ¼ f xð Þ

¼ F f 1 xð Þ; f 2 xð Þ� � ¼ F f 1 uUð Þ�1� uU

� �
xð Þ

� �
; f 2 uUð Þ�1� uU

� �
xð Þ

� �� �
¼ F f 1 � uUð Þ�1� uU

� �� �
xð Þ

� �
; f 2 � uUð Þ�1� uU

� �� �
xð Þ

� �� �
¼ F f 1 � uUð Þ�1

� �
� uU

� �
xð Þ; f 2 � uUð Þ�1

� �
� uU

� �
xð Þ

� �
¼ F f 1 � uUð Þ�1

� �
uU xð Þð Þ; f 2 � uUð Þ�1

� �
uU xð Þð Þ

� �
:

Since f 1 2 C1
p ðMÞ; and ðU;uUÞ is an admissible coordinate chart ðU;uUÞ of M

satisfying p 2 U, by the definition of C1
p ðMÞ;

f 1 � uUð Þ�1
� �

: uU dom f 1
� �\U

� �! R

is C1 at the point uUðpÞ in R
m: Since ðdom f Þ \U ¼ V \U 
 domðf 1Þ

\ domðf 2Þ \U 
 domðf 1Þ \U; uUððdom f Þ \UÞ 
 uUððdomðf 1ÞÞ \UÞ: Since uU

ððdom f Þ \UÞ 
 uUððdomðf 1ÞÞ \UÞ; and ðf 1 � ðuUÞ�1Þ : uUðdomðf 1Þ \UÞ ! R

is C1 at the point uUðpÞ in R
m; the restriction of f 1 � ðuUÞ�1 to uUððdom f Þ \UÞ

is C1 at the point uUðpÞ in R
m: Therefore, for every x in dom fð Þ \ U;

uU xð Þ 7! f 1 � uUð Þ�1
� �

uU xð Þð Þ is C1 at the point uU pð Þ in Rm: Similarly, for every x

in dom fð Þ \ U; uU xð Þ 7! f 2 � uUð Þ�1
� �

uU xð Þð Þ is C1 at the point uU pð Þ in R
m:

It follows that, for every x in dom fð Þ \ U; uU xð Þ 7! f 1 � uUð Þ�1
� �

uU xð Þð Þ;
�

f 2 � uUð Þ�1
� �

uU xð Þð ÞÞ is C1 at the point uU pð Þ in R
m: Since, for every x in

ðdom f Þ \U; uUðxÞ 7! ððf 1 � ðuUÞ�1ÞðuUðxÞÞ; ðf 2 � ðuUÞ�1ÞðuUðxÞÞÞ is C1 at the
point uUðpÞ in R

m; G is an open neighborhood of ðf 1ðpÞ; f 2ðpÞÞ in R
2; and F :

G ! R is a smooth function, for every x in ðdom f Þ \Uð¼ V \UÞ; the function
uUðxÞ 7!Fððf 1 � ðuUÞ�1ÞðuUðxÞÞ; ðf 2� ðuUÞ�1ÞðuUðxÞÞÞð¼ ðf � ðuUÞ�1ÞðuUðxÞÞÞ
is C1 at the point uUðpÞ in R

m; and hence,
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f � uUð Þ�1
� �

: uU V \Uð Þ ! R

is C1 at the point uUðpÞ in R
m: This proves 3. h

Theorem 2.41 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let f 1; f 2 2 C1

p ðMÞ: Let G be an open neighborhood of ðf 1ðpÞ; f 2ðpÞÞ in R
2:

Let F : G ! R be a smooth function. Let f ; g be in C1
p ðMÞ such that for every x in

dom f ;

f xð Þ ¼ F f 1 xð Þ; f 2 xð Þ� �
and, for every x in dom g;

g xð Þ ¼ F f 1 xð Þ; f 2 xð Þ� �
:

Then, f � g:

Proof By Theorem 2.40, the existence of f ; g are guaranteed. Since f is in C1
p ðMÞ;

dom f is an open neighborhood of p in M: Similarly, dom g is an open neighbor-
hood of p in M: Since dom f is an open neighborhood of p in M; and dom g is an
open neighborhood of p in M; their intersection ðdom f Þ \ ðdom gÞ is an open
neighborhood of p in M: Next, let us take any x in ðdom f Þ \ðdom gÞ: It remains to
be showed that f ðxÞ ¼ gðxÞ: Since x is in ðdom f Þ \ðdom gÞ; x is in dom f : Since x is
indom f ; f ðxÞ ¼ Fðf 1ðxÞ; f 2ðxÞÞ: Similarly, gðxÞ ¼ Fðf 1ðxÞ; f 2ðxÞÞ: Since f ðxÞ ¼
Fðf 1ðxÞ; f 2ðxÞÞ and gðxÞ ¼ Fðf 1ðxÞ; f 2ðxÞÞ; f ðxÞ ¼ gðxÞ: h

Theorem 2.42 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let f 1; f 2 2 C1

p ðMÞ: Let G be an open neighborhood of ðf 1ðpÞ; f 2ðpÞÞ in R
2:

Let F : G ! R be a smooth function. Then, there exists a unique ½f � in F pðMÞ;
where f is in C1

p ðMÞ; such that for every x in dom f ;

f xð Þ ¼ F f 1 xð Þ; f 2 xð Þ� �
:

Also

f½ ��¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1
� ��þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� ��

:

Proof Existence: By Theorem 2.40, there exists f in C1
p ðMÞ such that for every x

in dom f ;

f xð Þ ¼ F f 1 xð Þ; f 2 xð Þ� �
:
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Further, since f is in C1
p ðMÞ; the C1-germ ½f � is in F pðMÞ: This proves the

existence part of the theorem.
Uniqueness: For this purpose, let ½f �; ½g� be in F pðMÞ; where f ; g are in C1

p ðMÞ;
such that for every x in dom f ;

f xð Þ ¼ F f 1 xð Þ; f 2 xð Þ� �
and, for every x in dom g;

g xð Þ ¼ F f 1 xð Þ; f 2 xð Þ� �
:

We have to prove that ½f � ¼ ½g�:
By Theorem 2.41, f � g: Since f ; g are in C1

p ðMÞ; f � g; and � is an equiva-
lence relation over C1

p ðMÞ; the equivalence class ½f � determined by f , and the
equivalence class ½g� determined by g are equal, that is, ½f � ¼ ½g�: This proves the
uniqueness part of the theorem. h

Since ½f � 2 F pðMÞ; the cotangent vector ½f �� ðthat is; ½f � þ HpÞ on M at p

determined by the germ ½f � is a member of the quotient space F p

Hp
ðthat is;

the cotangent space T	
p ðMÞ ofM at pÞ:

Next, since f 1 2 C1
p ðMÞ; the equivalence class ½f 1� determined by f 1 is a

member of F pðMÞ; and hence, the cotangent vector ½f 1�� on M at p determined by

the term ½f 1� is a member of the quotient space F p

Hp
: Similarly, the cotangent vector

½f 2�� onM at p determined by the term ½f 2� is a member of the quotient space F p

Hp
:

Since ½f 1�� ; ½f 2�� are in F p

Hp
; and F p

Hp
is a real linear space, the linear combination

ððD1FÞðf 1ðpÞ; f 2ðpÞÞÞ½f 1�� þ ððD2FÞðf 1ðpÞ; f 2ðpÞÞÞ½f 2�� of ½f 1�� ; ½f 2�� is in F p

Hp
:

Finally, we have to show that

f½ ��¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1
� ��þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� ��

:

Since

D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1
� ��þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� ��

¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1

� ��þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 2

� ��
¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 1 þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 2

� ��
we have to show that

f½ � �¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1 þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� ��

;
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that is,

f þHp ¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1 þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� �þHp;

that is,

D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1 þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� �� f 2 Hp;

that is, for every c in CpðMÞ,

�c; D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1 þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� �� f
� �
 ¼ 0;

that is, for every c in CpðMÞ,

�c; D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
f 1
� �þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �

f 2
� �� f½ �
 ¼ 0;

that is, for every c in CpðMÞ,

D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 1
� �
þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 2

� �

��c; f½ �
 ¼ 0;

that is, for every c in CpðMÞ,

D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 1
� �
þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 2

� �

¼ �c; f½ �
:

For this purpose, let us take any c in CpðMÞ. Since c is in CpðMÞ; there exists a
real number d[ 0 such that c is defined on the open interval ð�d; dÞ; and cð0Þ ¼ p:
We have to prove that

D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 1
� �
þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 2

� �

¼ �c; f½ �
:

LHS ¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 1
� �
þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� ��c; f 2

� �

¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �d f 1 � cð Þ tð Þ

dt






t¼0

þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �d f 2 � cð Þ tð Þ
dt






t¼0

¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �d f 1 c tð Þð Þð Þ
dt






t¼0

þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �d f 2 c tð Þð Þð Þ
dt






t¼0

:

RHS ¼ �c; f½ �
 ¼ d f � cð Þ tð Þ
dt






t¼0

¼ d f c tð Þð Þð Þ
dt






t¼0

¼ d F f 1 c tð Þð Þ; f 2 c tð Þð Þð Þð Þ
dt






t¼0

¼ d F f 1 � cð Þ tð Þ; f 2 � cð Þ tð Þð Þð Þ
dt






t¼0
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¼ D1Fð Þ f 1 � c� �
0ð Þ; f 2 � c� �

0ð Þ� �� �d f 1 � cð Þ tð Þ
dt






t¼0

þ D2Fð Þ f 1 � c� �
0ð Þ; f 2 � c� �

0ð Þ� �� �d f 2 � cð Þ tð Þ
dt






t¼0

¼ D1Fð Þ f 1 c 0ð Þð Þ; f 2 c 0ð Þð Þ� �� �d f 1 c tð Þð Þð Þ
dt






t¼0

þ D2Fð Þ f 1 c 0ð Þð Þ; f 2 c 0ð Þð Þ� �� �d f 2 c tð Þð Þð Þ
dt






t¼0

¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �d f 1 c tð Þð Þð Þ
dt






t¼0

þ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �d f 2 c tð Þð Þð Þ
dt






t¼0

:

Hence, LHS = RHS. h

Note 2.43 Since ½f �� is also denoted by ðdf Þp; the formula in Theorem 2.17 can be
written as:

dfð Þp¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
df 1
� �

pþ D2Fð Þ f 1 pð Þ; f 2 pð Þ� �� �
df 2
� �

p:

Since ðD1FÞðf 1ðpÞ; f 2ðpÞÞ is classically written as oF
ox1 ðf 1ðpÞ; f 2ðpÞÞ; etc., we can

write:

dF f 1; f 2
� �� �

p¼ dfð Þp¼
oF
ox1

f 1 pð Þ; f 2 pð Þ� �� �
df 1
� �

pþ
oF
ox1

f 1 pð Þ; f 2 pð Þ� �� �
df 2
� �

p:

Note 2.44 Since the multiplication operation of real numbers is a smooth function
from R

2 to R, in Theorem 2.42, we can take multiplication operation in place of F:
So oF

ox1 ðf 1ðpÞ; f 2ðpÞÞ becomes f 2ðpÞ; and oF
ox2 ðf 1ðpÞ; f 2ðpÞÞ becomes f 1ðpÞ: Hence,

we get

d f 1 � f 2� �� �
p ¼ dfð Þp¼

oF
ox1

f 1 pð Þ; f 2 pð Þ� �� �
df 1
� �

pþ
oF
ox2

f 1 pð Þ; f 2 pð Þ� �� �
df 2
� �

p

¼ f 2 pð Þ� �
df 1
� �

pþ f 1 pð Þ� �
df 2
� �

p

or,

d f 1 � f 2� �� �
p¼ f 2 pð Þ� �

df 1
� �

pþ f 1 pð Þ� �
df 2
� �

p:

Similarly, for every f 1; f 2; f 3 in C1
p ðMÞ; we have

d f 1 � f 2 � f 3� �� �
p¼ f 2 pð Þ� �

f 3 pð Þ� �
df 1
� �

pþ f 3 pð Þ� �
f 1 pð Þ� �

df 2
� �

pþ f 1 pð Þ� �
f 2 pð Þ� �

df 3
� �

p;

etc. If we recollect our previous results, we get the following theorem.
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Theorem 2.45 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let f ; g 2 C1

p ðMÞ: Then,
1. ðdðf þ gÞÞp ¼ ðdf Þp þ ðdgÞp;
2. ðdðtf ÞÞp ¼ tððdf ÞpÞ; for every real t;
3. ðdðf � gÞÞp ¼ ðgðpÞÞðdf Þp þ ðf ðpÞÞðdgÞp:

Proof Proofs have already been supplied. h

Theorem 2.46 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let f 1; f 2; f 3 2 C1

p ðMÞ: Let G be an open neighborhood of

ðf 1ðpÞ; f 2ðpÞ; f 3ðpÞÞ in R
3: Let F : G ! R be a smooth function. Then, there exists

a unique ½f � in F pðMÞ; where f is in C1
p ðMÞ; such that for every x in dom f ;

f xð Þ ¼ F f 1 xð Þ; f 2 xð Þ; f 3 xð Þ� �
:

Also

f½ �� ¼ D1Fð Þ f 1 pð Þ; f 2 pð Þ; f 3 pð Þ� �� �
f 1
� ��þ D2Fð Þ f 1 pð Þ; f 2 pð Þ; f 3 pð Þ� �� �

f 2
� ��

þ D3Fð Þ f 1 pð Þ; f 2 pð Þ; f 3 pð Þ� �� �
f 3
� ��

:

Proof Its proof is quite similar to the proof of Theorem 2.42, etc. h

Theorem 2.47 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U: Let u1; u2

be the component functions of uU : Then,

1. u1; u2 are in C1
p ðMÞ;

2. ½u1�� ; ½u2�� are linearly independent in the real linear space T	
p ðMÞ;

3. for every ½f � � in T	
p ðMÞ; where f is in C1

p ðMÞ;

f½ ��¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� ��þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� ��

:

In other words,

dfð Þp¼
o
ou1






p

 !
f½ �

 !
du1
� �

p

� �
þ o

ou2






p

 !
f½ �

 !
du2
� �

p

� �
:

4. f½u1�� ; ½u2�� g is a basis of the real linear space T	
p ðMÞ;

5. dimðT	
p ðMÞÞ ¼ 2:
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Proof

1. This fact has been shown earlier.
2. In 1, we have seen that u1 is in C1

p ðMÞ: Since u1 is in C1
p ðMÞ, the C1-germ ½f �

is in F pðMÞ; and hence, ½u1�� ð¼ ½u1� þ HpÞ is in the cotangent space T	
p of M

at p: Similarly, ½u2�� ð¼ ½u2� þ HpÞ is in the cotangent space T	
p of M at p (see

Fig. 2.2).

We have to show that ½u1�� ; ½u2�� are linearly independent. For this purpose, let
a1½u1�� þ a2½u2� � ¼ 0; where a1; a2 are real numbers. We have to show that a1 ¼
0; and a2 ¼ 0. Since 0 ¼ a1½u1�� þ a2½u2�� ¼ ½a1u1�� þ ½a2u2�� ¼
½a1u1 þ a2u2�� ; ½a1u1 þ a2u2� is in Hp; and hence, by the definition of Hp;

�c; ½a1u1 þ a2u2�
 ¼ 0 for every c in CpðMÞ. Therefore, for every c in CpðMÞ,

0 ¼ �c; a1u
1 þ a2u

2� �
 ¼ �c; a1u
1� �þ a2u

2� �
 ¼ �c; a1 u1
� �þ a2 u2

� �

¼ a1�c; u1

� �
þ a2�c; u2
� �
 ¼ a1

d u1 � cð Þ tð Þ
dt






t¼0

þa2
d u2 � cð Þ tð Þ

dt






t¼0

;

that is,

a1
d u1 � cð Þ tð Þ

dt






t¼0

þa2
d u2 � cð Þ tð Þ

dt






t¼0

¼ 0. . . 	ð Þ

for every c in CpðMÞ.
Let us define a function

c1 : R ! R
2

as follows: For every t in R;

c1 tð Þ � u1 pð Þ þ t; u2 pð Þ� �
:

Fig. 2.2 Cotangent space
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Clearly, c1 is a smooth function.
Here, c1 is continuous, c1ð0Þ ¼ ðu1ðpÞ þ 0; u2ðpÞÞ ¼ ðu1ðpÞ; u2ðpÞÞ ¼ uUðpÞ;

and uUðUÞ is an open neighborhood of uUðpÞ; so there exists e[ 0 such that for
every t in the open interval ð�e; eÞ; we have c1ðtÞ is in uUðUÞ; and hence,
ðuUÞ�1ðc1ðtÞÞ is in U:

Now, let us define a function

c : �e; eð Þ ! M

as follows: For every t in ð�e; eÞ;

c tð Þ � uUð Þ�1 c1 tð Þð Þ ¼ uUð Þ�1�c1
� �

tð Þ:

We shall try to see that c is in CpðMÞ. By the definition of CpðMÞ; we must prove
that

1. cð0Þ ¼ p;
2. c is a parametrized curve in the manifold M; that is, c : ð�e; eÞ ! M is a smooth

map from ð�e; eÞ to M; that is, c is C1 at every point p of ð�e; eÞ:
For 1: Here, LHS ¼ cð0Þ ¼ ðuUÞ�1ðc1ð0ÞÞ ¼ ðuUÞ�1ðu1ðpÞ þ 0; u2ðpÞÞ ¼
ðuUÞ�1ðu1ðpÞ; u2ðpÞÞ ¼ ðuUÞ�1ðuUðpÞÞ ¼ p ¼ RHS:
For 2: For this purpose, let us take any t0 in ð�e; eÞ: We have to show that
c : ð�e; eÞ ! M is C1 at t0:

We want to apply Theorem 2.2. Since t0 is in ð�e; eÞ, by the definition of
c; cðt0Þð¼ ðuUÞ�1ðc1ðt0ÞÞÞ is in U; and hence, ðU;uUÞ is an admissible coordi-
nate chart of M satisfying cðt0Þ 2 U: Since uU � c ¼ uU � ððuUÞ�1 � c1Þ ¼
ðuU � ðuUÞ�1Þ � c1 ¼ c1; and c1 is a smooth function, uU � c is a smooth func-
tion. Since c : ð�e; eÞ ! M; t0 is in ð�e; eÞ; ðU;uUÞ is an admissible coordinate
chart of M satisfying cðt0Þ 2 U; and uU � c is a smooth function so, by Theorem
2.2, c is C1 at t0 in ð�e; eÞ: This proves 2. Thus, we have shown that c is in
CpðMÞ. Hence, from ð	Þ;

0 ¼ a1
d u1 � uUð Þ�1�c1

� �� �
tð Þ

dt








t¼0

þa2
d u2 � uUð Þ�1�c1

� �� �
tð Þ

dt








t¼0

¼ a1
d u1 � uUð Þ�1
� �

� c1
� �

tð Þ
dt








t¼0

þa2
d u2 � uUð Þ�1
� �

� c1
� �

tð Þ
dt








t¼0

¼ a1 D1 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ D2 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ
h i d

dt u1 pð Þ þ tð Þ
d
dt u2 pð Þð Þ

24 35
t¼0
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þ a2 D1 u2 � uUð Þ�1
� �� �

c1 0ð Þð Þ D2 u2 � uUð Þ�1
� �� �

c1 0ð Þð Þ
h i d

dt u1 pð Þ þ tð Þ
d
dt u2 pð Þð Þ

24 35
t¼0

¼ a1 D1 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ D2 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ
h i 1

0

� �
þ a2 D1 u2 � uUð Þ�1

� �� �
c1 0ð Þð Þ D2 u2 � uUð Þ�1

� �� �
c1 0ð Þð Þ

h i 1

0

� �
¼ a1 D1 u1 � uUð Þ�1

� �� �
c1 0ð Þð Þ

� �
þ a2 D1 u2 � uUð Þ�1

� �� �
c1 0ð Þð Þ

� �
¼ a1 D1 u1 � uUð Þ�1

� �� �
uU pð Þð Þ

� �
þ a2 D1 u2 � uUð Þ�1

� �� �
uU pð Þð Þ

� �
¼ a1 1ð Þ þ a2 0ð Þ ¼ a1:

Thus, a1 ¼ 0: Similarly, a2 ¼ 0: Thus, we have shown that ½u1� � ; ½u2�� are lin-
early independent. This proves 2.

3. Let us take any ½f �� ; where f is in C1
p ðMÞ:

We have to find reals a1; a2 such that ½f �� ¼ a1½u1�� þ a2½u2�� : Since f is in
C1
p ðMÞ so, by the definition of C1

p ðMÞ; f is a real-valued function whose dom f is
an open neighborhood of p in M; and

f � uUð Þ�1
� �

: uU dom fð Þ \Uð Þ ! R

is C1 at the point uUðpÞ in R2: Here, uUððdom f Þ \UÞ is an open neighborhood of
uUðpÞð¼ ðu1ðpÞ; u2ðpÞÞÞ: Since ðf � ðuUÞ�1Þ : uUððdom f Þ \UÞ ! R is C1 at the
point uUðpÞ in R

2, for some open neighborhood Gð
 uUððdom f Þ \UÞ 
 R
2Þ of

uUðpÞ; ðf � ðuUÞ�1Þ is smooth on G: For every x in ðdom f Þ \U; we have

f xð Þ ¼ f � uUð Þ�1
� �

uU xð Þð Þ ¼ f � uUð Þ�1
� �

u1 xð Þ; u2 xð Þ� �
:

Now, we want to apply Theorem 2.42. Since, for every x in ðdom f Þ \U;

f xð Þ ¼ f � uUð Þ�1
� �

u1 xð Þ; u2 xð Þ� �
; u1; u2 2 C1

p Mð Þ;

G is an open neighborhood of ðu1ðpÞ; u2ðpÞÞð¼ uUðpÞÞ in R
2; and

ðf � ðuUÞ�1Þ : G ! R is a smooth function so, by Theorem 2.42,

f½ ��¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� ��þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� ��

:

This proves 3.

4. From 2,3, we find that f½u1�� ; ½u2�� g is a basis of the real linear space T	
p ðMÞ:

This proves 4.
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5. From 4, f½u1�� ; ½u2�� g is a basis of the real linear space T	
p ðMÞ; and the number of

elements in the basis is 2; so the dimension of T	
p ðMÞ is 2: This proves 5. h

As above, we can prove the following theorem.

Theorem 2.48 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U: Let us
define m functions

u1 : U ! R; . . .; um : U ! R

as follows: For every x in U;

uU xð Þ � u1 xð Þ; . . .; um xð Þ� �
:

Then,

1. u1; . . .; um are in C1
p ðMÞ:

2. ½u1�� ; . . .; ½um�� are linearly independent in the real linear space T	
p ðMÞ:

3. For every ½f �� in T	
p ðMÞ; where f is in C1

p ðMÞ;

f½ �� ¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; . . .; um pð Þ� �� �
u1
� ��þ � � �

þ Dm f � uUð Þ�1
� �� �

u1 pð Þ; . . .; um pð Þ� �� �
um½ � � :

In other words,

dfð Þp¼
o
ou1






p

 !
f½ �

 !
du1
� �

p

� �
þ � � � þ o

oum






p

 !
f½ �

 !
dumð Þp

� �
:

4. f½u1�� ; . . .; ½um� � g is a basis of the real linear space T	
p ðMÞ:

5. dimðT	
p ðMÞÞ ¼ m:

Proof Its proof is quite similar to the proof of Theorem 2.47. h

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U:

The basis f½u1� � ; . . .; ½um�� g of the cotangent space T	
p ðMÞ of M at p; as defined

in Theorem 2.48, is called the natural basis of T	
p ðMÞ determined by ðU;uUÞ:

Note 2.49 Let M be an m-dimensional smooth manifold. Let p be an element of M:
Let c be in CpðMÞ. Let ½f �� ¼ ½g�� ; where f ; g are in C1

p ðMÞ: We shall show that
�c; ½f �
 ¼ �c; ½g�
: Since ½f �� ¼ ½g� � ; ½f � g� ¼ ½f � � ½g� 2 Hp; and hence,
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0 ¼ �c; f½ � � g½ �
 ¼ �c; f½ �
 ��c; g½ �


or,

�c; f½ �
 ¼ �c; g½ �
:

This shows that the following definition is unambiguous.

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
Let c be in CpðMÞ. Let ½f � � be in T	

p ðMÞ; where f is in C1
p ðMÞ: By�c; ½f ��
; we

mean �c; ½f �
:

Theorem 2.50 Let M be an m-dimensional smooth manifold. Let p be an element
of M: Let us define a relation � over CpðMÞ as follows: for every c; c0 in CpðMÞ; by
c� c0; we shall mean that for every ½f � � in T	

p ðMÞ; �c; ½f ��
 ¼ �c0; ½f ��
:

Then, � is an equivalence relation over CpðMÞ:
Proof Here, we must prove:

1. c� c for every c in CpðMÞ;
2. if c� c0 then c0 � c;
3. if c� c0 and c0 � c00, then c� c00:

For 1: Let us take any c in CpðMÞ:We have to prove that c� c: For this purpose,
let us take any ½f �� in T	

p ðMÞ; where f is in C1
p ðMÞ: Since

�c; ½f ��
 ¼ �c; ½f � �
, by the definition of � ; c� c: This proves 1.
For 2: Let c� c0. We have to prove that c0 � c; that is,�c0; ½f ��
 ¼ �c; ½f ��

for every ½f �� inT	

p ðMÞ;where f is inC1
p ðMÞ:For this purpose, let us take any ½f ��

inT	
p ðMÞ;where f is inC1

p ðMÞ:Since c� c0, by the definition of � ;�c; ½f ��
 ¼
�c0; ½f ��
; and hence,�c0; ½f � �
 ¼ �c; ½f ��
: This proves 2.
For 3: Let c� c0, and c0 � c00. We have to prove that c� c00; that is,
�c; ½f ��
 ¼ �c00; ½f ��
 for every ½f �� in T	

p ðMÞ; where f is in C1
p ðMÞ: For

this purpose, let us take any ½f �� in T	
p ðMÞ; where f is in C1

p ðMÞ: Since c� c0,
by the definition of � ; �c; ½f ��
 ¼ �c0; ½f ��
: Since c0 � c00, by the defi-
nition of � ; �c0; ½f ��
 ¼ �c00; ½f ��
: Since �c; ½f ��
 ¼ �c0; ½f � �

and �c0; ½f ��
 ¼ �c00; ½f ��
; �c; ½f � �
 ¼ �c00; ½f ��
: This proves 3.

Thus, we have shown that � is an equivalence relation over CpðMÞ: h

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
We have seen that the relation � ; as defined in Theorem 2.50, is an equivalence
relation over CpðMÞ: For any c in CpðMÞ; the equivalence class of c is denoted by
½c�: Thus, for any c in CpðMÞ;

c½ � � c0 : c0 2 Cp Mð Þ and c0 � c
� 	

:
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We shall denote the quotient set CpðMÞ=� by C	
pðMÞ (or, simply, C	

p). Thus,

C	
p Mð Þ � c½ � : c 2 Cp Mð Þ� 	

:

Intuitively, in C	
pðMÞ, we will not distinguish between c0 and c whenever c0 � c:

Note 2.51 Let M be an m-dimensional smooth manifold. Let p be an element of M:
Let ½f �� be in T	

p ðMÞ; where f is in C1
p ðMÞ: Let ½c� ¼ ½c0�; where c; c0 are in CpðMÞ:

We shall show that �c; ½f ��
 ¼ �c0; ½f ��
: Since ½c� ¼ ½c0�; c� c0; and hence,
by Theorem 2.22,

�c; f½ ��
 ¼ �c0; f½ ��
:

This shows that the following definition is unambiguous.

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
Let ½f �� be in T	

p ðMÞ; where f is in C1
p ðMÞ: Let c be in CpðMÞ. By h½c�; ½f �� i; we

mean �c; ½f ��
: Thus,

h c½ �; f½ �� i ¼ �c; f½ ��
 ¼ �c; f½ �
 ¼ d f � cð Þ tð Þ
dt






t¼0

¼ lim
t!0

f c 0þ tð Þð Þ � f c 0ð Þð Þ
t

;

which is a real number.

Theorem 2.52 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U: Let c be
in CpðMÞ. Let us define 2 functions

u1 : U ! R; u2 : U ! R

as follows: For every x in U;

uU xð Þ � u1 xð Þ; u2 xð Þ� �
:

(In short, u1; u2 are the component functions of uU :) Then, for every ½f �� in
T	
p ðMÞ; where f is in C1

p ðMÞ;

h c½ �; f½ �� i ¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u1 � c� �
tð Þ

� �




t¼0

þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u2 � c� �
tð Þ

� �




t¼0

:
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In other words,

h c½ �; f½ �� i ¼ o
ou1






p

 !
f½ �

 !
d
dt

u1 � c� �
tð Þ

� �




t¼0

þ o
ou2






p

 !
f½ �

 !
d
dt

u2 � c� �
tð Þ

� �




t¼0

;

or

h c½ �; f½ �� i ¼ o
ou1






p

 !
f½ �

 !
d
dt






t¼0

� �
u1 � c� �

tð Þ
� �

þ o
ou2






p

 !
f½ �

 !
d
dt






t¼0

� �
u2 � c� �

tð Þ
� �

:

Proof Since c is in CpðMÞ, by the definition of CpðMÞ, there exists a real number
d[ 0 such that c is defined on the open interval ð�d; dÞ; cð0Þ ¼ p; and c is a
smooth map from ð�d; dÞ to M: Also, c is continuous at 0: Since c is continuous at
0; U is an open neighborhood of pð¼ cð0ÞÞ, there exists e[ 0 such that e\d; and
for every t in the open interval ð�e; eÞ we have cðtÞ 2 U: So, for every t in ð�e; eÞ;

uU � cð Þ tð Þ ¼ uU c tð Þð Þ ¼ u1 c tð Þð Þ; u2 c tð Þð Þ� � ¼ u1 � c� �
tð Þ; u2 � c� �

tð Þ� �
:

Thus, in the open neighborhood ð�e; eÞ of 0, the component functions of uU � c
are u1 � c; and u2 � c: Also,

uU � cð Þ 0ð Þ ¼ uU c 0ð Þð Þ ¼ uU pð Þ ¼ u1 pð Þ; u2 pð Þ� �
:

Now

LHS ¼ h c½ �; f½ �� i ¼ �c; f½ ��
 ¼ �c; f½ �
 ¼ d f � cð Þ tð Þ
dt






t¼0

¼
d f � uUð Þ�1�uU

� �
� c

� �
tð Þ

dt
jt¼0

¼
d f � uUð Þ�1
� �

� uU � cð Þ
� �

tð Þ
dt








t¼0

¼ D1 f � uUð Þ�1
� �� �

uU � cð Þ 0ð Þð Þ D2 f � uUð Þ�1
� �� �

uU � cð Þ 0ð Þ
h i
�

d
dt u1 � cð Þ tð Þ
d
dt u2 � cð Þ tð Þ

24 35






t¼0
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¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þð Þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þð Þ
h i
�

d
dt u1 � cð Þ tð Þ
d
dt u2 � cð Þ tð Þ

24 35






t¼0

¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u1 � c� �
tð Þ

� �




t¼0

þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u2 � c� �
tð Þ

� �




t¼0

¼ RHS:

h

2.6 Tangent Space as a Dual Space

Note 2.53 Here, we will digress slightly from the current topic. Let V be any real
linear space. Let V	 be the collection of all linear functionals of V : We know that
V	 is also a real linear space under pointwise vector addition, and pointwise scalar
multiplication operations. V	 is called the dual space of V : Let n be the dimension
of V : Let fe1; . . .; eng be a basis of V : Let us define a function e	1 : V ! R as
follows: For every real t1; . . .; tn

e	1 t1e
1 þ � � � þ tne

n
� � ¼ t1:

Clearly, e	1 is in V	: Similarly, we define function e	2 : V ! R as follows: For every
real t1; . . .; tn

e	2 t1e
1 þ � � � þ tne

n
� � ¼ t2;

etc. We shall try to show that fe	1; . . .; e	ng constitutes a basis of V	: For this
purpose, we must prove

1. e	1; . . .; e
	
n are linearly independent, that is, t1e	1 þ � � � þ tne	1 ¼ 0 implies

t1 ¼ 0; . . .; tn ¼ 0:
2. fe	1; . . .; e	ng generates V	; that is, for every f in V	; there exist reals t1; . . .; tn

such that t1e	1 þ � � � þ tne	n ¼ f :

For 1: Let t1e	1 þ � � � þ tne	1 ¼ 0: So,

0 ¼ 0 e1
� � ¼ t1e

	
1 þ � � � þ tne

	
1

� �
e1
� � ¼ t1 � e	1 e1

� �� �þ � � � þ tn � e	n e1
� �� �

¼ t1 � 1þ t2 � 0þ � � � þ tn � 0 ¼ t1:

Hence, t1 ¼ 0: Similarly, t2 ¼ 0; . . .; tn ¼ 0:
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For 2: Let us take any f in V	: We shall show that ðf ðe1ÞÞe	1 þ � � � þ
ðf ðenÞÞe	n ¼ f . For this purpose, it is enough to prove that

f e1
� �� �

e	1 þ � � � þ f enð Þð Þe	n
� �

e1ð Þ ¼ f e1
� �

; . . .; f e1
� �� �

e	1 þ � � � þ f enð Þð Þe	n
� �

enð Þ ¼ f enð Þ:

Here,

LHS ¼ f e1
� �� �

e	1 þ � � � þ f enð Þð Þe	n
� �

e1ð Þ ¼ f e1
� �� �

e	1 e1ð Þ þ � � � þ f enð Þð Þe	n e1ð Þ
¼ f e1

� �� � � 1þ f e2
� �� � � 0þ � � � þ f enð Þð Þ � 0 ¼ f e1

� � ¼ RHS;

etc. Thus, we have shown that fe	1; . . .; e	ng constitutes a basis of V	: The basis
fe	1; . . .; e	ng of the dual space V	 is called the dual basis of the basis fe1; . . .; eng:
Observe that

1. e	j ðeiÞ ¼ dij:
2. dimðV	Þ ¼ n ¼ dimðVÞ:

Now, let us consider the mapping m : V ! V	 defined as follows: For every real
t1; . . .; tn

m t1e
1 þ � � � þ tne

n
� � ¼ t1e

	
1 þ � � � þ tne

	
n:

We shall show that m is an isomorphism from V onto V	: For this purpose, we
must prove

1. m is 1–1
2. m is onto.
3. mðsxþ tyÞ ¼ sðmðxÞÞ þ tðmðyÞÞ; for every real s; t; and for every x; y in V :

For 1: Let mðxÞ ¼ mðyÞ: We have to prove that x ¼ y: Let x ¼ s1e1 þ � � � þ snen;
and y ¼ t1e1 þ � � � þ tnen. Now, we have

s1e
	
1 þ � � � þ sne

	
n ¼ m s1e

1 þ � � � þ sne
n

� � ¼ m xð Þ ¼ m yð Þ ¼ m t1e
1 þ � � � þ tne

n
� �

¼ t1e
	
1 þ � � � þ tne

	
n;

and hence, s1 ¼ t1; . . .; sn ¼ tn: Since s1 ¼ t1; . . .; sn ¼ tn; x ¼ s1e1 þ � � � þ
snen ¼ t1e1 þ � � � þ tnen ¼ y: This proves 1.
For 2: For this purpose, let us take any f in V	: We have to find an element in V
whose m-image is f : Since f is in V	; and fe	1; . . .; e	ng constitutes a basis of V	;
there exist reals t1; . . .; tn such that
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t1e
	
1 þ � � � þ tne

	
n ¼ f :

Now

m t1e
1 þ � � � þ tne

n
� � ¼ t1e

	
1 þ � � � þ tne

	
n ¼ f ;

where t1e1 þ � � � þ tnen is in V : This proves 2.
For 3: Let us take any x � s1e1 þ � � � þ snen; and y � t1e1 þ � � � þ tnen: Let us
take any reals s; t: Now

LHS ¼ m sxþ tyð Þ ¼ m s s1e
1 þ � � � þ sne

n
� �þ t t1e

1 þ � � � þ tne
n

� �� �
¼ m ss1 þ tt1ð Þe1 þ � � � þ ssn þ ttnð Þen� � ¼ ss1 þ tt1ð Þe	1 þ � � � þ ssn þ ttnð Þe	n
¼ s s1e

	
1 þ � � � þ sne

	
n

� �þ t t1e
	
1 þ � � � þ tne

	
n

� � ¼ s m s1e
1 þ � � � þ sne

n
� �� �

þ t m t1e
1 þ � � � þ tne

n
� �� �

¼ s m xð Þð Þ þ t m yð Þð Þ ¼ RHS:

Thus, we have shown that m is an isomorphism from V onto V	: Hence, V and V	

are isomorphic real linear spaces.

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
We will denote the dual space of the real linear space T	

p ðMÞ by T pðMÞ: Thus,
T pðMÞ is the collection of all linear functionals defined on T	

p ðMÞ: It is known that
T pðMÞ is a real linear space. Now, let ðU;uUÞ be an admissible coordinate chart of
M satisfying p 2 U:

Let us define m functions

u1 : U ! R; . . .; um : U ! R

as follows: For every x in U;

uU xð Þ � u1 xð Þ; . . .; um xð Þ� �
:

By Theorem 2.48, f½u1� � ; . . .; ½um�� g is a basis of the real linear space T	
p ðMÞ:

Let us define the function ½u1�	 : T	
p ðMÞ ! R as follows: For every real

t1; . . .; tm;

u1½ �	 t1 u1
� ��þ � � � þ tm um½ ��� � � t1:

It is easy to see that ½u1�	 is in T pðMÞ:
As above, we define ½u2�	 : T	

p ðMÞ ! R as follows: For every real t1; . . .; tm;
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u2½ �	 t1 u1
� ��þ � � � þ tm um½ ��� � � t2;

etc. We know that f½u1�	; . . .; ½um�	g constitutes a basis of the dual space T pðMÞ of
T	
p ðMÞ. f½u1�	; . . .; ½um�	g is called the dual basis of the basis f½u1� � ; . . .; ½um� � g

Clearly,

ui½ �	 u j
� ��� � ¼ d j

i ;

where d j
i denotes the Kronecker delta symbol. In other words,

ui½ �	 du j
� �

p

� �
¼ d j

i :

Also,

dim T p Mð Þ� � ¼ dim T	
p Mð Þ

� �
¼ m:

Theorem 2.54 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: Let c be in CpðMÞ. Let us define a function

c½ �	: T	
p Mð Þ ! R;

as follows: For every ½f � � in T	
p ðMÞ; where f is in C1

p ðMÞ;

c½ �	 f½ ��ð Þ � h c½ �; f½ �� i:

Then, ½c�	 is a linear functional on the real linear space T	
p ðMÞ; that is,

f½c�	 : c 2 CpðMÞg is a subset of the dual space T pðMÞ of T	
p ðMÞ:

Proof Here, we must prove:
For every real a; b; and for every ½f �� ; ½g�� in T	

p ðMÞ; where f ; g are in C1
p ðMÞ;

c½ �	 a f½ ��þb g½ ��ð Þ ¼ a c½ �	 f½ ��ð Þð Þ þ b c½ �	 g½ ��ð Þð Þ:

LHS ¼ c½ �	 a f½ � �þb g½ � �ð Þ ¼ c½ �	 af½ ��þ bg½ ��ð Þ ¼ c½ �	 af þ bg½ ��ð Þ ¼ h c½ �; af þ bg½ �� i
¼ �c; af þ bg½ � �
 ¼ �c; af þ bg½ �
 ¼ �c; af½ � þ bg½ �
 ¼ �c; a f½ � þ b g½ �

¼ a�c; f½ �
 þ b�c; g½ �
 ¼ a�c; f½ ��
 þ b�c; g½ ��
 ¼ ha c½ �; f½ �� i þ bh c½ �; g½ �� i
¼ a c½ �	 f½ � �ð Þð Þ þ b c½ �	 g½ ��ð Þð Þ ¼ RHS:

h

Lemma 2.55 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: Let ðU;uUÞ be an admissible coordinate chart ðU;uUÞ ofM such that p is in U:

h
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Let u1; u2 be the component functions of uU : Let T be a linear functional of T	
p ðMÞ:

Let

c1 : R ! R
2

be the function defined as follows: For every t in R;

c1 tð Þ � T u1
� ��� �� �

t; T u2
� ��� �� �

t
� �þ uU pð Þ:

Then

1. ðuUÞ�1 � c1 is in CpðMÞ
2. for every f in C1

p ðMÞ;

T f½ ��ð Þ ¼ h uUð Þ�1 � c1
h i

; f½ �� i:

Proof

1: Clearly, c1 is a smooth function. Here, c1 is continuous, c1ð0Þ ¼
ððTð½u1� � ÞÞ � 0; ðTð½u2�� ÞÞ � 0Þ þ uUðpÞ ¼ uUðpÞ; and uUðUÞ is an open
neighborhood of uUðpÞ; so there exists e[ 0 such that for every t in the open
interval ð�e; eÞ; we have c1ðtÞ in uUðUÞ; and hence, ðuUÞ�1ðc1ðtÞÞ is in U:
Now, let us define a function

c : �e; eð Þ ! M

as follows: For every t in ð�e; eÞ;

c tð Þ � uUð Þ�1 c1 tð Þð Þ ¼ uUð Þ�1�c1
� �

tð Þ:

So,

c ¼ uUð Þ�1�c1:

We shall try to see that c is in CpðMÞ: By the definition of CpðMÞ; we must prove
that

1. cð0Þ ¼ p;
2. c is a parametrized curve in the manifold M; that is, c : ð�e; eÞ ! M is a smooth

map from ð�e; eÞ to M; that is, c is C1 at every point of ð�e; eÞ:
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For 1: Here LHS ¼ cð0Þ ¼ ðuUÞ�1ðc1ð0ÞÞ ¼ ðuUÞ�1ðuUðpÞÞ ¼ p ¼ RHS:
This proves 1.
For 2: For this purpose, let us take any t0 in ð�e; eÞ: We have to show that
c : ð�e; eÞ ! M is C1 at t0: We want to apply Theorem 2.2. Since t0 is in
ð�e; eÞ, by the definition of c; cðt0Þð¼ ðuUÞ�1ðc1ðt0ÞÞÞ is in U; and hence,
ðU;uUÞ is an admissible coordinate chart of M satisfying cðt0Þ 2 U: Since
uU � c ¼ uU � ððuUÞ�1 � c1Þ ¼ ðuU � ðuUÞ�1Þ � c1 ¼ c1; and c1 is a smooth
function, uU � c is a smooth function. Since c : ð�e; eÞ ! M; t0 is in ð�e; eÞ;
ðU;uUÞ is an admissible coordinate chart of M satisfying cðt0Þ 2 U; and uU � c
is a smooth function, by Theorem 2.2, c is C1 at t0 in ð�e; eÞ: This proves 2.

Thus, we have shown that c is in CpðMÞ. This proves 1.
2: Since ½f � � is in T	

p ðMÞ so, by Theorem 2.47,

f½ ��¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� ��þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� ��

;

and hence,

LHS ¼ T
��
f
�� � ¼ T

���
D1
�
f � �uU

��1���
u1
�
p
�
; u2
�
p
����

u1
��

þ ��D2
�
f � �uU

��1���
u1
�
p
�
; u2
�
p
����

u2
�� �

¼ ��D1
�
f � �uU

��1���
u1
�
p
�
; u2
�
p
����

T
��
u1
�� ��

þ ��D2
�
f � �uU

��1���
u1
�
p
�
; u2
�
p
����

T
��
u2
�� ��

:

Next, by Theorem 2.52,

RHS ¼ uUð Þ�1�c1
h i

; f½ ��
D E

¼ c½ �; f½ ��h i

¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u1 � c� �
tð Þ

� �




t¼0

þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u2 � c� �
tð Þ

� �




t¼0

:

Now, it remains to be proved that

d u1 � uUð Þ�1�c1
� �� �

tð Þ
dt








t¼0

¼ T u1
� ��� �

;
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and

d u2 � uUð Þ�1�c1
� �� �

tð Þ
dt








t¼0

¼ T u2
� ��� �� �

:

Here,

LHS ¼
d u1 � uUð Þ�1�c1

� �� �
tð Þ

dt








t¼0

¼
d u1 � uUð Þ�1
� �

� c1
� �

tð Þ
dt








t¼0

¼ D1 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ D2 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ
h i d

dt T u1½ ��ð Þð Þt þ u1 pð Þð Þ
d
dt T u2½ ��ð Þð Þt þ u2 pð Þð Þ

24 35
t¼0

¼ D1 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ D2 u1 � uUð Þ�1
� �� �

c1 0ð Þð Þ
h i T u1½ ��ð Þ

T u2½ ��ð Þ

� �
¼ D1 u1 � uUð Þ�1

� �� �
uU pð Þð Þ

� �
T u1
� ��� �� �þ D2 u1 � uUð Þ�1

� �� �
uU pð Þð Þ

� �
T u2
� ��� �� �

¼ 1ð Þ T u1
� ��� �� �þ 0ð Þ T u2

� ��� �� � ¼ T u1
� ��� �� � ¼ RHS:

Similarly,

d u2 � uUð Þ�1�c1
� �� �

tð Þ
dt








t¼0

¼ T u2
� ��� �� �

:

h

Theorem 2.56 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: Let T be a linear functional on T	

p ðMÞ: Then, there exists c in CpðMÞ such that
for every ½f � � in T	

p ðMÞ;
T f½ ��ð Þ ¼ h c½ �; f½ � � i:

Proof Since M is a 2-dimensional smooth manifold, and p is in M; there exists an
admissible coordinate chart ðU;uUÞ of M such that p is in U: Let us define 2
functions

u1 : U ! R; u2 : U ! R

as follows: For every x in U;

uU xð Þ � u1 xð Þ; u2 xð Þ� �
:

Let

c1 : R ! R
2

h
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be the function defined as follows: for every t in R;

c1 tð Þ � T u1
� ��� �� �

t; T u2
� ��� �� �

t
� �þ uU pð Þ:

Then, by Lemma 2.55, ðuUÞ�1 � c1 is in CpðMÞ and for every ½f � � in T	
p ðMÞ;

T f½ ��ð Þ ¼ h uUð Þ�1�c1
h i

; f½ � � i:
h

Theorem 2.57 Let M be a 2-dimensional smooth manifold. Let p be an element of
M: For every c in CpðMÞ we define a function

c½ �	: T	
p Mð Þ ! R;

as follows: For every ½f � � in T	
p ðMÞ; where f is in C1

p ðMÞ;

c½ �	 f½ ��ð Þ � h c½ �; f½ �� i:

Then, the mapping ½c� 7! ½c�	 is a 1–1 mapping from f½c� : c 2 CpðMÞg onto
T pðMÞ:
Proof Here, we must prove

1. ½c� 7! ½c�	 is a well-defined mapping from f½c� : c 2 CpðMÞg to T pðMÞ;
2. if ½c�	 ¼ ½c0�	, where c; c0 2 CpðMÞ, then ½c� ¼ ½c0�;
3. for every T in T pðMÞ; there exists c in CpðMÞ such that ½c�	 ¼ T:

For 1: Let ½c� ¼ ½c0�; that is, c� c0: We have to show that ½c�	 ¼ ½c0�	; that is, for
every ½f �� in T	

p ðMÞ; ½c�	ð½f �� Þ ¼ ½c0�	ð½f �� Þ: For this purpose, let us take any
½f �� in T	

p ðMÞ: Since c� c0; and ½f � � is in T	
p ðMÞ, by the definition of � ;

�c; ½f ��
 ¼ �c0; ½f ��
: Now

LHS ¼ c½ �	 f½ ��ð Þ ¼ h c½ �; f½ �� i ¼ �c; f½ ��
 ¼ �c0; f½ ��
 ¼ h c0½ �; f½ � � i
¼ c0½ �	 f½ ��ð Þ ¼ RHS:

So ½c� 7! ½c�	 is a well-defined mapping.
Next, by Theorem 2.54, ½c�	 is in T pðMÞ for every c in CpðMÞ. This proves 1.
For 2: Let ½c�	 ¼ ½c0�	, where c; c0 2 CpðMÞ: We have to prove that ½c� ¼ ½c0�;
that is, c� c0; that is, for every ½f �� in T	

p ðMÞ; �c; ½f ��
 ¼ �c0; ½f ��
: For
this purpose, let us take any ½f �� in T	

p ðMÞ: We have to show that

�c; f½ ��
 ¼ �c0; f½ ��
:

h
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Since ½c�	 ¼ ½c0�	, ½c�	 : T	
p ðMÞ ! R; ½c0�	 : T	

p ðMÞ ! R; and ½f �� is in T	
p ðMÞ;

LHS ¼ �c; f½ ��
 ¼ h c½ �; f½ �� i ¼ c½ �	 f½ ��ð Þ ¼ c0½ �	 f½ ��ð Þ ¼ h c0½ �; f½ �� i
¼ �c0; f½ ��
 ¼ RHS:

For 3: Let us take any T in T pðMÞ: Since T is in T pðMÞ; and T pðMÞ is dual
space of the real linear space T	

p ðMÞ; T is a linear functional on T	
p ðMÞ; and

hence, by Theorem 2.56, there exists c in CpðMÞ such that for every ½f �� in
T	
p ðMÞ;

T f½ ��ð Þ ¼ h c½ �; f½ � � i:

Since, for every ½f �� in T	
p ðMÞ; we have Tð½f �� Þ ¼ h½c�; ½f �� i ¼ ½c�	ð½f �� Þ;

T ¼ ½c�	: This proves 3. h

Similarly, we can prove the following theorem.

Theorem 2.58 Let M be an m-dimensional smooth manifold. Let p be an element
of M. For every c in CpðMÞ, we define a function

c½ �	: T	
p Mð Þ ! R;

as follows: For every ½f � � in T	
p ðMÞ, where f is in C1

p ðMÞ,

c½ �	 f½ ��ð Þ � h c½ �; f½ �� i:

Then, the mapping ½c� 7! ½c�	 is a 1–1 mapping from f½c� : c 2 CpðMÞg onto
T pðMÞ:
Proof Its proof is quite similar to the proof of Theorem 2.57. h

Definition Let M be an m-dimensional smooth manifold. Let p be an element of
M. Let g be the mapping ½c� 7! ½c�	 from f½c� : c 2 CpðMÞg to T pðMÞ; as defined in
Theorem 2.58. By Theorem 2.58, g is a 1–1 mapping from f½c� : c 2 CpðMÞg onto
T pðMÞ; and hence, g�1 is a 1–1 mapping from T pðMÞ onto f½c� : c 2 CpðMÞg:

Define vector addition, and scalar multiplication over the set f½c� : c 2 CpðMÞg
as follows: For every c; c0 in CpðMÞ; and for every real t,

c½ � þ c0½ � ¼ g�1 g c½ �ð Þ þ g c0½ �ð Þð Þ;
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and

t c½ � ¼ g�1 t g c½ �ð Þð Þð Þ:

Since T pðMÞ is a real linear space, and g is a 1–1 mapping from
f½c� : c 2 CpðMÞg onto T pðMÞ; f½c� : c 2 CpðMÞg is also a real linear space.
Clearly, g : ½c� 7! ½c�	 is an isomorphism from real linear space f½c� : c 2 CpðMÞg
onto real linear space T pðMÞ: Thus, we have the following formulae:

g c½ � þ c0½ �ð Þ ¼ g c½ �ð Þ þ g c0½ �ð Þ

and

g t c½ �ð Þ ¼ t g c½ �ð Þð Þ:

In other words,

c½ � þ c0½ �ð Þ	¼ c½ �ð Þ	þ c0½ �ð Þ	

and

t c½ �ð Þ	¼ t c½ �ð Þ	;

because g is the mapping ½c� 7! ½c�	 from f½c� : c 2 CpðMÞg to T pðMÞ, as defined in
Theorem 2.58.

Since g : ½c� 7! ½c�	 is an isomorphism from real linear space f½c� : c 2 CpðMÞg
onto real linear space T pðMÞ, g�1 : ½c�	 7! ½c� is also an isomorphism. Also,

dim c½ � : c 2 Cp Mð Þ� 	 ¼ dim T p Mð Þ� �
:

Further, since dimðT pðMÞÞ ¼ dimðT	
p ðMÞÞ ¼ ðthe dimension of the manifoldÞ,

so

dim c½ � : c 2 Cp Mð Þ� 	 ¼ the dimension of the manifoldð Þ:

It follows that the real linear space f½c� : c 2 CpðMÞg is isomorphic to R
m:

Theorem 2.59 Let M be a 2-dimensional smooth manifold. Let p be an element of
M. Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U: Let
c : ð�d; dÞ ! M; and c0 : ð�d0; d0Þ ! M be in CpðMÞ; where d[ 0; and d0 [ 0:
Then, ½c� ¼ ½c0� if and only if

d uU � cð Þ tð Þ
dt






t¼0

¼ d uU � c0ð Þ tð Þ
dt






t¼0

:
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In other words, c� c0 if and only if c � c0; that is, ½c� ¼ c: And hence,

c½ � : c 2 Cp Mð Þ� 	 ¼ TpM:

Proof of “only if” part: Let ½c� ¼ ½c0�. Since ½c� ¼ ½c0�, c� c0: Let us define 2
functions

u1 : U ! R; u2 : U ! R

as follows: For every x in U,

uU xð Þ � u1 xð Þ; u2 xð Þ� �
:

By Theorem 2.48, ½u1� � ; ½u2�� are in T	
p ðMÞ: Since c� c0; and ½u1�� ; ½u2�� are

in T	
p ðMÞ, by the definition of � , �c; ½u1��
 ¼ �c0; ½u1��
; and

�c; ½u2��
 ¼ �c0; ½u2� �
: Now

LHS ¼ d uU � cð Þ tð Þ
dt






t¼0

¼ d uU c tð Þð Þð Þ
dt






t¼0

¼ d u1 c tð Þð Þ; u2 c tð Þð Þð Þ
dt






t¼0

¼ d u1 c tð Þð Þð Þ
dt

;
d u2 c tð Þð Þð Þ

dt

� �




t¼0

¼ d u1 � cð Þ tð Þð Þ
dt

;
d u2 � cð Þ tð Þð Þ

dt

� �




t¼0

¼ d u1 � cð Þ tð Þð Þ
dt






t¼0

;
d u2 � cð Þ tð Þð Þ

dt






t¼0

� �
¼ �c; u1

� ��
;�c; u2
� ��
� �

¼ �c0; u1
� ��
;�c0; u2

� ��
� � ¼ d u1 � c0ð Þ tð Þð Þ
dt






t¼0

;
d u2 � c0ð Þ tð Þð Þ

dt






t¼0

� �
¼ d u1 � c0ð Þ tð Þð Þ

dt
;
d u2 � c0ð Þ tð Þð Þ

dt

� �




t¼0

¼ d u1 c0 tð Þð Þð Þ
dt

;
d u2 c0 tð Þð Þð Þ

dt

� �




t¼0

¼ d u1 c0 tð Þð Þ; u2 c0 tð Þð Þð Þ
dt






t¼0

¼ d uU c0 tð Þð Þð Þ
dt






t¼0

¼ d uU � c0ð Þ tð Þ
dt






t¼0

¼ RHS:

Proof of “if” part Let

d uU � cð Þ tð Þ
dt






t¼0

¼ d uU � c0ð Þ tð Þ
dt






t¼0

:

We have to show that ½c� ¼ ½c0�, that is, c� c0; that is, for every ½f �� in T	
p ðMÞ;

�c; ½f ��
 ¼ �c0; ½f ��
: For this purpose, let us take any ½f �� in T	
p ðMÞ: We

have to show that �c; ½f ��
 ¼ �c0; ½f ��
: Now, since
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�c; u1
� ��
;�c; u2

� ��
� � ¼ d u1 � cð Þ tð Þð Þ
dt






t¼0

;
d u2 � cð Þ tð Þð Þ

dt






t¼0

� �
¼ d u1 � cð Þ tð Þð Þ

dt
;
d u2 � cð Þ tð Þð Þ

dt

� �




t¼0

¼ d u1 c tð Þð Þð Þ
dt

;
d u2 c tð Þð Þð Þ

dt

� �




t¼0

¼ d u1 c tð Þð Þ; u2 c tð Þð Þð Þ
dt






t¼0

¼ d uU c tð Þð Þð Þ
dt






t¼0

¼ d uU � cð Þ tð Þ
dt






t¼0

¼ d uU � c0ð Þ tð Þ
dt






t¼0

¼ d uU c0 tð Þð Þð Þ
dt






t¼0

¼ d u1 c0 tð Þð Þ; u2 c0 tð Þð Þð Þ
dt






t¼0

¼ d u1 c0 tð Þð Þð Þ
dt

;
d u2 c0 tð Þð Þð Þ

dt

� �




t¼0

¼ d u1 � c0ð Þ tð Þð Þ
dt

;
d u2 � c0ð Þ tð Þð Þ

dt

� �




t¼0

¼ d u1 � c0ð Þ tð Þð Þ
dt






t¼0

;
d u2 � c0ð Þ tð Þð Þ

dt






t¼0

� �
¼ �c0; u1

� ��
;�c0; u2
� ��
� �

;

so,

�c; u1
� ��
 ¼ �c0; u1

� ��
 and �c; u2
� ��
 ¼ �c0; u2

� ��
:

Since ½f �� in T	
p ðMÞ, by Theorem 2.48,

f½ ��¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� ��þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� ��

:

Now,

LHS ¼ �c; f½ ��

¼ �c; D1 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u1
� ��þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� ��


¼ �c; D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� �þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� �� ��




¼ �c; D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� �þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� �� �




¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
�c; u1

� �
þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
�c; u2

� �

¼ D1 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

�c0; u1
� �
þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

�c0; u2
� �


¼ �c0; D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� �þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� �� �




¼ �c0; D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� �þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� �� ��




¼ �c0; D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u1
� ��þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u2
� ��


¼ �c0; f½ ��
 ¼ RHS:

h
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Note 2.60 Let M be an m-dimensional smooth manifold. Let p be an element of
M. Since f½c� : c 2 CpðMÞg ¼ TpM; and f½c� : c 2 CpðMÞg is a real linear space,
TpM is a real linear space. Since g : ½c� 7! ½c�	 is an isomorphism from real linear
space f½c� : c 2 CpðMÞg onto real linear space T pðMÞ, f½c� : c 2 CpðMÞg and
T pðMÞ are isomorphic, and hence, TpM and T pðMÞ are isomorphic.

Definition LetM be an m-dimensional smooth manifold. Let p be an element ofM:
The real linear space TpM is called the tangent space of M at p; and the elements of
TpM are called tangent vectors at p:

Theorem 2.61 Let M be a 2-dimensional smooth manifold. Let p be an element of
M. Then, the mapping ð½c�; ½f �� Þ 7! h½c�; ½f �� i from the real linear space TpðMÞ �
T	
p ðMÞ to R is bilinear, that is, linear in each variable.

Proof Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U: We
have to show that

1. For every ½c� in f½c� : c 2 CpðMÞg; for every ½f � � ; ½g�� in T	
p ðMÞ, and for every

real s; t,

h c½ �; s f½ � �þt g½ �� i ¼ sh c½ �; f½ �� i þ th c½ �; g½ �� i:

2. For every c; c0 in CpðMÞ; for every ½f � � in T	
p ðMÞ;

h c½ � þ c0½ �; f½ �� i ¼ h c½ �; f½ �� i þ h c0½ �; f½ �� i:

3. For every ½f �� in T	
p ðMÞ; for every c in CpðMÞ, and for every real s,

hs c½ �; f½ �� i ¼ sh c½ �; f½ �� i:

For 1: LHS ¼ h½c�; s½f �� þ t½g�� i ¼ h½c�; ½sf �� þ ½tg�� i
¼ h½c�; ½sf þ tg�� i ¼ �c; ½sf þ tg�

¼ s�c; f½ �
 þ t�c; g½ �
 ¼ s�c; f½ ��
 þ t�c; g½ ��

¼ sh c½ �; f½ �� i þ th c½ �; g½ � � i
¼ RHS:

For 2: Let us take any c; c0 in CpðMÞ: Let us take any ½f �� in T	
p ðMÞ:We have to

show that h½c� þ ½c0�; ½f � � i ¼ h½c�; ½f �� i þ h½c0�; ½f �� i:

LHS ¼ h½c� þ ½c0�; ½f �� i ¼ h½c00�; ½f �� iwhere ½c00� � ½c� þ ½c0� for some c00 inCpðMÞ:
Since ½c00� � ½c� þ ½c0�; ð½c00�Þ	 ¼ ð½c� þ ½c0�Þ	 ¼ ð½c�Þ	 þ ð½c0�Þ	; and hence,

h c00½ �; f½ �� i ¼ c00½ �ð Þ	 f½ ��ð Þ ¼ c½ �ð Þ	þ c0½ �ð Þ	� �
f½ ��ð Þ

¼ c½ �ð Þ	ð Þ f½ ��ð Þ þ c0½ �ð Þ	� �
f½ � �ð Þ ¼ h c½ �; f½ � � i þ h c0½ �; f½ �� i:
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Thus, we have shown that h½c� þ ½c0�; ½f �� i ¼ h½c�; ½f �� i þ ½c0�; ½f �� : This proves 2.
For 3: Let us take any ½f �� in T	

p ðMÞ: Let us take any c in CpðMÞ; and any real s:
We have to show that hs½c�; ½f �� i ¼ sh½c�; ½f �� i:

LHS ¼ hs½c�; ½f �� i ¼ h½c0�; ½f �� i where ½c0� � s½c� for some c0 in CpðMÞ:
Since ½c0� ¼ s½c�; ð½c0�Þ	 ¼ ðs½c�Þ	 ¼ sðð½c�Þ	Þ; and hence,

h c0½ �; f½ �� i ¼ c0½ �ð Þ	 f½ ��ð Þ ¼ s c½ �ð Þ	ð Þð Þ f½ ��ð Þ ¼ s c½ �ð Þ	ð Þ f½ � �ð Þð Þ
¼ sh c½ �; f½ �� i:

Thus, we have shown that hs½c�; ½f �� i ¼ sh½c�; ½f �� i. This proves 3. h

Theorem 2.62 Let M be an m-dimensional smooth manifold. Let p be an element
of M. Then, the mapping ð½c�; ½f � � Þ 7! h½c�; ½f � � i from the real linear space
TpðMÞ � T	

p ðMÞ to R is bilinear, that is, linear in each variable.

Proof Its proof is quite similar to that of Theorem 2.61, etc. h

Definition Let M be a 2-dimensional smooth manifold. Let p be an element of
M. Let ðU;uUÞ be an admissible coordinate chart ofM such that p is in U. Let u1; u2

be the component functions of uU . Let us define the function U1 : T	
p ðMÞ ! R as

follows: For every real t1; t2;

U1 t1 u1
� ��þt2 u2

� ��� � � t1:

Clearly, U1 is a linear functional on T	
p ðMÞ; and hence, U1 is in T pðMÞ. Let us

define the function U2 : T	
p ðMÞ ! R as follows: For every real t1; t2,

U2 t1 u1
� ��þt2 u2

� ��� � � t2:

Clearly, U2 is a linear functional on T	
p ðMÞ; and hence, U2 is in T pðMÞ:

Since g : ½c� 7! ½c�	 is an isomorphism from real linear space f½c� : c 2 CpðMÞg
onto real linear space T pðMÞ; and f½c� : c 2 CpðMÞg ¼ TpðMÞ; g : ½c� 7! ½c�	 is an
isomorphism from tangent space TpðMÞ onto real linear space T pðMÞ, and hence,
there exists a unique ½k1� in TpðMÞ such that ½k1�	 ¼ U1:

Similarly, there exists a unique ½k2� in TpðMÞ such that ½k2�	 ¼ U2:We know that
fU1;U2g is a basis of the dual space T pðMÞ of T	

p ðMÞ: Further, since ½k1�	 ¼ U1;

and ½k2�	 ¼ U2; f½k1�	; ½k2�	g is a basis of T pðMÞ: Also,

h ki½ �; u j
� �� i ¼ ki½ �	 u j

� ��� � ¼ d j
i :

Since f½k1�	; ½k2�	g is a basis of T pðMÞ; and g : ½c� 7! ½c�	 is an isomorphism
from tangent space TpðMÞ onto T pðMÞ, f½k1�; ½k2�g is a basis of TpðMÞ.

Here, we say that f½k1�; ½k2�g is the natural basis of the tangent space TpðMÞ
under local coordinate system ðuiÞ: Similar definitions can be supplied for a 3-
dimensional smooth manifold, etc.
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In continuation with the above discussion for 2-dimensional smooth manifoldM,
let us note that for every ½f � � in T	

p ðMÞ;

h k1½ �; dfð Þpi ¼ h k1½ �; f½ �� i
¼ h k1½ �; D1 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

u1
� ��

þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
u2
� �� i

¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
h k1½ �; u1

� �� i
þ D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

h k1½ �; u2
� �� i

¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
1ð Þ

þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
0ð Þ

¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �
:

Thus, for every ½f � � in T	
p ðMÞ;

h k1½ �; dfð Þpi ¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� � ¼ o
ou1






p

 !
f½ �:

So

h k1½ �; dfð Þpi ¼
o
ou1






p

 !
f½ �:

Similarly, we have

h k2½ �; dfð Þpi ¼
o
ou2






p

 !
f½ �:

So, for every i ¼ 1; 2; and for every ½f � in F pðMÞ;

h ki½ �; f½ � � i ¼ o
oui






p

 !
f½ �:

Hence, when there is no confusion, we denote ½ki� by o
ouijp:

Further, since f½k1�; ½k2�g is the natural basis of the tangent space TpðMÞ under
local coordinate system ðuiÞ; f o

ou1jp; o
ou2jpg is the natural basis of the tangent space

TpðMÞ under local coordinate system ðuiÞ. Thus, for every ½f � in F pðMÞ;
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h o
oui






p

; dfð Þpi ¼
o
oui






p

 !
f½ �:

Also, we have

h o
oui






p

; du j
� �

pi ¼ d j
i :

Theorem 2.63 Let M be a 2-dimensional smooth manifold. Let p be an element of
M. Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U. Let c be in
CpðMÞ. Let u1; u2 be the component functions of uU. Then,

d
dt

u1 � c� �
tð Þ

� �




t¼0

;
d
dt

u2 � c� �
tð Þ

� �




t¼0

are the components of the tangent vector ½c� at p, with respect to the natural basis

o
ou1






p

;
o
ou2






p

( )

of the tangent space TpðMÞ under local coordinate system ðuiÞ.
Proof Let us take any ½f �� in T	

p ðMÞ; where f is in C1
p ðMÞ: Since

c½ �	 f½ ��ð Þ ¼ h c½ �; f½ �� i ¼ D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u1 � c� �
tð Þ

� �




t¼0

þ D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u2 � c� �
tð Þ

� �




t¼0

¼ h k1½ �; dfð Þpi
d
dt

u1 � c� �
tð Þ

� �




t¼0

þh k2½ �; dfð Þpi
d
dt

u2 � c� �
tð Þ

� �




t¼0

¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
h k1½ �; f½ �� i þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
h k2½ �; f½ � � i

¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ �	 f½ � �ð Þð Þ þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �	 f½ ��ð Þð Þ

¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ �	

� �
f½ ��ð Þ þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �	

� �
f½ ��ð Þ

¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ �

� �	
f½ ��ð Þ þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �

� �	
f½ ��ð Þ

¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ �

� �	
þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �

� �	� �
f½ ��ð Þ

¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ � þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �

� �	
f½ ��ð Þ;
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so

c½ �	¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ � þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �

� �	
:

Further, since

g c½ �ð Þ ¼ c½ �	¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ � þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �

� �	

¼ g
d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ � þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �

� �� �
;

and g is a 1–1 mapping from TpðMÞ onto T pðMÞ;

c½ � ¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
k1½ � þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
k2½ �

¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
o
ou1






p

 !
þ d

dt
u2 � c� �

tð Þ
� �





t¼0

� �
o
ou2






p

 !
:

Further, since f½k1�; ½k2�g is a basis of the tangent space TpðMÞ, that is,
o
ou1






p

 !
;

o
ou2






p

 !( )

is a basis of the tangent space TpðMÞ,

d
dt

u1 � c� �
tð Þ

� �




t¼0

;
d
dt

u2 � c� �
tð Þ

� �




t¼0

are the components of the tangent vector ½c� at p, with respect to the natural basis.h

Note 2.64 As above, for m-dimensional smooth manifold M, we get the formula:

c½ � ¼ d
dt

u1 � c� �
tð Þ

� �




t¼0

� �
o
ou1






p

 !
þ � � � þ d

dt
um � cð Þ tð Þ

� �




t¼0

� �
o

oum






p

 !
:

Further, since f½k1�; . . .; ½km�g is a basis of the tangent space TpðMÞ; that is,

o
ou1






p

 !
; . . .;

o
oum






p

 !( )
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is a basis of the tangent space TpðMÞ,
d
dt

u1 � c� �
tð Þ

� �




t¼0

; . . .;
d
dt

um � cð Þ tð Þ
� �





t¼0

are the components of the tangent vector ½c� at p, with respect to the natural basis.

Note 2.65 When there is no confusion, we generally avoid writing the lower index
p of the tangent vectors, cotangent vectors, etc.

Theorem 2.66 Let M be an m-dimensional smooth manifold. Let p be an element
of M. Let ðdf Þp; ðdgÞp be in T	

p ; where f ; g are in C1
p . Let X be in TpM. Let s; t be

any real numbers. Then,

1. hX; ðdðsf þ tgÞÞpi ¼ s � hX; ðdf Þpi þ t � hX; ðdgÞpi;
2. hX; ðdðf � gÞÞpi ¼ f ðpÞ � hX; ðdgÞpi þ gðpÞ � hX; ðdf Þpi:

Proof

1: By Theorem 2.45, hX; ðdðsf þ tgÞÞpi ¼ hX; s � ððdf ÞpÞ þ t � ððdgÞpÞi: Further,
since the mapping ð½c�; ½f �� Þ 7! h½c�; ½f �� i from the real linear space Tp � T	

p to
R is linear in the second variable, hX; s � ððdf ÞpÞ þ t � ððdgÞpÞi ¼ s � hX; ðdf Þp þ
t � X; ðdgÞpi; and hence,

hX; d sf þ tgð Þð Þpi ¼ s � hX; dfð Þpþt � X; dgð Þpi:

This proves 1.

2: By Theorem 2.45, hX; ðdðf � gÞÞpi ¼ hX; ðgðpÞÞðdf Þp þ ðf ðpÞÞðdgÞpi: Further,
since the mapping ð½c�; ½f �� Þ 7! h½c�; ½f �� i from the real linear space Tp � T	

p to
R is linear in the second variable, hX; ðgðpÞÞðdf Þp þ ðf ðpÞÞðdgÞpi ¼ ðgðpÞÞ �
hX; ðdf Þpi þ ðf ðpÞÞ � hX; ðdgÞpi; and hence,

hX; d f � gð Þð Þpi ¼ g pð Þð Þ � hX; dfð Þpi þ f pð Þð Þ � hX; dgð Þpi:

This proves 2. h

2.7 Contravariant Vectors and Covariant Vectors

Definition Let M be an m-dimensional smooth manifold. Let p be an element of
M. Let ðdf Þp be in T	

p , where f is in C
1
p . Let X be in TpM: By Xf, we mean hX; ðdf Þpi;

and is called the directional derivative of the function f along the tangent vector X.

108 2 Tangent Spaces



Now, the Theorem 2.66 can be restated as follows:

Theorem 2.67 Let M be an m-dimensional smooth manifold. Let p be an element
of M. Let X be in TpM: Then, for every f ; g in C1

p ; and for every real s; t;

1. Xðsf þ tgÞ ¼ s � ðXf Þ þ t � ðXgÞ;
2. Xðf � gÞ ¼ f ðpÞ � Xðf Þ þ gðpÞ � XðgÞ:

Theorem 2.68 Let M be a 2-dimensional smooth manifold. Let p be an element of
M. Let ½c� be in TpM, where c is in c 2 CpðMÞ. Let ðU;uUÞ; ðU0;u0

UÞ be two
admissible coordinate charts of M satisfying p 2 U, and p 2 U0. Let u1; u2 be the
component functions of uU. Let u

01; u02 be the component functions of u0
U. Then,

d
dt

u01 � c� �
tð Þ

� �




t¼0

¼ ou01

ou1

� �
d
dt

u1 � c� �
tð Þ

� �




t¼0

þ ou01

ou2

� �
d
dt

u2 � c� �
tð Þ

� �




t¼0

;

where

ou01

ou1
� D1 u01 � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� � ¼ o

ou1






p

 !
u01
� �

;

and

ou01

ou2
� D2 u01 � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� � ¼ o

ou2






p

 !
u01
� �

:

Proof Here,

d
dt

u1 � c� �
tð Þ

� �




t¼0

;
d
dt

u2 � c� �
tð Þ

� �




t¼0

are the components of the tangent vector ½c� at p, with respect to the natural basis

o
ou1






p
;
o
ou2






p

( )

of the tangent space TpM under local coordinate system ðuiÞ. Also,

d
dt

u01 � c� �
tð Þ

� �




t¼0

;
d
dt

u02 � c� �
tð Þ

� �




t¼0
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are the components of the tangent vector ½c� at p, with respect to the natural basis

o
ou01






p

;
o

ou02






p

( )

of the tangent space TpM under local coordinate system ðu0iÞ. Since c is in CpðMÞ,
cð0Þ ¼ p. We have to prove that

d
dt

u01 � c� �
tð Þ

� �




t¼0

¼ ou01

ou1

� �
d
dt

u1 � c� �
tð Þ

� �




t¼0

þ ou01

ou2

� �
d
dt

u2 � c� �
tð Þ

� �




t¼0

:

LHS ¼ d
dt

u01 � c� �
tð Þ

� �




t¼0

¼ d
dt

u0
U � c� �1� �

tð Þ
� �





t¼0

¼ d
dt

u0
U � uUð Þ�1� uU

� �
� c

� �� �1� �
tð Þ

� �




t¼0

¼ d
dt

u0
U � uUð Þ�1

� �
� uU � cð Þ

� �1� �
tð Þ

� �




t¼0

¼ d
dt

u0
U � uUð Þ�1

� �1
� uU � cð Þ

� �
tð Þ

� �




t¼0

¼ D1 u0
U � uUð Þ�1

� �1� �� �
uU � cð Þ 0ð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

uU � cð Þ 0ð Þð Þ
� �

�
d
dt uU � cð Þ1
� �

tð Þ
� �




t¼0

d
dt uU � cð Þ2
� �

tð Þ
� �




t¼0

264
375

¼ D1 u0
U � uUð Þ�1

� �1� �� �
uU c 0ð Þð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

uU c 0ð Þð Þð Þ
� �

�
d
dt uU � cð Þ1
� �

tð Þ
� �




t¼0

d
dt uU � cð Þ2
� �

tð Þ
� �




t¼0

264
375

¼ D1 u0
U � uUð Þ�1

� �1� �� �
uU pð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

uU pð Þð Þ
� �

�
d
dt uU � cð Þ1
� �

tð Þ
� �




t¼0

d
dt uU � cð Þ2
� �

tð Þ
� �




t¼0

264
375

¼ D1 u0
U � uUð Þ�1

� �1� �� �
uU pð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

uU pð Þð Þ
� �

�
d
dt uUð Þ1
� �

� c
� �

tð Þ
� �




t¼0

d
dt uUð Þ2
� �

� c
� �

tð Þ
� �




t¼0

264
375
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¼ D1 u0
U � uUð Þ�1

� �1� �� �
uU pð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

uU pð Þð Þ
� �

�
d
dt uUð Þ1
� �

c tð Þð Þ
� �� �




t¼0

d
dt uUð Þ2
� �

c tð Þð Þ
� �� �




t¼0

264
375

¼ D1 u0
U � uUð Þ�1

� �1� �� �
uU pð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

uU pð Þð Þ
� �

�
d
dt u1ð Þ c tð Þð Þð Þ
� �




t¼0

d
dt u2ð Þ c tð Þð Þð Þ
� �




t¼0

264
375

¼ D1 u0
U � uUð Þ�1

� �1� �� �
uU pð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

uU pð Þð Þ
� �

�
d
dt u1 � cð Þ tð Þ
� �




t¼0

d
dt u2 � cð Þ tð Þ
� �




t¼0

264
375

¼ D1 u0
U � uUð Þ�1

� �1� �� �
u1 pð Þ; u2 pð Þð Þ D2 u0

U � uUð Þ�1
� �1� �� �

u1 pð Þ; u2 pð Þð Þ
� �

�
d
dt u1 � cð Þ tð Þ
� �




t¼0

d
dt u2 � cð Þ tð Þ
� �




t¼0

264
375

¼ D1 u0
U � uUð Þ�1

� �1� �� �
u1 pð Þ; u2 pð Þ� �� �

d
dt

u1 � c� �
tð Þ

� �




t¼0

þ D2 u0
U � uUð Þ�1

� �1� �� �
u1 pð Þ; u2 pð Þ� �� �

d
dt

u2 � c� �
tð Þ

� �




t¼0

:

RHS ¼ ou01

ou1

� �
d
dt

u1 � c� �
tð Þ

� �




t¼0

þ ou01

ou2

� �
d
dt

u2 � c� �
tð Þ

� �




t¼0

¼ D1 u01 � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u1 � c� �
tð Þ

� �




t¼0

þ D2 u01 � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� � d
dt

u2 � c� �
tð Þ

� �




t¼0

¼ D1 u0
U � uUð Þ�1

� �1� �� �
u1 pð Þ; u2 pð Þ� �� �

d
dt

u1 � c� �
tð Þ

� �




t¼0

þ D2 u0
U � uUð Þ�1

� �1� �� �
u1 pð Þ; u2 pð Þ� �� �

d
dt

u2 � c� �
tð Þ

� �




t¼0

:

Hence, LHS ¼ RHS. h
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Note 2.69 Similarly, under the same conditions as in theorem 34, we get

d
dt

u02 � c� �
tð Þ

� �




t¼0

¼ ou02

ou1

� �
d
dt

u1 � c� �
tð Þ

� �




t¼0

þ ou02

ou2

� �
d
dt

u2 � c� �
tð Þ

� �




t¼0

:

In short, we write

d
dt

u0i � c� �
tð Þ

� �




t¼0

¼ ou0i

ou1

� �
d
dt

u1 � c� �
tð Þ

� �




t¼0

þ ou0i

ou2

� �
d
dt

u2 � c� �
tð Þ

� �




t¼0

;

or

d
dt

u0i � c� �
tð Þ

� �




t¼0

¼
X2
j¼1

ou0i

ou j

� �
d
dt

u j � c� �
tð Þ

� �




t¼0

;

and we say that tangent vectors are contravariant vectors.

Similar results can be obtained for 3-dimensional smooth manifold, etc.

Theorem 2.70 Let M be a 2-dimensional smooth manifold. Let p be an element of
M. Let ðdf Þp be in T	

p , where f is in C1
p . Let ðU;uUÞ; ðU0;u0

UÞ be two admissible

coordinate charts of M satisfying p 2 U; p 2 U0. Let u1; u2 be the component
functions of uU : Let u

01; u02 be the component functions of u0
U. Then,

of
ou01

¼ ou1

ou01

� �
of
ou1

þ ou2

ou01

� �
of
ou2

;

where

of
ou01

� D1 f � u0
U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� � ¼ o
ou01






p

 !
f½ �;

of
ou1

� D1 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� � ¼ o
ou1






p

 !
f½ �;

of
ou2

� D2 f � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� � ¼ o
ou1






p

 !
f½ �:

Proof By Theorem 2.48,

of
ou1

� �
p
� D1 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

;
of
ou2

� �
p
� D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �
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are the components of the cotangent vector ðdf Þp at p, with respect to the natural

basis fðdu1Þp; ðdu2Þpg of the cotangent space T	
p under local coordinate system ðuiÞ.

Also,

of
ou01

� �
p
� D1 f � u0

U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� �
;

of
ou02

� �
p
� D2 f � u0

U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� �

are the components of the cotangent vector ðdf Þp at p, with respect to the natural

basis fðdu01Þp; ðdu02Þpg of the cotangent space T	
p under local coordinate system

ðu0iÞ. We have to prove that

of
ou01

¼ ou1

ou01

� �
of
ou1

þ ou2

ou01

� �
of
ou2

:

LHS ¼ of
ou01

¼ D1 f � u0
U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �
¼ D1 f � uUð Þ�1�uU

� �
� u0

U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �
¼ D1 f � uUð Þ�1

� �
� uU � u0

U

� ��1
� �� �� �

u01 pð Þ; u02 pð Þ� �
¼ 1st column of the matrix product

D1 f � uUð Þ�1
� �� �

uU � u0
U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� �h
D2 f � uUð Þ�1
� �� �

uU � u0
U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� �i
1�2

�
D1 uU � u0

U

� ��1
� �1� �� �

u01 pð Þ; u02 pð Þð Þ
� �

D2 uU � u0
U

� ��1
� �1� �� �

u01 pð Þ; u02 pð Þð Þ
� �

D1 uU � u0
U

� ��1
� �2� �� �

u01 pð Þ; u02 pð Þð Þ
� �

D2 uU � u0
U

� ��1
� �2� �� �

u01 pð Þ; u02 pð Þð Þ
� �

26664
37775

¼ D1 f � uUð Þ�1
� �� �

uU � u0
U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� �� �
D1 uU � u0

U

� ��1
� �1� �� �

u01 pð Þ; u02 pð Þ� �� �
þ D2 f � uUð Þ�1

� �� �
uU � u0

U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� �� �
D1 uU � u0

U

� ��1
� �2� �� �

u01 pð Þ; u02 pð Þ� �� �
¼ D1 f � uUð Þ�1

� �� �
uU � u0

U

� ��1
� �� �

u0
U pð Þ� �� �� �

D1 uU � u0
U

� ��1
� �1� �� �

u0
U pð Þ� �� �

þ D2 f � uUð Þ�1
� �� �

uU � u0
U

� ��1
� �� �

u0
U pð Þ� �� �� �

D1 uU � u0
U

� ��1
� �2� �� �

u0
U pð Þ� �� �

¼ D1 f � uUð Þ�1
� �� �

uU � u0
U

� ��1
� �

� u0
U

� �
pð Þ

� �� �
D1 uU � u0

U

� ��1
� �1� �� �

u0
U pð Þ� �� �

þ D2 f � uUð Þ�1
� �� �

uU � u0
U

� ��1
� �

� u0
U

� �
pð Þ

� �� �
D1 uU � u0

U

� ��1
� �2� �� �

u0
U pð Þ� �� �
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¼ D1 f � uUð Þ�1
� �� �

uU � u0
U

� ��1�u0
U

� �� �
pð Þ

� �� �
D1 uU � u0

U

� ��1
� �1� �� �

u0
U pð Þ� �� �

þ D2 f � uUð Þ�1
� �� �

uU � u0
U

� ��1�u0
U

� �� �
pð Þ

� �� �
D1 uU � u0

U

� ��1
� �2� �� �

u0
U pð Þ� �� �

¼ D1 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

D1 uU � u0
U

� ��1
� �1� �� �

u0
U pð Þ� �� �

þ D2 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

D1 uU � u0
U

� ��1
� �2� �� �

u0
U pð Þ� �� �

¼ D1 uU � u0
U

� ��1
� �1� �� �

u0
U pð Þ� �� �

D1 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

þ D1 uU � u0
U

� ��1
� �2� �� �

u0
U pð Þ� �� �

D2 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

:

RHS ¼ ou1

ou01

� �
of
ou1

þ ou2

ou01

� �
of
ou2

¼ D1 u1 � u0
U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� � of
ou1

þ D1 u2 � u0
U

� ��1
� �� �

u01 pð Þ; u02 pð Þ� �� � of
ou2

¼ D1 uU � u0
U

� ��1
� �1� �� �

u01 pð Þ; u02 pð Þ� �� �
of
ou1

þ D1 uU � u0
U

� ��1
� �2� �� �

u01 pð Þ; u02 pð Þ� �� �
of
ou2

¼ D1 uU � u0
U

� ��1
� �1� �� �

u01 pð Þ; u02 pð Þ� �� �
� D1 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

þ D1 uU � u0
U

� ��1
� �2� �� �

u01 pð Þ; u02 pð Þ� �� �
� D2 f � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

¼ D1 uU � u0
U

� ��1
� �1� �� �

u0
U pð Þ� �� �

D1 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

þ D1 uU � u0
U

� ��1
� �2� �� �

u0
U pð Þ� �� �

D2 f � uUð Þ�1
� �� �

uU pð Þð Þ
� �

:

So, LHS = RHS. h
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Note 2.71 Similarly, under the same conditions as in Theorem 2.70, we get

of
ou02

¼ ou1

ou02

� �
of
ou1

þ ou2

ou02

� �
of
ou2

:

In short, we write

of
ou0i

¼
X2
j¼1

ou j

ou0i

� �
of
ou j ;

and we say that cotangent vectors are covariant vectors.
Similar results can be obtained for 3-dimensional smooth manifold, etc.

Note 2.72 Let M be an m-dimensional smooth manifold, and N be an n-dimen-
sional smooth manifold. Let p be an element of M, and let F : M ! N be any
smooth map. Then, for every f in C1

FðpÞðNÞ, f � F is in C1
p ðMÞ.

Reason: Since f is in C1
FðpÞðNÞ, f is a real-valued function such that dom f is an

open neighborhood of FðpÞ in N. Since F : M ! N is a smooth map, and p is in M,
F : M ! N is continuous at p. Since F : M ! N is continuous at p, and dom f is an
open neighborhood of FðpÞ in N, F�1ðdom f Þ is an open neighborhood of p in
M. Since domðf � FÞ ¼ F�1ðdom f Þ, and F�1ðdom f Þ is an open neighborhood of
p in M, domðf � FÞ is an open neighborhood of p in M. Now, it remains to be
proved that f � F is C1 at p.

Since F : M ! N is a smooth map, and p is in M, F is C1 at p. Since f is in
C1
FðpÞðNÞ, f is a real-valued function such that dom f is an open neighborhood of

FðpÞ in N, and f is C1 at FðpÞ in N. Since the F-image of domðf � FÞ is contained
in dom f, F is C1 at p, and f is C1 at FðpÞ, the composite function f � F is C1 at p.

Hence, f � F is in C1
p ðMÞ.

Theorem 2.73 Let M be any m-dimensional smooth manifold, and let N be any n-
dimensional smooth manifold. Let F : M ! N be any smooth map, and let p be in
M. Let

F	 : T	
F pð Þ ! T	

p

be the function defined as follows: For every ðdf ÞFðpÞ in T	
FðpÞ, where f is in

C1
FðpÞðNÞ,

F	 dfð ÞF pð Þ
� �

¼ d f � Fð Þð Þp:
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Then, F	 is linear.

Proof For every f in C1
FðpÞðNÞ, from the above note, f � F is in C1

p ðMÞ, and hence,

ðdðf � FÞÞp is in T	
p . Since, for every f in C1

FðpÞðNÞ, F	ððdf ÞFðpÞÞ ð� ðdðf � FÞÞpÞ is
in T	

p , F
	 : T	

FðpÞ ! T	
p is a function. Next, let us take any f ; g in C1

FðpÞðNÞ, and any

real s; t. We have to show that

F	 d sf þ tgð Þð ÞF pð Þ
� �

¼ s F	 dfð ÞF pð Þ
� �� �

þ t F	 dgð ÞF pð Þ
� �� �

:

On using Theorem 2.45, we have

LHS ¼ F	 d sf þ tgð Þð ÞF pð Þ
� �

¼ d sf þ tgð Þ � Fð Þð Þp¼ d sfð Þ � F þ tgð Þ � Fð Þð Þð Þp
¼ d s f � Fð Þ þ t g � Fð Þð Þð Þð Þp¼ s d f � Fð Þð Þp

� �
þ t d g � Fð Þð Þp
� �

¼ s F	 dfð ÞF pð Þ
� �� �

þ t F	 dgð ÞF pð Þ
� �� �

¼ RHS:

h

Note 2.74 Let M be any m-dimensional smooth manifold, and N be any n-dimen-
sional smooth manifold. Let p be inM. Let F : M ! N be any smooth map. Fix any
c in TpðMÞ, where c is in CpðMÞ. As in Theorem 2.73, F	 : T	

FðpÞ ! T	
p . So for every

ðdf ÞFðpÞ in T	
FðpÞ where f is in C

1
FðpÞðNÞ, F	ððdf ÞFðpÞÞ is in T	

p . Since F
	ððdf ÞFðpÞÞ is in

T	
p and, ½c� is in TpðMÞ, h½c�;F	ððdf ÞFðpÞÞi is a real number. We shall try to show that

the mapping ðdf ÞFðpÞ 7! h½c�;F	ððdf ÞFðpÞÞi from real linear space T	
FðpÞ to R is linear,

that is, for every f ; g in C1
FðpÞðNÞ, and for every real s; t;

h c½ �;F	 s dfð ÞF pð Þ
� �

þ t dgð ÞF pð Þ
� �� �

i ¼ sh c½ �;F	 dfð ÞF pð Þ
� �

i
þ th c½ �;F	 dgð ÞF pð Þ

� �
i:

By Theorem 2.73,

LHS ¼ h c½ �;F	 s dfð ÞF pð Þ
� �

þ t dgð ÞF pð Þ
� �� �

i
¼ h c½ �; s F	 dfð ÞF pð Þ

� �� �
þ t F	 dgð ÞF pð Þ

� �� �
i:

Further, by Theorem 2.62,

h c½ �; s F	 dfð ÞF pð Þ
� �� �

þ t F	 dgð ÞF pð Þ
� �� �

i
¼ sh c½ �;F	 dfð ÞF pð Þ

� �
i þ th c½ �;F	 dgð ÞF pð Þ

� �
i ¼ RHS

h
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so, LHS = RHS. So, ðdf ÞFðpÞ 7! h½c�;F	ððdf ÞFðpÞÞi is a linear functional on the real
linear space T	

FðpÞ, and hence, the mapping ðdf ÞFðpÞ 7! h½c�;F	ððdf ÞFðpÞÞi is a

member of T FðpÞ. Let us denote the mapping ðdf ÞFðpÞ 7! h½c�;F	ððdf ÞFðpÞÞi bybFð½c�Þ. Thus, for every ½c� in TpðMÞ, bFð½c�Þ is in T FðpÞ. Since bFð½c�Þ is in T FðpÞ,
there exists a unique F	ð½c�Þ in TFðpÞðNÞ such that ðF	ð½c�ÞÞ	 ¼ bFð½c�Þ; that is, for
every ðdf ÞFðpÞ in T	

FðpÞ where f is in C1
FðpÞðNÞ,

F	 c½ �ð Þð Þ	 dfð ÞF pð Þ
� �

¼ h c½ �;F	 dfð ÞF pð Þ
� �

i:

Since for every ½c� in TpðMÞ, F	ð½c�Þ is a unique member of TFðpÞðNÞ,
F	 : TpðMÞ ! TFðpÞðNÞ:

2.8 Tangent Maps

Definition Let M be any m-dimensional smooth manifold, and N be any n-
dimensional smooth manifold. Let p be in M. Let F : M ! N be any smooth map.
Let p be in M. The mapping F	 : TpðMÞ ! TFðpÞðNÞ; as defined in the Note 2.74, is
called the tangent map induced by F.

We have seen that, for every ðdf ÞFðpÞ in T	
FðpÞ where f is in C1

FðpÞðNÞ, and for every

½c� in TpðMÞ where c is in CpðMÞ,

F	 c½ �ð Þð Þ	 dfð ÞF pð Þ
� �

¼ h c½ �;F	 dfð ÞF pð Þ
� �

i:

Theorem 2.75 Let M be any m-dimensional smooth manifold, and let N be any n-
dimensional smooth manifold. Let F : M ! N be any smooth map, and let p be in
M. Then, the tangent map F	 : TpðMÞ ! TFðpÞðNÞ induced by F is linear.

Proof Let us take any ½c1�; ½c2� in TpðMÞ, and any real s; t. We have to show that

F	 s c1½ � þ t c2½ �ð Þ ¼ s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þ:

We first try to prove that, for every ðdf ÞFðpÞ in T	
FðpÞ;

F	 s c1½ � þ t c2½ �ð Þð Þ	 dfð ÞF pð Þ
� �

¼ s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þð Þ	 dfð ÞF pð Þ
� �

:
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LHS ¼ F	 s c1½ � þ t c2½ �ð Þð Þ	 dfð ÞF pð Þ
� �

¼ hs c1½ � þ t c2½ �;F	 dfð ÞF pð Þ
� �

i

¼ sh c1½ �;F	 dfð ÞF pð Þ
� �

i þ th c2½ �;F	 dfð ÞF pð Þ
� �

i

¼ s F	 c1½ �ð Þð Þ	 dfð ÞF pð Þ
� �� �

þ t F	 c2½ �ð Þð Þ	 dfð ÞF pð Þ
� �� �

¼ s F	 c1½ �ð Þð Þ	ð Þð Þ dfð ÞF pð Þ
� �

þ t F	 c2½ �ð Þð Þ	ð Þð Þ dfð ÞF pð Þ
� �

¼ s F	 c1½ �ð Þð Þ	ð Þ þ t F	 c2½ �ð Þð Þ	ð Þð Þ dfð ÞF pð Þ
� �

¼ s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þð Þ	 dfð ÞF pð Þ
� �

¼ RHS:

Hence, LHS = RHS. Thus, we have shown that, for every ðdf ÞFðpÞ in T	
FðpÞ,

F	 s c1½ � þ t c2½ �ð Þð Þ	 dfð ÞF pð Þ
� �

¼ s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þð Þ	 dfð ÞF pð Þ
� �

:

Hence,

F	 s c1½ � þ t c2½ �ð Þð Þ	¼ s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þð Þ	:

Now, by the definition of η,

g F	 s c1½ � þ t c2½ �ð Þð Þ ¼ F	 s c1½ � þ t c2½ �ð Þð Þ	¼ s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þð Þ	
¼ g s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þð Þ

so,

g F	 s c1½ � þ t c2½ �ð Þð Þ ¼ g s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þð Þ:

Further, since η is 1–1,

F	 s c1½ � þ t c2½ �ð Þ ¼ s F	 c1½ �ð Þð Þ þ t F	 c2½ �ð Þð Þ:
h

Note 2.76 Let M be any 2-dimensional smooth manifold, and N be any 3-
dimensional smooth manifold. Let p be in M. Let F : M ! N be any smooth map.
Let ðU;uUÞ be an admissible coordinate chart of M satisfying p 2 U, and let
ðV ;wVÞ be an admissible coordinate chart of N satisfying FðpÞ 2 V . Let u1; u2 be
the component functions of uU , and let v1; v2; v3 be the component functions of wV .

Since ðV ;wV Þ is an admissible coordinate chart of N satisfying FðpÞ 2 V , and
v1; v2; v3 are the component functions of wV , fðdv1ÞFðpÞ; ðdv2ÞFðpÞ; ðdv3ÞFðpÞg is the
natural basis of the cotangent space T	

FðpÞðNÞ determined by ðV ;wVÞ. Since ðU;uUÞ
is an admissible coordinate chart of M satisfying p 2 U, and u1; u2 are the com-
ponent functions of uU ; fðdu1Þp; ðdu2Þpg is the natural basis of the cotangent space

h
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T	
p ðMÞ determined by ðU;uUÞ. Since F	 : T	

FðpÞ ! T	
p , and ðdv1ÞFðpÞ; ðdv2ÞFðpÞ;

ðdv3ÞFðpÞ are in T	
FðpÞ, F

	ððdv1ÞFðpÞÞ;F	ððdv2ÞFðpÞÞ; F	ððdv3ÞFðpÞÞ are in T	
p . Also, by

the definition of F	,

F	 dv1
� �

F pð Þ
� �

¼ d v1 � F� �� �
p:

Next, by Theorem 2.48,

d v1 � F� �� �
p ¼ D1 v1 � F� � � uUð Þ�1

� �� �
u1 pð Þ; u2 pð Þ� �� �

d u1
� �� �

p

þ D2 v1 � F� � � uUð Þ�1
� �� �

u1 pð Þ; u2 pð Þ� �� �
d u2
� �� �

p

¼ D1 v1 � F � uUð Þ�1
� �� �� �

u1 pð Þ; u2 pð Þ� �� �
d u1
� �� �

p

þ D2 v1 � F � uUð Þ�1
� �� �� �

u1 pð Þ; u2 pð Þ� �� �
d u2
� �� �

p

¼ D1 wV � F � uUð Þ�1
� �� �1� �� �

u1 pð Þ; u2 pð Þ� �� �
d u1
� �� �

p

þ D2 wV � F � uUð Þ�1
� �� �1� �� �

u1 pð Þ; u2 pð Þ� �� �
d u2
� �� �

p

¼
X2
i¼1

Di wV � F � uUð Þ�1
� �� �1� �� �

u1 pð Þ; u2 pð Þ� �� �
d ui
� �� �

p:

Thus,

F	 dv1
� �

F pð Þ
� �

¼
X2
i¼1

Di wV � F � uUð Þ�1
� �� �1� �� �

u1 pð Þ; u2 pð Þ� �� �
d ui
� �� �

p:

Similarly,

F	 dv2
� �

F pð Þ
� �

¼
X2
i¼1

Di wV � F � uUð Þ�1
� �� �2� �� �

u1 pð Þ; u2 pð Þ� �� �
d ui
� �� �

p;

and

F	 dv3
� �

F pð Þ
� �

¼
X2
i¼1

Di wV � F � uUð Þ�1
� �� �3� �� �

u1 pð Þ; u2 pð Þ� �� �
d ui
� �� �

p:
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In short, we write

F	 dvað ÞF pð Þ
� �

¼
X2
i¼1

Di wV � F � uUð Þ�1
� �� �a� �� �

u1 pð Þ; u2 pð Þ� �� �
d ui
� �� �

p

or

F	 dvað ÞF pð Þ
� �

¼
X2
i¼1

oFa

oui

� �
p
d ui
� �� �

p;

where

oFa

oui

� �
p
� Di wV � F � uUð Þ�1

� �� �a� �� �
u1 pð Þ; u2 pð Þ� �

:

If there is no confusion, we simply write

F	 dvað Þ ¼
X2
i¼1

oFa

oui
dui:

If M is an m-dimensional smooth manifold, and N is an n-dimensional smooth
manifold, then as above, we get the formula: For every a ¼ 1; . . .; n;

F	 dvað Þ ¼
Xm
i¼1

oFa

oui
dui:

Note 2.77 Let M be any m-dimensional smooth manifold, and N be any n-dimen-
sional smooth manifold. Let p be in M. Let F : M ! N be any smooth map. Let
ðU;uUÞ be an admissible coordinate chart ofM satisfying p 2 U, and let ðV ;wV Þ be
an admissible coordinate chart of N satisfying FðpÞ 2 V . Let u1; . . .; um be the
component functions of uU , and let v1; . . .; vn be the component functions of wV .

For i ¼ 1; . . .;m, and for a ¼ 1; . . .; n, o
ouijp is in TpðMÞ, and ðdvaÞFðpÞ is in T	

FðpÞ.
So, by the definition of F	,

F	
o
oui






p

 ! !	
dvað ÞF pð Þ

� �
¼ o

oui







p

;F	 dvað ÞF pð Þ
� �* +

¼ o
oui







p

;
Xm
j¼1

oFa

ou j

� �
p
d u j
� �� �

p

* +
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¼
Xm
j¼1

oFa

ou j

� �
p

o
oui

� 




p
; d u j
� �� �

pi

¼
Xm
j¼1

oFa

ou j

� �
p
d j
i ¼

oFa

oui

� �
p
:

Thus,

F	
o
oui






p

 ! !	
dvað ÞF pð Þ

� �
¼ oFa

oui

� �
p
:

We want to prove that

F	
o
oui






p

 ! !	
¼
Xn
b¼1

oFb

oui

� �
p

o
ovb

jF pð Þ

� �	� �
;

that is, for every ðdf ÞFðpÞ in T	
FðpÞ, where f is in C1

FðpÞðNÞ,

F	
o
oui






p

 ! !	
dfð ÞF pð Þ

� �
¼

Xn
b¼1

oFb

oui

� �
p

o
ovb

jF pð Þ

� �	� � !
dfð ÞF pð Þ

� �
:

Here,

LHS ¼ F	
o
oui






p

 ! !	
dfð ÞF pð Þ

� �
¼ o

oui

� 




p
;F	 dfð ÞF pð Þ
� ��

¼ o
i

� 




p
;F	 Xn

a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� �
dvað ÞF pð Þ

 !�

¼ o
oui

� 




p
;
Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� �
F	 dvað ÞF pð Þ
� ��

¼
Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� � o
oui

� 




p
;F	 dvað ÞF pð Þ
� ��

¼
Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� �
F	

�
o
oui






p

 ! !	
dvað ÞF pð Þ

� � !

¼
Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� � oFa

oui

� �
p
;
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and

RHS ¼
Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 !	 ! !
dfð ÞF pð Þ

� �

¼
Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 !	
dfð ÞF pð Þ

� � !

¼
Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 !	 
Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� �
dvað ÞF pð Þ

 !!

¼
Xn
b¼1

oFb

oui

� �
p

Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� � 
o
ovb






F pð Þ

 !	
dvað ÞF pð Þ

� � !!

¼
Xn
b¼1

oFb

oui

� �
p

Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� � o
ovb






F pð Þ

; dvað ÞF pð Þ

 !

¼
Xn
b¼1

oFb

oui

� �
p

Xn
a¼1

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� �
dab

 !

¼
Xn
b¼1

oFb

oui

� �
p

Db f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� �
¼
Xn
a¼1

oFa

oui

� �
p

Da f � wVð Þ�1
� �� �

v1 pð Þ; . . .; vn pð Þ� �� �
:

Hence, LHS = RHS. Thus, we have shown that

F	
o
oui






p

 ! !	
¼
Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 !	 !
:

Since, by the definition of η,

g F	
o
oui






p

 ! !
¼ F	

o
oui






p

 ! !	
¼
Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 !	 !

¼
Xn
b¼1

oFb

oui

� �
p

g
o
ovb






F pð Þ

 ! !
¼ g

Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 ! !
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so,

g F	
o
oui






p

 ! !
¼ g

Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 ! !
:

Further, since η is 1–1,

F	
o
oui






p

 !
¼
Xn
b¼1

oFb

oui

� �
p

o
ovb






F pð Þ

 !
¼
Xn
a¼1

oFa

oui

� �
p

o
ova






F pð Þ

 !

In short, we write

F	
o
oui

� �
¼
Xn
a¼1

oFa

oui
o
ova

:

Note 2.78 Let M and N be any 3-dimensional smooth manifolds. Let p be in M. Let
F : M ! N be any smooth map. Let ðU;uUÞ be an admissible coordinate chart of
M satisfying p 2 U, and let ðV ;wVÞ be an admissible coordinate chart of N satis-
fying FðpÞ 2 V . Let u1; u2; u3 be the component functions of uU , and let v1; v2; v3

be the component functions of wV . Here,

o
ou1






p

;
o
ou2






p

;
o
ou3






p

( )

is the natural basis of the tangent space TpðMÞ under local coordinate system ðuiÞ, and

o
ov1






F pð Þ

;
o
ov2






F pð Þ

;
o
ov3






F pð Þ

( )

is the natural basis of the tangent space TFðpÞðNÞ under local coordinate system ðviÞ.
Also, by Theorem 2.75, the tangent map F	 is a linear transformation from linear
space TpðMÞ to linear space TFðpÞðNÞ. From the above note,

F	
o
oui






p

 !
¼
X3
j¼1

oF j

oui

� �
p

o
ov j






F pð Þ

 !
:

So the matrix representation of F* under the natural bases

o
ou1






p

;
o
ou2






p

;
o
ou3






p

( )
and

o
ov1






F pð Þ

;
o
ov2






F pð Þ

;
o
ov3






F pð Þ

( )
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is

oF1

ou1

� �
p

oF1

ou2

� �
p

oF1

ou3

� �
p

oF2

ou1

� �
p

oF2

ou2

� �
p

oF2

ou3

� �
p

oF3

ou1

� �
p

oF3

ou2

� �
p

oF3

ou3

� �
p

266664
377775
3�3

;

where ðoF j

oui Þp stands for ðDiððwV � ðF � ðuUÞ�1ÞÞ jÞÞðu1ðpÞ; u2ðpÞ; u2ðpÞÞ:
Further, the linear transformation F	 : TpðMÞ ! TFðpÞðNÞ is an isomorphism if

and only if

det

oF1

ou1

� �
p

oF1

ou2

� �
p

oF1

ou3

� �
p

oF2

ou1

� �
p

oF2

ou2

� �
p

oF2

ou3

� �
p

oF3

ou1

� �
p

oF3

ou2

� �
p

oF3

ou3

� �
p

266664
377775 6¼ 0:

Note 2.79 Let E be an open subset ofR3. Let F : E ! R
3. Let p be in E. By Example

1.6, E is a smooth manifold with the standard differentiable structure of E. Here,
differentiable structure on E contains fðE; IdEÞg. Similarly, R3 is a smooth manifold
with the standard differentiable structure of R3. Here, differentiable structure on R

3

contains fðR3; Id
R

3Þg. Now, let F : E ! R
3 be a smooth function. From the Note

2.78, the tangent map F	 induced by F is an isomorphism if and only if

det

oF1

ou1

� �
p

oF1

ou2

� �
p

oF1

ou3

� �
p

oF2

ou1

� �
p

oF2

ou2

� �
p

oF2

ou3

� �
p

oF3

ou1

� �
p

oF3

ou2

� �
p

oF3

ou3

� �
p

266664
377775 6¼ 0;

where

oF j

oui

� �
p
¼ Di i

R
3 � F � iEð Þ�1
� �� � j

� �� �
iE pð Þð Þ ¼ DiF

j
� �

iE pð Þð Þ ¼ DiF
j

� �
pð Þ:

Thus, F* is an isomorphism if and only if

det
D1F1ð Þ pð Þ D2F1ð Þ pð Þ D3F1ð Þ pð Þ
D1F2ð Þ pð Þ D2F2ð Þ pð Þ D3F2ð Þ pð Þ
D1F3ð Þ pð Þ D2F3ð Þ pð Þ D3F3ð Þ pð Þ

24 35 6¼ 0:
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Chapter 3
Multivariable Differential Calculus

In the very definition of smooth manifold, there is a statement like “…for every
point p in the topological spaceM there exist an open neighborhood U of p, an open
subset V of Euclidean space Rn; and a homeomorphism u from U onto V …”. This
phrase clearly indicates that homeomorphism u can act as a messenger in carrying
out the well-developed multivariable differential calculus of Rn into the realm of
unornamented topological space M. So the role played by multivariable differential
calculus in the development of the theory of smooth manifolds is paramount. Many
theorems of multivariable differential calculus are migrated into manifolds like their
generalizations. Although most students are familiar with multivariable differential
calculus from their early courses, but the exact form of theorems we need here are
generally missing from their collection of theorems. So this is somewhat long
chapter on multivariable differential calculus that is pertinent here for a good
understanding of smooth manifolds.

3.1 Linear Transformations

Definition The set of all linear transformations from R
n to R

m is denoted by
LðRn;RmÞ: By LðRnÞ, we mean LðRn;RnÞ: Thus, LðRnÞ denotes the set of all linear
transformations from R

n to R
n.

We know that LðRn;RmÞ is a real linear space under pointwise vector addition
and pointwise scalar multiplication.

Definition Let A be in LðRn;RmÞ and B be in LðRm;RkÞ: By the product BA, we
mean the mapping

BA : Rn ! R
k

defined as follows: For every x in R
n;

ðBAÞðxÞ � BðAðxÞÞ:

© Springer India 2014
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It is easy to see that BA is a linear transformation from R
n to R

k; and hence, BA
is in LðRn;RkÞ:
Note 3.1 Let A be in LðR3;R2Þ: Let (t1, t2, t3) be any member of R3 satisfying

|(t1, t2, t3)| ≤ 1. Since jt1j ¼
ffiffiffiffiffiffiffiffiffi
ðt1Þ2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt1Þ2 þ ðt2Þ2 þ ðt3Þ2

q
¼ jðt1; t2; t3Þj� 1; so

jt1j � 1: Similarly, jt2j � 1; and jt3j � 1: Further, since A is a linear transformation
from R

3 to R
2;

A t1; t2; t3ð Þð Þj j ¼ A t1ð1; 0; 0Þ þ t2ð0; 1; 0Þ þ t3ð0; 0; 1Þð Þj j
¼ t1 A ð1; 0; 0Þð Þð Þ þ t2 A ð0; 1; 0Þð Þð Þ þ t3 A ð0; 0; 1Þð Þð Þj j
� t1 A ð1; 0; 0Þð Þð Þj j þ t2 A ð0; 1; 0Þð Þð Þj j þ t3 A ð0; 0; 1Þð Þð Þj j
¼ t1j j A ð1; 0; 0Þð Þj j þ t2j j A ð0; 1; 0Þð Þj j þ t3j j A ð0; 0; 1Þð Þj j
� 1 � A ð1; 0; 0Þð Þj j þ 1 � A ð0; 1; 0Þð Þj j þ 1 � A ð0; 0; 1Þð Þj j
¼ A ð1; 0; 0Þð Þj j þ A ð0; 1; 0Þð Þj j þ A ð0; 0; 1Þð Þj j:

Thus, we have seen that for every (t1, t2, t3) in R
3 satisfying jðt1; t2; t3Þj � 1; we

have

A t1; t2; t3ð Þð Þj j � A ð1; 0; 0Þð Þj j þ A ð0; 1; 0Þð Þj j þ A ð0; 0; 1Þð Þj jð Þ:

So, ðjAðð1; 0; 0ÞÞj þ jAðð0; 1; 0ÞÞj þ jAðð0; 0; 1ÞÞjÞ is an upper bound of the set

A t1; t2; t3ð Þð Þj j : t1; t2; t3ð Þ is in R
3; and t1; t2; t3ð Þj j � 1

� �
:

Thus, fjAððt1; t2; t3ÞÞj : ðt1; t2; t3Þ is in R
3; and jðt1; t2; t3Þj� 1g is a nonempty

bounded above set of real numbers, and hence,

sup A t1; t2; t3ð Þð Þj j : t1; t2; t3ð Þ is in R
3; and t1; t2; t3ð Þj j � 1

� �
exists. Further, we have seen that

sup A t1; t2; t3ð Þð Þj j : t1; t2; t3ð Þ is in R
3; and t1; t2; t3ð Þj j � 1

� �
� A ð1; 0; 0Þð Þj j þ A ð0; 1; 0Þð Þj j þ A ð0; 0; 1Þð Þj jð Þ:

Similarly, if A is in LðRn;RmÞ; then supfjAðxÞj : x is in R
n; and jxj � 1g exists,

and

sup AðxÞj j : x is inRn; and xj j � 1f g� ð Aðð1; . . .; 0ÞÞj j þ � � � þ Að 0; . . .; 1ð ÞÞj jÞ:
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Definition Let A be in LðRn;RmÞ: By kAk, we mean the real number

sup AðxÞj j : x is in R
n; and xj j � 1f g:

kAk is called the norm of A.

From the above discussion, we find that for every A in LðRn;RmÞ;

Ak k� ð Aðð1; . . .; 0ÞÞj j þ � � � þ Aðð0; . . .; 1ÞÞj jÞ:

Theorem 3.2

1. If A is in LðRn;RmÞ; then for every x in R
n;

AðxÞj j � Ak k xj j:

2. If A is in LðRn;RmÞ; then the mapping

A : Rn ! R
m

is uniformly continuous.
3. If A, B are in LðRn;RmÞ; then

Aþ Bk k� Ak k þ Bk k:

4. If A is in LðRn;RmÞ; and t is a real number, then

tAk k ¼ tj j Ak k:

5. If, for every A, B in LðRn;RmÞ;

dðA;BÞ � A� Bk k;

then LðRn;RmÞ is a metric space with the metric d.
6. The mapping A 7! kAk from LðRn;RmÞ to R is continuous.
7. If A is in LðRn;RmÞ; and B is in LðRm;RkÞ; then

BAk k� Bk k Ak k:

Proof

1: Let A be in LðRn;RmÞ: Let x be in R
n:

Case I: when x = 0
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AðxÞj j ¼ Að0Þj j ¼ 0j j ¼ 0� 0 ¼ Ak k0 ¼ Ak k 0j j ¼ Ak k xj j:

Case II: when x ≠ 0. Since x ≠ 0, jxj is a nonzero real number, and hence, 1
jxj

is a real number. Also, j 1jxj xj ¼ j 1jxjjjxj ¼ 1
jxj jxj ¼ 1� 1: It follows that

jAð 1jxj xÞj is a member of the set fjAðyÞj : y is in R
n; and jyj � 1g; and hence,

from the definition of kAk , jAð 1jxj xÞj � kAk. Now, since

1
xj j AðxÞj j ¼ 1

xj j
���� ���� AðxÞj j ¼ 1

xj j ðAðxÞÞ
���� ���� ¼ A

1
xj j x

� ����� ����� Ak k;

AðxÞj j � Ak k xj j:

Thus, we see that in all cases, jAðxÞj � kAkjxj: This proves 1.
2: Let us take ɛ > 0.

Case I: when kAk 6¼ 0. For any x, y in R
n satisfying jx� yj\ e

kAk ; we have

AðxÞ � AðyÞj j ¼ Aðx� yÞj j � Ak k x� yj j\ Ak k e
Ak k

� �
¼ e:

Case II: when kAk ¼ 0. For any x, y in R
n satisfying jx� yj\1; we have

AðxÞ � AðyÞj j ¼ Aðx� yÞj j � Ak k x� yj j ¼ 0 � x� yj j ¼ 0\e:

Thus, we see that in all cases, for every ɛ > 0, there exists δ > 0 such that for
every x, y in R

n satisfying jx� yj\d; we have jAðxÞ � AðyÞj\e: So, by the
definition of uniform continuity, A is uniformly continuous. This proves 2.

3: Let A, B be in LðRn;RmÞ: Let us take any x in R
n satisfying jxj � 1: Now,

ðAþ BÞðxÞj j ¼ AðxÞ þ BðxÞj j � AðxÞj j þ BðxÞj j � Ak k xj j þ BðxÞj j � Ak k xj j
þ Bk k xj j

¼ ð Ak k þ Bk kÞ xj j � ð Ak k þ Bk kÞ � 1 ¼ Ak k þ Bk k:

So, kAk þ kBk is an upper bound of the set fjðAþ BÞðxÞj : x is in
R

n; and jxj � 1g; and hence,

Aþ Bk k ¼ sup ðAþ BÞðxÞj j : x is in R
n; and xj j � 1f g� Ak k þ Bk k:

This proves 3.
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4: Let A be in LðRn;RmÞ; and let t be a real number. Let us take any x in R
n

satisfying jxj � 1: Now,

ðtAÞðxÞj j ¼ tðAðxÞÞj j ¼ tj j AðxÞj j � tj jð Ak k xj jÞ ¼ ð tj j Ak kÞ xj j � ð tj j Ak kÞ � 1
¼ tj j Ak k:

So, jtjkAk is an upper bound of the set fjðtAÞðxÞj : x is in R
n; and jxj � 1g; and

hence,

tAk k ¼ sup ðtAÞðxÞj j : x is in R
n; and xj j � 1f g� tj j Ak k:

So, for every real t,

tAk k� tj j Ak k � � � ð�Þ:

Case I: when t 6¼ 0. Since t 6¼ 0; 1
t is a real number, and hence, by ð�Þ;

Ak k ¼ 1
t
ðtAÞ

���� ����� 1
t

���� ���� tAk k ¼ 1
tj j tAk k:

Thus, jtjkAk�ktAk: Hence, by (*),

tAk k ¼ tj j Ak k:

Case II: when t = 0. Here,

tAk k ¼ 0Ak k ¼ 0k k ¼ sup 0ðxÞj j : x is in R
n; and xj j � 1f g ¼ sup 0j jf g

¼ sup 0f g ¼ 0 ¼ 0 � Ak k
¼ 0j j Ak k ¼ tj j Ak k:

Thus, we see that in all cases,

tAk k ¼ tj j Ak k:

This proves 4.

5: Here, we must prove

i. For every A in LðRn;RmÞ;

A� Ak k ¼ 0:
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ii. For every A, B in LðRn;RmÞ; if kA� Bk ¼ 0, then A = B.
iii. For every A, B in LðRn;RmÞ;

A� Bk k ¼ B� Ak k:

iv. for every A, B, C in LðRn;RmÞ;

A� Bk k� A� Ck k þ C � Bk k:

For i: kA� Ak ¼ k0k ¼ supfj0ðxÞj : x is in R
n; and jxj � 1g ¼ supfj0jg ¼

supf0g ¼ 0:
For ii: Let kA� Bk ¼ 0: Let us take any x in R

n: We have to prove that
AðxÞ ¼ BðxÞ: Since 0� jðA� BÞðxÞj � kA� Bkjxj ¼ 0 � jxj ¼ 0; |(A − B)
(x)| = 0, and hence, A(x) − B(x) = (A − B)(x) = 0. Thus, A(x) = B(x).
For iii: By 4,

LHS ¼ A� Bk k ¼ ð�1ÞðB� AÞk k ¼ �1j j ðB� AÞk k ¼ 1 � B� Ak k
¼ B� Ak k ¼ RHS:

For iv: By 3,

A� Bk k ¼ ðA� CÞ þ ðC � BÞk k� A� Ck k þ C � Bk k:

This completes the proof of iv.

6: Let us take any A in LðRn;RmÞ: We have to prove that the mapping A 7! kAk is
continuous. For this purpose, let us take any ɛ > 0. Let us take any B in
LðRn;RmÞ satisfying kB� Ak\e: We have to prove that jkBk � kAkj\e:
Since kBk ¼ kðB� AÞ þ Ak�kB� Ak þ kAk; kBk � kAk�kB� Ak: Simi-
larly, �ðkBk � kAkÞ ¼ kAk � kBk�kA� Bk ¼ kB� Ak: Hence,

Bk k � Ak kj j ¼ max Bk k � Ak k;�ð Bk k � Ak kÞf g� B� Ak k\e:

This proves 6.

7: Let us take any A in LðRn;RmÞ and B in LðRm;RkÞ: Let us take any x in R
n

satisfying jxj � 1: Since

ðBAÞðxÞj j ¼ BðAðxÞÞj j � Bk k AðxÞj j � Bk k � ð Ak k xj jÞ
¼ ð Bk k Ak kÞ xj j � Bk k Ak k � 1 ¼ Bk k Ak k;

BAk k ¼ sup ðBAÞðxÞj j : x is in R
n; and xj j � 1f g� Bk k Ak k:

This proves 7. h
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Theorem 3.3 Let X be the set of all invertible (i.e., 1–1 and onto) members of
LðRnÞ:
1. If A is in X; then kA�1k is nonzero.
2. If A is in X, then the open sphere Sð1=kA�1kÞðAÞ is contained in X; that is, if A is in

X, B is in LðRnÞ; and kB� Ak\ 1
kA�1k, then B is in X.

3. X is an open subset of LðRnÞ:
4. The mapping A 7!A�1 from X to X is continuous.

Proof

1: Let us take any A in X: We claim that kA�1k is nonzero. If not, otherwise, let
kA�1k ¼ 0:We have to arrive at a contradiction. Since A is inX, by the definition
of X; A−1 exists and A−1 is in X: Also, AA−1 = I, where I denotes the identity
transformation from R

n to R
n: For every x in R

n; 0� jA�1ðxÞj � kA�1kjxj ¼ 0�
jxj ¼ 0; so jA�1ðxÞj ¼ 0; and hence, A−1(x) = 0. Therefore,

ð1; 0; . . .; 0Þ ¼ Iðð1; 0; . . .; 0ÞÞ ¼ ðAA�1Þð 1; 0; . . .; 0ð ÞÞ
¼ A A�1ðð1; 0; . . .; 0ÞÞ	 

¼ Aðð0; 0; . . .; 0ÞÞ ¼ ð0; 0; . . .; 0Þ;

and hence, 1 = 0, a contradiction. So, our claim is true, that is, kA�1k is
nonzero. This proves 1.

2: Let A be in X; and let B be in LðRnÞ: Since A is in X, by 1, kA�1k is nonzero,
and hence, 1

kA�1k is a real number. Also, by the definition of norm kk, 1
kA�1k is a

positive real number. Let

B� Ak k\ 1
A�1k k :

We have to show that B is in X; that is, B : Rn ! R
n is 1–1 and onto.

1–1ness: Let B(x) = B(y). We have to prove that x = y, that is, x� y ¼ 0. If not,
otherwise, let x� y 6¼ 0. We have to arrive at a contradiction. Since x� y 6¼ 0,
0\jx� yj: Since B(x) = B(y), and B is a linear transformation,
0 ¼ BðxÞ � BðyÞ ¼ Bðx� yÞ. Hence,

x� yj j ¼ A�1A
	 
ðx� yÞ�� �� ¼ A�1

	 

Aðx� yÞð Þ�� ��� A�1

�� �� Aðx� yÞj j
¼ A�1
�� �� Aðx� yÞ � 0j j

¼ A�1
�� �� Aðx� yÞ � Bðx� yÞj j

¼ A�1
�� �� A� Bð Þðx� yÞj j � A�1

�� �� A� Bk k x� yj jð Þ
¼ A�1
�� �� A� Bk k	 


x� yj j

¼ A�1
�� �� B� Ak k	 


x� yj j\ A�1
�� �� 1

A�1k k
� �

x� yj j ¼ x� yj j:
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Thus, jx� yj\jx� yj; which gives a contradiction. This proves that B is 1–1.
Ontoness: Let us take any y in R

n: Since B : Rn ! R
n is 1–1, B

((1, 0, …, 0)), …, B((0, …, 0, 1)) are n distinct elements of Rn: Now, we shall
show that B((1, 0, …, 0)), …, B((0, …, 0, 1)) are linearly independent. For this
purpose, let t1(B((1, 0, …, 0))) + ⋯ + tn(B((0, …, 0, 1))) = 0. We have to show
that t1 = 0, …, tn = 0. Here,

B 0; . . .; 0ð Þð Þ ¼ 0; . . .; 0ð Þ ¼ 0 ¼ t1 B 1; 0; . . .; 0ð Þð Þð Þ þ � � �
þ tn B 0; . . .; 0; 1ð Þð Þð Þ

¼ B t1 1; 0; . . .; 0ð Þð Þ þ � � � þ B tn 0; . . .; 0; 1ð Þð Þ
¼ B t1; 0; . . .; 0ð Þð Þ þ � � � þ B 0; . . .; 0; tnð Þð Þ
¼ B t1; 0; . . .; 0ð Þ þ � � � þ 0; . . .; 0; tnð Þð Þ ¼ B t1; . . .; tnð Þð Þ;

and B is 1–1, so (0,…, 0) = (t1,…, tn), and hence, t1 = 0,…, tn = 0. Thus, B
((1, 0,…, 0)),…, B((0,…, 0, 1)) constitute a basis of the n-dimensional real
linear space R

n: Since B((1, 0,…, 0)),…, B((0, …, 0, 1)) constitute a basis of
space R

n; and y is in R
n; there exist real numbers s1, …, sn such that

y ¼ s1 B 1; 0; . . .; 0ð Þð Þð Þ þ � � � þ sn B 0; . . .; 0; 1ð Þð Þð Þ
¼ B s1 1; 0; . . .; 0ð Þð Þ þ � � � þ B sn 0; . . .; 0; 1ð Þð Þ
¼ B s1; . . .; snð Þð Þ:

Thus, B((s1, …, sn)) = y, where (s1, …, sn) is in R
n: This proves that B is onto.

This proves 2.

3: Let us take any A in X. Since A is in X, by 1, kA�1k is nonzero. Now by 2, the
open sphere fB : B 2 LðRnÞ; and kB� Ak\ 1

kA�1kg is contained in X. Hence, by

the definition of open set, X is an open subset of LðRnÞ: This proves 3.
4: Let us take any A in X. We have to prove that the mapping B 7!B�1 is

continuous at A Since A is in X, by 1, kA�1k is nonzero. If B is in LðRnÞ
satisfying kB� Ak\ 1

kA�1k ; then by 2, B is in X, and hence, B−1 exists. Now, it

is enough to prove that limB!A kB�1 � A�1k exists, and its value is 0. Here,

B�1 � A�1
�� �� ¼ A�1A

	 

B�1 � A�1 BB�1

	 
�� �� ¼ A�1 AB�1
	 
� A�1 BB�1

	 
�� ��
¼ A�1 AB�1 � BB�1	 
�� �� ¼ A�1 A� Bð ÞB�1

�� ��� A�1
�� �� A� Bk k B�1

�� ��
¼ A�1
�� �� A� Bk k	 
 � sup B�1	 
ðxÞ�� �� : x is in R

n; and xj j � 1
� �

or,

B�1 � A�1
�� ��� A�1

�� �� A� Bk k	 

� sup B�1

	 
ðxÞ�� �� : x is in R
n; and xj j � 1

� � � � � ð�Þ:
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Observe that for any x in R
n satisfying jxj � 1, we have

B�1ðxÞ�� �� ¼ A�1	 

A

	 

B�1ðxÞ	 
�� �� ¼ A�1	 


A B�1ðxÞ	 
	 
�� ��� A�1
�� �� A B�1ðxÞ	 
�� ��

¼ A�1
�� �� A� Bð Þ B�1ðxÞ	 
þ x

�� ��� A�1
�� �� A� Bð Þ B�1ðxÞ	 
�� ��þ xj j	 


� A�1
�� �� A� Bk k B�1ðxÞ�� ��þ xj j	 
� A�1

�� �� B� Ak k B�1ðxÞ�� ��þ 1
	 


so,

B�1ðxÞ�� �� 1� A�1
�� �� B� Ak k	 
� A�1

�� ��:
Further, since kB� Ak\ 1

kA�1k,

B�1ðxÞ�� ��� A�1
�� ��

1� A�1k k B� Ak k :

Hence,

sup B�1	 
ðxÞ�� �� : x is in R
n and xj j � 1

� �� A�1
�� ��

1� A�1k k B� Ak k :

Now, from (*),

B�1 � A�1
�� ��� A�1

�� �� B� Ak k	 
 � A�1
�� ��

1� A�1k k B� Ak k ¼ A�1
�� �� B� Ak k A�1

�� ��
1� A�1k k B� Ak k

¼ A�1
�� �� �1þ 1

1� A�1k k B� Ak k
� �

:

Thus, if kB� Ak\ 1
kA�1k, then

0� B�1 � A�1
�� ��� A�1

�� �� �1þ 1
1� A�1k k B� Ak k

� �
:

By Theorem 3.2, the mapping B 7! kBk from X to R is continuous, so
limB!A kB� Ak ¼ 0: Also,

lim
B!A

A�1
�� �� �1þ 1

1� A�1k k B� Ak k
� �

¼ A�1
�� �� �1þ 1

1� A�1k k � 0
� �

¼ A�1
�� �� �1þ 1ð Þ ¼ 0:
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Since, for every B satisfying kB� Ak\ 1
kA�1k, we have

0� B�1 � A�1
�� ��� A�1

�� �� �1þ 1
1� A�1k k B� Ak k

� �
;

and

lim
B!A

A�1
�� �� �1þ 1

1� A�1k k B� Ak k
� �

¼ 0

so, limB!A kB�1 � A�1k exists, and its value is 0. This shows that the mapping
B 7!B�1 from X to X is continuous at A. This proves 4. h

Definition Let {e1, e2, e3} be any basis of real linear space R
3; and let {f1, f2} be

any basis of real linear space R
2: Let A be in LðR3;R2Þ: Let

A e1ð Þ � a11f1 þ a21f2;

A e2ð Þ � a12f1 þ a22f2;

A e3ð Þ � a13f1 þ a23f2:

The matrix

a11 a12 a13
a21 a22 a23

� �
2�3

is denoted by [A].
Similar definition can be supplied for A in LðRn;RmÞ:

Theorem 3.4 Let M be the collection of all 2 × 3 matrices with real entries. Let
{e1, e2, e3} be a basis of real linear space R

3; and let {f1, f2} be a basis of real
linear space R2: Then, the mapping A 7! ½A� from LðR3;R2Þ to M is 1–1 and onto.

Proof 1–1ness: Let [A] = [B], where

A½ � � a11 a12 a13
a21 a22 a23

� �
2�3

and B½ � � b11 b12 b13
b21 b22 b23

� �
2�3

:

We have to prove that the mappings A : R3 ! R
2 and B : R3 ! R

2 are equal,
that is, for every t1e1 + t2e2 + t3e3 in R

3;

A t1e1 þ t2e2 þ t3e3ð Þ ¼ B t1e1 þ t2e2 þ t3e3ð Þ:

For this purpose, let us take any t1e1 + t2e2 + t3e3 in R
3: Since [A] = [B], aij = bij

for every i = 1, 2, and for every j = 1, 2, 3. Further,
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A½ � ¼ a11 a12 a13
a21 a22 a23

� �
2�3

and B½ � ¼ b11 b12 b13
b21 b22 b23

� �
2�3

so A(e1) = a11f1 + a21f2 = b11f1 + b21f2 = B(e1). Similarly, A(e2) = B(e2) and A
(e3) = B(e3).

So,

LHS ¼ A t1e1 þ t2e2 þ t3e3ð Þ ¼ t1 A e1ð Þð Þ þ t2 A e2ð Þð Þ þ t3 A e3ð Þð Þ
¼ t1 B e1ð Þð Þ þ t2 B e2ð Þð Þt3 B e3ð Þð Þ ¼ B t1e1 þ t2e2 þ t3e3ð Þ ¼ RHS:

This proves that A 7! ½A� is 1–1.
Ontoness: Let us take any 2 × 3 matrix

a11 a12 a13
a21 a22 a23

� �
2�3

:

Let us define a function A : R3 ! R
2 as follows: For every t1e1 + t2e2 + t3e3 in

R
3;

A t1e1 þ t2e2 þ t3e3ð Þ � t1 a11f1 þ a21f2ð Þ þ t2 a12f1 þ a22f2ð Þ þ t3 a13f1 þ a23f2ð Þ:

We shall show that A is in LðR3;R2Þ: For this purpose, let us take any
x ≡ s1e1 + s2e2 + s3e3, y ≡ t1e1 + t2e2 + t3e3, and any real number t. We have to
prove that

1. Aðxþ yÞ ¼ AðxÞ þ AðyÞ;
2. AðtxÞ ¼ tðAðxÞÞ:

For 1: LHS ¼ A xþ yð Þ ¼ A s1e1 þ s2e2 þ s3e3ð Þ þ t1e1 þ t2e2 þ t3e3ð Þð Þ
¼ A s1 þ t1ð Þe1 þ s2 þ t2ð Þe2 þ s3 þ t3ð Þe3ð Þ
¼ s1 þ t1ð Þ a11f1 þ a21f2ð Þ þ s2 þ t2ð Þ a12f1 þ a22f2ð Þ
þ s3 þ t3ð Þ a13f1 þ a23f2ð Þ:

and

RHS ¼ AðxÞ þ AðyÞ ¼ A s1e1 þ s2e2 þ s3e3ð Þ þ A t1e1 þ t2e2 þ t3e3ð Þ
¼ s1 a11f1 þ a21f2ð Þ þ s2 a12f1 þ a22f2ð Þ þ s3 a13f1 þ a23f2ð Þ
þ t1 a11f1 þ a21f2ð Þ þ t2 a12f1 þ a22f2ð Þ þ t3 a13f1 þ a23f2ð Þ

¼ s1 þ t1ð Þ a11f1 þ a21f2ð Þ þ s2 þ t2ð Þ a12f1 þ a22f2ð Þ
þ s3 þ t3ð Þ a13f1 þ a23f2ð Þ:

So, LHS = RHS. This proves 1.
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For 2: LHS ¼ A txð Þ
¼ A t s1e1 þ s2e2 þ s3e3ð Þð Þ ¼ A ts1ð Þe1 þ ts2ð Þe2 þ ts3ð Þe3ð Þ
¼ ts1ð Þ a11f1 þ a21f2ð Þ þ ts2ð Þ a12f1 þ a22f2ð Þ þ ts3ð Þ a13f1 þ a23f2ð Þ
¼ ts1a11 þ ts2a12 þ ts3a13ð Þf1 þ ts1a21 þ ts2a22 þ ts3a23ð Þf2
¼ t s1a11 þ s2a12 þ s3a13ð Þf1 þ t s1a21 þ s2a22 þ s3a23ð Þf2
¼ ts1 a11f1 þ a21f2ð Þ þ ts2 a12f1 þ a22f2ð Þ þ ts3 a13f1 þ a23f2ð Þ
¼ t s1 a11f1 þ a21f2ð Þ þ s2 a12f1 þ a22f2ð Þ þ s3 a13f1 þ a23f2ð Þð Þ:

and

RHS ¼ t AðxÞð Þ ¼ t A s1e1 þ s2e2 þ s3e3ð Þð Þ
¼ t s1 a11f1 þ a21f2ð Þ þ s2 a12f1 þ a22f2ð Þ þ s3 a13f1 þ a23f2ð Þð Þ:

So, LHS = RHS. This proves 2.

Finally, it remains to prove that

A½ � ¼ a11 a12 a13
a21 a22 a23

� �
:

Since

A e1ð Þ ¼ A 1e1 þ 0e2 þ 0e3ð Þ
¼ 1 a11f1 þ a21f2ð Þ þ 0 a12f1 þ a22f2ð Þ þ 0 a13f1 þ a23f2ð Þ;

A e1ð Þ ¼ a11f1 þ a21f2:

Similarly,

A e2ð Þ ¼ a12f1 þ a22f2;

A e3ð Þ ¼ a13f1 þ a23f2:

Hence,

A½ � ¼ a11 a12 a13
a21 a22 a23

� �
:

h

Note 3.5 The result similar to Theorem 3.4 can be proved as above for LðRn;RmÞ:
Theorem 3.6 Let {e1, e2, e3, e4} be any basis of real linear space R4; let {f1, f2, f3}
be any basis of real linear space R

3; and let {g1, g2} be any basis of real linear
space R

2: Let A be in LðR4;R3Þ; and let B be in LðR3;R2Þ: Then,

h
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BA½ � ¼ B½ � A½ �:

Proof Here, A is in LðR4;R3Þ and B is in LðR3;R2Þ; so their product BA (i.e., the
composite B ∘ A) is in LðR4;R2Þ; and hence, LHSð¼ ½BA�Þ is a 2 × 4 matrix. Since
A is in LðR4;R3Þ; [A] is a 3 × 4 matrix. Since B is in LðR3;R2Þ; [B] is a 2 × 3
matrix. Since [B] is a 2 × 3 matrix, and [A] is a 3 × 4 matrix, RHSð¼ ½B�½A�Þ is a
2 × 4 matrix. So, matrices in LHS and RHS have the same order. Let

A½ � ¼
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

24 35
3�4

and

B½ � ¼ b11 b12 b13
b21 b22 b23

� �
2�3

:

Hence,

BAð Þ e1ð Þ ¼ B A e1ð Þð Þ ¼ B a11f1 þ a21f2 þ a31f3ð Þ ¼ a11 B f1ð Þð Þ þ a21 B f2ð Þð Þ þ a31 B f3ð Þð Þ
¼ a11 b11g1 þ b21g2ð Þ þ a21 b12g1 þ b22g2ð Þ þ a31 b13g1 þ b23g2ð Þ
¼ a11b11 þ a21b12 þ a31b13ð Þg1 þ a11b21 þ a21b22 þ a31b23ð Þg2:

So the first column of [BA] is

a11b11 þ a21b12 þ a31b13
a11b21 þ a21b22 þ a31b23

Now,

B½ � A½ � ¼ b11 b12 b13
b21 b22 b23

� �
2�3

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

264
375
3�4

¼ b11a11 þ b12a21 þ b13a31 � � � � � � � � �
b21a11 þ b22a21 þ b23a31 � � � � � � � � �
� �

2�4

¼ a11b11 þ a21b12 þ a31b13 � � � � � � � � �
a11b21 þ a21b22 þ a31b23 � � � � � � � � �

� �
2�4

Hence, first column of [BA] is the same as the first column of [B][A]. Similarly,
second column of [BA] is the same as the second column of [B][A], third column of
[BA] is the same as the third column of [B][A], and fourth column of [BA] is the
same as the fourth column of [B][A]. This shows that [BA] = [B][A]. h
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Note 3.7 The result similar to Theorem 3.6 can be proved as above for A in
LðRn;RmÞ and B in LðRm;RpÞ:
Note 3.8 Let A be in LðR3;R2Þ: Let

A½ � ¼ a11 a12 a13
a21 a22 a23

� �
2�3

relative to the basis {(1, 0, 0), (0, 1, 0), (0, 0, 1)} of R3 and the basis {(1, 0), (0, 1)}
of R2: Let (t1, t2, t3) be any member of R3 satisfying jðt1; t2; t3Þj � 1: Since A is a
linear transformation from R

3 to R
2;

A t1; t2; t3ð Þð Þ ¼ A t1ð1; 0; 0Þ þ t2ð0; 1; 0Þ þ t3ð0; 0; 1Þð Þ
¼ t1 A ð1; 0; 0Þð Þð Þ þ t2 A ð0; 1; 0Þð Þð Þ þ t3 A ð0; 0; 1Þð Þð Þ
¼ t1 a11; a21ð Þ þ t2 a12; a22ð Þ þ t3 a13; a23ð Þ
¼ t1a11 þ t2a12 þ t3a13; t1a21 þ t2a22 þ t3a23ð Þ
¼ t1; t2; t3ð Þ � a11; a12; a13ð Þ; t1; t2; t3ð Þ � a21; a22; a23ð Þð Þ;

and hence,

A t1; t2; t3ð Þð Þj j ¼ t1; t2; t3ð Þ � a11; a12; a13ð Þ; t1; t2; t3ð Þ � a21; a22; a23ð Þð Þj j
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1; t2; t3ð Þ � a11; a12; a13ð Þj j2þ t1; t2; t3ð Þ � a21; a22; a23ð Þj j2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1; t2; t3ð Þj j a11; a12; a13ð Þj jð Þ2þ t1; t2; t3ð Þj j a21; a22; a23ð Þj jð Þ2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 a11; a12; a13ð Þj jð Þ2þ 1 a21; a22; a23ð Þj jð Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11; a12; a13ð Þj j2þ a21; a22; a23ð Þj j2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11ð Þ2þ a12ð Þ2þ a13ð Þ2þ a21ð Þ2þ a22ð Þ2þ a23ð Þ2

q
:

This shows that

Ak k ¼ sup A t1; t2; t3ð Þð Þj j : t1; t2; t3ð Þ is inRn; and t1; t2; t3ð Þj j � 1f g

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11ð Þ2þ a12ð Þ2þ a13ð Þ2þ a21ð Þ2þ a22ð Þ2þ a23ð Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3
j¼1

X2
i¼1

aij
	 
2 !vuut :

Conclusion: If A is in LðR3;R2Þ and

A½ � ¼ a11 a12 a13
a21 a22 a23

� �
2�3
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relative to the basis {(1, 0, 0), (0, 1, 0), (0, 0, 1)} of R3 and the basis {(1, 0), (0, 1)}
of R2; then

Ak k�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3
j¼1

X2
i¼1

aij
	 
2 !vuut :

The result similar to this conclusion can be proved as above for Rn in place of R3

and R
m in place of R2:

Theorem 3.9 Let X be a metric space. Let s be the 1–1, onto function A 7! ½A� of
Theorem 3.4, relative to the basis {(1, 0, 0), (0, 1, 0), (0, 0, 1)} of R3 and the basis
{(1, 0), (0, 1)} of R2: If, for i = 1, 2, and j = 1, 2, 3, each aij : X ! R is
continuous, then the mapping

x 7! s�1 a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ
� �

2�3

� �
from X to LðR3;R2Þ is also continuous.

Proof Let us observe that for every x, y in X,

s�1 a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ
� �� �

� s�1 a11ðyÞ a12ðyÞ a13ðyÞ
a21ðyÞ a22ðyÞ a23ðyÞ
� �� ����� ����

¼ Ax � Ay

�� ��;
where

Ax � s�1 a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ
� �� �

2 L R
3;R2	 


;

Ay � s�1 a11ðyÞ a12ðyÞ a13ðyÞ
a21ðyÞ a22ðyÞ a23ðyÞ

� �� �
2 L R

3;R2
	 


:

Since

Ax ¼ s�1 a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ
� �� �

;

Ax½ � ¼ s Axð Þ ¼ a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ
� �

;

3.1 Linear Transformations 139



and hence,

Ax ð1; 0; 0Þð Þ ¼ a11ðxÞð Þ 1; 0ð Þ þ a21ðxÞð Þ 0; 1ð Þ ¼ a11ðxÞ; a21ðxÞð Þ;
Ax ð0; 1; 0Þð Þ ¼ a12ðxÞð Þ 1; 0ð Þ þ a22ðxÞð Þ 0; 1ð Þ ¼ a12ðxÞ; a22ðxÞð Þ;
Ax ð0; 0; 1Þð Þ ¼ a13ðxÞð Þ 1; 0ð Þ þ a23ðxÞð Þ 0; 1ð Þ ¼ a13ðxÞ; a23ðxÞð Þ:

Similarly,

Ay ð1; 0; 0Þð Þ ¼ a11ðyÞ; a21ðyÞð Þ;
Ay ð0; 1; 0Þð Þ ¼ a12ðyÞ; a22ðyÞð Þ;
Ay ð0; 0; 1Þð Þ ¼ a13ðyÞ; a23ðyÞð Þ:

Since Ax is in LðR3;R2Þ; and Ay is in LðR3;R2Þ; Ax − Ay is in LðR3;R2Þ; and
hence, by Note 3.1,

Ax � Ay

�� ��� Ax � Ay
	 
 ð1; 0; 0Þð Þ�� ��þ Ax � Ay

	 
 ð0; 1; 0Þð Þ�� ��
þ Ax � Ay
	 
 ð0; 0; 1Þð Þ�� ��

¼ Ax ð1; 0; 0Þð Þ � Ay ð1; 0; 0Þð Þ	 
�� ��þ Ax ð0; 1; 0Þð Þ � Ay ð0; 1; 0Þð Þ	 
�� ��
þ Ax ð0; 0; 1Þð Þ � Ay ð0; 0; 1Þð Þ	 
�� ��

¼ a11ðxÞ; a21ðxÞð Þ � a11ðyÞ; a21ðyÞð Þð Þj j
þ a12ðxÞ; a22ðxÞð Þ � a12ðyÞ; a22ðyÞð Þð Þj j
þ a13ðxÞ; a23ðxÞð Þ � a13ðyÞ; a23ðyÞð Þð Þj j

¼ a11ðxÞ � a11ðyÞ; a21ðxÞ � a21ðyÞð Þj j
þ a12ðxÞ � a12ðyÞ; a22ðxÞ � a22ðyÞð Þj j
þ a13ðxÞ � a13ðyÞ; a23ðxÞ � a23ðyÞð Þj j

� a11ðxÞ � a11ðyÞj j þ a21ðxÞ � a21ðyÞj jð Þ
þ a12ðxÞ � a12ðyÞj j þ a22ðxÞ � a22ðyÞj jð Þ
þ a13ðxÞ � a13ðyÞj j þ a23ðxÞ � a23ðyÞj jð Þ:

Thus, for every x, y in X,

s�1 a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ

� �� �
� s�1 a11ðyÞ a12ðyÞ a13ðyÞ

a21ðyÞ a22ðyÞ a23ðyÞ

� �� ����� ����
� a11ðxÞ � a11ðyÞj j þ a21ðxÞ � a21ðyÞj jð Þ
þ a12ðxÞ � a12ðyÞj j þ a22ðxÞ � a22ðyÞj jð Þ
þ a13ðxÞ � a13ðyÞj j þ a23ðxÞ � a23ðyÞj jð Þ � � � ð�Þ:

Now, let us fix any x in X.
It is enough to prove that the function
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x 7! s�1 a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ
� �

2�3

� �
from X to LðR3;R2Þ is continuous at x. For this purpose, let us take any ɛ > 0. Since
each aij : X ! R is continuous at x, there exists δ > 0 such that for every y in the
open neighborhood Bδ(x) of x, we have jaijðxÞ � aijðyÞj\ e

6 ðfor every i ¼ 1;
2; and j ¼ 1; 2; 3Þ: Hence, for every y in the open neighborhood Bδ(x) of x, we have
from (*),

s�1 a11ðxÞ a12ðxÞ a13ðxÞ
a21ðxÞ a22ðxÞ a23ðxÞ

� �� �
� s�1 a11ðyÞ a12ðyÞ a13ðyÞ

a21ðyÞ a22ðyÞ a23ðyÞ

� �� ����� ����
� a11ðxÞ � a11ðyÞj j þ a21ðxÞ � a21ðyÞj jð Þ _þ a12ðxÞ � a12ðyÞj j þ a22ðxÞ � a22ðyÞj jð Þ

þ a13ðxÞ � a13ðyÞj j þ a23ðxÞ � a23ðyÞj jð Þ\ e
6
þ e
6
þ e
6
þ e
6
þ e
6
þ e
6
¼ e:

h

Note 3.10 The result similar to Theorem 3.9 can be proved as above for Rn in place
of R3 and R

m in place of R2:

3.2 Differentiation

Theorem 3.11 Let E be an open subset of R
3: Let f : E ! R

2: Let f1 : E !
R; f2 : E ! R be the component functions of f, that is, f(h) = (f1(h), f2(h)) for every
h in E. Let x be in E.

If there exist A and B in LðR3;R2Þ such that

lim
h!0

1
hj j f1 xþ hð Þ; f2 xþ hð Þð Þ � f1ðxÞ; f2ðxÞð Þ � AðhÞð Þ

� �
¼ 0;

and

lim
h!0

1
hj j f1 xþ hð Þ; f2 xþ hð Þð Þ � f1ðxÞ; f2ðxÞð Þ � BðhÞð Þ

� �
¼ 0;

then A = B.

Proof We have to prove that A = B, that is, for every h in R
3; AðhÞ � BðhÞ ¼ 0:

For this purpose, let us take any h* ≡ (h1, h2, h3) in R
3:

It is sufficient to prove that |(A − B)(h*)| = 0.

Case I: when h� ¼ 0

h
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LHS ¼ A� Bð Þ h�ð Þj j ¼ A� Bð Þð0Þj j ¼ 0j j ¼ 0 ¼ RHS:

Case II: when h* ≠ 0
Since limh!0ð 1

jhj ððf1ðxþ hÞ; f2ðxþ hÞÞ � ðf1ðxÞ; f2ðxÞÞ � AðhÞÞÞ ¼ 0; t 7! th� is a

continuous function, and h* ≠ 0, and hence,

lim
t!0

1
th�j j f1 xþ th�ð Þ; f2 xþ th�ð Þð Þ � f1ðxÞ; f2ðxÞð Þ � A th�ð Þð Þ

� �
¼ 0:

Similarly,

lim
t!0

1
th�j j f1 xþ th�ð Þ; f2 xþ th�ð Þð Þ � f1ðxÞ; f2ðxÞð Þ � B th�ð Þð Þ

� �
¼ 0:

Hence,

lim
t!0

1
th�j j f1 xþ th�ð Þ; f2 xþ th�ð Þð Þ � f1ðxÞ; f2ðxÞð Þ � A th�ð Þð Þ

�
� 1

th�j j f1 xþ th�ð Þ; f2 xþ th�ð Þð Þ � f1ðxÞ; f2ðxÞð Þ � B th�ð Þð Þ
�

exists, and its value is 0 ð¼ 0� 0Þ: Further, since jh�j[ 0;

0 ¼ lim
t!0

1
th�j j f1 xþ th�ð Þ; f2 xþ th�ð Þð Þ � f1ðxÞ; f2ðxÞð Þ � A th�ð Þð Þ

�
� 1

th�j j f1 xþ th�ð Þ; f2 xþ th�ð Þð Þ � f1ðxÞ; f2ðxÞð Þ � B th�ð Þð Þ
�

¼ lim
t!0

1
th�j j B th�ð Þ � A th�ð Þð Þ

� �
¼ lim

t!0

1
th�j j t B h�ð Þð Þ � t A h�ð Þð Þð Þ

� �
¼ lim

t!0

1
th�j j t B h�ð Þ � A h�ð Þð Þ

� �
¼ lim

t!0

1
th�j j t B� Að Þ h�ð Þð Þ

� �
¼ lim

t!0

1
tj j h�j j t B� Að Þ h�ð Þð Þ

� �
:

Since limt!0ð 1
jtjjh�j tððB� AÞðh�ÞÞÞ ¼ 0;

0 ¼ lim
t!0

1
tj j h�j j t B� Að Þ h�ð Þð Þ
���� ���� ¼ lim

t!0

1
h�j j B� Að Þ h�ð Þj j ¼ 1

h�j j B� Að Þ h�ð Þj j:

Since 1
jh�j jðB� AÞðh�Þj ¼ 0, LHS ¼ jðA� BÞðh�Þj ¼ jðB� AÞðh�Þj ¼ 0 ¼ RHS:

Thus, we have shown that in all cases, LHS = RHS. h
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Note 3.12 The result similar to Theorem 3.11 can be proved as above for Rn in
place of R3 and R

m in place of R2: According to Theorem 3.11, if there exists A in
LðR3;R2Þ such that

lim
h!0

1
hj j f1 xþ hð Þ; f2 xþ hð Þð Þ � f1ðxÞ; f2ðxÞð Þ � AðhÞð Þ

� �
¼ 0;

then such an A is unique.

Definition Let E be an open subset of R3: Let f : E ! R
2: Let f1 : E ! R; f2 :

E ! R be the component functions of f, that is, f ðhÞ ¼ ðf1ðhÞ; f2ðhÞÞ for every h in
E. Let x be in E.

If there exists A in LðR3;R2Þ such that

lim
h!0

1
hj j f1 xþ hð Þ; f2 xþ hð Þð Þ � f1ðxÞ; f2ðxÞð Þ � AðhÞð Þ

� �
¼ 0;

then we say that f is differentiable at x, and we write

f 0ðxÞ ¼ A:

Here, f 0ðxÞ is called the differential of f at x, or the total derivative of f at x. It is
also denoted by Df(x).

In short, f 0ðxÞ ¼ A means limh!0ð 1
jhj ðf ðxþ hÞ � f ðxÞ � AðhÞÞÞ ¼ 0:

If f is differentiable at every point of E, then we say that f is differentiable on E.
Similar definition can be supplied for Rn in place of R3 and R

m in place of R2:

Theorem 3.13 Let E be an open subset of Rn: Let f : E ! R
m: Let x be in E. Let A

be in LðRn;RmÞ:
f 0ðxÞ ¼ A if and only if there exists a function r : fh : xþ h 2 Eg ! R

m such
that

(i) rð0Þ ¼ 0;
(ii) f ðxþ hÞ ¼ f ðxÞ þ AðhÞ þ jhjðrðhÞÞ for every h in fh : xþ h 2 Eg;
(iii) r is continuous at 0.

Proof of “if” part
Suppose that there exists a function r : fh : xþ h 2 Eg ! R

m such that

(i) rð0Þ ¼ 0;
(ii) f(x + h) = f(x) + A(h) + |h|(r(h)) for every h in fh : xþ h 2 Eg;
(iii) r is continuous at 0.

We have to show that f 0ðxÞ ¼ A, that is,

lim
h!0

1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ

� �
¼ 0:
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Since r is continuous at 0,

RHS ¼ 0 ¼ rð0Þ ¼ lim
h!0

rðhÞ ¼ lim
h!0

1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ

� �
¼ LHS:

Proof of “only if” part
Let f 0ðxÞ ¼ A, that is,

lim
h!0

1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ

� �
¼ 0 � � � ð�Þ:

Let us define r : fh : xþ h 2 Eg ! R
m as follows: For every h in

fh : xþ h 2 Eg;

rðhÞ �
1
hj j ðf ðxþ hÞ � f ðxÞ � AðhÞÞ; if h 6¼ 0
0; if h ¼ 0



:

Clearly, r(0) = 0. Also, it is clear that for every h in fh : xþ h 2 Eg;
f ðxþ hÞ ¼ f ðxÞ þ AðhÞ þ jhjðrðhÞÞ. By (*),

lim
h!0

rðhÞ ¼ lim
h!0

1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ

� �
¼ 0 ¼ rð0Þ;

and hence, r is continuous at 0. h

Theorem 3.14 Let E be an open subset of R
3: Let f : E ! R

2: Let f1 : E !
R; f2 : E ! R be the component functions of f, that is, f(h) = (f1(h), f2(h)) for every
h in E. Let x be in E. Let A 2 LðR3;R2Þ; where

A½ � ¼ a11 a12 a13
a21 a22 a23

� �
2�3

relative to the basis {(1, 0, 0), (0, 1, 0), (0, 0, 1)} of R3 and the basis {(1, 0), (0, 1)}
of R2: f 0ðxÞ ¼ A if and only if

lim
h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ � f1ðxÞ � h1; h2; h3ð Þ � a11; a12; a13ð Þð Þ

� �
¼ 0;

lim
h1;h2;h3ð Þ�h!0

1
hj j f2 xþ hð Þ � f2ðxÞ � h1; h2; h3ð Þ � a21; a22; a23ð Þð Þ

� �
¼ 0:
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Proof
f 0ðxÞ ¼ A means

0; 0ð Þ ¼ 0 ¼ lim
h!0

1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ

� �
¼ lim

h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ; f2 xþ hð Þð Þ � f1ðxÞ; f2ðxÞð Þ � AðhÞð Þ

� �
:

Since

AðhÞ ¼ A h1; h2; h3ð Þð Þ
¼ h1 A ð1; 0; 0Þð Þð Þ þ h2 A ð0; 1; 0Þð Þð Þ þ h3 A ð0; 0; 1Þð Þð Þ
¼ h1 a11; a21ð Þ þ h2 a12; a22ð Þ þ h3 a13; a23ð Þ
¼ h1a11 þ h2a12 þ h3a13; h1a21 þ h2a22 þ h3a23ð Þ
¼ h1; h2; h3ð Þ � a11; a12; a13ð Þ; h1; h2; h3ð Þ � a21; a22; a23ð Þð Þ;

f 0ðxÞ ¼ A if and only if

0; 0ð Þ ¼ lim
h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ; f2 xþ hð Þð Þ � f1ðxÞ; f2ðxÞð Þð Þ

�
� h1; h2; h3ð Þ � a11; a12; a13ð Þ; h1; h2; h3ð Þ � a21; a22; a23ð ÞÞð

�
¼ lim

h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ � f1ðxÞ � h1; h2; h3ð Þ � a11; a12; a13ð Þð Þ;

�
1
hj j f2 xþ hð Þ � f2ðxÞð � h1; h2; h3ð Þ � a21; a22; a23ð ÞÞ

�
¼ lim

h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ � f1ðxÞ � h1; h2; h3ð Þ � a11; a12; a13ð Þð Þ;

�
lim

h1;h2;h3ð Þ�h!0

1
hj j f2 xþ hð Þð � f2ðxÞ � h1; h2; h3ð Þ � a21; a22; a23ð ÞÞ

�
:

Thus, f 0ðxÞ ¼ A if and only if

lim
h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ � f1ðxÞ � h1; h2; h3ð Þ � a11; a12; a13ð Þð Þ ¼ 0;

lim
h1;h2;h3ð Þ�h!0

1
hj j f2 xþ hð Þ � f2ðxÞ � h1; h2; h3ð Þ � a21; a22; a23ð Þð Þ ¼ 0:

h

Note 3.15 The result similar to Theorem 3.14 can be proved as above for Rn in
place of R3 and R

m in place of R2:

h
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Theorem 3.16 Let E be an open subset of Rn: Let f : E ! R
m: Let x be in E.

If f is differentiable at x, then f is continuous at x.

Proof Let f be differentiable at x.
We have to prove that f is continuous at x, that is, limh!0ðf ðxþ hÞ � f ðxÞÞ ¼ 0:
For this purpose, let us take any ɛ > 0.
Since f is differentiable at x, there exists a linear transformation A from R

n to R
m

such that 0 ¼ limh!0ð 1
jhj ðf ðxþ hÞ � f ðxÞ � AðhÞÞÞ; and hence, there exists δ > 0

such that for every h in fh : xþ h 2 Eg satisfying 0\jhj\d, we have

1
hj j f xþ hð Þ � f ðxÞ � AðhÞj j ¼ 1

hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ � 0

���� ����\ e
2
:

Case I: when kAk 6¼ 0

Now, if h is in fh : xþ h 2 Eg satisfying 0\jhj\minf1; e
2kAk ; dg, then

f xþ hð Þ � f ðxÞð Þ � 0j j ¼ hj j 1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ

� �
þ AðhÞ

���� ����
� hj j 1

hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ
���� ����þ AðhÞj j

� hj j 1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ
���� ����þ Ak k hj j

� 1 � 1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þ
���� ����þ Ak k hj j

\1 � e
2
þ Ak k � e

2 Ak k ¼ e:

So, f is continuous at x.

Case II: when kAk ¼ 0

Here, kAk ¼ 0, so A = 0. Now, if h is in fh : xþ h 2 Eg satisfying
0\jhj\minf1; dg, then

f xþ hð Þ � f ðxÞð Þ � 0j j ¼ hj j 1
hj j f xþ hð Þ � f ðxÞ � 0ðhÞð Þ

� ����� ����
¼ hj j 1

hj j f xþ hð Þ � f ðxÞ � 0ðhÞð Þj j
� �

� 1 � 1
hj j f xþ hð Þ � f ðxÞ � AðhÞð Þj j

� �
\1 � e

2
\e:

So, f is continuous at x.
Thus, we see that in all cases, f is continuous at x. h
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Note 3.17 If A 2 LðRn;RmÞ, then A is differentiable on R
n; and for every x in

R
n; A0ðxÞ ¼ A:
Reason: Let us take any x in R

n: Since

limh!0
1
hj j A xþ hð Þ � AðxÞ � AðhÞð Þ

� �
¼ limh!0

1
hj j AðxÞ þ AðhÞð Þ � AðxÞ � AðhÞð Þ

� �
¼ limh!0ð0Þ ¼ 0; A0ðxÞ ¼ A:

Further, since A is differentiable on R
n, by Theorem 3.16, A is continuous on R

n:

Theorem 3.18 Let E be an open subset of Rn: Let x be in E. Let f : E ! R
m be

differentiable at x. Let G be an open subset of Rm; and G contains the range of f. Let
g : G ! R

p be differentiable at f ðxÞ:
Then,

1. the composite function ðg 	 f Þ : E ! R
p is differentiable at x,

2. ðg 	 f Þ0ðxÞ ¼ ðg0ðf ðxÞÞÞðf 0ðxÞÞ:

Proof Here, f : E ! R
m is differentiable at x, so by Theorem 3.13, there exists a

function r : fh : xþ h 2 Eg ! R
m such that

(i) rð0Þ ¼ 0;
(ii) f ðxþ hÞ ¼ f ðxÞ þ ðf 0ðxÞÞðhÞ þ jhjðrðhÞÞ for every h in fh : xþ h 2 Eg;
(iii) r is continuous at 0.

Here, g : G ! R
p is differentiable at f ðxÞ, so by Theorem 3.17, there exists a

function s : fk : f ðxÞ þ k 2 Gg ! R
p such that

(i′) sð0Þ ¼ 0;
(ii′) gðf ðxÞ þ kÞ ¼ gðf ðxÞÞ þ ðg0ðf ðxÞÞÞðkÞ þ jkjðsðkÞÞ for every k in fk : f ðxÞþ

k 2 Gg;
(iii′) s is continuous at 0.

We have to show that the composite function ðg 	 f Þ : E ! R
p is differentiable

at x, and ðg 	 f Þ0ðxÞ ¼ ðg0ðf ðxÞÞÞðf 0ðxÞÞ: By Theorem 3.13, it is enough to find a
function t : fh : xþ h 2 Eg ! R

p such that

(I) tð0Þ ¼ 0;
(II) ðg 	 f Þðxþ hÞ ¼ ðg 	 f ÞðxÞ þ ððg0ðf ðxÞÞÞðf 0ðxÞÞÞðhÞ þ jhjðtðhÞÞ for every

h in fh : xþ h 2 Eg;
(III) t is continuous at 0.
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Here, for every h in h : xþ h 2 Ef g;

g 	 fð Þ xþ hð Þ ¼ g f xþ hð Þð Þ
¼ g f ðxÞ þ f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þ
¼ g f ðxÞ þ f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ
¼ g f ðxÞð Þ þ g0 f ðxÞð Þð Þ f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þ
þ f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ

¼ g f ðxÞð Þ þ g0 f ðxÞð Þð Þ f 0ðxÞð ÞðhÞð Þ
þ g0 f ðxÞð Þð Þ hj j rðhÞð Þð Þ þ f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ

¼ g 	 fð ÞðxÞ þ g0 f ðxÞð Þð Þ 	 f 0ðxÞð Þð ÞðhÞ þ hj j g0 f ðxÞð Þð Þ rðhÞð Þð Þ
þ f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ

¼ g 	 fð ÞðxÞ þ g0 f ðxÞð Þð Þ f 0ðxÞð Þð ÞðhÞ

þ hj j g0 f ðxÞð Þð Þ rðhÞð Þ þ 1
hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ

� �
:

So, for every h in fh : xþ h 2 Eg,

g 	 fð Þ xþ hð Þ ¼ g 	 fð ÞðxÞ þ g0 f ðxÞð Þð Þ f 0ðxÞð Þð ÞðhÞ
þ hj j g0 f ðxÞð Þð Þ rðhÞð Þð
þ 1

hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð ÞÞ:

Now, let us define the function t : fh : xþ h 2 Eg ! R
p as follows: For every

h in fh : xþ h 2 Eg;

tðhÞ � g0 f ðxÞð Þð Þ rðhÞð Þ þ 1
hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ; if h 6¼ 0

0; if h ¼ 0



:

It suffices to prove that t is continuous at 0, that is,

lim
h!0

tðhÞ ¼ 0:

For this purpose, let us take any e[ 0:
Since ðg0ðf ðxÞÞÞðrðhÞÞ ¼ ððg0ðf ðxÞÞÞ 	 rÞðhÞ; the linear transformation g0ðf ðxÞÞ is

continuous, and r is continuous at 0, the mapping h 7! ðg0ðf ðxÞÞÞðrðhÞÞ is contin-
uous at 0. Hence, limh!0ðg0ðf ðxÞÞÞðrðhÞÞ ¼ ðg0ðf ðxÞÞÞðrð0ÞÞ ¼ ðg0ðf ðxÞÞÞð0Þ ¼ 0:
It follows that there exists d1 [ 0 such that for every h in fh : xþ h 2 Eg satisfying
0\jhj\d1, we have

g0ðf ðxÞÞð ÞðrðhÞÞj j\ e
2
:

Since, for every nonzero h in fh : xþ h 2 Eg, we have
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1
hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j � 1

hj j f 0ðxÞð ÞðhÞj j þ hj j rðhÞð Þj jð Þ

¼ 1
hj j f 0ðxÞð Þ hð Þj j þ hj j rðhÞj jð Þ� 1

hj j f 0ðxÞk k hj j þ hj j rðhÞj jð Þ ¼ f 0ðxÞk k þ rðhÞj j:

Since limh!0 rðhÞ ¼ 0; there exists d2 [ 0 such that for every h in
fh : xþ h 2 Eg satisfying 0\jhj\d2, we have

rðhÞj j\1:

So, for every nonzero h in fh : xþ h 2 Eg satisfying 0\jhj\d2; we have

1
hj j f 0ðxÞð ÞðhÞ þ hj jðrðhÞÞj j � jjf 0ðxÞjj þ 1:

Since limh!0 rðhÞ ¼ 0; and limk!0 sðkÞ ¼ 0; limh!0 sððf 0ðxÞÞðhÞ þ jhjðrðhÞÞÞ ¼
sððf 0ðxÞÞð0Þ þ j0jðrð0ÞÞÞ ¼ sð0þ 0Þ ¼ sð0Þ ¼ 0; and hence, there exists d3 [ 0
such that for every h in fh : xþ h 2 Eg satisfying 0\jhj\d3, we have
jsððf 0ðxÞÞðhÞ þ jhjðrðhÞÞÞj\ e

2ðkf 0ðxÞkþ1Þ :
Hence, for every h in fh : xþ h 2 Eg satisfying 0\jhj\minfd1; d2; d3g, we

have

1
hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ
���� ����

¼ 1
hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þj j

� f 0ðxÞk k þ 1ð Þ s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þj j\ f 0ðxÞk k þ 1ð Þ � e
2 f 0ðxÞk k þ 1ð Þ ¼

e
2
:

Further,

tðhÞ � 0j j ¼ tðhÞj j ¼ g0 f ðxÞð Þð Þ rðhÞð Þ þ 1
hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j

����
s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þj � g0 f ðxÞð Þð Þ rðhÞð Þj j

þ 1
hj j f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þj j s f 0ðxÞð ÞðhÞ þ hj j rðhÞð Þð Þð Þ
���� ����\ e

2
þ e
2
¼ e:

This proves that limh!0 tðhÞ ¼ 0: h

Note 3.19 Theorem 3.18 is known as the chain rule of derivative.

Theorem 3.20 Let E be an open subset of R
3: Let f : E ! R

2: Let f1 : E !
R; f2 : E ! R be the component functions of f, that is, f ðhÞ ¼ ðf1ðhÞ; f2ðhÞÞ for
every h in E. Let x � ðx1; x2; x3Þ be in E. Let f be differentiable at x.
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Then, all the partial derivatives ðD1f1ÞðxÞ; ðD2f1ÞðxÞ; ðD3f1ÞðxÞ; ðD1f2ÞðxÞ; ðD2f2Þ
ðxÞ; ðD3f2ÞðxÞ exist.

Also,

f 0ðxÞð Þ ð1; 0; 0Þð Þ ¼ D1f1ð ÞðxÞ; D1f2ð ÞðxÞð Þ;
f 0ðxÞð Þ ð0; 1; 0Þð Þ ¼ D2f1ð ÞðxÞ; D2f2ð ÞðxÞð Þ;
f 0ðxÞð Þ ð0; 0; 1Þð Þ ¼ D3f1ð ÞðxÞ; D3f2ð ÞðxÞð Þ;

and for every h in R
3;

f 0ðxÞð ÞðhÞ ¼ rf1ð ÞðxÞð Þ � h; rf2ð ÞðxÞð Þ � hð Þ;

where

rf1ð ÞðxÞ � D1f1ð ÞðxÞ; D2f1ð ÞðxÞ; D3f1ð ÞðxÞð Þ;
rf2ð ÞðxÞ � D1f2ð ÞðxÞ; D2f2ð ÞðxÞ; D3f2ð ÞðxÞð Þ:

(Here, ðrf1ÞðxÞ is called the gradient of f1; etc.)

Proof Since f is differentiable at x, f 0ðxÞ is in LðR3;R2Þ: Let

f 0ðxÞ½ � ¼ a11 a12 a13
a21 a22 a23

� �
2�3

relative to the basis fð1; 0; 0Þ; ð0; 1; 0Þ; ð0; 0; 1Þg of R3 and the basis fð1; 0Þ; ð0; 1Þg
of R2: By Theorem 3.14,

lim
h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ � f1ðxÞ � h1; h2; h3ð Þ � a11; a12; a13ð Þð Þ

� �
¼ 0:

Hence,

lim
t!0

1
0; t; 0ð Þj j f1 x1; x2; x3ð Þ þ 0; t; 0ð Þð Þ � f1 x1; x2; x3ð Þð Þ � 0; t; 0ð Þ � a11; a12; a13ð Þð Þ

� �
¼ 0

or,

lim
t!0

1
tj j f1 x1; x2 þ t; x3ð Þð Þ � f1 x1; x2; x3ð Þð Þ � ta12ð Þ

� �
¼ 0

or,

lim
t!0

1
t
f1 x1; x2 þ t; x3ð Þð Þ � f1 x1; x2; x3ð Þð Þ � ta12ð Þ

� �
¼ 0
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or,

lim
t!0

1
t
f1 x1; x2 þ t; x3ð Þð Þ � f1 x1; x2; x3ð Þð Þð Þ � a12

� �
¼ 0

or,

D2f1ð ÞðxÞ ¼ lim
t!0

f1 x1; x2 þ t; x3ð Þð Þ � f1 x1; x2; x3ð Þð Þ
t

¼ a12:

It follows that ðD2f1ÞðxÞ exists, and its value is a12:
Similarly, all ðDjfiÞðxÞ exist, and ðDjfiÞðxÞ ¼ aij. Hence,

f 0ðxÞ½ � ¼ D1f1ð ÞðxÞ D2f1ð ÞðxÞ D3f1ð ÞðxÞ
D1f2ð ÞðxÞ D2f2ð ÞðxÞ D3f2ð ÞðxÞ

� �
2�3

relative to the basis fð1; 0; 0Þ; ð0; 1; 0Þ; ð0; 0; 1Þg of R3 and the basis fð1; 0Þ; ð0; 1Þg
of R2: Also,

f 0ðxÞð Þ ð1; 0; 0Þð Þ ¼ D1f1ð ÞðxÞ; D1f2ð ÞðxÞð Þ;
f 0ðxÞð Þ ð0; 1; 0Þð Þ ¼ D2f1ð ÞðxÞ; D2f2ð ÞðxÞð Þ;
f 0ðxÞð Þ ð0; 0; 1Þð Þ ¼ D3f1ð ÞðxÞ; D3f2ð ÞðxÞð Þ:

Also, for every h in R
3;

LHS ¼ f 0ðxÞð ÞðhÞ ¼ f 0ðxÞð Þ h1; h2; h3ð Þð Þ
¼ f 0ðxÞð Þ h1ð1; 0; 0Þ þ h2ð0; 1; 0Þ þ h3ð0; 0; 1Þð Þ
¼ h1 D1f1ð ÞðxÞ; D1f2ð ÞðxÞð Þ þ h2 D2f1ð ÞðxÞ; D2f2ð ÞðxÞð Þ
þ h3 D3f1ð ÞðxÞ; D3f2ð ÞðxÞð Þ

¼ h1 D1f1ð ÞðxÞð Þ þ h2 D2f1ð ÞðxÞð Þ þ h3 D3f1ð ÞðxÞð Þ; h1 D1f2ð ÞðxÞð Þð
þ h2 D2f2ð ÞðxÞð Þ þ h3 D3f2ð ÞðxÞð ÞÞ

¼ D1f1ð ÞðxÞ; D2f1ð ÞðxÞ; D3f1ð ÞðxÞð Þ � h1; h2; h3ð Þ;ð
D1f2ð ÞðxÞ; D2f2ð ÞðxÞ; D3f2ð ÞðxÞð Þ � h1; h2; h3ð ÞÞ

¼ rf1ð ÞðxÞð Þ � h1; h2; h3ð Þ; rf2ð ÞðxÞð Þ � h1; h2; h3ð Þð Þ
¼ rf1ð ÞðxÞð Þ � h; rf2ð ÞðxÞð Þ � hð Þ ¼ RHS:

h

Note 3.21 The result similar to Theorem 3.20 can be proved as above for Rn in
place of R3 and R

m in place of R2:

Theorem 3.22 Let E be an open subset of R
3: Let f : E ! R

2: Let f1 : E !
R; f2 : E ! R be the component functions of f, that is, f ðhÞ ¼ ðf1ðhÞ; f2ðhÞÞ for
every h in E. Let x � ðx1; x2; x3Þ be in E. Let f be differentiable at x. Let u �
ðu1; u2; u3Þ be a unit vector in R

3: Then,
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Duf1ð ÞðxÞ ¼ u � rf1ð ÞðxÞð Þ;
Duf2ð ÞðxÞ ¼ u � rf2ð ÞðxÞð Þ;

where

Duf1ð ÞðxÞ � lim
t!0

f1 x1 þ tu1; x2 þ tu2; x3 þ tu3ð Þð Þ � f1 x1; x2; x3ð Þð Þ
t

;

Duf2ð ÞðxÞ � lim
t!0

f2 x1 þ tu1; x2 þ tu2; x3 þ tu3ð Þð Þ � f2 x1; x2; x3ð Þð Þ
t

:

(Here, ðDuf1ÞðxÞ is called the directional derivative of f1 in the direction of u, etc.)

Proof Since f is differentiable at x; f 0ðxÞ is in LðR3;R2Þ: Let

f 0ðxÞ½ � ¼ a11 a12 a13
a21 a22 a23

� �
2�3

relative to the basis fð1; 0; 0Þ; ð0; 1; 0Þ; ð0; 0; 1Þg of R3 and the basis fð1; 0Þ; ð0; 1Þg
of R2: By Theorem 3.14,

lim
h1;h2;h3ð Þ�h!0

1
hj j f1 xþ hð Þ � f1ðxÞ � h1; h2; h3ð Þ � a11; a12; a13ð Þð Þ

� �
¼ 0:

Hence,

lim
t!0

1
t u1; u2; u3ð Þj j f1 x1; x2; x3ð Þ þ t u1; u2; u3ð Þð Þ � f1 x1; x2; x3ð Þð Þð

�
� t u1; u2; u3ð Þð Þ � a11; a12; a13ð ÞÞ

�
¼ 0

or,

lim
t!0

1
tj j u1; u2; u3ð Þj j f1 x1 þ tu1; x2 þ tu2; x3 þ tu3ð Þð Þ � f1 x1; x2; x3ð Þð Þð

�
�t u1; u2; u3ð Þ � a11; a12; a13ð Þð ÞÞ

�
¼ 0

or,

lim
t!0

1
tj j � 1 f1 x1 þ tu1; x2 þ tu2; x3 þ tu3ð Þð Þ � f1 x1; x2; x3ð Þð Þð

�
�t u1; u2; u3ð Þ � a11; a12; a13ð Þð ÞÞ

�
¼ 0
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or,

lim
t!0

1
t
f1 x1 þ tu1; x2 þ tu2; x3 þ tu3ð Þð Þ � f1 x1; x2; x3ð Þð Þð

�
�t u1; u2; u3ð Þ � a11; a12; a13ð Þð ÞÞ

�
¼ 0

or,

lim
t!0

f1 x1 þ tu1; x2 þ tu2; x3 þ tu3ð Þð Þ � f1 x1; x2; x3ð Þð Þ
t

�
u1; u2; u3ð Þ � a11; a12; a13ð Þð Þ

�
¼ 0

or,

Duf1ð ÞðxÞ ¼ lim
t!0

f1 x1 þ tu1; x2 þ tu2; x3 þ tu3ð Þð Þ � f1 x1; x2; x3ð Þð Þ
t

¼ u1; u2; u3ð Þ � D1f1ð ÞðxÞ; D2f1ð ÞðxÞ; D3f1ð ÞðxÞð Þ
¼ u1; u2; u3ð Þ � rf1ð ÞðxÞð Þ ¼ u � rf1ð ÞðxÞð Þ

Thus,

Duf1ð ÞðxÞ ¼ u � rf1ð ÞðxÞð Þ:

Similarly,

Duf2ð ÞðxÞ ¼ u � rf2ð ÞðxÞð Þ:
h

Note 3.23 The result similar to Theorem 3.22 can be proved as above for Rn in
place of R3 and R

m in place of R2:

Theorem 3.24 Let E be an open subset of Rn: Let f : E ! R: Let x � ðx1; . . .; xnÞ
be in E Let f be differentiable at x. Then,

max Dufð ÞðxÞ : u 2 R
n and uj j ¼ 1f g ¼ D

1
rfð ÞðxÞj j rfð ÞðxÞð Þ

� �f
0@ 1AðxÞ:

(In short, if f is differentiable at x, then the maximum value of the directional
derivative of f at x is obtained in the direction of the gradient of f at x.)

Proof Let u � ðu1; . . .; unÞ be any unit vector in R
n: We have to prove that

Dufð ÞðxÞ� D
1

rfð ÞðxÞj j rfð ÞðxÞð Þ
� �f

0@ 1AðxÞ:

h
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By Theorem 3.22, ðDuf ÞðxÞ ¼ u � ððrf ÞðxÞÞ: Hence,

Dufð ÞðxÞ� Dufð ÞðxÞj j ¼ u � rfð ÞðxÞð Þj j � uj j rfð ÞðxÞj j
¼ 1 � rfð ÞðxÞj j ¼ rfð ÞðxÞj j ¼ 1

rfð ÞðxÞj j rfð ÞðxÞj j2

¼ 1
rfð ÞðxÞj j rfð ÞðxÞð Þ � rfð ÞðxÞð Þð Þ

¼ 1
rfð ÞðxÞj j rfð ÞðxÞð Þ

� �
� rfð ÞðxÞð Þ

¼ D
1

rfð ÞðxÞj j rfð ÞðxÞð Þ
� �f

0@ 1AðxÞ:

Hence,

Dufð ÞðxÞ� D
1

rfð ÞðxÞj j rfð ÞðxÞð Þ
� �f

0@ 1AðxÞ:

h

Theorem 3.25 Let a\b: Let c : ða; bÞ ! R
2 be any function differentiable on the

open interval ða; bÞ: Let G be an open subset of R2; and G contains the range of c:
Let f : G ! R be differentiable on G Then, for every t in the open interval ða; bÞ;

f 	 cð Þ0ðtÞ ¼ rfð Þ cðtÞð Þð Þ � d
dt
cðtÞ

� �
:

Proof Let c1 : ða; bÞ ! R; c2 : ða; bÞ ! R be the component functions of c; that
is, cðtÞ ¼ ðc1ðtÞ; c2ðtÞÞ for every t in ða; bÞ: Let us take any t in the open interval
ða; bÞ. By the chain rule of derivative, we have

f 	 cð Þ0ðtÞ ¼ f 0 cðtÞð Þð Þ c0ðtÞð Þ:

Hence,

f 	 cð Þ0ðtÞ� � ¼ f 0 cðtÞð Þð Þ c0ðtÞð Þ½ � ¼ f 0 cðtÞð Þð Þ½ � c0ðtÞð Þ½ �

¼ D1fð Þ cðtÞð Þ D2fð Þ cðtÞð Þ½ �1�2

d
dt
c1ðtÞ

d
dt
c2ðtÞ

264
375
2�1

¼ D1fð Þ cðtÞð Þð Þ d
dt
c1ðtÞ

� �
þ D2fð Þ cðtÞð Þð Þ d

dt
c2ðtÞ

� �� �
:
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So,

LHS ¼ f 	 cð Þ0ðtÞ ¼ D1fð Þ cðtÞð Þð Þ d
dt
c1ðtÞ

� �
þ D2fð Þ cðtÞð Þð Þ d

dt
c2ðtÞ

� �
¼ D1fð Þ cðtÞð Þ; D2fð Þ cðtÞð Þð Þ � d

dt
c1ðtÞ;

d
dt
c2ðtÞ

� �
¼ D1fð Þ cðtÞð Þ; D2fð Þ cðtÞð Þð Þ � d

dt
c1ðtÞ; c2ðtÞð Þ

¼ D1fð Þ cðtÞð Þ; D2fð Þ cðtÞð Þð Þ � d
dt
cðtÞ

� �
¼ rfð Þ cðtÞð Þð Þ � d

dt
cðtÞ

� �
¼ RHS:

h

Note 3.26 The result similar to Theorem 3.25 can be proved as above for Rm in
place of R2:

Note 3.27 Let a be in R
n: The function t 7! ta from R to R

n is denoted by a,
provided that there is no confusion. Here,

ak k ¼ sup taj j : t 2 R and tj j � 1f g ¼ sup tj j aj j : t 2 R and tj j � 1f g� aj j ¼ 1aj j
� sup taj j : t 2 R and tj j � 1f g ¼ ak k:

This shows that

ak k ¼ aj j:

Theorem 3.28 Let E be an open convex subset of R3: Let f : E ! R
2 be differen-

tiable on E. Let the set fkf 0ðxÞk : x 2 Eg be bounded above. Then, for every a, b in E,
f ðbÞ � f ðaÞj j � b� aj j sup f 0ðxÞk k : x 2 Ef gð Þ

Proof First of all, we shall prove the following lemma. h

Lemma 3.29 Let a\b: Let f : ½a; b� ! R
n be any continuous function. If f is

differentiable on ða; bÞ; then there exists a real number t in ða; bÞ such that

f ðbÞ � f ðaÞj j � b� að Þ f 0ðtÞj j:

Proof of Lemma

Case I: when f ðaÞ ¼ f ðbÞ. The lemma is trivial in this case.
Case II: when f ðaÞ 6¼ f ðbÞ. Since f ðaÞ 6¼ f ðbÞ; 0\jf ðbÞ � f ðaÞj; and hence,

1
jf ðbÞ�f ðaÞj ðf ðbÞ � f ðaÞÞ is in R

n: Put c � 1
jf ðbÞ�f ðaÞj ðf ðbÞ � f ðaÞÞ: Clearly, jcj ¼ 1:

Let us define a function
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g : a; b½ � ! R

as follows: For every x in ½a; b�;

gðxÞ � c � f ðxÞð Þ:

Now, we want to apply Lagrange’s mean value theorem on g. Since f : ½a; b� !
R

n is continuous, g : ½a; b� ! R is continuous. Since f : ½a; b� ! R
n is differen-

tiable on ða; bÞ; g : ½a; b� ! R is differentiable on ða; bÞ; and for every x in ða; bÞ;

g0ðxÞ ¼ c � f 0ðxÞð Þ:

Hence, by the Lagrange’s mean value theorem, there exists a real number t in
ða; bÞ such that

f ðbÞ � f ðaÞj j ¼ 1
f ðbÞ � f ðaÞj j f ðbÞ � f ðaÞð Þ

� �
� f ðbÞ � f ðaÞð Þ ¼ c � f ðbÞ � f ðaÞð Þ

¼ c � f ðbÞð Þ � c � f ðaÞð Þ ¼ gðbÞ � gðaÞ ¼ b� að Þg0ðtÞ ¼ b� að Þ c � f 0ðtÞð Þð Þ
¼ c � b� að Þ f 0ðtÞð Þð Þ� c � b� að Þ f 0ðtÞð Þð Þj j � cj j b� að Þ f 0ðtÞð Þj j
¼ 1 b� að Þ f 0ðtÞð Þj j ¼ b� að Þ f 0ðtÞj j:

Thus, there exists a real number t in ða; bÞ such that

f ðbÞ � f ðaÞj j � b� að Þ f 0ðtÞj j:
h

Proof of the main theorem Let us take any a � ða1; a2; a3Þ; b � ðb1; b2; b3Þ in
E. Let us take a nonzero element c � ðc1; c2Þ in R

2: Let f1; f2 be the component
functions of f. Let us define a function

c : 0; 1½ � ! R
3

as follows: For every t in the closed interval ½0; 1�;

cðtÞ � 1� tð Þaþ tb:

Clearly, c is continuous on [0,1]. Also, it is clear that c is differentiable on the
open interval (0,1), and for every t in (0,1),

c0ðtÞ ¼ b� a:

Since E is convex, a and b are in E, the range of c is contained in E. Since
c : ½0; 1� ! R

3; the range of c is contained in E, and f : E ! R
2; the composite

function f 	 c is defined on ½0; 1�:
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We want to apply Lemma 3.29 on f 	 c: Since f : E ! R
2 is differentiable on E,

f is continuous on E. Since c is continuous on ½0; 1�; the range of c is contained in E,
and f is continuous on E, f 	 c is continuous on [0, 1]. Since c is differentiable on
the open interval ð0; 1Þ; the range of c is contained in E, and f : E ! R

2 is dif-
ferentiable on E, by Theorem 3.18, the composite function ðf 	 cÞ : ½0; 1� ! R

2 is
differentiable on the open interval ð0; 1Þ; and for every x in ð0; 1Þ;

f 	 cð Þ0ðxÞ ¼ f 0 cðxÞð Þð Þ c0ðxÞð Þ:

Hence, by Lemma 3.29 and Theorem 3.2, there exists a real number t in ð0; 1Þ
such that

f ðbÞ � f ðaÞj j ¼ f cð1Þð Þ � f cð0Þð Þj j ¼ f 	 cð Þð1Þ � f 	 cð Þð0Þj j
� 1� 0ð Þ f 	 cð Þ0ðtÞ�� ��
¼ f 	 cð Þ0ðtÞ�� �� ¼ f 	 cð Þ0ðtÞ�� ��
¼ f 0 cðtÞð Þð Þ c0ðtÞð Þk k� f 0 cðtÞð Þk k c0ðtÞk k
¼ f 0 cðtÞð Þk k b� ak k ¼ f 0 cðtÞð Þk k b� aj j
¼ b� aj j f 0 cðtÞð Þk k� b� aj j sup f 0ðxÞk k : x 2 Ef gð Þ:

Thus,

f ðbÞ � f ðaÞj j � b� aj j sup f 0ðxÞk k : x 2 Ef gð Þ:
h

Note 3.30 The result similar to Theorem 3.28 can be proved as above for Rn in
place of R3 and R

m in place of R2:

Theorem 3.31 Let E be an open subset of R
3: Let f : E ! R

2: Let f1 : E !
R; f2 : E ! R be the component functions of f, that is, f ðxÞ ¼ ðf1ðxÞ; f2ðxÞÞ for
every x in E. If f : E ! R

2 is differentiable on E, and the mapping x 7! f 0ðxÞ from
Eð
 R

3Þ to the metric space LðR3;R2Þ is continuous, then f is C1 function (i.e., for
i = 1, 2, and j = 1, 2, 3, each function Djfi : E ! R exists and is continuous).

Proof Let us take any x in E. Since x is in E, and f : E ! R
2 is differentiable on E,

f is differentiable at x. Since f is differentiable at x, by Theorem 3.20, all the partial
derivatives ðDjfiÞðxÞ exist. This shows that each Djfi : E ! R is a function for i = 1,
2, and j = 1, 2, 3. Now, we shall try to prove that D1f2 : E ! R is continuous. For
this purpose, let us fix any x in E.

Let us take any e[ 0: Since the mapping x 7! f 0ðxÞ from E ð
 R
3Þ to the metric

space LðR3;R2Þ is continuous, there exists d[ 0 such that for every y in E satis-
fying jy� xj\d, we have kf 0ðyÞ � f 0ðxÞk\e:

Let us take any y in E satisfying jy� xj\d: It is enough to prove that
jðD1f2ÞðyÞ � ðD1f2ÞðxÞj\e: Since
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f 0ðyÞ � f 0ðxÞ½ � ¼ f 0ðyÞ½ � � f 0ðxÞ½ �

¼ D1f1ð ÞðyÞ D2f1ð ÞðyÞ D3f1ð ÞðyÞ
D1f2ð ÞðyÞ D2f2ð ÞðyÞ D3f1ð ÞðyÞ

� �
2�3

� D1f1ð ÞðxÞ D2f1ð ÞðxÞ D3f1ð ÞðxÞ
D1f2ð ÞðxÞ D2f2ð ÞðxÞ D3f1ð ÞðxÞ

� �
2�3

¼ D1f1ð ÞðyÞ � D1f1ð ÞðxÞ D2f1ð ÞðyÞ � D2f1ð ÞðxÞ D3f1ð ÞðyÞ � D3f1ð ÞðxÞ
D1f2ð ÞðyÞ � D1f2ð ÞðxÞ D2f2ð ÞðyÞ � D2f2ð ÞðxÞ D3f1ð ÞðyÞ � D3f1ð ÞðxÞ

� �
2�3

;

so

D1f2ð ÞðyÞ � D1f2ð ÞðxÞj j � D1f1ð ÞðyÞ � D1f1ð ÞðxÞ; D1f2ð ÞðyÞ � D1f2ð ÞðxÞð Þj j
¼ f 0ðyÞ � f 0ðxÞð Þ ð1; 0; 0Þð Þj j
� sup f 0ðyÞ � f 0ðxÞð ÞðtÞj j : t 2 R

3; tj j � 1
� �

¼ f 0ðyÞ � f 0ðxÞk k\e:

Hence,

D1f2ð ÞðyÞ � D1f2ð ÞðxÞj j\e:

This proves that D1f2 : E ! R is continuous. Similarly, all other partial deriv-
atives are continuous. Hence, f is a C1 function. h

Theorem 3.32 Let E be an open subset of R
3: Let f : E ! R

2: Let f1 : E !
R; f2 : E ! R be the component functions of f, that is, f ðxÞ ¼ ðf1ðxÞ; f2ðxÞÞ for
every x in E. If f is a C1 function (i.e., for i ¼ 1; 2; and j ¼ 1; 2; 3; each function
Djfi : E ! R exists and is continuous), then f : E ! R

2 is differentiable on E:

Proof Let us take any a � ða1; a2; a3Þ in E. We have to prove that f : E ! R
2 is

differentiable at a. By Theorem 3.14, it is enough to prove that

(i) lim
ðh1;h2;h3Þ�h!0

 
1

jðh1; h2; h3Þj ðf1ðða1; a2; a3Þ

þ ðh1; h2; h3ÞÞ � f1ðða1; a2; a3ÞÞ � ðh1; h2; h3Þ

� ððD1f1Þðða1; a2; a3ÞÞ; ðD2f1Þðða1; a2; a3ÞÞ; ðD3f1Þðða1; a2; a3ÞÞÞÞ
!

¼ 0;

and

(ii)
lim

ðh1;h2;h3Þ�h!0

1
jðh1; h2; h3Þj ðf2ðða1; a2; a3Þ
�

þðh1; h2; h3ÞÞ � f2ðða1; a2; a3ÞÞ � ðh1; h2; h3Þ
� ððD1f2Þðða1; a2; a3ÞÞ; ðD2f2Þðða1; a2; a3ÞÞ; ðD3f2Þðða1; a2; a3ÞÞÞÞ

�
¼ 0:
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For (i): We have to prove that

0 ¼ lim
h1;h2;h3ð Þ�h!0

1
h1; h2; h3ð Þj j f1 a1; a2; a3ð Þ þ h1; h2; h3ð Þð Þ � f1 a1; a2; a3ð Þð Þð

�
� h1; h2; h3ð Þ � D1f1ð Þ a1; a2; a3ð Þð Þ; D2f1ð Þ a1; a2; a3ð Þð Þ; D3f1ð Þ a1; a2; a3ð Þð Þð ÞÞ

�
;

that is,

0 ¼ lim
h1;h2;h3ð Þ�h!0

1
h1; h2; h3ð Þj j f1 a1 þ h1; a2 þ h2; a3 þ h3ð Þð Þ � f1 a1; a2; a3ð Þð Þð

�
� h1 D1f1ð Þ a1; a2; a3ð Þð Þð Þ þ h2 D2f1ð Þ a1; a2; a3ð Þð Þð Þ þ h3 D3f1ð Þ a1; a2; a3ð Þð Þð Þð ÞÞ

�

For this purpose, let us take any e[ 0:
Since D1f1 : E ! R; D2f1 : E ! R; D3f1 : E ! R are continuous at

ða1; a2; a3Þ; there exists d� [ 0 such that for every ðx1; x2; x3Þ in E satisfying
jðx1; x2; x3Þ � ða1; a2; a3Þj\d�; we have

Djf1
	 


x1; x2; x3ð Þð Þ � Djf1
	 


a1; a2; a3ð Þð Þ�� ��\ e
3

j ¼ 1; 2; 3ð Þ � � � �ð Þ

Since ða1; a2; a3Þ is in E, and E is an open subset of R3; we can find d[ 0 such
that 0\d\d� and the Cartesian product K � ½a1 � d; a1 þ d�
�½a2 � d; a2 þ d� � ½a3 � d; a3 þ d� 
 E:

Let us fix any h � ðh1; h2; h3Þ such that jðh1; h2; h3Þj\d: Since
jh1j � jðh1; h2; h3Þj\d; �d\h1\d; or a1 � d\a1 þ h1\a1 þ d; or a1 þ h1 2
½a1 � d; a1 þ d�: Similarly, a2 þ h2 2 ½a2 � d; a2 þ d�; and a3 þ h3 2 ½a3 � d; a3þ
d�: Since a1; a1 þ h1 2 ½a1 � d; a1 þ d�; and for every t in ½a1 � d; a1 þ d�; ðt; a2 þ
h2; a3 þ h3Þ 2 ½a1 � d; a1 þ d� � ½a2 � d; a2 þ d� � ½a3 � d; a3 þ d� 
 E; we can
define a function

g1 : a1 � d; a1 þ d½ � ! R

as follows: For every t in ½a1 � d; a1 þ d�;

g1ðtÞ ¼ f1 t; a2 þ h2; a3 þ h3ð Þð Þ:

Now, we want to apply Lagrange’s mean value theorem on g1. For fixed t0 in
½a1 � d; a1 þ d�; we have
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lim
t!0

g1 t0 þ tð Þ � g1 t0ð Þ
t

¼ lim
t!0

f1 t0 þ t; a2 þ h2; a3 þ h3ð Þ � f1 t0; a2 þ h2; a3 þ h3ð Þð Þ
t

¼ D1f1ð Þ t0; a2 þ h2; a3 þ h3ð Þð Þ:

Since

limt!0
g1ðt0þtÞ�g1ðt0Þ

t ¼ ðD1f1Þððt0; a2 þ h2; a3 þ h3ÞÞ; ðt0; a2 þ h2; a3 þ h3Þ is in E,
and D1f1 : E ! R exists, g1 is differentiable at t0. Further,

g0 t0ð Þ ¼ D1f1ð Þ t0; a2 þ h2; a3 þ h3ð Þð Þ:

Since g1 is differentiable at t0, g1 is continuous at t0.
Thus, we see that g1 : ½a1 � d; a1 þ d� ! R is continuous and differentiable on

½a1 � d; a1 þ d�: Hence, by the Lagrange’s mean value theorem, there exists a real
number c1 lying between a1 þ h1 and a1 such that

f1 a1 þ h1; a2 þ h2; a3 þ h3ð Þð Þ � f1 a1; a2 þ h2; a3 þ h3ð Þð Þ
¼ g1 a1 þ h1ð Þ � g1 a1ð Þ
¼ a1 þ h1ð Þ � a1ð Þg0 c1ð Þ ¼ h1 g0 c1ð Þð Þ
¼ h1 D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þð Þ:

Thus, we see that there exists a real number c1 lying between a1 þ h1 and a1
such that

f1 a1 þ h1; a2 þ h2; a3 þ h3ð Þð Þ ¼ f1 a1; a2 þ h2; a3 þ h3ð Þð Þ
þ h1 D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þð Þ:

Similarly, there exists a real number c2 lying between a2 þ h2 and a2 such that

f1 a1; a2 þ h2; a3 þ h3ð Þð Þ ¼ f1 a1; a2; a3 þ h3ð Þð Þ þ h2 D2f1ð Þ a1; c2; a3 þ h3ð Þð Þð Þ:

Again, there exists a real number c3 lying between a3 þ h3 and a3 such that

f1 a1; a2; a3 þ h3ð Þð Þ ¼ f1 a1; a2; a3ð Þð Þ þ h3 D3f1ð Þ a1; a2; c3ð Þð Þð Þ:

On adding the last three equations, we get

f1 a1 þ h1; a2 þ h2; a3 þ h3ð Þð Þ � f1 a1; a2; a3ð Þð Þ
¼ h1 D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þð Þ
þ h2 D2f1ð Þ a1; c2; a3 þ h3ð Þð Þð Þ þ h3 D3f1ð Þ a1; a2; c3ð Þð Þð Þ

or,
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f1q a1 þ h1; a2 þ h2; a3 þ h3ð Þð Þ � f1 a1; a2; a3ð Þð Þ h1 D1f1ð Þ a1; a2; a3ð Þð Þð Þð
þ h2 D2f1ð Þ a1; a2; a3ð Þð Þð Þ þ h3 D3f1ð Þ a1; a2; a3ð Þð Þð ÞÞ

¼ h1 D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þð Þ þ h2 D2f1ð Þ a1; c2; a3 þ h3ð Þð Þð Þð
þ h3 D3f1ð Þ a1; a2; c3ð Þð Þð ÞÞ � h1 D1f1ð Þ a1; a2; a3ð Þð Þð Þð
þ h2 D2f1ð Þ a1; a2; a3ð Þð Þð Þ þ h3 D3f1ð Þ a1; a2; a3ð Þð Þð ÞÞ

¼ h1 D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þ � D1f1ð Þ a1; a2; a3ð Þð Þð Þ
þ h2 D2f1ð Þ a1; c2; a3 þ h3ð Þð Þ � D2f1ð Þ a1; a2; a3ð Þð Þð Þ
þ h3 D3f1ð Þ a1; a2; c3ð Þð Þ � D3f1ð Þ a1; a2; a3ð Þð Þð Þ:

So,

¼ 1
h1; h2; h3ð Þj j f1 a1 þ h1; a2 þ h2; a3 þ h3ð Þð Þ � f1 a1; a2; a3ð Þð Þð

����
� h1 D1f1ð Þ a1; a2; a3ð Þð Þð Þ þ h2 D2f1ð Þ a1; a2; a3ð Þð Þð Þ þ h3 D3f1ð Þ a1; a2; a3ð Þð Þð Þð ÞÞ

����
¼ 1

h1; h2; h3ð Þj j h1 D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þ � D1f1ð Þ a1; a2; a3ð Þð Þð Þð
����
þ h2 D2f1ð Þ a1; c2; a3 þ h3ð Þð Þ � D2f1ð Þ a1; a2; a3ð Þð Þð Þ

þ h3 D3f1ð Þ a1; a2; c3ð Þð Þ � D3f1ð Þ a1; a2; a3ð Þð Þð ÞÞ
����

� h1j j
h1; h2; h3ð Þj j D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þ � D1f1ð Þ a1; a2; a3ð Þð Þj j

þ h2j j
h1; h2; h3ð Þj j D2f1ð Þ a1; c2; a3 þ h3ð Þð Þ � D2f1ð Þ a1; a2; a3ð Þð Þj j

þ h3j j
h1; h2; h3ð Þj j D3f1ð Þ a1; a2; c3ð Þð Þ � D3f1ð Þ a1; a2; a3ð Þð Þj j

¼ D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þ � D1f1ð Þ a1; a2; a3ð Þð Þj j
þ D2f1ð Þ a1; c2; a3 þ h3ð Þð Þ � D2f1ð Þ a1; a2; a3ð Þð Þj j
þ D3f1ð Þ a1; a2; c3ð Þð Þ � D3f1ð Þ a1; a2; a3ð Þð Þj j:

Since c1 lies between a1 þ h1 and a1, ðc1 � a1Þ2 �ðh1Þ2, and hence,

c1; a2 þ h2; a3 þ h3ð Þ � a1; a2; a3ð Þj j ¼ c1 � a1; h2; h3ð Þj j
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1 � a1ð Þ2þ h2ð Þ2þ h3ð Þ2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h1ð Þ2þ h2ð Þ2þ h3ð Þ2

q
¼ h1; h2; h3ð Þ � 0; 0; 0ð Þj j\d\d�:

Since
jðc1; a2 þ h2; a3 þ h3Þ � ða1; a2; a3Þj\d�, by ð�Þ;
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D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þ � D1f1ð Þ a1; a2; a3ð Þð Þj j\ e
3
:

Similarly,

D2f1ð Þ a1; c2; a3 þ h3ð Þð Þ � D2f1ð Þ a1; a2; a3ð Þð Þj j\ e
3
;

and

D3f1ð Þ a1; a2; c3ð Þð Þ � D3f1ð Þ a1; a2; a3ð Þð Þj j\ e
3
:

Hence,

1
h1; h2; h3ð Þj j f1 a1 þ h1; a2 þ h2; a3 þ h3ð Þð Þ � f1 a1; a2; a3ð Þð Þð

����
� h1 D1f1ð Þ a1; a2; a3ð Þð Þð Þ þ h2 D2f1ð Þ a1; a2; a3ð Þð Þð Þ þ h3 D3f1ð Þ a1; a2; a3ð Þð Þð Þð ÞÞ

����
� D1f1ð Þ c1; a2 þ h2; a3 þ h3ð Þð Þ � D1f1ð Þ a1; a2; a3ð Þð Þj j

þ D2f1ð Þ a1; c2; a3 þ h3ð Þð Þ � D2f1ð Þ a1; a2; a3ð Þð Þj j
þ D3f1ð Þ a1; a2; c3ð Þð Þ � D3f1ð Þ a1; a2; a3ð Þð Þj j

\
e
3
þ e
3
þ e
3
¼ e:

This proves (i). Similarly, (ii) is proved. h

Theorem 3.33 Let E be an open subset of R
3: Let f : E ! R

2: Let f1 : E !
R; f2 : E ! R be the component functions of f, that is, f ðxÞ ¼ ðf1ðxÞ; f2ðxÞÞ for
every x in E. f is a C1 function (i.e., for i ¼ 1; 2; and j ¼ 1; 2; 3; each function
Djfi : E ! R exists and is continuous), if and only if f : E ! R

2 is differentiable on
E and f 0 : E ! LðR3;R2Þ is continuous.
Proof By using Theorems 3.31 and 3.32, we find that the only part that remains to
be proved is the following:

if f is a C1 function, then the mapping f 0 : E ! LðR3;R2Þ is continuous.
For this purpose, let us take any x in E.We have to prove that f 0 is continuous at x.
Let us take any e[ 0: Since, for i ¼ 1; 2; and j ¼ 1; 2; 3; each function Djfi :

E ! R is continuous at x, there exists a real number d[ 0 such that for every y in
E satisfying jy� xj\d; we have

Djfi
	 
ðyÞ � Djfi

	 
ðxÞ�� ��\ effiffiffiffiffiffiffiffiffiffiffi
2� 3

p for every i ¼ 1; 2; and j ¼ 1; 2; 3ð Þ:

Now, let us take any y in E satisfying jy� xj\d: It is enough to prove that
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f 0ðyÞ � f 0ðxÞk k\e:

Here,

f 0ðxÞ½ � ¼ D1f1ð ÞðxÞ D2f1ð ÞðxÞ D3f1ð ÞðxÞ
D1f2ð ÞðxÞ D2f2ð ÞðxÞ D3f3ð ÞðxÞ

� �
2�3

;

and

f 0ðyÞ½ � ¼ D1f1ð ÞðyÞ D2f1ð ÞðyÞ D3f1ð ÞðyÞ
D1f2ð ÞðyÞ D2f2ð ÞðyÞ D3f3ð ÞðyÞ

� �
2�3

;

so

f 0ðyÞ � f 0ðxÞ½ � ¼ D1f1ð ÞðyÞ � D1f1ð ÞðxÞ D2f1ð ÞðyÞ � D2f1ð ÞðxÞ D3f1ð ÞðyÞ � D3f1ð ÞðxÞ
D1f2ð ÞðyÞ � D1f2ð ÞðxÞ D2f2ð ÞðyÞ � D2f2ð ÞðxÞ D3f3ð ÞðyÞ � D3f3ð ÞðxÞ

� �
2�3

;

and hence,

f 0ðyÞ � f 0ðxÞk k�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3
j¼1

X2
i¼1

Djfi
	 
ðyÞ � Djfi

	 
ðxÞ�� ��2 !vuut \

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3
j¼1

X2
i¼1

effiffiffiffiffiffiffiffiffiffiffi
2� 3

p
� �2

 !vuut ¼ e:

h

Note 3.34 The result similar to Theorem 3.33 can be proved as above for Rn in
place of R3 and R

m in place of R2:

3.3 Inverse Function Theorem

Theorem 3.35 Let X be a complete metric space, with metric d. Let f : X ! X be
any function. Let c be a real number such that 0\c\1; and for every x, y in X,

d f ðxÞ; f ðyÞð Þ� c d x; yð Þð Þ:

Then, there exists a unique x in X such that f ðxÞ ¼ x:

Proof Existence: Let us take any a in X. Since a is in X, and f : X ! X; f ðaÞ is in
X. Similarly, f ðf ðaÞÞ is in X, f ðf ðf ðaÞÞÞ is in X, etc. Thus, we get a sequence

a; f ðaÞ; f f ðaÞð Þ; f f f ðaÞð Þð Þ; . . .f g

in X. Put a0 � a; a1 � f ðaÞ; a2 � f ðf ðaÞÞ; a3 � f ðf ðf ðaÞÞÞ; etc. Here, fa0; a1;
a2; a3; . . .g is a sequence in X. Also, f ðanÞ ¼ anþ1: Let us observe that by using the
given condition,
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d f ðaÞ; f f ðaÞð Þð Þ� c d a; f ðaÞð Þð Þ:

Also,

d f f ðaÞð Þ; f f f ðaÞð Þð Þð Þ� c d f ðaÞ; f f ðaÞð Þð Þð Þ� c c d a; f ðaÞð Þð Þð Þ ¼ c2 d a; f ðaÞð Þð Þ;

so

d f f ðaÞð Þ; f f f ðaÞð Þð Þð Þ� c2 d a; f ðaÞð Þð Þ:

Similarly,

d f f f ðaÞð Þð Þ; f f f f ðaÞð Þð Þð Þð Þ� c3 d a; f ðaÞð Þð Þ;

etc. Now,

d f f ðaÞð Þ; f f f f f f ðaÞð Þð Þð Þð Þð Þð Þ� c d f ðaÞ; f f f f f ðaÞð Þð Þð Þð Þð Þð Þ
� c c d a; f f f f ðaÞð Þð Þð Þð Þð Þð Þ ¼ c2 d a; f f f f ðaÞð Þð Þð Þð Þð Þ
� c2 d a; f ðaÞð Þ þ d f ðaÞ; f f ðaÞð Þð Þ þ d f f ðaÞð Þ; f f f ðaÞð Þð Þð Þð
þd f f f ðaÞð Þð Þ; f f f f ðaÞð Þð Þð Þð ÞÞ

� c2 d a; f ðaÞð Þ þ c d a; f ðaÞð Þð Þ þ c2 d a; f ðaÞð Þð Þ þ c3 d a; f ðaÞð Þð Þ	 

¼ c2 1þ cþ c2 þ c3

	 

d a; f ðaÞð Þð Þ� c2 1þ cþ c2 þ c3 þ c4 þ � � �	 


d a; f ðaÞð Þð Þ

¼ c2
1

1� c

� �
d a; f ðaÞð Þð Þ:

Thus, we have seen that

d f f ðaÞð Þ; f f f f f f ðaÞð Þð Þð Þð Þð Þð Þ� c2
1

1� c

� �
d a; f ðaÞð Þð Þ:

Similarly,

d f f f ðaÞð Þð Þ; f f f f f f f ðaÞð Þð Þð Þð Þð Þð Þð Þ� c3
1

1� c

� �
d a; f ðaÞð Þð Þ;

etc. Thus, dða2; a6Þ� ð 1
1�cÞðdða; f ðaÞÞÞc2; dða3; a7Þ� ð 1

1�cÞðdða; f ðaÞÞÞc3; etc.
We shall try to prove that the sequence fa0; a1; a2; a3; . . .g is Cauchy. For this

purpose, let us take e[ 0: Since 0\c\1; limn!1 cn ¼ 0; and hence,
limn!1ð 1

1�cÞðdða; f ðaÞÞÞcn ¼ 0: Therefore, there exists a positive integer N such
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that for every n�N; we have jð 1
1�cÞðdða; f ðaÞÞÞcn � 0j\e: Hence, m� n�N

implies

d an; amð Þ� 1
1� c

� �
d a; f ðaÞð Þð Þcn ¼ 1

1� c

� �
d a; f ðaÞð Þð Þcn � 0

���� ����\e:

This proves that fa0; a1; a2; a3; . . .g is Cauchy in X. Since fa0; a1; a2; a3; . . .g is
Cauchy in X, and X is a complete metric space, there exists an element b in X such
that

lim
n!1 an ¼ b:

Now, we shall try to show that the function f : X ! X is continuous at b. For
this purpose, let us take any e[ 0: Now, let us take any y in X satisfying dðy; bÞ\e.
We have to show that dðf ðyÞ; f ðbÞÞ\e. Here, by using the given conditions, we
have

d f ðyÞ; f ðbÞð Þ� c d y; bð Þð Þ\c eð Þ\1e ¼ e:

This proves that the function f : X ! X is continuous at b. Since f : X ! X is
continuous at b, and limn!1 an ¼ b; limn!1 f ðanÞ ¼ f ðbÞ: Hence, f ðbÞ ¼
limn!1 f ðanÞ ¼ limn!1 anþ1 ¼ limn!1 an ¼ b: Thus, f ðbÞ ¼ b: This proves the
existence part of the theorem.

Uniqueness: If not, otherwise, suppose that there exist x, y in X such that x 6¼
y; f ðxÞ ¼ x; and f ðyÞ ¼ y: We have to arrive at a contradiction. From the given
condition, we have

0 6¼ d x; yð Þ ¼ d f ðxÞ; f ðyÞð Þ� c d x; yð Þð Þ:

This implies that 1� c; which contradicts the supposition. h

Theorem 3.36 Let E be an open subset of R3: Let f : E ! R
3: Let a be in E. If

(i) f is a C1 function,
(ii) f 0ðaÞ is invertible,
then there exists a connected open neighborhood U of a such that

1. U is contained in E,
2. f is 1–1 on U (i.e., if x and y are in U, and f ðxÞ ¼ f ðyÞ; then x = y),
3. f(U) is connected and open in R

3;
4. the 1–1 function f−1 from f(U) onto U is a C1 function,
5. if f is a C2 function, then f−1 from f(U) onto U is a C2 function, etc.

Proof Let f1 : E ! R; f2 : E ! R; f3 : E ! R be the component functions of f,
that is, f ðxÞ ¼ ðf1ðxÞ; f2ðxÞ; f3ðxÞÞ for every x in E. Let a � ða1; a2; a3Þ: Let X be
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the set of all invertible (i.e., 1–1 and onto) members of LðR3Þ: Since f 0ðaÞ is
invertible, f 0ðaÞ is in X Since f 0ðaÞ is in X, by Theorem 3.3, the open sphere

S 1

f 0ðaÞð Þ�1k k
f 0ðaÞð Þ;

with center f 0ðaÞ and radius

1

f 0ðaÞð Þ�1�� �� ;
is contained in X

Since f is a C1 function, by Theorem 3.33, f 0 : E ! LðR3Þ is continuous. Since
f 0 : E ! LðR3Þ is continuous at a, and

S 1

2 f 0 ðaÞð Þ�1k k
f 0ðaÞð Þ

is an open neighborhood of f 0ðaÞ in X, there exists a real number r > 0 such that the
open sphere SrðaÞ is contained in E, and for every x in SrðaÞ; we have f 0ðxÞ in

S 1

2 f 0ðaÞð Þ�1k k
f 0ðaÞð Þ:

For every x in SrðaÞ; we have f 0ðxÞ in

S 1

2 f 0ðaÞð Þ�1k k
f 0ðaÞð Þ;

so

f 0ðxÞ � f 0ðaÞk k\ 1

2 f 0ðaÞð Þ�1�� ��
or,

I � f 0ðaÞð Þ�1 f 0ðxÞð Þ
� ���� ��� ¼ f 0ðaÞð Þ�1 f 0ðxÞð Þ

� �
� I

��� ��� ¼ f 0ðaÞð Þ�1 	 f 0ðxÞð Þ
� �

� I
��� ���

¼ f 0ðaÞð Þ�1 	 f 0ðxÞð Þ
� �

� f 0ðaÞð Þ�1 	 f 0ðaÞð Þ
� ���� ���

¼ f 0ðaÞð Þ�1 	 f 0ðxÞ � f 0ðaÞð Þ
��� ��� ¼ f 0ðaÞð Þ�1 f 0ðxÞ � f 0ðaÞð Þ

��� ���
� f 0ðaÞð Þ�1
��� ��� f 0ðxÞ � f 0ðaÞk k\ 1

2
:

Thus, we see that for every x in SrðaÞ; we have

166 3 Multivariable Differential Calculus



I � f 0ðaÞð Þ�1 f 0ðxÞð Þ
� ���� ���� 1

2
� � � ð�Þ

For every k � ðk1; k2; k3Þ in R
3; let us define a function

uk : SrðaÞ ! R
3

as follows: For every x � ðx1; x2; x3Þ in SrðaÞ;

ukðxÞ ¼ x� f 0ðaÞð Þ�1
� �

f ðxÞð Þ þ k:

Now, we shall try to show that for every x in SrðaÞ;

u0
kðxÞ ¼ I � f 0ðaÞð Þ�1 f 0ðxÞð Þ:

Let

f 0ðaÞð Þ�1
h i

�
a11 a12 a13
a21 a22 a23
a31 a32 a33

24 35
3�3

relative to the basis fð1; 0; 0Þ; ð0; 1; 0Þ; ð0; 0; 1Þg of R3:
Since

ukðxÞ ¼ x� f 0ðaÞð Þ�1
� �

f ðxÞð Þ þ k

¼ x1; x2; x3ð Þ � f 0ðaÞð Þ�1
� �

f1ðxÞ; f2ðxÞ; f3ðxÞð Þð Þ þ k1; k2; k3ð Þ
¼ x1; x2; x3ð Þ � f1ðxÞð Þ a11; a21; a31ð Þ þ f2ðxÞð Þ a12; a22; a32ð Þð
þ f3ðxÞð Þ a13; a23; a33ð ÞÞ þ k1; k2; k3ð Þ

¼ x1 � a11 f1ðxÞð Þ þ a12 f2ðxÞð Þ þ a13 f3ðxÞð Þð Þ þ k1; x2ð
� a21 f1ðxÞð Þ þ a22 f2ðxÞð Þ þ a23 f3ðxÞð Þð Þ þ k2; x3
� a31 f1ðxÞð Þ þ a32 f2ðxÞð Þ þ a33 f3ðxÞð Þð Þ þ k3Þ

or,

ukðxÞ ¼ x1 � a11 f1ðxÞð Þ þ a12 f2ðxÞð Þ þ a13 f3ðxÞð Þð Þ þ k1; x2ð
� a21 f1ðxÞð Þ þ a22 f2ðxÞð Þ þ a23 f3ðxÞð Þð Þ þ k2; x3
� a31 f1ðxÞð Þ þ a32 f2ðxÞð Þ þ a33 f3ðxÞð Þð Þ þ k3Þ
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so,

u0
kðxÞ

	 
 ð1; 0; 0Þð Þ ¼ D1 x1 � a11 f1ðxÞð Þ þ a12 f2ðxÞð Þ þ a13 f3ðxÞð Þð Þ þ k1ð Þ;ð
D1 x2 � a21 f1ðxÞð Þ þ a22 f2ðxÞð Þ þ a23 f3ðxÞð Þð Þ þ k2ð Þ;
D1 x3 � a31 f1ðxÞð Þ þ a32 f2ðxÞð Þ þ a33 f3ðxÞð Þð Þ þ k3ð ÞÞ

¼ 1� a11 D1f1ð ÞðxÞð Þ þ a12 D1f2ð ÞðxÞð Þ þ a13 D1f3ð ÞðxÞð Þð Þ;ð
� a21 D1f1ð ÞðxÞð Þ þ a22 D1f2ð ÞðxÞð Þ þ a23 D1f3ð ÞðxÞð Þð Þ;
� a31 D1f1ð ÞðxÞð Þ þ a32 D1f2ð ÞðxÞð Þ þ a33 D1f3ð ÞðxÞð Þð ÞÞ:

Also,

I � f 0ðaÞð Þ�1 f 0ðxÞð Þ
� �

ð1; 0; 0Þð Þ ¼ I ð1; 0; 0Þð Þ � f 0ðaÞð Þ�1
� �

f 0ðxÞð Þ ð1; 0; 0Þð Þð Þ

¼ ð1; 0; 0Þ � f 0ðaÞð Þ�1
� �

D1f1ð ÞðxÞ; D1f2ð ÞðxÞ; D1f3ð ÞðxÞð Þ

¼ ð1; 0; 0Þ � D1f1ð ÞðxÞð Þ f 0ðaÞð Þ�1
� �

ð1; 0; 0Þð Þ
� ��

þ D1f2ð ÞðxÞð Þ f 0ðaÞð Þ�1
� �

ð0; 1; 0Þð Þ
� �

þ D1f3ð ÞðxÞð Þ f 0ðaÞð Þ�1
� �

ð0; 0; 1Þð Þ
� ��

¼ ð1; 0; 0Þ � D1f1ð ÞðxÞð Þ a11; a21; a31ð Þ þ D1f2ð ÞðxÞð Þ a12; a22; a32ð Þð
þ D1f3ð ÞðxÞð Þ a13; a23; a33ð ÞÞ

¼ 1� a11 D1f1ð ÞðxÞð Þ þ a12 D1f2ð ÞðxÞð Þ þ a13 D1f3ð ÞðxÞð Þð Þ;ð
� a21 D1f1ð ÞðxÞð Þ þ a22 D1f2ð ÞðxÞð Þ þ a23 D1f3ð ÞðxÞð Þð Þ;
� a31 D1f1ð ÞðxÞð Þ þ a32 D1f2ð ÞðxÞð Þ þ a33 D1f3ð ÞðxÞð Þð ÞÞ:

This shows that

uk
0ðxÞð Þ ð1; 0; 0Þð Þ ¼ I � f 0ðaÞð Þ�1 f 0ðxÞð Þ

� �
ð1; 0; 0Þð Þ:

Similarly,

uk
0ðxÞð Þ ð0; 1; 0Þð Þ ¼ I � f 0ðaÞð Þ�1 f 0ðxÞð Þ

� �
ð0; 1; 0Þð Þ;

uk
0ðxÞð Þ ð0; 0; 1Þð Þ ¼ I � f 0ðaÞð Þ�1 f 0ðxÞð Þ

� �
ð0; 0; 1Þð Þ:

Hence, for every y in R
3; we have

uk
0ðxÞð ÞðyÞ ¼ I � f 0ðaÞð Þ�1 f 0ðxÞð Þ

� �
ðyÞ:

This shows that for every x in SrðaÞ;

u0
kðxÞ ¼ I � f 0ðaÞð Þ�1 f 0ðxÞð Þ;

and hence, by ð�Þ;
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uk
0ðxÞk k� 1

2
:

Therefore, 1
2 is an upper bound of the set fkuk

0ðxÞk : x 2 SrðaÞg; and hence,
fkuk

0ðxÞk : x 2 SrðaÞg is bounded above.
Now, we want to apply Theorem 3.28. Since SrðaÞ is an open convex subset of

R
3; uk : SrðaÞ ! R

3 is differentiable on SrðaÞ; and the set fkuk
0ðxÞk : x 2 SrðaÞg is

bounded above, for every x, y in SrðaÞ;

ukðyÞ � ukðxÞj j � y� xj j sup u0
kðxÞ

�� �� : x 2 SrðaÞ
� �	 
� y� xj j 1

2
:

Hence, for every k in R
3; and for every x, y in SrðaÞ; we have

ukðyÞ � ukðxÞj j � 1
2
y� xj j � � � ��ð Þ:

Next, for every x, y in SrðaÞ; we have

y� xj j � f 0ðaÞð Þ�1
� �

f ðyÞ � f ðxÞð Þ
��� ���

¼ y� xj j � f 0ðaÞð Þ�1
� �

f ðyÞð Þ � f 0ðaÞð Þ�1
� �

f ðxÞð Þ
��� ���

� ðy� xÞ � f 0ðaÞð Þ�1
� �

f ðyÞð Þ � f 0ðaÞð Þ�1
� �

f ðxÞð Þ
� ���� ���

¼ y� f 0ðaÞð Þ�1
� �

f ðyÞð Þ þ k
� �

� x� f 0ðaÞð Þ�1
� �

f ðxÞð Þ þ k
� ���� ���

¼ ukðyÞ � ukðxÞj j � 1
2
y� xj j:

Hence, for every x, y in SrðaÞ; we have

1
2
y� xj j � f 0ðaÞð Þ�1

� �
f ðyÞ � f ðxÞð Þ

��� ��� � � � � � �ð Þ

For 1: We have seen that the open neighborhood SrðaÞ of a is contained in
E. We will take SrðaÞ for U. Since SrðaÞ is connected, U is connected.
For 2: We have to show that f is 1–1 on SrðaÞ: If not, otherwise, let f be not 1–1
on SrðaÞ: We have to arrive at a contradiction. Since f is not 1–1 on SrðaÞ; there
exist b and c in SrðaÞ such that b 6¼ c; and f ðbÞ ¼ f ðcÞ: So, from ð� � �Þ;

0\
1
2
c� bj j � f 0ðaÞð Þ�1

� �
f ðcÞ � f ðbÞð Þ

��� ��� ¼ f 0ðaÞð Þ�1
� �

f ðbÞ � f ðbÞð Þ
��� ���

¼ f 0ðaÞð Þ�1
� �

ð0Þ
��� ��� ¼ 0j j ¼ 0;

which is a contradiction. Hence, f is 1–1 on SrðaÞ:
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For 3: We have to show that f ðSrðaÞÞ is an open subset of R3 and is connected.
Since SrðaÞ is connected, and f is continuous, f ðSrðaÞÞ is connected. Now, we
want to show that f ðSrðaÞÞ is an open subset of R3: For this purpose, let us take
any f ðbÞ in f ðSrðaÞÞ; where b is in SrðaÞ: We have to find a real number e[ 0
such that the sphere

S e

2 f 0ðaÞð Þ�1k k f ðbÞð Þ

is contained in f ðSrðaÞÞ; that is, we have to find a real number e[ 0 such that if

y� f ðbÞj j\ e

2 f 0ðaÞð Þ�1�� ��
then there exists x� in R

3 such that jx� � aj\r; and f ðx�Þ ¼ y:

Since b is in SrðaÞ; we can find a real number e[ 0 such that Se½b� �
fx : x 2 R

3 and jx� bj � eg 
 SrðaÞ: Next, let us take any y in R
3 such that

y� f ðbÞj j\ e

2 f 0ðaÞð Þ�1�� �� :
Now, we will try to show that

u f 0ðaÞð Þ�1ð ÞðyÞ : Se b½ � ! Se b½ �:

Observe that

u f 0ðaÞð Þ�1ð ÞðyÞðbÞ � b
��� ��� ¼ b� f 0ðaÞð Þ�1

� �
f ðbÞð Þ þ f 0ðaÞð Þ�1

� �
ðyÞ

� �
� b

��� ���
¼ f 0ðaÞð Þ�1
� �

ðyÞ � f 0ðaÞð Þ�1
� �

f ðbÞð Þ
��� ��� ¼ f 0ðaÞð Þ�1

� �
y� f ðbÞð Þ

��� ���
� f 0ðaÞð Þ�1
��� ��� y� f ðbÞj j � f 0ðaÞð Þ�1

��� ��� e

2 f 0ðaÞð Þ�1�� �� ¼ e
2
:

Thus,

u f 0ðaÞð Þ�1ð ÞðyÞðbÞ � b
��� ���� e

2
:

Next, let us take any z in Se½b�:
We have to prove that uððf 0ðaÞÞ�1ÞðyÞðzÞ is in Se½b�; that is,

u f 0ðaÞð Þ�1ð ÞðyÞðzÞ � b
��� ���� e:
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Since z is in Se½b�; jz� bj � e; and hence, by ð��Þ;

u f 0ðaÞð Þ�1ð ÞðyÞðzÞ � b
��� ���� u f 0ðaÞð Þ�1ð ÞðyÞðzÞ � u f 0ðaÞð Þ�1ð ÞðyÞðbÞ

��� ���þ u f 0ðaÞð Þ�1ð ÞðyÞðbÞ � b
��� ���

� 1
2
z� bj j þ u f 0ðaÞð Þ�1ð ÞðyÞðbÞ � b

��� ���
� 1

2
eþ u f 0ðaÞð Þ�1ð ÞðyÞðbÞ � b

��� ���� 1
2
eþ e

2
¼ e:

This proves that

u f 0ðaÞð Þ�1ð ÞðyÞ : Se b½ � ! Se b½ �:

Since fx : x 2 R
3 and jx� bj � eg is a closed subset of the complete metric

space R
3; Se½b� is a complete metric space. Also, from ð��Þ; for every s, t in Se½b�;

we have

u f 0ðaÞð Þ�1ð ÞðyÞðsÞ � u f 0ðaÞð Þ�1ð ÞðyÞðtÞ
��� ���� 1

2
s� tj j:

Hence, by Theorem 3.35, there exists a unique x� in Se½b�ð
 SrðaÞÞ such that
uððf 0ðaÞÞ�1ÞðyÞðx�Þ ¼ x�: Hence, jx� � aj\r; and

x� ¼ u f 0ðaÞð Þ�1ð ÞðyÞ x�ð Þ ¼ x� � f 0ðaÞð Þ�1
� �

f x�ð Þð Þ þ f 0ðaÞð Þ�1
� �

ðyÞ:

Therefore,

f 0ðaÞð Þ�1
� �

ð0Þ ¼ 0 ¼ � f 0ðaÞð Þ�1
� �

f x�ð Þð Þ þ f 0ðaÞð Þ�1
� �

ðyÞ
¼ f 0ðaÞð Þ�1
� �

y� f x�ð Þð Þ:

Now, since ðf 0ðaÞÞ�1 is invertible, 0 ¼ y� f ðx�Þ; or f ðx�Þ ¼ y: Thus, we have
shown that f ðSrðaÞÞ is an open subset of R3:

For 4: We first prove that the 1–1 function f−1 from f ðSrðaÞÞ onto SrðaÞ is
differentiable at every point of f ðSrðaÞÞ: For this purpose, let us take any f(x) in
f ðSrðaÞÞ; where x is in SrðaÞ: Since f : E ! R

3 is a C1 function, by Theorem
3.33, f is differentiable at every point of E. Since f is differentiable at every point
of E, and x is in SrðaÞ ð
 EÞ; f 0ðxÞ exists. Observe that if t is in SrðaÞ; then

f 0ðtÞ 2 S 1

2 f 0 ðaÞð Þ�1k k
f 0ðaÞð Þ 
 S 1

f 0ðaÞð Þ�1k k
f 0ðaÞð Þ 
 X;

and hence, ðf 0ðtÞÞ�1 exists. Thus, if t is in SrðaÞ; then
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f 0ðtÞ; f 0ðtÞð Þ�12 X: � � � �0ð Þ

Since x is in SrðaÞ; from ð�0Þ; f 0ðxÞ; ðf 0ðxÞÞ�1 exist. Now, we will try to prove that
f−1 is differentiable at f(x) and ðf�1Þ0ðf ðxÞÞ ¼ ðf 0ðxÞÞ�1; that is,

lim
k!0

1
kj j f�1 f ðxÞ þ kð Þ � f�1 f ðxÞð Þ � f 0ðxÞð Þ�1

� �
ðkÞ

� �� �
¼ 0;

that is,

lim
y ! f ðxÞ
y 2 f SrðaÞð Þ

1
y� f ðxÞj j f�1ðyÞ � f�1 f ðxÞð Þ � f 0ðxÞð Þ�1

� �
y� f ðxÞð Þ

� �� �
¼ 0;

that is,

lim
y ! f ðxÞ
y 2 f SrðaÞð Þ

1
y� f ðxÞj j f�1ðyÞ � f�1 f ðxÞð Þ � f 0ðxÞð Þ�1

� �
y� f ðxÞð Þ

��� ��� ¼ 0;

that is,

lim
y ! f ðxÞ
y 2 f SrðaÞð Þ

1
y� f ðxÞj j f�1ðyÞ � x� f 0ðxÞð Þ�1

� �
y� f ðxÞð Þ

��� ��� ¼ 0:

For this purpose, let us take a sequence ff ðanÞg in f ðSrðaÞÞ such that each an is
in SrðaÞ; each f ðanÞ is different from f ðxÞ; and limn!1 f ðanÞ ¼ f ðxÞ: We have to
prove that

lim
n!1

1
f anð Þ � f ðxÞj j f�1 f anð Þð Þ � x� f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ��� ¼ 0;

that is,

lim
n!1

1
f anð Þ � f ðxÞj j an � x� f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ��� ¼ 0:

Since x and an are in SrðaÞ, from ð� � �Þ;

1
2
an � xj j � f 0ðaÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ���� f 0ðaÞð Þ�1
��� ��� f anð Þ � f ðxÞj j;
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and hence,

0� an � xj j � 2 f 0ðaÞð Þ�1
��� ��� f anð Þ � f ðxÞj j n ¼ 1; 2; 3; � � �ð Þ:

This, together with limn!1 f ðanÞ ¼ f ðxÞ; implies that limn!1 jan � xj ¼ 0:
Thus,

lim
n!1 an ¼ x:

Since each f ðanÞ is different from f ðxÞ; x 6¼ an: Since f 0ðxÞ exists, each an is in
SrðaÞ; x is in SrðaÞ; each an is different from x, and limn!1 an ¼ x;

lim
n!1

1
an � xj j f anð Þ � f ðxÞ � f 0ðxÞð Þ an � xð Þð Þj j ¼ 0:

Since each an 6¼ x; jan � xj 6¼ 0: Also, each jf ðanÞ � f ðxÞj 6¼ 0: It follows that
for every positive integer n,

1
f anð Þ � f ðxÞj j � 2 f 0ðaÞð Þ�1

��� ��� 1
an � xj j :

Now, for every positive integer n, we have

1
f anð Þ � f ðxÞj j an � x� f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ���
� 2 f 0ðaÞð Þ�1

��� ��� 1
an � xj j

� �
an � x� f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ���
� 2 f 0ðaÞð Þ�1

��� ��� 1
an � xj j

� �
f 0ðxÞð Þ�1

� �
f 0ðxÞð Þ

� �
an � xð Þ � f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ���
� 2 f 0ðaÞð Þ�1

��� ��� 1
an � xj j

� �
f 0ðxÞð Þ�1

� �
f 0ðxÞð Þ an � xð Þð Þ � f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ���
� 2 f 0ðaÞð Þ�1

��� ��� 1
an � xj j

� �
f 0ðxÞð Þ�1

� �
f 0ðxÞð Þ an � xð Þð Þ � f anð Þ � f ðxÞð Þð Þ

��� ���
� 2 f 0ðaÞð Þ�1

��� ��� 1
an � xj j

� �
f 0ðxÞð Þ�1

��� ��� f 0ðxÞð Þ an � xð Þð Þ � f anð Þ � f ðxÞð Þj j

¼ 2 f 0ðaÞð Þ�1
��� ��� f 0ðxÞð Þ�1

��� ���� � 1
an � xj j f anð Þ � f ðxÞ � f 0ðxÞð Þ an � xð Þð Þj j

� �
:

Since

0� 1
f anð Þ � f ðxÞj j an � x� f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ���
� 2 f 0ðaÞð Þ�1

��� ��� f 0ðxÞð Þ�1
��� ���� � 1

an � xj j f anð Þ � f ðxÞ � f 0ðxÞð Þ an � xð Þð Þj j
� �

;
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and

lim
n!1

1
an � xj j f anð Þ � f ðxÞ � f 0ðxÞð Þ an � xð Þð Þj j ¼ 0;

so,

lim
n!1

1
f anð Þ � f ðxÞj j an � x� f 0ðxÞð Þ�1

� �
f anð Þ � f ðxÞð Þ

��� ��� ¼ 0:

This proves that f−1 is differentiable at f(x) and

f�1	 
0
f ðxÞð Þ ¼ f 0ðxÞð Þ�1 � � � �00ð Þ

for every x in SrðaÞ: Hence, f−1 is differentiable on the open subset f ðSrðaÞÞ of R3:

Since f−1 is differentiable on the open subset f ðSrðaÞÞ of R3; f−1 is continuous on
the open subset f ðSrðaÞÞ of R3: Now, we want to prove that the mapping ðf�1Þ0 :
f ðSrðaÞÞ ! LðR3Þ is continuous. Let us take any y in f ðSrðaÞÞ: Since y is in
f ðSrðaÞÞ; there exists x in SrðaÞ; such that f ðxÞ ¼ y: Since f ðxÞ ¼ y 2 f ðSrðaÞÞ;
f�1ðyÞ ¼ x: Since x is in SrðaÞ, by ð�00Þ;

f�1
	 
0ðyÞ ¼ f�1

	 
0
f ðxÞð Þ ¼ f 0ðxÞð Þ�1¼ f 0 f�1ðyÞ	 
	 
�1

:

Hence, for every y in f ðSrðaÞÞ;
f�1	 
0ðyÞ ¼ f 0 f�1ðyÞ	 
	 
�1

:

We have seen that y 7! f�1ðyÞ is differentiable on f ðSrðaÞÞ; so y 7! f�1ðyÞ is a
continuous function from f ðSrðaÞÞ to SrðaÞ: Since f is a C1 function on E, by
Theorem 3.33, x 7! f 0ðxÞ is continuous on E. Since y 7! f�1ðyÞ is a continuous
function from f ðSrðaÞÞ to SrðaÞ; and x 7! f 0ðxÞ is continuous on Eð� SrðaÞÞ; by ð�0Þ;
their composite function y 7! f 0ðf�1ðyÞÞ is continuous from f ðSrðaÞÞ to X: Since
y 7! f 0ðf�1ðyÞÞ is continuous from f ðSrðaÞÞ to X, and by Theorem 3.3, the mapping
A 7!A�1 from X to X is continuous, their composite function y 7! ðf 0ðf�1ðyÞÞÞ�1 is
continuous from f ðSrðaÞÞ to X. Since y 7! ðf 0ðf�1ðyÞÞÞ�1 is continuous from
f ðSrðaÞÞ to X, and ðf 0ðf�1ðyÞÞÞ�1 ¼ ðf�1Þ0ðyÞ; the function y 7! ðf�1Þ0ðyÞ is con-
tinuous from f ðSrðaÞÞ to X, and hence, by Theorem 3.33, f−1 is a C1 function on the
open subset f ðSrðaÞÞ of R3:

For 5: Let f be a C2 function. Let g1 : f ðSrðaÞÞ ! R; g2 : f ðSrðaÞÞ ! R; g3 :
f ðSrðaÞÞ ! R be the component functions of f−1 that is, f�1ðxÞ ¼
ðg1ðxÞ; g2ðxÞ; g3ðxÞÞ for every x in f ðSrðaÞÞ: We have to prove that f−1 from
f ðSrðaÞÞ onto SrðaÞ is a C2 function, that is, each of the nine second-order partial
derivatives DjkðgiÞ : f ðSrðaÞÞ ! R exists and is continuous. Let us take any y in
f ðSrðaÞÞ: We will try to show that ðD12ðg3ÞÞðyÞ exists. Since y is in f ðSrðaÞÞ;
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f�1	 
0ðyÞ ¼ f 0 f�1ðyÞ	 
	 
�1
;

or,

f�1	 
0ðyÞ� �
f 0 f�1ðyÞ	 
	 
 ¼ I;

and hence, by Theorem 3.6,

1 0 0

0 1 0

0 0 1

264
375
3�3

¼ I½ � ¼ f�1
	 
0ðyÞ� �

f 0 f�1ðyÞ	 
	 
h i
¼ f�1
	 
0ðyÞh i

f 0 f�1ðyÞ	 
� �

¼
D1 g1ð Þð ÞðyÞ D2 g1ð Þð ÞðyÞ D3 g1ð Þð ÞðyÞ
D1 g2ð Þð ÞðyÞ D2 g2ð Þð ÞðyÞ D3 g2ð Þð ÞðyÞ
D1 g3ð Þð ÞðyÞ D2 g3ð Þð ÞðyÞ D3 g3ð Þð ÞðyÞ

264
375
3�3

�
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

264
375
3�3

:

This shows that

D1 g1ð Þð ÞðyÞ D2 g1ð Þð ÞðyÞ D3 g1ð Þð ÞðyÞ
D1 g2ð Þð ÞðyÞ D2 g2ð Þð ÞðyÞ D3 g2ð Þð ÞðyÞ
D1 g3ð Þð ÞðyÞ D2 g3ð Þð ÞðyÞ D3 g3ð Þð ÞðyÞ

24 35
3�3

¼
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

24 35�1

:

Hence,

D2 g3ð Þð ÞðyÞ ¼ 1

D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

�������
�������

� � D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ

���� ����� �

¼ �
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ

���� ����
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

�������
�������
:
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Now, since f is a C2 function, each of the nine second-order partial derivatives
DjkðfiÞ : SrðaÞ ! R of f1 exists, and for every y in f ðSrðaÞÞ; we have

D12 g3ð Þð ÞðyÞ ¼ D1 �
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ

���� ����
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

������
������

0BBBBBB@

1CCCCCCA ¼ � num
denom

;

where

num � D1
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ

���� ����� �

�
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

�������
�������

� D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ

���� ����
� D1

D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

�������
�������

0B@
1CA

¼ D11 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ
D11 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ

���� ����þ D1 f1ð Þð Þ f�1ðyÞð Þ D12 f1ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D12 f3ð Þð Þ f�1ðyÞð Þ

���� ����� �

�
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

�������
�������

� D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ

���� ����
�

D11 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D11 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D11 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

�������
�������

0B@
þ

D1 f1ð Þð Þ f�1ðyÞð Þ D12 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D12 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D12 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

�������
�������

�
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D13 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D13 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D13 f3ð Þð Þ f�1ðyÞð Þ

�������
�������
1CA;
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and

denom �
D1 f1ð Þð Þ f�1ðyÞð Þ D2 f1ð Þð Þ f�1ðyÞð Þ D3 f1ð Þð Þ f�1ðyÞð Þ
D1 f2ð Þð Þ f�1ðyÞð Þ D2 f2ð Þð Þ f�1ðyÞð Þ D3 f2ð Þð Þ f�1ðyÞð Þ
D1 f3ð Þð Þ f�1ðyÞð Þ D2 f3ð Þð Þ f�1ðyÞð Þ D3 f3ð Þð Þ f�1ðyÞð Þ

������
������
2

:

It follows that ðD12ðg3ÞÞðyÞ exists. So D12ðg3Þ : f ðSrðaÞÞ ! R:
Next, since each of the nine second-order partial derivatives DjkðfiÞ : SrðaÞ ! R

of fi is continuous, and f−1is continuous on f ðSrðaÞÞ; by the above formula for num
and denom, we find that num and denom are continuous functions on f ðSrðaÞÞ; and
hence, D12ðg3Þð¼ � num

denomÞ is continuous on f ðSrðaÞÞ:
Similarly, all the other DjkðgiÞ : f ðSrðaÞÞ ! R are continuous. This proves that

f−1 from f(U) onto U is a C2 function, etc. h

Note 3.37 The result similar to Theorem 3.36 can be proved as above for Rn in
place of R3: This theorem is known as the inverse function theorem.

Theorem 3.38 Let E be an open subset of Rn: Let f : E ! R
n be a function. If

1. f is a C1 function,
2. f 0ðaÞ is invertible for every a in E,

then f is an open mapping (i.e., f-image of every open subset of E in an open set).

Proof Let us take any open subset G of E. We have to prove that f(G) is an open
set. For this purpose, let us take any f(a) in f(G) where a is in G. Since a 2 G 
 E,
by the given assumption, f 0ðaÞ is invertible. Now, by the inverse function theorem,
there exists an open neighborhood U of a such that U is contained in G and f(U) is
open in R

3: Since a 2 U 
 G; f ðaÞ 2 f ðUÞ 
 f ðGÞ: Since f ðaÞ 2 f ðUÞ; and f(U) is
open in R

3; f(U) is an open neighborhood of f(a). Since f(U) is an open neigh-
borhood of f(a) and f ðUÞ 
 f ðGÞ; f(a) is an interior point of f(G), and hence, f(G) is
an open set. h

3.4 Implicit Function Theorem

Definition Let a � ða1; a2; a3Þ 2 R
3; b � ðb1; b2Þ 2 R

2: By the ordered pair ða; bÞ,
we mean ða1; a2; a3; b1; b2Þ: Clearly, if a 2 R

3; b 2 R
2, then ða; bÞ 2 R

3þ2: Let
A 2 LðR3þ2;R3Þ: By Ax, we mean the function

Ax : R
3 ! R

3

defined as follows: For every ða1; a2; a3Þ in R
3;
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Ax a1; a2; a3ð Þð Þ � A a1; a2; a3; 0; 0ð Þ:

We shall show that Ax 2 LðR3;R3Þ: We must prove

(i) Axðaþ bÞ ¼ AxðaÞ þ AxðbÞ for every a, b in R
3;

(ii) AxðtaÞ ¼ tðAxðaÞÞ for every a in R
3 and for every real t.

For (i): Let us take any a � ða1; a2; a3Þ; b � ðb1; b2; b3Þ in R
3:

LHS ¼ Ax aþ bð Þ ¼ Ax a1; a2; a3ð Þ þ b1; b2; b3ð Þð Þ
¼ Ax a1 þ b1; a2 þ b2; a3 þ b3ð Þð Þ
¼ A a1 þ b1; a2 þ b2; a3 þ b3; 0; 0ð Þð Þ
¼ A a1; a2; a3; 0; 0ð Þ þ b1; b2; b3; 0; 0ð Þð Þ
¼ A a1; a2; a3; 0; 0ð Þð Þ þ A b1; b2; b3; 0; 0ð Þð Þ
¼ Ax a1; a2; a3ð Þð Þ þ Ax b1; b2; b3ð Þð Þ
¼ AxðaÞ þ AxðbÞ ¼ RHS:

For (ii): Let us take any a � ða1; a2; a3Þ in R
3 and any real t.

LHS ¼ Ax tað Þ ¼ Ax t a1; a2; a3ð Þð Þ ¼ Ax ta1; ta2; ta3ð Þð Þ
¼ A ta1; ta2; ta3; 0; 0ð Þð Þ ¼ A t a1; a2; a3; 0; 0ð Þð Þ
¼ t A a1; a2; a3; 0; 0ð Þð Þð Þ ¼ t Ax a1; a2; a3ð Þð Þð Þ
¼ t AxðaÞð Þ ¼ RHS:

Thus, we have shown that if A 2 LðR3þ2;R3Þ, then Ax 2 LðR3;R3Þ:
Again, by Ay, we mean the function

Ay : R
2 ! R

3

defined as follows: For every ða1; a2Þ in R
2;

AyðaÞ � A 0; 0; 0; a1; a2ð Þ:

We shall show that Ay 2 LðR2;R3Þ: We must prove

(i) Ayðaþ bÞ ¼ AyðaÞ þ AyðbÞ for every a, b in R
2;

(ii) AyðtaÞ ¼ tðAyðaÞÞ for every a in R
2 and for every real t.
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For (i): Let us take any a � ða1; a2Þ; b � ðb1; b2Þ in R
2:

LHS ¼ Ay aþ bð Þ ¼ Ay a1; a2ð Þ þ b1; b2ð Þð Þ ¼ Ay a1 þ b1; a2 þ b2ð Þð Þ
¼ A 0; 0; 0; a1 þ b1; a2 þ b2ð Þð Þ ¼ A 0; 0; 0; a1; a2ð Þ þ 0; 0; 0; b1; b2ð Þð Þ
¼ A 0; 0; 0; a1; a2ð Þð Þ þ A 0; 0; 0; b1; b2ð Þð Þ ¼ Ay a1; a2ð Þð Þ þ Ay b1; b2ð Þð Þ
¼ AyðaÞ þ AyðbÞ ¼ RHS:

For (ii): Let us take any a � ða1; a2Þ in R
2 and any real t.

LHS ¼ Ay tað Þ ¼ Ay t a1; a2ð Þð Þ ¼ Ay ta1; ta2ð Þð Þ
¼ A 0; 0; 0; ta1; ta2ð Þð Þ ¼ A t 0; 0; 0; a1; a2ð Þð Þ
¼ t A 0; 0; 0; a1; a2ð Þð Þð Þ ¼ t Ay a1; a2ð Þð Þ	 

¼ t AyðaÞ
	 
 ¼ RHS:

Thus, we have shown that if A 2 LðR3þ2;R3Þ, then Ay 2 LðR2;R3Þ:
Now, we will try to prove that for every a in R

3; and for every b in R
2;

A ða; bÞð Þ ¼ AxðaÞ þ AyðbÞ � � � ð�Þ:

For this purpose, let a � ða1; a2; a3Þ 2 R
3 and b � ðb1; b2Þ 2 R

2:

LHS ¼ A ða; bÞð Þ ¼ A a1; a2; a3; b1; b2ð Þð Þ ¼ A a1; a2; a3; 0; 0ð Þ þ 0; 0; 0; b1; b2ð Þð Þ
¼ A a1; a2; a3; 0; 0ð Þð Þ þ A 0; 0; 0; b1; b2ð Þð Þ
¼ Ax a1; a2; a3ð Þð Þ þ Ay b1; b2ð Þð Þ ¼ AxðaÞ þ AyðbÞ ¼ RHS:

Note 3.39 Similar notations and results as above can be supplied for Rn in place of
R

3 and R
m in place of R2:

Note 3.40 Let A 2 LðR3þ2;R3Þ; and let

A½ � ¼
a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35

24 35
3�5

:

So,

Ax ð1; 0; 0Þð Þ ¼ A 1; 0; 0; 0; 0ð Þð Þ ¼ a11; a21; a31ð Þ;
Ax ð0; 1; 0Þð Þ ¼ A 0; 1; 0; 0; 0ð Þð Þ ¼ a12; a22; a32ð Þ;
Ax ð0; 0; 1Þð Þ ¼ A 0; 0; 1; 0; 0ð Þð Þ ¼ a13; a23; a33ð Þ:
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Hence,

Ax½ � ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

24 35
3�3

:

Next,

Ay 1; 0ð Þð Þ ¼ A 0; 0; 0; 1; 0ð Þð Þ ¼ a14; a24; a34ð Þ;
Ay 0; 1ð Þð Þ ¼ A 0; 0; 0; 0; 1ð Þð Þ ¼ a15; a25; a35ð Þ:

Hence,

Ay
� � ¼ a14 a15

a24 a25
a34 a35

24 35
3�2

:

Conclusion: If A 2 LðR3þ2;R3Þ; and

A½ � ¼
a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35

24 35
3�5

;

then

Ax½ � ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

24 35
3�3

and Ay
� � ¼ a14 a15

a24 a25
a34 a35

24 35
3�2

:

Also, if Ax is invertible, then with the usual meaning of symbols,

Axð Þ�1
h i

¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

24 35�1

¼ 1
D

A11 A12 A13

A21 A22 A23

A31 A32 A33

24 35T

¼ 1
D

A11 A21 A31

A12 A22 A32

A13 A23 A33

24 35;
and hence,

Axð Þ�1
� �

ð1; 0; 0Þð Þ ¼ 1
D

A11;A12;A13ð Þ;

Axð Þ�1
� �

ð0; 1; 0Þð Þ ¼ 1
D

A21;A22;A23ð Þ;

Axð Þ�1
� �

ð0; 0; 1Þð Þ ¼ 1
D

A31;A32;A33ð Þ:
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Conclusion: If A 2 LðR3þ2;R3Þ; Ax is invertible, and

A½ � ¼
a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35

24 35
3�5

;

then

Axð Þ�1
� �

ð1; 0; 0Þð Þ ¼ 1
D

A11;A12;A13ð Þ;

Axð Þ�1
� �

ð0; 1; 0Þð Þ ¼ 1
D

A21;A22;A23ð Þ;

Axð Þ�1
� �

ð0; 0; 1Þð Þ ¼ 1
D

A31;A32;A33ð Þ:

Theorem 3.41 Let A 2 LðR3þ2;R3Þ: If Ax is invertible, then for every k in R
2;

there exists a unique h in R
3; such that Aðh; kÞ ¼ 0: The value of h is

�ðððAxÞ�1ÞðAyðkÞÞÞ:
Proof Existence: Let us take any k in R

2: Since k is in R
2; and Ay : R

2 ! R
3;

AyðkÞ is in R
3: Since AyðkÞ is in R

3; Ax : R
3 ! R

3; and Ax is invertible,

�ðððAxÞ�1ÞðAyðkÞÞÞ is in R
3. Also, from the formula ð�Þ,

A � Axð Þ�1
� �

AyðkÞ
	 
� �

; k
� �� �

¼ Ax � Axð Þ�1
� �

AyðkÞ
	 
� �� �

þ AyðkÞ

¼ � Ax Axð Þ�1
� �

AyðkÞ
	 
� �� �

þ AyðkÞ

¼ � Ax 	 Axð Þ�1
� �

AyðkÞ
	 
� �

þ AyðkÞ
¼ � AyðkÞ

	 
þ AyðkÞ ¼ 0:

Uniqueness: If not, otherwise, let there exist k in R
2; h in R

3; and h1 in R
3 such

that h 6¼ h1; Aððh; kÞÞ ¼ 0; and Aððh1; kÞÞ ¼ 0:We have to arrive at a contradiction.
Since

0 ¼ A h; kð Þð Þ ¼ AxðhÞ þ AyðkÞ;

and Ax is invertible,

0 ¼ Axð Þ�1
� �

ð0Þ ¼ Axð Þ�1
� �

AxðhÞ þ AyðkÞ
	 


¼ Axð Þ�1
� �

AxðhÞð Þ þ Axð Þ�1
� �

AyðkÞ
	 


¼ Axð Þ�1
� �

	 Ax

� �
ðhÞ þ Axð Þ�1

� �
AyðkÞ
	 
 ¼ IðhÞ þ Axð Þ�1

� �
AyðkÞ
	 


¼ hþ Axð Þ�1
� �

AyðkÞ
	 


:
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It follows that

h ¼ � Axð Þ�1
� �

AyðkÞ
	 
� �

:

Similarly,

h1 ¼ � Axð Þ�1
� �

AyðkÞ
	 
� �

;

which contradicts the assumption h 6¼ h1: Further, we have shown that for a given
k, the value of h is �ðððAxÞ�1ÞðAyðkÞÞÞ: h

Note 3.42 The result similar to Theorem 3.41 can be proved as above for Rn in
place of R3 and R

m in place of R2:

Theorem 3.43 Let E be an open subset of R3þ2: Let f : E ! R
3: Let a 2 R

3; b 2
R

2; and ða; bÞ 2 E: If

(i) f is a C1 function,
(ii) ðf 0ðða; bÞÞÞx is invertible,
(iii) f ðða; bÞÞ ¼ 0;

then there exist an open neighborhood Uð
 EÞ of ða; bÞ in R
3þ2; an open neigh-

borhood W of b in R
2; and a function

g : W ! R
3

such that

1. for every y in W, ðgðyÞ; yÞ 2 U;
2. for every y in W, f ððgðyÞ; yÞÞ ¼ 0;
3. gðbÞ ¼ a;
4. g is a C1 function,
5. for every y� in W, g0ðy�Þ ¼ �ððf 0ððgðy�Þ; y�ÞÞÞxÞ�1ðf 0ððgðy�Þ; y�ÞÞÞy
6. g0ðbÞ ¼ �ððf 0ðða; bÞÞÞxÞ�1ðf 0ðða; bÞÞÞy
7. if f is a C2 function, then g is a C2 function, etc.

Proof Let f1 : E ! R; f2 : E ! R; f3 : E ! R, be the component functions of f,
that is, f ððx; yÞÞ ¼ ðf1ððx; yÞÞ; f2ððx; yÞÞ; f3ððx; yÞÞÞ for every ðx; yÞ in Eð
 R

3þ2Þ:
Let us define a function

F : E ! R
3þ2

as follows: For every ðx; yÞ in E, where x � ðx1; x2; x3Þ is in R
3 and y � ðy1; y2Þ is

in R
2;
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F x; yð Þð Þ � f x; yð Þð Þ; yð Þ ¼ f1 x; yð Þð Þ; f2 x; yð Þð Þ; f3 x; yð Þð Þð Þ; y1; y2ð Þð Þ
¼ f1 x; yð Þð Þ; f2 x; yð Þð Þ; f3 x; yð Þð Þ; y1; y2ð Þ:

Clearly, the component functions of F are

x; yð Þ 7! f1 x; yð Þð Þ; x; yð Þ 7! f2 x; yð Þð Þ; x; yð Þ 7! f3 x; yð Þð Þ; x; yð Þ 7! y1;
x; yð Þ 7! y2

from E to R:
We want to apply the inverse function theorem on F. For this purpose, we first

prove

(a) F is a C1 function,
(b) F0ðða; bÞÞ is invertible.

For (a): Since f is a C1 function, for i ¼ 1; 2; 3 and j ¼ 1; 2; 3; 4; 5ð¼ 3þ 2Þ,
each function Djfi : E ! R exists and is continuous. Also, ðx; yÞ 7! y1 and
ðx; yÞ 7! y2 are smooth functions. This shows that F is a C1 function.
For (b): Here,

det F0 ða; bÞð Þ½ �

¼ det

D1f1ð Þ ða; bÞð Þ D2f1ð Þ ða; bÞð Þ D3f1ð Þ ða; bÞð Þ D4f1ð Þ ða; bÞð Þ D5f1ð Þ ða; bÞð Þ
D1f2ð Þ ða; bÞð Þ D2f2ð Þ ða; bÞð Þ D3f2ð Þ ða; bÞð Þ D4f2ð Þ ða; bÞð Þ D5f2ð Þ ða; bÞð Þ
D1f3ð Þ ða; bÞð Þ
0

0

D2f3ð Þ ða; bÞð Þ
0

0

D3f3ð Þ ða; bÞð Þ D4f3ð Þ ða; bÞð Þ D5f3ð Þ ða; bÞð Þ
0 1 0

0 0 1

2666664

3777775
5�5

¼ det

D1f1ð Þ ða; bÞð Þ D2f1ð Þ ða; bÞð Þ D3f1ð Þ ða; bÞð Þ
D1f2ð Þ ða; bÞð Þ D2f2ð Þ ða; bÞð Þ D3f2ð Þ ða; bÞð Þ
D1f3ð Þ ða; bÞð Þ D2f3ð Þ ða; bÞð Þ D3f3ð Þ ða; bÞð Þ

264
375:

Since ðf 0ðða; bÞÞÞ 2 LðR3þ2;R3Þ; ðf 0ðða; bÞÞÞx : R3 ! R
3:

Also,

f 0 ða; bÞð Þð Þx ð1; 0; 0Þð Þ ¼ f 0 ða; bÞð Þð Þ 1; 0; 0; 0; 0ð Þð Þ
¼ D1f1ð Þ ða; bÞð Þ; D1f2ð Þ ða; bÞð Þ; D1f3ð Þ ða; bÞð Þð Þ;

f 0 ða; bÞð Þð Þx ð0; 1; 0Þð Þ ¼ f 0 ða; bÞð Þð Þ 0; 1; 0; 0; 0ð Þð Þ
¼ D2f1ð Þ ða; bÞð Þ; D2f2ð Þ ða; bÞð Þ; D2f3ð Þ ða; bÞð Þð Þ;

and

f 0 ða; bÞð Þð Þx ð0; 0; 1Þð Þ ¼ f 0 ða; bÞð Þð Þ 0; 0; 1; 0; 0ð Þð Þ
¼ D3f1ð Þ ða; bÞð Þ; D3f2ð Þ ða; bÞð Þ; D3f3ð Þ ða; bÞð Þð Þ;
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so,

f 0 ða; bÞð Þð Þx
� � ¼ D1f1ð Þ ða; bÞð Þ D2f1ð Þ ða; bÞð Þ D3f1ð Þ ða; bÞð Þ

D1f2ð Þ ða; bÞð Þ D2f2ð Þ ða; bÞð Þ D3f2ð Þ ða; bÞð Þ
D1f3ð Þ ða; bÞð Þ D2f3ð Þ ða; bÞð Þ D3f3ð Þ ða; bÞð Þ

24 35:
Next, since ðf 0ðða; bÞÞÞx is invertible,

0 6¼ det f 0 ða; bÞð Þð Þx
� � ¼ det

D1f1ð Þ ða; bÞð Þ D2f1ð Þ ða; bÞð Þ D3f1ð Þ ða; bÞð Þ
D1f2ð Þ ða; bÞð Þ D2f2ð Þ ða; bÞð Þ D3f2ð Þ ða; bÞð Þ
D1f3ð Þ ða; bÞð Þ D2f3ð Þ ða; bÞð Þ D3f3ð Þ ða; bÞð Þ

24 35
¼ det F0 ða; bÞð Þ½ �:

Since det½F0ðða; bÞÞ� 6¼ 0; so F0ðða; bÞÞ is invertible. Since f is a C1 function,

x; yð Þ 7! det

D1f1ð Þ x; yð Þð Þ D2f1ð Þ x; yð Þð Þ D3f1ð Þ x; yð Þð Þ
D1f2ð Þ x; yð Þð Þ D2f2ð Þ x; yð Þð Þ D3f2ð Þ x; yð Þð Þ
D1f3ð Þ x; yð Þð Þ D2f3ð Þ x; yð Þð Þ D3f3ð Þ x; yð Þð Þ

24 35
is continuous. Further, since det½ðf 0ðða; bÞÞÞx� is nonzero, there exists a neighborhood
U� of ða; bÞ such that det½ðf 0ððx; yÞÞÞx� is nonzero for every ðx; yÞ inU�: It follows that
ðf 0ððx; yÞÞÞx is invertible for every ðx; yÞ inU�:Now, by the inverse function theorem
and Theorem 3.38, there exists an open neighborhood U of ða; bÞ such that

(1) U is contained in E,
(2) F is 1–1 on U,
(3) FðUÞ is open in R

3þ2;

(4) the 1–1 function F�1 from FðUÞ onto U is a C1 function,
(5) U is contained in U�:

Put

W � y : y 2 R
2 and for some x� in R

3 x�; yð Þ 2 U; f x�; yð Þð Þ ¼ 0
� �

:

Since ða; bÞ 2 U; and f ðða; bÞÞ ¼ 0; b 2 W : Let us observe that

W ¼ y : y 2 R
2 and for some x� in R

3; x�; yð Þ 2 U; f x�; yð Þð Þ ¼ 0
� �

¼ y : y 2 R
2 and 0; yð Þ ¼ f x�; y�ð Þ; y�ð Þ for some x�; y�ð Þ in U

� �
¼ y : y 2 R

2 and 0; yð Þ ¼ F x�; y�ð Þð Þ for some x�; y�ð Þ in U
� �

¼ y : y 2 R
2 and 0; yð Þ 2 FðUÞ� �

:

Thus,

W ¼ y : y 2 R
2 and 0; yð Þ 2 FðUÞ� �

:

Now, we will show that W is an open subset of R2: For this purpose, let us take
any y0 2 W : Since y0 2 W , ð0; y0Þ 2 FðUÞ: Since ð0; y0Þ 2 FðUÞ; and FðUÞ is
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open in R
3þ2; there exist open neighborhood V1 of 0 in R

3 and open neighborhood
V2 of y0 in R

2 such that V1 � V2 
 FðUÞ. Since 0 2 V1; and V1 � V2 
 FðUÞ;
f0g � V2 
 V1 � V2 
 FðUÞ; and hence, ð0; yÞ 2 FðUÞ for every y in V2: It fol-
lows that V2 
 W : Since V2 
 W ; and V2 is an open neighborhood of y0; y0 is an
interior point of W. Hence, W is an open subset of R2: Since W is an open subset of
R

2; and b 2 W ; W is an open neighborhood of b in R
2: Now, we will try to prove

that if y 2 W ; then there exists a unique x� in R such that

x�; yð Þ 2 U; f x�; yð Þð Þ ¼ 0:

For this purpose, let us take any y 2 W : The existence of x� is clear from the
definition of W.

Uniqueness: If not, otherwise, let there exist x�; x�� in R
3 such that ðx�; yÞ 2

U; f ððx�; yÞÞ ¼ 0; ðx��; yÞ 2 U; f ððx��; yÞÞ ¼ 0; x� 6¼ x��: We have to arrive at a
contradiction. Here, x� 6¼ x��; so ðx�; yÞ 6¼ ðx��; yÞ: Since ðx�; yÞ 6¼ ðx��; yÞ; ðx�; yÞ 2
U; ðx��; yÞ 2 U; and F is 1–1 on U, ð0; yÞ ¼ ðf ðx�; yÞ; yÞ ¼ Fððx�; yÞÞ 6¼
Fððx��; yÞÞ ¼ ðf ððx��; yÞÞ; yÞ ¼ ð0; yÞ: Thus, ð0; yÞ 6¼ ð0; yÞ;which is a contradiction.
Thus, we have shown that if y 2 W , then there exists a unique x� in R

3 such that

x�; yð Þ 2 U; f x�; yð Þð Þ ¼ 0:

Let us denote x� by gðyÞ: Thus, g : W ! R
3 such that for every y in W,

gðyÞ; yð Þ 2 U; f gðyÞ; yð Þð Þ ¼ 0:

This proves 1, 2.
Further, since b 2 W ; ðgðbÞ; bÞ 2 U; and f ðða; bÞÞ ¼ 0 ¼ f ððgðbÞ; bÞÞ: Since

f ðða; bÞÞ ¼ f ððgðbÞ; bÞÞ; Fðða; bÞÞ ¼ ðf ðða; bÞÞ; bÞ ¼ ðf ððgðbÞ; bÞÞ; bÞ ¼ FððgðbÞ; bÞÞ:
Since Fðða; bÞÞ ¼ FððgðbÞ; bÞÞ; ða; bÞ 2 U; ðgðbÞ; bÞ 2 U; and F is 1–1 on U,
ða; bÞ ¼ ðgðbÞ; bÞ; and hence, gðbÞ ¼ a:

This proves 3.
4: Let g1 : W ! R; g2 : W ! R; g3 : W ! R be the component functions of

g, that is, gððy1; y2ÞÞ ¼ ðg1ððy1; y2ÞÞ; g2ððy1; y2ÞÞ; g3ððy1; y2ÞÞÞ for every ðy1; y2Þ in
Wð
 R

2Þ: Let
h1 : FðUÞ ! R; h2 : FðUÞ ! R; h3 : FðUÞ ! R; h4 : FðUÞ ! R; h5 : FðUÞ

! R

be the component functions of F�1; that is,

F�1	 

x; yð Þð Þ ¼ h1 x; yð Þð Þ; h2 x; yð Þð Þ; h3 x; yð Þð Þ; h4 x; yð Þð Þ; h5 x; yð Þð Þð Þ

for every ðx; yÞ in FðUÞð
 R
3þ2Þ:

Since the function F�1 from FðUÞ onto U is C1, each of the 25 first-order partial
derivatives Djhi : FðUÞ ! R exists and is continuous. We have to prove that g is a
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C1 function, that is, each of the six first-order partial derivatives Djgi : W ! R

exists and is continuous. Here, we will try to prove that D2g1 : W ! R exists. For
this purpose, let us fix any y� � ðy�1; y�2Þ in W. We will try to prove that

ðD2g1Þððy�1; y�2ÞÞ exists, that is, limt!0
g1ððy�1;y�2þtÞÞ�g1ððy�1;y�2ÞÞ

t exists.
Since y� is in W, ðgðy�Þ; y�Þ 2 U; 0 ¼ f ððgðy�Þ; y�ÞÞ; and hence,

0; y�ð Þ ¼ f g y�ð Þ; y�ð Þð Þ; y�ð Þ ¼ F g y�ð Þ; y�ð Þð Þ 2 FðUÞ:
Since ð0; y�Þ 2 FðUÞ; and D5h1 : FðUÞ ! R exists, ðD5h1Þðð0; y�ÞÞ exists.

Since F�1 is a 1–1 function from FðUÞ onto U, and for every ðx; yÞ in U, where
x � ðx1; x2; x3Þ is in R

3 and y � ðy1; y2Þ is in R
2;

Fððx; yÞÞ ¼ ðf ððx; yÞÞ; yÞ;
ðx; yÞ ¼ F�1	 
 ðf ððx; yÞÞ; yÞð Þ:

Further, since for every y � ðy1; y2Þ in W, we have ðgðyÞ; yÞ 2 U;
0 ¼ f ððgðyÞ; yÞÞ;

g1 y1; y2ð Þð Þ; g2 y1; y2ð Þð Þ; g3 y1; y2ð Þð Þ; y1; y2ð Þ
¼ g1 y1; y2ð Þð Þ; g2 y1; y2ð Þð Þ; g3 y1; y2ð Þð Þð Þ; y1; y2ð Þð Þ
¼ gðyÞ; yð Þ ¼ F�1	 


f gðyÞ; yð Þð Þ; yð Þð Þ ¼ F�1	 

0; yð Þð Þ

¼ h1 0; yð Þð Þ; h2 0; yð Þð Þ; h3 0; yð Þð Þ; h4 0; yð Þð Þ; h5 0; yð Þð Þð Þ:

Hence, for every y � ðy1; y2Þ in W,

g1 y1; y2ð Þð Þ ¼ h1 0; yð Þð Þ ¼ h1 0; 0; 0; y1; y2ð Þð Þ:

Now,

lim
t!0

g1 y�1; y
�
2 þ t

	 
	 
� g1 y�1; y
�
2

	 
	 

t

¼ lim
t!0

h1 0; 0; 0; y�1; y
�
2 þ t

	 
	 
� h1 0; 0; 0; y�1; y
�
2

	 
	 

t

¼ D5h1ð Þ 0; 0; 0ð Þ; y�1; y
�
2

	 
	 
	 
 ¼ D5h1ð Þ 0; y�ð Þð Þ:

This proves that D2g1 : W ! R exists. We have seen that for every y� in W,

D2g1ð Þ y�ð Þð Þ ¼ lim
t!0

g1 y�1; y
�
2 þ t

	 
	 
� g1 y�1; y
�
2

	 
	 

t

¼ D5h1ð Þ 0; y�ð Þð Þ:

Further, since y� 7! ð0; y�Þ and ðx; yÞ 7! ðD5h1Þððx; yÞÞ are continuous functions,
their composite function y� 7! ðD5h1Þðð0; y�ÞÞð¼ ðD2g1Þððy�ÞÞÞ is continuous.
Thus, we have shown that D2g1 : W ! R exists and is continuous. Similarly, all
other Djgi : W ! R exist and are continuous.
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This proves 4.
5: Let us fix any y� � ðy�1; y�2Þ in W. Since y� ¼ ðy�1; y�2Þ is in W, ðgðy�Þ; y�Þ 2

U; f ððgðy�Þ; y�ÞÞ ¼ 0: Let us define a function

hy� : W ! R
3þ2

as follows: For every y � ðy1; y2Þ in W,

hy� ðyÞ � ðgðyÞ; yÞ ¼ g1 y1; y2ð Þð Þ; g2 y1; y2ð Þð Þ; g3 y1; y2ð Þð Þ; y1; y2ð Þ:

If y is in W, then ðgðyÞ; yÞ 2 U; f ððgðyÞ; yÞÞ ¼ 0: Hence, hy� : W ! Uð
 EÞ:
Here, component functions of hy� are y 7! g1ðyÞ; y 7! g2ðyÞ; y 7! g3ðyÞ; y 7! y1;
y 7! y2: Since g is a C1 function, y 7! g1ðyÞ; y 7! g2ðyÞ; y 7! g3ðyÞ are continuously
differentiable functions. Further, y 7! y1; y 7! y2 are smooth functions. Thus, we see
that all component functions of hy� are continuously differentiable functions, and
hence, hy� is a C1 function onW. Since hy� is a C1 function onW, and y� is in W, hy�
is differentiable at y�: Since f is a C1 function on E, and hy� ðy�Þ ¼ ðgðy�Þ; y�Þ 2
U 
 E; f is differentiable at hy� ðy�Þ: For every y in W, we have ðgðyÞ; yÞ 2 U; and

f hy� ðyÞ
	 
 ¼ f gðyÞ; yð Þð Þ ¼ 0:

Let us take any y in W. Since hy� is a C1 function on W, and y is in W, hy� is
differentiable at y. Since y is in W, hy� : W ! Uð
 EÞ; hy� ðyÞ is in E. Since hy� ðyÞ
is in E, and f is a C1 function, f is differentiable at hy� ðyÞ: Now, since y is in W, f is
differentiable at hy� ðyÞ; and hy� is differentiable at y, by the chain rule of derivative,

f 0 gðyÞ; yð Þð Þð Þ hy�
	 
0ðyÞ� �

¼ f 0 hy� ðyÞ
	 
	 


hy�
	 
0ðyÞ� �

¼ 0:

Hence,

0; 0; 0ð Þ ¼ 0 1; 0ð Þð Þ ¼ f 0 gðyÞ; yð Þð Þð Þ hy�
	 
0ðyÞ� �� �

1; 0ð Þð Þ

¼ f 0 gðyÞ; yð Þð Þð Þ hy�
	 
0ðyÞ� �

1; 0ð Þð Þ
� �

¼ f 0 gðyÞ; yð Þð Þð Þ D1g1ð ÞðyÞ; D1g2ð ÞðyÞ; D1g3ð ÞðyÞ; 1; 0ð Þð Þ
¼ D1g1ð ÞðyÞð Þ f 0 gðyÞ; yð Þð Þð Þ 1; 0; 0; 0; 0ð Þð Þð Þ
þ D1g2ð ÞðyÞð Þ f 0 gðyÞ; yð Þð Þð Þ 0; 1; 0; 0; 0ð Þð Þð Þ
þ D1g3ð ÞðyÞð Þ f 0 gðyÞ; yð Þð Þð Þ 0; 0; 1; 0; 0ð Þð Þð Þ
þ 1 f 0 gðyÞ; yð Þð Þð Þ 0; 0; 0; 1; 0ð Þð Þ þ 0

¼ D1g1ð ÞðyÞð Þ D1f1ð Þ gðyÞ; yð Þð Þ; D1f2ð Þ gðyÞ; yð Þð Þ; D1f3ð Þ gðyÞ; yð Þð Þð Þ
þ D1g2ð ÞðyÞð Þ D2f1ð Þ gðyÞ; yð Þð Þ; D2f2ð Þ gðyÞ; yð Þð Þ; D2f3ð Þ gðyÞ; yð Þð Þð Þ
þ D1g3ð ÞðyÞð Þ D3f1ð Þ gðyÞ; yð Þð Þ; D3f2ð Þ gðyÞ; yð Þð Þ; D3f3ð Þ gðyÞ; yð Þð Þð Þ
þ D4f1ð Þ gðyÞ; yð Þð Þ; D4f2ð Þ gðyÞ; yð Þð Þ; D4f3ð Þ gðyÞ; yð Þð Þð Þ
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or,

0; 0; 0ð Þ ¼ D1g1ð ÞðyÞð Þ D1f1ð Þ gðyÞ; yð Þð Þ; D1f2ð Þ gðyÞ; yð Þð Þ; D1f3ð Þ gðyÞ; yð Þð Þð Þ
þ D1g2ð ÞðyÞð Þ D2f1ð Þ gðyÞ; yð Þð Þ; D2f2ð Þ gðyÞ; yð Þð Þ; D2f3ð Þ gðyÞ; yð Þð Þð Þ
þ D1g3ð ÞðyÞð Þ D3f1ð Þ gðyÞ; yð Þð Þ; D3f2ð Þ gðyÞ; yð Þð Þ; D3f3ð Þ gðyÞ; yð Þð Þð Þ
þ D4f1ð Þ gðyÞ; yð Þð Þ; D4f2ð Þ gðyÞ; yð Þð Þ; D4f3ð Þ gðyÞ; yð Þð Þð Þ:

So, for every i ¼ 1; 2; 3; and for every y in W,

0 ¼ D1g1ð ÞðyÞð Þ D1fið Þ gðyÞ; yð Þð Þð Þ þ D1g2ð ÞðyÞð Þ D2fið Þ gðyÞ; yð Þð Þð Þ
þ D1g3ð ÞðyÞð Þ D3fið Þ gðyÞ; yð Þð Þð Þ þ D4fið Þ gðyÞ; yð Þð Þ:

Now, since y� is in W, for every i ¼ 1; 2; 3;

0 ¼ D1g1ð Þ y�ð Þð Þ D1fið Þ g y�ð Þ; y�ð Þð Þð Þ þ D1g2ð Þ y�ð Þð Þ D2fið Þ g y�ð Þ; y�ð Þð Þð Þ
þ D1g3ð Þ y�ð Þð Þ D3fið Þ g y�ð Þ; y�ð Þð Þð Þ þ D4fið Þ g y�ð Þ; y�ð Þð Þ � � � ð�Þ:

Next, we will prove that

g0 y�ð Þ ¼ � f 0 g y�ð Þ; y�ð Þð Þð Þx
	 
�1

f 0 g y�ð Þ; y�ð Þð Þð Þy

that is,

f 0 g y�ð Þ; y�ð Þð Þð Þx
	 


g0 y�ð Þð Þ ¼ � f 0 g y�ð Þ; y�ð Þð Þð Þy

that is,

(i) ðððf 0ððgðy�Þ; y�ÞÞÞxÞðg0ðy�ÞÞÞðð1; 0ÞÞ ¼ ð�ðf 0ððgðy�Þ; y�ÞÞÞyÞðð1; 0ÞÞ;
and

(ii) ðððf 0ððgðy�Þ; y�ÞÞÞxÞðg0ðy�ÞÞÞðð0; 1ÞÞ ¼ ð�ðf 0ððgðy�Þ; y�ÞÞÞyÞðð0; 1ÞÞ:
For (i):

LHS ¼ f 0 g y�ð Þ; y�ð Þð Þð Þx
	 


g0 y�ð Þð Þ	 

1; 0ð Þð Þ ¼ f 0 g y�ð Þ; y�ð Þð Þð Þx

	 

g0 y�ð Þð Þ 1; 0ð Þð Þð Þ

¼ f 0 g y�ð Þ; y�ð Þð Þð Þx
	 


D1g1ð Þ y�ð Þ; D1g2ð Þ y�ð Þ; D1g3ð Þ y�ð Þð Þð Þ
¼ f 0 g y�ð Þ; y�ð Þð Þð Þ D1g1ð Þ y�ð Þ; D1g2ð Þ y�ð Þ; D1g3ð Þ y�ð Þ; 0; 0ð Þð Þ
¼ D1g1ð Þ y�ð Þð Þ D1f1ð Þ g y�ð Þ; y�ð Þð Þ; D1f2ð Þ g y�ð Þ; y�ð Þð Þ; D1f3ð Þ g y�ð Þ; y�ð Þð Þð Þ
þ D1g2ð Þ y�ð Þð Þ D2f1ð Þ g y�ð Þ; y�ð Þð Þ; D2f2ð Þ g y�ð Þ; y�ð Þð Þ; D2f3ð Þ g y�ð Þ; y�ð Þð Þð Þ
þ D1g3ð Þ y�ð Þð Þ D3f1ð Þ g y�ð Þ; y�ð Þð Þ; D3f2ð Þ g y�ð Þ; y�ð Þð Þ; D3f3ð Þ g y�ð Þ; y�ð Þð Þð Þ

¼ � D4f1ð Þ g y�ð Þ; y�ð Þð Þ;� D4f2ð Þ g y�ð Þ; y�ð Þð Þ;� D4f3ð Þ g y�ð Þ; y�ð Þð Þð Þ;
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by ð�Þ: Now,

RHS ¼ � f 0 g y�ð Þ; y�ð Þð Þð Þy
� �

1; 0ð Þð Þ ¼ � f 0 g y�ð Þ; y�ð Þð Þð Þy 1; 0ð Þð Þ
� �

¼ � f 0 g y�ð Þ; y�ð Þð Þð Þ 0; 0; 01; 0ð Þð Þð Þ
¼ � D4f1ð Þ g y�ð Þ; y�ð Þð Þ; D4f2ð Þ g y�ð Þ; y�ð Þð Þ; D4f3ð Þ g y�ð Þ; y�ð Þð Þð Þ
¼ � D4f1ð Þ g y�ð Þ; y�ð Þð Þ;� D4f2ð Þ g y�ð Þ; y�ð Þð Þ;� D4f3ð Þ g y�ð Þ; y�ð Þð Þð Þ:

This proves (i). Similarly, (ii) holds.
This proves 5.
6: Since b 2 W ; and gðbÞ ¼ a; by 5,

g0ðbÞ ¼ � f 0 gðbÞ; bð Þð Þð Þx
	 
�1

f 0 gðbÞ; bð Þð Þð Þy¼ � f 0 ða; bÞð Þð Þx
	 
�1

f 0 ða; bÞð Þð Þy:

This proves 6.
7: Let f be a C2 function. We have to prove that g : W ! R

3 is a C2 function,
that is, each of the 12 second-order partial derivatives Djkgi : W ! R exists and is
continuous. We will try to prove that D12g3 : W ! R exists and is continuous. Let
us take any y in W.

By 5,

g0ðyÞ ¼ � f 0 gðyÞ; yð Þð Þð Þx
	 
�1

f 0 gðyÞ; yð Þð Þð Þy

so,

D1g1ð ÞðyÞ; D1g2ð ÞðyÞ; D1g3ð ÞðyÞð Þ ¼ g0ðyÞð Þ 1; 0ð Þð Þ
¼ � f 0 gðyÞ; yð Þð Þð Þx

	 
�1
f 0 gðyÞ; yð Þð Þð Þy

� �
1; 0ð Þð Þ

¼ � f 0 gðyÞ; yð Þð Þð Þx
	 
�1
� �

f 0 gðyÞ; yð Þð Þð Þy 1; 0ð Þð Þ
� �

¼ � f 0 gðyÞ; yð Þð Þð Þx
	 
�1
� �

f 0 gðyÞ; yð Þð Þð Þ 0; 0; 0; 1; 0ð Þð Þð Þ

¼ � f 0 gðyÞ; yð Þð Þð Þx
	 
�1
� �

D4f1ð Þ gðyÞ; yð Þð Þ; D4f2ð Þ gðyÞ; yð Þð Þ; D4f3ð Þ gðyÞ; yð Þð Þð Þ

¼ � D4f1ð Þ gðyÞ; yð Þð Þð Þ f 0 gðyÞ; yð Þð Þð Þx
	 
�1
� �

ð1; 0; 0Þ
� �

� D4f2ð Þ gðyÞ; yð Þð Þð Þ f 0 gðyÞ; yð Þð Þð Þx
	 
�1
� �

ð0; 1; 0Þ
� �

� D4f3ð Þ gðyÞ; yð Þð Þð Þ f 0 gðyÞ; yð Þð Þð Þx
	 
�1
� �

ð0; 0; 1Þ
� �

¼ � D4f1ð Þ gðyÞ; yð Þð Þð Þ 1
D

A11;A12;A13ð Þ � D4f2ð Þ gðyÞ; yð Þð Þð Þ 1
D

A21;A22;A23ð Þ

� D4f3ð Þ gðyÞ; yð Þð Þð Þ 1
D

A31;A32;A33ð Þ;
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where

D �
D1f1ð Þ gðyÞ; yð Þð Þ D2f1ð Þ gðyÞ; yð Þð Þ D3f1ð Þ gðyÞ; yð Þð Þ
D1f2ð Þ gðyÞ; yð Þð Þ D2f2ð Þ gðyÞ; yð Þð Þ D3f2ð Þ gðyÞ; yð Þð Þ
D1f3ð Þ gðyÞ; yð Þð Þ D2f3ð Þ gðyÞ; yð Þð Þ D3f3ð Þ gðyÞ; yð Þð Þ

������
������;

and Aij denotes the cofactor of ðDjfiÞððgðyÞ; yÞÞ in the above determinant. Hence,

D1g3ð ÞðyÞ ¼ � 1
D

D4f1ð Þ gðyÞ; yð Þð Þð ÞA13 þ D4f2ð Þ gðyÞ; yð Þð Þð ÞA23 þ D4f3ð Þ gðyÞ; yð Þð Þð ÞA33ð Þ:

Now, since f is a C2 function, and g is a C1 function, the second-order partial
derivative ðD12g3ÞðyÞ exists and is continuous. Similarly, all other ðDjkgiÞðyÞ exist
and are continuous. This proves that g is a C2 function. h

Note 3.44 The result similar to Theorem 3.43 can be proved as above for Rn in
place of R3 and R

m in place of R2: This theorem is known as the implicit function
theorem. As above, we can prove the following theorem:

Theorem 3.45 Let E be an open subset of R3þ2: Let f : E ! R
2: Let a 2 R

3; b 2
R

2; and ða; bÞ 2 E: If

(i) f is a C1 function,
(ii) ðf 0ðða; bÞÞÞy is invertible,
(iii) f ðða; bÞÞ ¼ 0;

then there exist an open neighborhood Uð
 EÞ of ða; bÞ in R
3þ2; an open

neighborhood W of a in R
3; and a function

g : W ! R
2

such that

1. for every x in W, ðx; gðxÞÞ 2 U;
2. for every x in W, f ðx; gðxÞÞ ¼ 0;
3. gðaÞ ¼ b;
4. g is a C1 function,
5. for every x� in W, g0ðx�Þ ¼ �ððf 0ððx�; gðx�ÞÞÞÞyÞ�1ðf 0ððx�; gðx�ÞÞÞÞx
6. g0ðaÞ ¼ �ððf 0ðða; bÞÞÞyÞ�1ðf 0ðða; bÞÞÞx
7. if f is a C2 function, then g is a C2 function, etc.
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3.5 Constant Rank Theorem (Easy Version)

Definition Let i1 : Rm ! R
m � R

n be the function defined as follows: For every
x in R

m

i1ðxÞ � ðx; 0Þ:

Here, i1 is called the first injection of factor into product. Similarly, by the
second injection i2 of factor into product, we mean the function i2 : Rn ! R

m � R
n

defined as follows: For every y in R
n

i2ðyÞ � ð0; yÞ:

Let p1 : Rm � R
n ! R

m be the function defined as follows: For every x in R
m

and for every y in R
n

p1ðx; yÞ � x:

Here, p1 is called the first projection from product onto factor. Similarly, by the
second projection p2 from product onto factor, we mean the function p2 :
R

m � R
n ! R

n defined as follows: For every x in R
m and for every y in R

n

p2ðx; yÞ � y:

Theorem 3.46 Let U be an open neighborhood of ða; bÞð� ða1; a2; a3; b1; b2ÞÞ in
R

3 � R
2: Let f : U ! R

2 be a smooth function. Let f ða1; a2; a3; b1; b2Þ ¼ ð0; 0Þ: If

f 0 a1; a2; a3; b1; b2ð Þð Þ 	 i2 : R2 ! R
2

is a linear isomorphism, then

1. there exists a local diffeomorphism u at ða1; a2; a3; b1; b2Þ in R
3 � R

2 such that
f 	 u ¼ p2:
(i.e., there exist an open neighborhood V of ða1; a2; a3Þ in R

3; an open neigh-
borhood W of ðb1; b2Þ in R

2; an open neighborhood U1 of ða1; a2; a3; b1; b2Þ in
R

3 � R
2; and a function u : U1 ! V �W such that V �W 
 U;u is a diffe-

omorphism, and for every ðx1; x2; x3; y1; y2Þ in U1; f ðuðx1; x2; x3;
y1; y2ÞÞ ¼ ðy1; y2Þ:)

2. there exist an open neighborhood W1 of ða1; a2; a3Þ in R
3; an open neighbor-

hood W2 of ðb1; b2Þ in R
2, and a smooth function ðg1; g2Þ � g : W1 ! R

2 such
that

(a) for every ðx1; x2; x3Þ in W1; ðx1; x2; x3; g1ðx1; x2; x3Þ; g2ðx1; x2; x3ÞÞ 2 U;
(b) for every ðx1; x2; x3Þ inW1; f ðx1; x2; x3; g1ðx1; x2; x3Þ; g2ðx1; x2; x3ÞÞ ¼ ð0; 0Þ;
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(c) g is unique, (i.e., if ðh1; h2Þ � h : W1 ! R
2 is a smooth function such that

for every ðx1; x2; x3Þ in W1; ðx1; x2; x3; h1ðx1; x2; x3Þ; h2ðx1; x2; x3ÞÞ 2 U; and
f ðx1; x2; x3; h1ðx1; x2; x3Þ; h2ðx1; x2; x3ÞÞ ¼ ð0; 0Þ; then g ¼ h:)

(d) if a : W1 ! f�1ð0; 0Þ is the function defined such that for every ðx1; x2; x3Þ
in W1

a x1; x2; x3ð Þ � x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ;

then

(i) aðW1Þ is an open neighborhood of ða; bÞ in f �1ð0; 0Þ;
(ii) a is a homeomorphism from W1 onto aðW1Þ;
(iii) a ¼ u 	 s1 and a�1 ¼ p1 on their common domain,
(iv) a; a�1 are smooth functions.

Proof Let f � ðf1; f2Þ: Since ðf 0ða1; a2; a3; b1; b2ÞÞ 	 i2 : R2 ! R
2 is an isomor-

phism, and for every ðy1; y2Þ in R
2;

f 0 a1; a2; a3; b1; b2ð Þð Þ 	 i2ð Þ y1; y2ð Þ ¼ f 0 a1; a2; a3; b1; b2ð Þð Þ i2 y1; y2ð Þð Þ
¼ f 0 a1; a2; a3; b1; b2ð Þð Þ 0; 0; 0; y1; y2ð Þ

¼ D1f1ð Þða; bÞ D2f1ð Þða; bÞ D3f1ð Þða; bÞ D4f1ð Þða; bÞ D5f1ð Þða; bÞ
D1f2ð Þða; bÞ D2f2ð Þða; bÞ D3f2ð Þða; bÞ D4f2ð Þða; bÞ D5f2ð Þða; bÞ

� � 0

0

0

y1
y2

26666664

37777775
¼ D4f1ð Þða; bÞð Þy1 þ D5f1ð Þða; bÞð Þy2

D4f2ð Þða; bÞð Þy1 þ D5f2ð Þða; bÞð Þy2

� �
¼ D4f1ð Þða; bÞ D5f1ð Þða; bÞ

D4f2ð Þða; bÞ D5f2ð Þða; bÞ

� �
y1
y2

� �
;

it follows that

det
D4f1ð Þða; bÞ
D4f2ð Þða; bÞ

D5f1ð Þða; bÞ
D5f2ð Þða; bÞ

� �
6¼ 0:

Let us define a function w : U ! R
3 � R

2 as follows: For every ðx; yÞ in
U where x � ðx1; x2; x3Þ is in R

3 and y � ðy1; y2Þ is in R
2;

w x1; x2; x3; y1; y2ð Þ ¼ w x; yð Þ � x; f x; yð Þð Þ
¼ x1; x2; x3; f1 x1; x2; x3; y1; y2ð Þ; f2 x1; x2; x3; y1; y2ð Þð Þ:
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Now, since f : U ! R
2 is a smooth function, w : U ! R

3 � R
2 is also a smooth

function. Further, since

det w0 a1; a2; a3; b1; b2ð Þð Þ ¼ det

1

0

0

0

0

0

1

0

0

0

0

0

1

0

0

0

0

0

D4f1ð Þða; bÞ
D4f2ð Þða; bÞ

0

0

0

D5f1ð Þða; bÞ
D5f2ð Þða; bÞ

26666664

37777775
¼ det

D4f1ð Þða; bÞ
D4f2ð Þða; bÞ

D5f1ð Þða; bÞ
D5f2ð Þða; bÞ

� �
is nonzero, w0ða1; a2; a3; b1; b2Þ is invertible. Hence, by the inverse function theo-
rem, there exist an open neighborhood V of ða1; a2; a3Þ in R

3; an open neighbor-
hood W of ðb1; b2Þ in R

2; and an open subset U1 of R3 � R
2 such that V �W 
 U

and w acts as a diffeomorphism from V �W onto U1: Hence, w
�1 : U1 ! V �W

is a diffeomorphism. Put u � w�1: Clearly, u : U1 ! V �W is a diffeomorphism.
Now, for every x in V, and for every y in W, we have

p2 	 wð Þ x; yð Þ ¼ p2 w x; yð Þð Þ ¼ p2 x; f x; yð Þð Þð Þ ¼ f x; yð Þ:

So, p2 	 w ¼ f ; and hence, f 	 u ¼ ðp2 	 wÞ 	 u ¼ p2 	 ðw 	 uÞ ¼ p2 	
ðw 	 w�1Þ ¼ p2:

This proves 1.
Since ðf 0ða1; a2; a3; b1; b2ÞÞ 	 i2 : R2 ! R

2 is an isomorphism,

det f 0 a1; a2; a3; b1; b2ð Þð Þy
h i

¼ det
D4f1ð Þða; bÞ
D4f2ð Þða; bÞ

D5f1ð Þða; bÞ
D5f2ð Þða; bÞ

� �
6¼ 0;

and hence, ðf 0ða1; a2; a3; b1; b2ÞÞy is invertible. Now, by the implicit function the-

orem, there exist an open neighborhood W1 of ða1; a2; a3Þ in R
3; an open neigh-

borhood W2 of ðb1; b2Þ in R
2, and a smooth function ðg1; g2Þ � g : W1 ! R

2 such
that W1 �W2 
 U and for every ðx1; x2; x3Þ in W1;

x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ 2 W1 �W2;

and

f x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ 0; 0ð Þ:

This proves 2(a) and 2(b).
Next, let h : W1 ! R

2 be a smooth function such that for every x � ðx1; x2; x3Þ
in W1; ðx1; x2; x3; h1ðx1; x2; x3Þ; h2ðx1; x2; x3ÞÞ 2 U; and f ðx1; x2; x3; h1ðx1; x2; x3Þ;
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h2ðx1; x2; x3ÞÞ ¼ ð0; 0Þ; where h � ðh1; h2Þ:We have to prove that g ¼ h; that is, for
every ðx1; x2; x3Þ in W1;

g x1; x2; x3ð Þ ¼ h x1; x2; x3ð Þ:

Since

f1 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ; f2 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þð Þ
¼ f x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ 0; 0ð Þ

so,

w x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ
¼ x1; x2; x3; f1 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þð ;

f2 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð ÞÞ
¼ x1; x2; x3; 0; 0ð Þ;

and hence,

x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ w�1 x1; x2; x3; 0; 0ð Þ ¼ u x1; x2; x3; 0; 0ð Þ

for every ðx1; x2; x3Þ in W1: Similarly,

x1; x2; x3; h1 x1; x2; x3ð Þ; h2 x1; x2; x3ð Þð Þ ¼ u x1; x2; x3; 0; 0ð Þ

for every ðx1; x2; x3Þ in W1: It follows that for every x � ðx1; x2; x3Þ in W1,

x; gðxÞð Þ ¼ x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ
¼ x1; x2; x3; h1 x1; x2; x3ð Þ; h2 x1; x2; x3ð Þð Þ ¼ x; hðxÞð Þ:

Hence, g ¼ h:
This proves 2(c).
(d) (i): For every ðx1; x2; x3Þ in W1; f ðx1; x2; x3; g1ðx1; x2; x3Þ; g2ðx1; x2; x3ÞÞ ¼

ð0; 0Þ; so

a x1; x2; x3ð Þ ¼ x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ 2 f�1 0; 0ð Þ:

Hence, a : W1 ! f�1ð0; 0Þ is a function. Since ða1; a2; a3Þ is in W1;

a a1; a2; a3ð Þ ¼ a1; a2; a3; g1 a1; a2; a3ð Þ; g2 a1; a2; a3ð Þð Þ ¼ u a1; a2; a3; 0; 0ð Þ:
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Further, since

w a1; a2; a3; b1; b2ð Þ ¼ a1; a2; a3; f1 a1; a2; a3; b1; b2ð Þ; f2 a1; a2; a3; b1; b2ð Þð Þ
¼ a1; a2; a3; 0; 0ð Þ

so

ða; bÞ ¼ a1; a2; a3; b1; b2ð Þ ¼ u a1; a2; a3; 0; 0ð Þ ¼ a a1; a2; a3ð Þ 2 a W1ð Þ:

Now, we want to show that aðW1Þ is an open set.
Let us observe that

a W1ð Þ ¼ u W1 � R
2

	 
 \ f�1 0; 0ð Þ:

(Reason: For this purpose, let us take any aðx1; x2; x3Þ 2 LHS; where ðx1; x2; x3Þ
is in W1: Here,

a x1; x2; x3ð Þ ¼ x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ u x1; x2; x3; 0; 0ð Þ
2 u W1 � R

2	 

:

Also, since f ðaðx1; x2; x3ÞÞ ¼ f ðx1; x2; x3; g1ðx1; x2; x3Þ; g2ðx1; x2; x3ÞÞ ¼ ð0; 0Þ;
aðx1; x2; x3Þ 2 f�1ð0; 0Þ: It follows that aðx1; x2; x3Þ 2 uðW1 � R

2Þ \ f�1ð0; 0Þ ¼
RHS: Hence, LHS 
 RHS:

Next, let us take any ðx1; x2; x3; y1; y2Þ 2 RHS ¼ uðW1 � R
2Þ \ f�1ð0; 0Þ: We

have to prove that ðx1; x2; x3; y1; y2Þ 2 aðW1Þ. Since ðx1; x2; x3; y1; y2Þ 2
uðW1 � R

2Þ \ f�1ð0; 0Þ; ðx1; x2; x3; y1; y2Þ 2 U; ðx1; x2; x3; y1; y2Þ 2 V �W ;

f1 x1; x2; x3; y1; y2ð Þ; f2 x1; x2; x3; y1; y2ð Þð Þ ¼ f x1; x2; x3; y1; y2ð Þ ¼ 0; 0ð Þ;

and there exists ðw1;w2;w3; t1; t2Þ 2 W1 � R
2 such that uðw1;w2;w3; t1; t2Þ ¼

ðx1; x2; x3; y1; y2Þ: Thus,

w1;w2;w3; t1; t2ð Þ ¼ w x1; x2; x3; y1; y2ð Þ
¼ x1; x2; x3; f1 x1; x2; x3; y1; y2ð Þ; f2 x1; x2; x3; y1; y2ð Þð Þ
¼ x1; x2; x3; 0; 0ð Þ:

Hence, ðx1; x2; x3Þ ¼ ðw1;w2;w3Þ 2 W1 :Also

x1; x2; x3; y1; y2ð Þ ¼ u w1;w2;w3; t1; t2ð Þ ¼ u x1; x2; x3; 0; 0ð Þ
¼ x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ a x1; x2; x3ð Þ 2 a W1ð Þ:

This proves that aðW1Þ ¼ uðW1 � R
2Þ \ f�1ð0; 0Þ:)
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Since W1 is an open subset of R
3; W1 � R

2 is an open subset of R
3 � R

2:

Further, since u : U1 ! V �W is a diffeomorphism, and W1 � R
2 is an open

subset of R
3 � R

2; uðW1 � R
2Þ is an open subset of R

3 � R
2; and hence,

aðW1Þð¼ uðW1 � R
2Þ \ f�1ð0; 0ÞÞ is open in f�1ð0; 0Þ: This proves (d)(i).

(d)(ii): Here, we must prove that
(A) a : W1 ! aðW1Þ is 1–1,
(B) a is continuous,
(C) a�1 : aðW1Þ ! W1 is continuous. For (A): Let aðx1; x2; x3Þ ¼ aðy1; y2; y3Þ:

We have to prove that ðx1; x2; x3Þ ¼ ðy1; y2; y3Þ: Since
x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ a x1; x2; x3ð Þ ¼ a y1; y2; y3ð Þ

¼ y1; y2; y3; g1 y1; y2; y3ð Þ; g2 y1; y2; y3ð Þð Þ;

ðx1; x2; x3Þ ¼ ðy1; y2; y3Þ:
For (B): Since g : W1 ! R

2 is a smooth function, and

a : x1; x2; x3ð Þ 7! x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ;

each of the component functions of a is continuous, and hence, a is continuous.
For (C): Since for every x � ðx1; x2; x3Þ 2 W1;

a�1 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ x1; x2; x3ð Þ
¼ p1 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ;

and p1 is continuous, a�1 is continuous. This proves (d)(ii).
(d)(iii) Since for every x � ðx1; x2; x3Þ 2 W1;

a x1; x2; x3ð Þ ¼ u x1; x2; x3; 0; 0ð Þ ¼ u s1 x1; x2; x3ð Þð Þ ¼ u 	 s1ð Þ x1; x2; x3ð Þ;

a ¼ u 	 s1: Next, since
a�1 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ ¼ x1; x2; x3ð Þ

¼ p1 x1; x2; x3; g1 x1; x2; x3ð Þ; g2 x1; x2; x3ð Þð Þ;

a�1 ¼ p1 on their common domain. This proves (d)(iii).
(iv) Since u and s1 are smooth functions, their composite u 	 s1ð¼ aÞ is smooth,

and hence, a is smooth. Since p1ð¼ a�1Þ is smooth, a�1 is smooth. h

Theorem 3.47 Let U be an open neighborhood of ða; bÞ in R
m � R

p: Let f : U !
R

p be a smooth function. Let f ða; bÞ ¼ 0: If

f 0 a; bð Þð Þ 	 i2 : Rp ! R
p

is a linear isomorphism, then
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1. there exists a local diffeomorphism u at ða; bÞ in R
m � R

p such that f 	 u ¼ p2:
(i.e., there exist an open neighborhood V of a in R

m; an open neighborhood W
of b in R

p; an open neighborhood U1 of ða; bÞ in R
m � R

p; and a function
u : U1 ! V �W such that V �W 
 U;u is a diffeomorphism, and for every
ðx; yÞ in U1; f ðuðx; yÞÞ ¼ y:)

2. there exist an open neighborhood W1 of a in Rm; an open neighborhood W2 of b
in R

p, and a smooth function g : W1 ! R
p such that

(a) for every x in W1; ðx; gðxÞÞ 2 U;
(b) for every x in W1; f ðx; gðxÞÞ ¼ 0;
(c) g is unique, (i.e., if h : W1 ! R

p is a smooth function such that for every x
in W1; ðx; hðxÞÞ 2 U; and f ðx; hðxÞÞ ¼ 0; then g ¼ h:)

(d) if a : W1 ! f�1ð0Þ is the function defined such that for every x in W1

aðxÞ � ðx; gðxÞÞ;

then

(i) aðW1Þ is an open neighborhood of ða; bÞ in f �1ð0Þ;
(ii) a is a homeomorphism from W1 onto aðW1Þ;
(iii) a ¼ u 	 s1 and a�1 ¼ p1 on their common domain,
(iv) a; a�1 are smooth functions.

Proof Its proof is quite similar to the proof of Theorem 3.46. h

Theorem 3.48 Let f : Rm � R
p ! R

p be a smooth function. Let a be in R
m and b

be in R
p: Let f ða; bÞ ¼ 0: If for every ðx; yÞ in f�1ð0Þ; the rank of linear trans-

formation f 0ðx; yÞ is p, then f�1ð0Þ is a smooth manifold of dimension m.

Proof Since f : Rm � R
p ! R

p is a smooth function, f is a continuous function.
Since f : Rm � R

p ! R
p is a continuous function, and {0} is a closed subset of Rp;

f�1ð0Þ is closed subset of Rm � R
p: Since Rm � R

p is homeomorphic to R
mþp; and

R
mþp is Hausdorff and second countable space, Rm � R

p is Hausdorff and second
countable. Since R

m � R
p is Hausdorff and second countable, and f�1ð0Þ is a

subspace of Rm � R
p; f�1ð0Þ is Hausdorff and second countable.

Let us take any ða; bÞ in f�1ð0Þ: Since ða; bÞ is in f�1ð0Þ; f ða; bÞ ¼ 0: By
assumption, the rank of linear transformation f 0ða; bÞ : Rm � R

p ! R
p is p, and

hence, ðf 0ða; bÞÞ 	 i2 : Rp ! R
p is a linear isomorphism. Now, by Theorem 3.47,

there exist an open neighborhood W1 of a in R
m and a function a : W1 ! f�1ð0Þ

such that

(i) aðW1Þ is an open neighborhood of ða; bÞ in f�1ð0Þ;
(ii) a is a homeomorphism from W1 onto aðW1Þ;
(iii) a; a�1 are smooth functions.
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Hence, aðW1Þ is an open neighborhood of ða; bÞ in f�1ð0Þ; and a�1 : aðW1Þ ! W1 is
a diffeomorphism. This shows that f�1ð0Þ is a smooth manifold of dimension m. h

Definition Let N be a smooth manifold of dimension mþ p: Let M 
 N: If for
every x in M, there exists an admissible coordinate chart ðU;uUÞ in N satisfying
x 2 U such that

uU U \Mð Þ ¼ uUðUÞð Þ \ R
m � 0f gð Þ

then we say that M is a smooth m-submanifold of N.

Theorem 3.49 Let N be a smooth manifold of dimension mþ p: Let M 
 N: If M is
a smooth m-submanifold of N, then M is a smooth manifold of dimension m.

Proof Let us take any a in M. Since a is in M, and M is a smooth m-submanifold of
N, there exists an admissible coordinate chart ðU;uUÞ in N satisfying a 2 U; and

uU U \Mð Þ ¼ uUðUÞð Þ \ R
m � 0f gð Þ:

Since a is in M, and a 2 U; a is in U \M. Since U is open in N, and M 
 N;
U \M is open in M. Since a is in U \M; and U \M is open in M, U \M is an
open neighborhood of a in M. Since ðU;uUÞ is an admissible coordinate chart in
the mþ p-dimensional smooth manifold N, uUðUÞ is open in R

mþpðffi ðRm�
R

pÞ � ðRm � f0gÞÞ; and hence, uUðU \MÞð¼ ðuUðUÞÞ\ ðRm � f0gÞÞ is open in
R

mðffi ðRm � f0gÞÞ: Since ðU;uUÞ is an admissible coordinate chart in N, uU is
1–1, and hence, the restriction uU jU\M of uU to U \M; is 1–1.

Thus, the restriction uU jU\M of uU to U \M is a 1–1 mapping from the open
neighborhood U \M of a in M onto the open set uUðU \MÞ of Rm:

Since ðU;uUÞ is an admissible coordinate chart inN,uU is continuous, and hence,
the restriction uU jU\M of uU toU \M is continuous. Since ðU;uUÞ is an admissible

coordinate chart in N, ðuUÞ�1 : uUðUÞ ! U is continuous, and hence, the restriction
ððuUÞ�1ÞjuUðU\MÞ of ðuUÞ�1 to uUðU \MÞð¼ ðuUðUÞÞ \ ðRm � f0gÞÞ is contin-
uous. Further, since ðuU jU\MÞ�1 ¼ ððuUÞ�1ÞjuUðU\MÞ; it follows that the inverse

function ðuU jU\MÞ�1 is continuous.
Thus, the ordered pair ðU \M;uU jU\MÞ is a coordinate chart of M satisfying a 2

M: Next, let ðU \M;uU jU\MÞ and ðV \M;wV jV\MÞ be two coordinate charts ofM,
where ðU;uUÞ and ðV ;wV Þ are admissible coordinate charts in N, and ðU \MÞ \
ðV \MÞ is nonempty. We have to prove that ðwV jV\MÞ 	 ðuU jU\MÞ�1 is smooth.

Since ðU;uUÞand ðV ;wV Þ are admissible coordinate charts in N, wV 	 ðuUÞ�1 is
smooth, and hence, ðwV jV\MÞ 	 ðuU jU\MÞ�1ð¼ ðwV 	 ðuUÞ�1Þ jðU\MÞ\ðV\MÞÞ is
smooth. Hence, M is a smooth manifold of dimension m. h
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3.6 Smooth Bump Functions

Theorem 3.50 Let e[ 0: Let a be in R
3: Let BeðaÞ � fx : x 2 R

3; jx� aj\eg:
Then, there exists a function h : R3 ! ½0; 1� such that

1. h is smooth,
2. h is onto,
3. for every x in BeðaÞ; hðxÞ[ 0;
4. for every x in fx : x 2 R

3; jx� aj\ e
2g; hðxÞ ¼ 1;

5. for every x 62 BeðaÞ; hðxÞ ¼ 0:

Proof Let us define a function f : R ! R as follows: For every x in R;

f ðxÞ � e�
1
x if 0\x;

0 if x� 0:



Thus, f ðxÞ is positive if and only if x is positive, and f ðxÞ is never negative. We

shall first try to prove by induction (a): For every x[ 0; and for every nonnegative
integer k, the kth derivative f ðkÞðxÞ is of the form ðp2kð1xÞÞe�

1
x for some polynomial

p2kðyÞ of degree 2k in y. Let us denote the statement, f ðkÞðxÞ is of the form p2kð1xÞe�
1
x

for some polynomial p2kðyÞ of degree 2k in y, by PðkÞ: We must prove

1. P(1) holds,
2. if P(k) holds, then Pðk þ 1Þ holds.
For 1: Pð1Þ means f 0ðxÞ is of the form p2ð1xÞe�

1
x for some polynomial p2ðyÞ of

degree 2 in y. From the given definition of f,

f 0ðxÞ ¼ 1
x2

e�
1
x ¼ p2

1
x

� �
e�

1
x;

where p2ðyÞ � y2: Here, p2ðyÞ is a polynomial of degree 2 in y. This proves 1.
For 2: Let PðkÞ be true, that is, f ðkÞðxÞ is of the form p2kð1xÞe�

1
x for some polynomial

p2kðyÞ of degree 2k in y. We have to prove that Pðk þ 1Þ is true, that is, f ðkþ1ÞðxÞ is
of the form p2kþ2ð1xÞe�

1
x for some polynomial p2kþ2ðyÞ of degree 2k þ 2 in y. Here,

f kþ1ð ÞðxÞ ¼ f ðkÞðxÞ
� �0

¼ d
dx

f ðkÞðxÞ ¼ d
dx

p2k
1
x

� �
e�

1
x

� �
¼ p02k

1
x

� �� ��1
x2

e�
1
x þ p2k

1
x

� �
e�

1
x
1
x2

� �
¼ p2k

1
x

� �
� p02k

1
x

� �� �
e�

1
x
1
x2

� �
¼ q2kþ2

1
x

� �
e�

1
x;
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where q2kþ2ðyÞ � ðp2kðyÞ � p02kðyÞÞy2; which is a polynomial of degree 2k þ 2
in y. This proves 2.

Hence, by the principle of mathematical induction, PðkÞ is true for every positive
integer k. This proves (a). Now, we shall try to prove (b): f is C1 on R and that

f ðkÞð0Þ ¼ 0 for all k� 0: Here, for x\0; f 0ðxÞ ¼ 0; and for 0\x; f 0ðxÞ ¼ d
dx e

�1
x ¼

1
x2 e

�1
x: Next,

lim
e ! 0
e[ 0

f 0� eð Þ � f ð0Þ
�e

¼ lim
e ! 0
e[ 0

f �eð Þ � 0
�e

¼ � lim
e ! 0
e[ 0

f �eð Þ
e

¼ � lim
e ! 0
e[ 0

0
e
¼ 0;

and

lim
e ! 0
e[ 0

f 0þ eð Þ � f ð0Þ
e

¼ lim
e ! 0
e[ 0

f eð Þ � 0
e

¼ lim
e ! 0
e[ 0

f eð Þ
e

¼ lim
e ! 0
e[ 0

e�
1
e

e

¼ lim
t!1

t
et
¼ lim

t!1
1
et
¼ 0:

Hence,

lim
h!0

f 0þ hð Þ � f ð0Þ
h

¼ 0;

that is, f 0ð0Þ ¼ 0: Thus,

f 0ðxÞ ¼ 0 if x� 0;
1
x2 e

�1
x if 0\x:



Here, for x\0; f 00ðxÞ ¼ 0; and for 0\x;

f 00ðxÞ ¼ d
dx

f 0ðxÞ ¼ d
dx

1
x2

e�
1
x

� �
¼ �2

x3
e�

1
x þ 1

x2
1
x2

e�
1
x

� �
¼ �2

x3
þ 1
x4

� �
e�

1
x:
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Now,

lim
e ! 0
e[ 0

f 0 0� eð Þ � f 0ð0Þ
�e

¼ lim
e ! 0
e[ 0

f 0 �eð Þ � 0
�e

¼ � lim
e ! 0
e[ 0

f 0 �eð Þ
e

¼ � lim
e ! 0
e[ 0

0
e

¼ 0;

and

lim
e ! 0
e[ 0

f 0 0þ eð Þ � f 0ð0Þ
e

¼ lim
e ! 0
e[ 0

f 0 eð Þ � 0
e

¼ lim
e ! 0
e[ 0

f 0 eð Þ
e

¼ lim
e ! 0
e[ 0

1
e2 e

�1
e

e
¼ lim

e ! 0
e[ 0

1

e3e
1
e

¼ lim
t!1

t3

et
¼ lim

t!1
3t2

et

¼ lim
t!1

3 � 2t
et

¼ lim
t!1

3 � 2 � 1
et

¼ 0:

Hence,

lim
h!0

f 0ð0þ hÞ � f 0ð0Þ
h

¼ 0;

that is, f 00ð0Þ ¼ 0: Thus,

f 00ðxÞ ¼ 0 if x� 0;
�2
x3 þ 1

x4
	 


e�
1
x if 0\x:



Here, for x\0 f 000ðxÞ ¼ 0 and for 0\x;

f 000ðxÞ ¼ d
dx

f 00ðxÞ ¼ d
dx

�2
x3

þ 1
x4

� �
e�

1
x

� �
¼ 6

x4
þ�4

x5

� �
e�

1
x þ 1

x2
e�

1
x

�2
x3

þ 1
x4

� �
¼ 6

x4
þ�6

x5
þ 1
x6

� �
e�

1
x:

Now,

lim
e ! 0
e[ 0

f 00 0� eð Þ � f 00ð0Þ
�e

¼ lim
e ! 0
e[ 0

f 00 �eð Þ � 0
�e

¼ � lim
e ! 0
e[ 0

f 00 �eð Þ
e

¼ � lim
e ! 0
e[ 0

0
e

¼ 0;
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and

lim
e ! 0
e[ 0

f 00 0þ eð Þ � f 00ð0Þ
e

¼ lim
e ! 0
e[ 0

f 00 eð Þ � 0
e

¼ lim
e ! 0
e[ 0

f 00 eð Þ
e

¼ lim
e ! 0
e[ 0

�2
e3 þ 1

e4
	 


e�
1
e

e

¼ lim
e ! 0
e[ 0

�2
e4

þ 1
e5

� �
1

e
1
e

¼ lim
t!1

�2t4 þ t5

et
¼ lim

t!1
5!
et

¼ 0:

Hence,

lim
h!0

f 00ð0þ hÞ � f 00ð0Þ
h

¼ 0;

that is, f 000ð0Þ ¼ 0: Thus,

f 000ðxÞ ¼ 0 if x� 0;
6
x4 þ �6

x5 þ 1
x6

	 

e�

1
x if 0\x:



Similarly, f ð4Þð0Þ ¼ 0; f 5ð0Þ ¼ 0; etc. This completes the proof of (b). Thus,

f : R ! R is a smooth function.
Now, let us define a function g : R3 ! R as follows: For every x � ðx1; x2; x3Þ

in R
3;

gðxÞ �
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
þ f x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �
� 1

4 e
2

� � :
Clearly, in the expression for gðxÞ, the denominator

f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2
� �� �

þ f x1ð Þ2þ x2ð Þ2þ x3ð Þ2
� �

� 1
4
e2

� �
is nonzero, and hence, g : R3 ! R is a well-defined function. Since 0� f ; it is clear
that 0� g� 1: Further, since f is C1 on R; g is C1 on R: Next, let us observe that if
x � ðx1; x2; x3Þ satisfies

e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2
� �

� 0; then f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2
� �� �

¼ 0;
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and hence,

gðxÞ ¼
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
þ f x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �
� 1

4 e
2

� �
0@ 1A is 0:

For every x � ðx1; x2; x3Þ satisfying

x1ð Þ2þ x2ð Þ2þ x3ð Þ2
� �

� 1
4
e2 � 0; f x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �
� 1
4
e2

� �
¼ 0;

and hence,

g xð Þ ¼
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
þ f x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �
� 1

4 e
2

� �
0@

¼
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
þ 0

1Ais 1:

Finally, for every x � ðx1; x2; x3Þ satisfying ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2\e2; we have
e2 � ððx1Þ2 þ ðx2Þ2 þ ðx3Þ2Þ is positive, and hence, f ðe2 � ððx1Þ2 þ ðx2Þ2 þ ðx3Þ2ÞÞ
is positive. Thus, for every x � ðx1; x2; x3Þ satisfying ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2\e2;

gðxÞ ¼
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
f e2 � x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �� �
þ f x1ð Þ2þ x2ð Þ2þ x3ð Þ2

� �
� 1

4 e
2

� �
0@ 1A

is positive. Since g : R3 ! ½0; 1�; and g is C1 on R; g is continuous. Since g :

R
3 ! ½0; 1� is continuous, g assumes 0, and g assumes 1, g assumes all values of

½0; 1�: Hence, g : R3 ! ½0; 1� is onto. Thus, we have seen that g is a smooth
function from R

3 onto ½0; 1� such that for every x in R
3;

gðxÞ ¼
1 if xj j � e

2 ;
0 if e� xj j;
positive if xj j\e:

8<:
Next, let us define a function h : R3 ! ½0; 1� as follows: For every x in R

3;

hðxÞ � gðx� aÞ:
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1. Since g is a smooth function, and x 7! ðx� aÞ is a smooth function, their
composite h : x 7! gðx� aÞ is also a smooth function.

2. Since x 7! ðx� aÞ is a function from R
3 onto R3; and g from R

3 onto ½0; 1�; their
composite h : x 7! gðx� aÞ is onto.

3. If x is in BeðaÞ, then jx� aj\e; and hence, hðxÞð¼ gðx� aÞÞ is positive.
4. For every x in fx : x 2 R

3; jx� aj\ e
2g, we have jx� aj\ e

2 ; and therefore,
hðxÞ ¼ gðx� aÞ ¼ 1:

5. For every x 62 BeðaÞ; we have e� jx� aj; and hence, hðxÞ ¼ gðx� aÞ ¼ 0: h

Note 3.51 We shall try to prove that there exists a smooth function h : R ! R

such that

1. hðtÞ ¼ 1 if t� 1;
2. 0\hðtÞ\1 if 1\t\2;
3. hðtÞ ¼ 0 if 2� t:

In the proof of Theorem 3.50, we have seen that the function f : R ! R is defined
as follows: For every t in R;

f ðtÞ � e�
1
t if 0\t

0 if t� 0;



is smooth. Now, let us define the function h : R ! R as follows: For every t in R;

hðtÞ � f 2� tð Þ
f 2� tð Þ þ f t � 1ð Þ :

If t� 1; then �1� � t; and hence, 1� 2� t: If t� 1; then t � 1� 0; and hence,
f ðt � 1Þ ¼ 0: Thus, for t� 1;

hðtÞ ¼ e�
1

2�t

e� 1
2�t þ 0

¼ 1:

If 2� t; then 2� t� 0; and hence, f ð2� tÞ ¼ 0: If 2� t; then 1� t � 1: Thus,
for 2� t;

hðtÞ ¼ 0

0þ e� 1
t�1

¼ 0:

If 1\t\2; then 0\t � 1; and hence,

0\e�
1

t�1 ¼ f t � 1ð Þ:
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If 1\t\2; then 0\2� t; and hence, 0\e�
1

2�t ¼ f ð2� tÞ: It follows that for
1\t\2;

hðtÞ ¼ e�
1

2�t

e�
1

2�t þ e�
1

t�1

2 0; 1ð Þ:

It remains to show that h is smooth. Since f is smooth, and t 7! 2� t is smooth,
their composite t 7! f ð2� tÞ is smooth. Similarly, t 7! f ðt � 1Þ is smooth. This
shows that

t 7! f 2� tð Þ
f 2� tð Þ þ f t � 1ð Þ ¼ hðtÞð Þ

is smooth, and hence, h is smooth. h

Here, we observe that

1. hðtÞ ¼ 1 if and only if t� 1;
2. hðtÞ ¼ 0 if and only if 2� t;
3. 0\hðtÞ\1 if and only if 1\t\2:

Note 3.52 We shall try to prove that there exists a function H : R3 ! ½0; 1� such
that

1. H is smooth,
2. HðxÞ ¼ 1; if x is in the closed ball B1½0�ð¼ fx : x 2 R

3; jxj � 1gÞ;
3. the closure ðH�1ðð0; 1�ÞÞ� of H�1ðð0; 1�Þ is equal to the closed ball

B2½0�ð¼ fx : x 2 R
3; jxj � 2gÞ:

Let us define the function H : R3 ! ½0; 1� as follows: For every x � ðx1; x2; x3Þ
in R

3;

HðxÞ � h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q� �
;

where h denotes the function as defined in Note 3.51.

For 1: Since x � ðx1; x2; x3Þ 7! ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2

q
Þ is a smooth function

over R3 � fð0; 0; 0Þg; and h : R ! ½0; 1� is a smooth function, their com-

posite x 7! hð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2

q
Þð¼ HðxÞÞ is a smooth function from
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R
3 � fð0; 0; 0Þg to ½0; 1�: It remains to show that ðx1; x2; x3Þ 7! h

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2

q
Þ is smooth at ð0; 0; 0Þ: Here,

lim
t ! 0
t[ 0

h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0þ tð Þ2þð0Þ2 þ ð0Þ2

q� �
� h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0Þ2 þ ð0Þ2 þ ð0Þ2

q� �
t

¼ lim
t ! 0
t[ 0

hðtÞ � hð0Þ
t

¼ lim
t ! 0
t[ 0

1� 1
t

¼ lim
t ! 0
t[ 0

0 ¼ 0;

and

lim
t ! 0
t[ 0

h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0� tð Þ2þð0Þ2 þ ð0Þ2

q� �
� h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0Þ2 þ ð0Þ2 þ ð0Þ2

q� �
�t

¼ lim
t ! 0
t[ 0

hðtÞ � hð0Þ
�t

¼ lim
t ! 0
t[ 0

1� 1
�t

¼ lim
t ! 0
t[ 0

0 ¼ 0:

Since

lim
t ! 0
t[ 0

h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0þ tð Þ2þð0Þ2 þ ð0Þ2

q� �
� h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0Þ2 þ ð0Þ2 þ ð0Þ2

q� �
t

¼ 0

¼ lim
t ! 0
t[ 0

h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0� tð Þ2þð0Þ2 þ ð0Þ2

q� �
� h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0Þ2 þ ð0Þ2 þ ð0Þ2

q� �
�t

;

ðD1HÞð0; 0; 0Þ exists, and its value is 0. Also, for ðx1; x2; x3Þ 6¼ ð0; 0; 0Þ;

D1Hð Þ x1; x2; x3ð Þ ¼ h0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q� �� �
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q 2x1 þ 0þ 0ð Þ

¼ x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q h0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q� �
:
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Thus,

D1Hð Þ x1; x2; x3ð Þ ¼
x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1ð Þ2þ x2ð Þ2þ x3ð Þ2
p h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q� �
if x1; x2; x3ð Þ 6¼ 0; 0; 0ð Þ

0 if x1; x2; x3ð Þ ¼ 0; 0; 0ð Þ:

8<:
Now, we want to show that D1H is continuous at ð0; 0; 0Þ:
We recall that the smooth function h : R ! R is defined as follows: For every
t in R;

hðtÞ ¼ f 2� tð Þ
f 2� tð Þ þ f t � 1ð Þ : Also f ðxÞ � e�

1
x if 0\x;

0 if x� 0;



and f 0ðxÞ

¼ 0 if x� 0;
1
x2 e

�1
x if 0\x:




So

h0ðtÞ ¼ f 0 2� tð Þð Þ �1ð Þ f 2� tð Þ þ f t � 1ð Þð Þ � f 2� tð Þð Þ �f 0 2� tð Þ þ f 0 t � 1ð Þð Þ
f 2� tð Þ þ f t � 1ð Þð Þ2 ;

and hence,

h0ð0Þ ¼ f 0 2� 0ð Þð Þ �1ð Þ f 2� 0ð Þ þ f 0� 1ð Þð Þ � f 2� 0ð Þð Þ �f 0 2� 0ð Þ þ f 0 0� 1ð Þð Þ
f 2� 0ð Þ þ f 0� 1ð Þð Þ2

¼ f 0ð2Þð Þ �1ð Þ f ð2Þ þ f �1ð Þð Þ � f ð2Þð Þ �f 0ð2Þ þ f 0 �1ð Þð Þ
f ð2Þ þ f �1ð Þð Þ2

¼ f 0ð2Þð Þ �1ð Þ f ð2Þ þ 0ð Þ � f ð2Þð Þ �f 0ð2Þ þ 0ð Þ
f ð2Þ þ 0ð Þ2 ¼ 0

e�1
2

	 
2 ¼ 0:

Thus, h0ð0Þ ¼ 0: Since for ðx1; x2; x3Þ 6¼ ð0; 0; 0Þ; we have

0� x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q
�������

�������� 1;

and h0ð0Þ ¼ 0;

lim
x1;x2;x3ð Þ! 0;0;0ð Þ

D1Hð Þ x1; x2; x3ð Þ

¼ lim
x1;x2;x3ð Þ! 0;0;0ð Þ

x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q h0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð Þ2þ x2ð Þ2þ x3ð Þ2

q� �
¼ 0 ¼ D1Hð Þ 0; 0; 0ð Þ:
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This shows that D1H is continuous at ð0; 0; 0Þ: Similarly, D2H is continuous at
ð0; 0; 0Þ; and D3H is continuous at ð0; 0; 0Þ: Similarly, higher partial derivatives of
H exist at ð0; 0; 0Þ: This shows that H is smooth.
For 2: Let us take any x � ðx1; x2; x3Þ satisfying jxj � 1: So

HðxÞ ¼ hð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1Þ2 þ ðx2Þ2 þ ðx3Þ2

q
Þ ¼ hðjxjÞ ¼ 1:

For 3: Let us take any a � ða1; a2; a3Þ in ðH�1ðð0; 1�ÞÞ�: We have to show thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1Þ2 þ ða2Þ2 þ ða3Þ2

q
� 2: If not, otherwise, let 2\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1Þ2 þ ða2Þ2 þ ða3Þ2

q
:

We have to arrive at a contradiction. Since 2\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1Þ2 þ ða2Þ2 þ ða3Þ2

q
¼ jaj;

there exists a real number e[ 0 such that the open ball BeðaÞ contains no point of
B2½0�: Since BeðaÞ is an open neighborhood of a, and a is in ðH�1ðð0; 1�ÞÞ�; there
exists b in H�1ðð0; 1�Þ such that b is in BeðaÞ: Since b is in H�1ðð0; 1�Þ; hðjbjÞ ¼
HðbÞ 2 ð0; 1�: Since hðjbjÞ 2 ð0; 1�; and hðtÞ ¼ 0 if and only if 2� t; jbj\2; and
hence, b is in B2½0�: Since b is in B2½0�; and BeðaÞ contains no point of B2½0�; b is
not in BeðaÞ; a contradiction. Thus, we have shown that ðH�1ðð0; 1�ÞÞ� 
 B2½0�:
It remains to prove that B2½0� 
 ðH�1ðð0; 1�ÞÞ�: Let us take any a in B2½0�: We
have to prove that a 2 ðH�1ðð0; 1�ÞÞ�: Since a is in B2½0�; jaj � 2:

Case I: when jaj\2. Since jaj\2; and hðtÞ ¼ 0 if and only if 2� t;
0\hðjajÞ ¼ HðaÞ� 1; and hence, a 2 H�1ðð0; 1�Þ 
 ðH�1ðð0; 1�ÞÞ�: Hence,
a 2 ðH�1ðð0; 1�ÞÞ�:

Case II: when jaj ¼ 2. For every positive integer n[ 1;

lim
n!1 1� 1

2n

� �
a ¼ a;

and

1� 1
2n

� �
a

���� ���� ¼ 1� 1
2n

� �
aj j ¼ 1� 1

2n

� �
2 ¼ 2� 1

n
2 1; 2ð Þ:

Since

1� 1
2n

� �
a

���� ���� 2 1; 2ð Þ;

H 1� 1
2n

� �
a

� �
¼ h 1� 1

2n

� �
a

���� ����� �
2 0; 1ð Þ 
 0; 1ð �;

and hence,

1� 1
2n

� �
a 2 H�1 0; 1ð �ð Þ:
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Since, for every positive integer, n[ 1;

1� 1
2n

� �
a 2 H�1 0; 1ð �ð Þ;

and

lim
n!1 1� 1

2n

� �
a ¼ a; so a 2 H�1 0; 1ð �ð Þ	 
�

:

hThus, we see that in all cases, a 2 ðH�1ðð0; 1�ÞÞ�:
As above, we can show that there exists a function H : Rn ! ½0; 1� such that

1. H is smooth,
2. HðxÞ ¼ 1; if x is in the closed ball B1½0�ð¼ fx : x 2 R

n; jxj � 1gÞ;
3. the closure ðH�1ðð0; 1�ÞÞ� of H�1ðð0; 1�Þ is equal to the closed ball

B2½0�ð¼ fx : x 2 R
n; jxj � 2gÞ:

Definition Let h : R ! R be a smooth function. If

1. hðtÞ ¼ 1 if t� 1;
2. 0\hðtÞ\1 if 1\t\2;
3. hðtÞ ¼ 0 if 2� t;
then we say that h is a cutoff function. By Note 3.51, there exists a cutoff function.

Definition Let X be a topological space. Let f : X 7!R be any function. The clo-
sure ðf�1ðR� f0gÞÞ� of f�1ðR� f0gÞ is called the support of f and is denoted by
supp f : By f is compactly supported, we mean that supp f is a compact set. By the
note 3.52, there exists a function H : Rn ! ½0; 1� such that

1. H is smooth,
2. HðxÞ ¼ 1; if x is in the closed ball B1½0�;
3. supp H ¼ B2½0�:

Definition Let X be a topological space. Let f : X 7!R be any function. Let S be
any nonempty subset of X. If supp f is contained in S, then we say that f is sup-
ported in S.

Definition Let H : Rn ! ½0; 1� be a function. Let F be a closed subset of Rn; and
let G be an open subset of Rn: If

1. H is smooth,
2. HðxÞ ¼ 1; if x is in F,
3. H is supported in G,
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then we say that H is a smooth bump function corresponding to closed set F and
open set G. By Note 3.52, there exists a smooth bump function corresponding to
closed set B1½0� and open set B3ð0Þ:

Theorem 3.53 Let F be a nonempty closed subset of R3; and let K be a nonempty
compact subset of R3: If F and K are disjoint, then there exists a function r :

R
3 ! ½0; 1� such that

1. r is smooth,
2. for every x in F; rðxÞ ¼ 0;
3. for every x in K; rðxÞ ¼ 1;
4. r is onto.

Proof Since F and K are disjoint, K 
 Fc where Fc denotes the complement of
F. Since F is a closed subset of R3; Fc is an open set. Let us take any x in K. Since
x 2 K 
 Fc; x 2 Fc: Since x 2 Fc; and Fc is an open set, there exists a real number
dx [ 0 such that x 2 B1

2dx
ðxÞ 
 Fc: It follows that the collection fB1

2dx
ðxÞ : x 2 Kg is

an open cover of K. Further, since K is compact, there exist finite many
x1; x2; . . .; xn in K such that K is contained in B1

2dx1
ðx1Þ [ B1

2dx2
ðx2Þ [ � � � [ B1

2dxn
ðxnÞ:

Since (see Fig. 3.1)

B1
2dx1

x1ð Þ 
 Fc; B1
2dx2

x2ð Þ 
 Fc; . . .;B1
2dxn

xnð Þ 
 Fc;

ðB1
2dx1

ðx1Þ [ B1
2dx2

ðx2Þ [ � � � [ B1
2dxn

ðxnÞÞ 
 Fc: Now, for every i ¼ 1; 2; . . .; n; by
Theorem 3.50, there exist functions hi : R3 ! ½0; 1� such that

1. hi is smooth,
2. hi is onto,
3. for every x in B1

2dxi
ðxiÞ; hiðxÞ[ 0;

4. for every x in fx : x 2 R
3; jx� xij\ 1

2 dxig; hiðxÞ ¼ 1;
5. for every x 62 B1

2dxi
ðxiÞ; hiðxÞ ¼ 0:

Fig. 3.1 F and K are disjoint
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Now, let us define a function r : R3 ! ½0; 1� as follows: For every x in R
3;

rðxÞ � 1� 1� h1ðxÞð Þ 1� h2ðxÞð Þ � � � 1� hnðxÞð Þð Þ:

Since 0� h1 � 1, for every x in R
3; 0� 1� h1ðxÞ� 1: Similarly, for every x in

R
3; 0� 1� h2ðxÞ� 1; . . .; 0� 1� hnðxÞ� 1: Hence, for every x in R

3;

0�ð1� h1ðxÞÞð1� h2ðxÞÞ � � � ð1� hnðxÞÞ� 1: It follows that for every x in R
3;

0� 1� ðð1� h1ðxÞÞð1� h2ðxÞÞ � � � ð1� hnðxÞÞÞ� 1: Thus, we have shown that r :

R
3 ! ½0; 1� is a well-defined function.

1. Since each hi is smooth, r : x 7! 1� ðð1� h1ðxÞÞð1� h2ðxÞÞ � � � ð1� hnðxÞÞÞ is
smooth.

2. Let us take any x in F. Since x is in F, and
ðB1

2dx1
ðx1Þ [ B1

2dx2
ðx2Þ [ � � � [ B1

2dxn
ðxnÞÞ 
 Fc; x 62 ðB1

2dx1
ðx1Þ [ B1

2dx2
ðx2Þ [ � � � [

B1
2dxn

ðxnÞÞ; and hence, for every i ¼ 1; 2; . . .; n; we have x 62 B1
2dxi

ðxiÞ: Thus,

rðxÞ ¼ 1� ðð1� 0Þð1� 0Þ � � � ð1� 0ÞÞ ¼ 0:
3. Let us take any x in K. Since x is in K, and K is contained in B1

2dx1
ðx1Þ [

B1
2dx2

ðx2Þ [ � � � [ B1
2dxn

ðxnÞ; there exists j 2 f1; 2; . . .; ng such that x 2 B1
2dxj

ðxjÞ:
For simplicity, let us take 1 for j. Now, since x 2 B1

2dx1
ðx1Þ; h1ðxÞ ¼ 1; and

hence, rðxÞ ¼ 1� ðð1� 1Þð1� h2ðxÞÞ � � � ð1� hnðxÞÞÞ ¼ 1:
4. Since F is nonempty, there exists a in F. Hence, rðaÞ ¼ 0: Thus, the function r

assumes 0. Similarly, r assumes 1. Since r : R3 ! ½0; 1�; and r is smooth, r is
continuous. Since r : R3 ! ½0; 1� is continuous, r assumes 0, and r assumes 1,
r assumes all values of ½0; 1�: Hence, r : R3 ! ½0; 1� is onto. h

Note 3.54 The result similar to Theorem 3.53 can be proved as above for Rn in
place of R3:

Theorem 3.55 Let a be in R
3: Let U be an open neighborhood of a in R

3: Let
f : U ! R be any function. If f is smooth, then there exist an open neighborhood V
of a and a function F : R3 ! R such that

1. V is contained in U,
2. for every x in V, FðxÞ ¼ f ðxÞ;
3. for every x 62 U; FðxÞ ¼ 0;
4. F is smooth.

Proof Since U is an open neighborhood of a, there exists a real number e[ 0 such
that BeðaÞ 
 U: Since Be=3½a�ð� fx : x 2 R

3; jx� aj � e
3gÞ is a closed and bounded

subset of R3; Be=3½a� is compact. Since Be=3½a� 
 Be=2ðaÞ; Be=3½a� and R
3 � Be=2ðaÞ
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are disjoint sets. Since Be=2ðaÞ is an open set, R3 � Be=2ðaÞ is a closed set. Now, by
Theorem 3.53, there exists a function r : R3 ! ½0; 1� such that

1. r is smooth,
2. for every x in R

3 � Be=2ðaÞ; rðxÞ ¼ 0;
3. for every x in Be=3½a�; rðxÞ ¼ 1;
4. r is onto.

Let us take Be=3ðaÞ for V. Let us define a function F : R3 ! R as follows: For
every x in R

3;

FðxÞ � f ðxÞrðxÞ if x 2 U;
0 if x 62 U:



1. Since V ¼ Be=3ðaÞ 
 BeðaÞ 
 U; V is contained in U.
2. For every x in V, we have x 2 V ¼ Be=3ðaÞ 
 Be=3½a� 
 BeðaÞ 
 U; and hence,

FðxÞ ¼ f ðxÞrðxÞ ¼ f ðxÞ1 ¼ f ðxÞ:
3. Let us take any x 62 U: Hence, by the definition of F, we have FðxÞ ¼ 0:
4. Since f and r both are smooth on the open set U, their product x 7! f ðxÞrðxÞ is

smooth on U. Further, for x 2 U, we have FðxÞ ¼ f ðxÞrðxÞ; so F is smooth over
U. Since for every x in U � Be=2ðaÞ; we have FðxÞ ¼ f ðxÞrðxÞ ¼ f ðxÞ0 ¼ 0:
Hence, by 3, for every x in R3 � Be=2ðaÞ; FðxÞ ¼ 0: This shows that F is smooth
over the open set R3 � Be=2½a�: Since F is smooth over the open set U, and F is
smooth over the open set R3 � Be=2½a�; F is smooth over the open set U [
ðR3 � Be=2½a�Þð¼ R

3Þ: Thus, F : R3 ! R is a smooth function. h

Note 3.56 The result similar to Theorem 3.55 can be proved as above for Rn in
place of R3:

3.7 The Constant Rank Theorem in R
n

Theorem 3.57 Let A0 be an open neighborhood of ð0; 0; 0Þ in R
3: Let B0 be an

open subset of R4: Let F : A0 ! B0 be a function. If

(i) F is a C2 function,
(ii) for every x in A0; the linear transformation F0ðxÞ has rank 2,
(iii) Fð0; 0; 0Þ ¼ ð0; 0; 0; 0Þ;

then there exist an open neighborhood A of ð0; 0; 0Þ in R3; an open neighborhood B
of ð0; 0; 0; 0Þ in R

4; an open subset U of R3; an open subset V of R4; a function
G : A ! U; and a function H : B ! V such that
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1. A is contained in A0; and B is contained in B0;

2. G is a C2 diffeomorphism (i.e., G is 1–1 onto, G is a C2 function, and G�1 is a
C2 function),

3. H is a C2 diffeomorphism,
4. FðAÞ 
 B;
5. For every x � ðx1; x2; x3Þ in U, ðH 	 F 	 G�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:

Proof Let F � ðF1;F2;F3;F4Þ: Since ð0; 0; 0Þ is in A0; the linear transformation
F0ð0; 0; 0Þ has rank 2. Hence,

rank

D1F1ð Þ 0; 0; 0ð Þ D2F1ð Þ 0; 0; 0ð Þ D3F1ð Þ 0; 0; 0ð Þ
D1F2ð Þ 0; 0; 0ð Þ D2F2ð Þ 0; 0; 0ð Þ D3F2ð Þ 0; 0; 0ð Þ
D1F3ð Þ 0; 0; 0ð Þ D2F3ð Þ 0; 0; 0ð Þ D3F3ð Þ 0; 0; 0ð Þ
D1F4ð Þ 0; 0; 0ð Þ D2F4ð Þ 0; 0; 0ð Þ D3F4ð Þ 0; 0; 0ð Þ

2664
3775 ¼ 2:

This shows that there exists a nonzero 2� 2 minor determinant of

D1F1ð Þ 0; 0; 0ð Þ D2F1ð Þ 0; 0; 0ð Þ D3F1ð Þ 0; 0; 0ð Þ
D1F2ð Þ 0; 0; 0ð Þ D2F2ð Þ 0; 0; 0ð Þ D3F2ð Þ 0; 0; 0ð Þ
D1F3ð Þ 0; 0; 0ð Þ D2F3ð Þ 0; 0; 0ð Þ D3F3ð Þ 0; 0; 0ð Þ
D1F4ð Þ 0; 0; 0ð Þ D2F4ð Þ 0; 0; 0ð Þ D3F4ð Þ 0; 0; 0ð Þ

2664
3775:

For simplicity, let

det
D1F1ð Þ 0; 0; 0ð Þ D2F1ð Þ 0; 0; 0ð Þ
D1F2ð Þ 0; 0; 0ð Þ D2F2ð Þ 0; 0; 0ð Þ

� �
6¼ 0:

Now, let us define a function G : A0 ! R
3 as follows: For every ðx1; x2; x3Þ in

A0;

G x1; x2; x3ð Þ ¼ F1 x1; x2; x3ð Þ;F2 x1; x2; x3ð Þ; x3ð Þ:

Since ðF1;F2;F3;F4Þ � F : A0 ! B0 
 R
4 is a C2 function, each Fi : A0 ! R

is a C2 function, and hence, each component function of G is C2: This shows that
G is a C2 function. Also, for every x � ðx1; x2; x3Þ in A0;

G0ðxÞ ¼
D1F1ð Þ x1; x2; x3ð Þ
D1F2ð Þ x1; x2; x3ð Þ
0

D2F1ð Þ x1; x2; x3ð Þ
D2F2ð Þ x1; x2; x3ð Þ
0

D3F1ð Þ x1; x2; x3ð Þ
D3F2ð Þ x1; x2; x3ð Þ
1

24 35:
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Hence,

det G0 0; 0; 0ð Þð Þ ¼ det

D1F1ð Þ 0; 0; 0ð Þ
D1F2ð Þ 0; 0; 0ð Þ
0

D2F1ð Þ 0; 0; 0ð Þ
D2F2ð Þ 0; 0; 0ð Þ
0

D3F1ð Þ 0; 0; 0ð Þ
D3F2ð Þ 0; 0; 0ð Þ
1

264
375

¼ det
D1F1ð Þ 0; 0; 0ð Þ D2F1ð Þ 0; 0; 0ð Þ
D1F2ð Þ 0; 0; 0ð Þ D2F2ð Þ 0; 0; 0ð Þ

� �
6¼ 0:

Since detðG0ð0; 0; 0ÞÞ is nonzero, G0ð0; 0; 0Þ is invertible. Now, we can apply the
inverse function theorem on G : A0 ! R

3: There exists an open neighborhood A1

of ð0; 0; 0Þ such that

1. A1 is contained in A0;
2. G is 1–1 on A1 (i.e., if x and y are in A1; and GðxÞ ¼ GðyÞ; then x ¼ y),
3. GðA1Þ is open in R

3;

4. the 1–1 function G�1 from GðA1Þ onto A1is a C2 function.

Now, since ðF1ð0; 0; 0Þ;F2ð0; 0; 0Þ;F3ð0; 0; 0Þ;F4ð0; 0; 0ÞÞ ¼ Fð0; 0; 0Þ ¼
ð0; 0; 0; 0Þ; each Fið0; 0; 0Þ ¼ 0: Next, since ð0; 0; 0Þ is in A0; and G : A0 ! R

3;
Gð0; 0; 0Þ ¼ ðF1ð0; 0; 0Þ;F2ð0; 0; 0Þ; 0Þ ¼ ð0; 0; 0Þ: Thus, Gð0; 0; 0Þ ¼ ð0; 0; 0Þ:
Since G is 1–1 on A1; Gð0; 0; 0Þ ¼ ð0; 0; 0Þ; and ð0; 0; 0Þ is in A1; G�1ð0; 0; 0Þ ¼
ð0; 0; 0Þ: Now, ðF 	 G�1Þð0; 0; 0Þ ¼ FðG�1ð0; 0; 0ÞÞ ¼ Fð0; 0; 0Þ ¼ ð0; 0; 0; 0Þ:
Thus, ðF 	 G�1Þð0; 0; 0Þ ¼ ð0; 0; 0; 0Þ: Since A1 is contained inA0; andF : A0 ! B0;

ðF 	 G�1ÞðGðA1ÞÞ ¼ FðA1Þ 
 B0: Thus, F 	 G�1 : GðA1Þ ! B0. For every
ðx1; x2; x3Þ in GðA1Þ, there exists ðy1; y2; y3Þ in A1 such that ðx1; x2; x3Þ ¼
Gðy1; y2; y3Þ ¼ ðF1ðy1; y2; y3Þ;F2ðy1; y2; y3Þ; y3Þ. Further, since G is 1–1 on A1;

F 	 G�1	 

x1; x2; x3ð Þ ¼ F G�1 x1; x2; x3ð Þ	 
 ¼ F y1; y2; y3ð Þ

¼ F1 y1; y2; y3ð Þ;F2 y1; y2; y3ð Þ;F3 y1; y2; y3ð Þ;F4 y1; y2; y3ð Þð Þ
¼ x1; x2;F3 y1; y2; y3ð Þ;F4 y1; y2; y3ð Þð Þ
¼ x1; x2;F3 G�1 x1; x2; x3ð Þ	 


;F4 G�1 x1; x2; x3ð Þ	 
	 

¼ x1; x2; F3 	 G�1	 


x1; x2; x3ð Þ; F4 	 G�1	 

x1; x2; x3ð Þ	 


:

Thus, for every ðx1; x2; x3Þ in GðA1Þ;

F 	 G�1	 

x1; x2; x3ð Þ ¼ x1; x2; F3 	 G�1	 


x1; x2; x3ð Þ; F4 	 G�1	 

x1; x2; x3ð Þ	 


:
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Hence, for every x � ðx1; x2; x3Þ in GðA1Þ;

F 	 G�1	 
0ðxÞ ¼ 1
0
D1 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ
D1 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

0
1
D2 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ
D2 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

0
0
D3 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ
D3 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

2664
3775:

Also, for every x � ðx1; x2; x3Þ in GðA1Þ;

1
0
0

0
1
0

0
0
1

24 35 ¼ I 0ðxÞ ¼ G 	 G�1	 
0ðxÞ ¼ G0 G�1ðxÞ	 
	 
 	 G�1	 
0ðxÞ� �
;

so

0 6¼ 1 ¼ det

1
0
0

0
1
0

0
0
1

24 35 ¼ det G0 G�1ðxÞ	 
	 
 	 G�1	 
0ðxÞ� �� �
¼ det G0 G�1ðxÞ	 
	 
	 


det G�1	 
0ðxÞ� �� �
:

It follows that detððG�1Þ0ðxÞÞ 6¼ 0; and hence, ðG�1Þ0ðxÞ is invertible for every
x in GðA1Þ: Since for every x � ðx1; x2; x3Þ in GðA1Þ; ðF 	 G�1Þ0ðxÞ ¼
ðF0ðG�1ðxÞÞÞ 	 ððG�1Þ0ðxÞÞ; and ðG�1Þ0ðxÞ is invertible,

rank

1

0

D1 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ
D1 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

0

1

D2 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ
D2 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

0

0

D3 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ
D3 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

26664
37775

¼ rank F 	 G�1
	 
0ðxÞ� �

¼ rank F0 G�1ðxÞ	 
	 
 	 G�1
	 
0ðxÞ� �� �

¼ rank F0 G�1ðxÞ	 
	 
 ¼ 2:

Thus, for every x � ðx1; x2; x3Þ in GðA1Þ;

D3 F3 	 G�1
	 
	 


x1; x2; x3ð Þ

¼ det

1

0

D1 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ

0

1

D2 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ

0

0

D3 F3 	 G�1ð Þð Þ x1; x2; x3ð Þ

264
375 ¼ 0;

and

D3 F4 	 G�1
	 
	 


x1; x2; x3ð Þ

¼ det

1

0

D1 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

0

1

D2 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

0

0

D3 F4 	 G�1ð Þð Þ x1; x2; x3ð Þ

264
375 ¼ 0:
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It follows that for every x � ðx1; x2; x3Þ in GðA1Þ; F3 	 G�1 and F4 	 G�1 are
functions of x1; x2 only.

Since Gð0; 0; 0Þ ¼ ð0; 0; 0Þ; A1 is an open neighborhood of ð0; 0; 0Þ; and GðA1Þ
is open in R

3; GðA1Þ is an open neighborhood of ð0; 0; 0Þ; and hence, GðA1Þ � R is
an open neighborhood of ð0; 0; 0; 0Þ in R

4: Let us define a function T : GðA1Þ �
R ! R

4 as follows: For every ðy1; y2; y3; y4Þ in GðA1Þ � R;

T y1; y2; y3; y4ð Þ � y1; y2; y3 þ F3 	 G�1	 

y1; y2; y3ð Þ; y4 þ F4 	 G�1	 


y1; y2; y3ð Þ	 

:

Here, each component function of T is C2; so T is a C2 function, and hence, T is
continuous. Here,

F1 	 G�1	 

0; 0; 0ð Þ; F2 	 G�1	 


0; 0; 0ð Þ; F3 	 G�1	 

0; 0; 0ð Þ; F4 	 G�1	 


0; 0; 0ð Þ	 

¼ F1 G�1 0; 0; 0ð Þ	 


;F2 G�1 0; 0; 0ð Þ	 

;F3 G�1 0; 0; 0ð Þ	 


;F4 G�1 0; 0; 0ð Þ	 
	 

¼ F G�1 0; 0; 0ð Þ	 
 ¼ F 	 G�1	 


0; 0; 0ð Þ ¼ 0; 0; 0; 0ð Þ;

so

T 0; 0; 0; 0ð Þ ¼ 0; 0; 0þ F3 	 G�1	 

0; 0; 0ð Þ; 0þ F4 	 G�1	 


0; 0; 0ð Þ	 

¼ 0; 0; F3 	 G�1	 


0; 0; 0ð Þ; F4 	 G�1	 

0; 0; 0ð Þ	 
 ¼ 0; 0; 0; 0ð Þ:

Since T : GðA1Þ � R ! R
4 is continuous, Tð0; 0; 0; 0Þ ¼ ð0; 0; 0; 0Þ; and B0 be

an open neighborhood of ð0; 0; 0; 0Þ in R
4, there exists an open neighborhood V1 of

ð0; 0; 0; 0Þ such that V1 is contained in GðA1Þ � R; and TðV1Þ is contained in B0:
Now, for every y � ðy1; y2; y3; y4Þ in V1;

T 0 y1; y2; y3; y4ð Þ

¼

1

0

D1 y3 þ F3 	 G�1ð Þ y1; y2; y3ð Þð Þ
D1 y4 þ F4 	 G�1ð Þ y1; y2; y3ð Þð Þ

0

1

D2 y3 þ F3 	 G�1ð Þ y1; y2; y3ð Þð Þ
D2 y4 þ F4 	 G�1ð Þ y1; y2; y3ð Þð Þ

26664
0

0

D3 y3 þ F3 	 G�1ð Þ y1; y2; y3ð Þð Þ
D3 y4 þ F4 	 G�1ð Þ y1; y2; y3ð Þð Þ

0

0

D4 y3 þ F3 	 G�1ð Þ y1; y2; y3ð Þð Þ
D4 y4 þ F4 	 G�1ð Þ y1; y2; y3ð Þð Þ

37775
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¼

1

0

0þ D1 F3 	 G�1ð Þ y1; y2; y3ð Þ
0þ D1 F3 	 G�1ð Þ y1; y2; y3ð Þ

0

1

0þ D2 F3 	 G�1ð Þ y1; y2; y3ð Þ
0þ D2 F4 	 G�1ð Þ y1; y2; y3ð Þ

26664
0

0

1þ D3 F3 	 G�1ð Þ y1; y2; y3ð Þ
0þ D3 F4 	 G�1ð Þ y1; y2; y3ð Þ

0

0

0

1þ D4 F4 	 G�1ð Þ y1; y2; y3ð Þ

37775

¼

1

0

D1 F3 	 G�1ð Þ y1; y2; y3ð Þ
D1 F3 	 G�1ð Þ y1; y2; y3ð Þ

0

1

D2 F3 	 G�1ð Þ y1; y2; y3ð Þ
D2 F4 	 G�1ð Þ y1; y2; y3ð Þ

26664
0

0

1þ D3 F3 	 G�1ð Þ y1; y2; y3ð Þ
D3 F4 	 G�1ð Þ y1; y2; y3ð Þ

0

0

0

1þ D4 F4 	 G�1ð Þ y1; y2; y3ð Þ

37775

¼

1

0

D1 F3 	 G�1ð Þ y1; y2; y3ð Þ
D1 F3 	 G�1ð Þ y1; y2; y3ð Þ

0

1

D2 F3 	 G�1ð Þ y1; y2; y3ð Þ
D2 F4 	 G�1ð Þ y1; y2; y3ð Þ

0

0

1þ 0

0

0

0

0

1þ 0

26664
37775

¼

1

0

D1 F3 	 G�1ð Þ y1; y2; y3ð Þ
D1 F3 	 G�1ð Þ y1; y2; y3ð Þ

0

1

D2 F3 	 G�1ð Þ y1; y2; y3ð Þ
D2 F4 	 G�1ð Þ y1; y2; y3ð Þ

0

0

1

0

0

0

0

1

26664
37775

Hence, for every y � ðy1; y2; y3; y4Þ in V1;

det T 0 y1; y2; y3; y4ð Þð Þ ¼ det

1
0
D1 F3 	 G�1ð Þ y1; y2; y3ð Þ
D1 F3 	 G�1ð Þ y1; y2; y3ð Þ

0
1
D2 F3 	 G�1ð Þ y1; y2; y3ð Þ
D2 F4 	 G�1ð Þ y1; y2; y3ð Þ

0
0
1
0

0
0
0
1

2664
3775 ¼ 1 6¼ 0:

Since for every y � ðy1; y2; y3; y4Þ in V1; detðT 0ðy1; y2; y3; y4ÞÞ is nonzero,
T 0ðy1; y2; y3; y4Þ is invertible, and hence, T 0ð0; 0; 0; 0Þ is invertible. Now, we can
apply the inverse function theorem on T : V1 ! R

4: There exists an open neigh-
borhood V of ð0; 0; 0; 0Þ such that

1. V is contained in V1;
2. T is 1–1 on V (i.e., if x and y are in V, and TðxÞ ¼ TðyÞ; then x ¼ y),
3. TðVÞ is open in R

4;

4. the 1–1 function T�1 from TðVÞ onto V is a C2 function.
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Here, ð0; 0; 0; 0Þ is in V, and Tð0; 0; 0; 0Þ ¼ ð0; 0; 0; 0Þ; so ð0; 0; 0; 0Þ is in TðVÞ:
Further, since TðVÞ is open in R

4; TðVÞ is an open neighborhood of ð0; 0; 0; 0Þ in
R

4: Since G�1 is a C2 function from GðA1Þ onto A1; A1 is contained in A0; and
F : A0 ! B0 is a C2 function, their composite function F 	 G�1 GðA1Þ ! B0 is C2:
Since GðA1Þ is an open neighborhood of ð0; 0; 0Þ; ð0; 0; 0Þ is in GðA1Þ: Since
ð0; 0; 0Þ is in GðA1Þ; and F 	 G�1 : GðA1Þ ! B0 is C2; F 	 G�1 : GðA1Þ ! B0 is
continuous at ð0; 0; 0Þ: Since F 	 G�1 : GðA1Þ ! B0 is continuous at ð0; 0; 0Þ;
ðF 	 G�1Þð0; 0; 0Þ ¼ ð0; 0; 0; 0Þ; and TðVÞ is an open neighborhood of
Tð0; 0; 0; 0Þð¼ ð0; 0; 0; 0ÞÞ; there exists an open neighborhood U of ð0; 0; 0Þ such
that U is contained in GðA1Þ and ðF 	 G�1ÞðUÞ is contained in TðVÞ:

Now, let us take the 1–1 function T�1 from TðVÞ onto V for H, the open set
TðVÞ for B, and G�1ðUÞ for A. It remains to prove the following:

(i) A is an open neighborhood of ð0; 0; 0Þ;
(ii) B is an open neighborhood of ð0; 0; 0; 0Þ;
(iii) U is an open subset of R3;

(iv) V is an open subset of R4;
(v) G : A ! U is 1–1,
(vi) G : A ! U is onto,
(vii) G : A ! U is C2;

(viii) G�1 : U ! A is C2;
(ix) H : B ! V is 1–1,
(x) H : B ! V is onto,
(xi) H : B ! V is C2;

(xii) H�1 : V ! B is C2;
(xiii) A is contained in A0;
(xiv) B is contained in B0;
(xv) FðAÞ 
 B
(xvi) For every x � ðx1; x2; x3Þ in U, ðH 	 F 	 G�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:
For (i): Since G : A1 ! GðA1Þ is a C2 function, and ð0; 0; 0Þ is in A1; G : A1 !
GðA1Þ is continuous at ð0; 0; 0Þ: Since G is 1–1 on A1; G : A1 ! GðA1Þ is
continuous at ð0; 0; 0Þ; and U is an open neighborhood of Gð0; 0; 0Þð¼ ð0; 0; 0ÞÞ
such that U is contained in the open set GðA1Þ; G�1ðUÞ is an open neighborhood
of ð0; 0; 0Þ and is contained in A1: Thus, A is an open neighborhood of ð0; 0; 0Þ:
For (ii): Since TðVÞ is an open neighborhood of ð0; 0; 0; 0Þ in R

4; and B stands
for TðVÞ; B is an open neighborhood of ð0; 0; 0; 0Þ in R

4:
For (iii): This has been shown above.
For (iv): This has been shown above.
For (v): Since U is contained in GðA1Þ; and G is 1–1 on A1; G�1ðUÞ is contained
in A1: Since G is 1–1 on A1; G�1ðUÞ is contained in A1; and A stands for
G�1ðUÞ; G : A ! U is 1–1.
For (vi): Since G : A ! U is 1–1, GðAÞ ¼ GðG�1ðUÞÞ ¼ U: So G : A ! U is
onto.
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For (vii): Since G is C2 on A0; and A ¼ G�1ðUÞ 
 A1 
 A0, G is C2 on A.
For (viii): Since G�1ðUÞ 
 A1; and G is 1–1 on A1; U 
 GðA1Þ: Since U 

GðA1Þ; and the function G�1 from GðA1Þ onto A1 is a C2 function, G�1 : U !
G�1ðUÞ is C2; that is, G�1 : U ! A is C2.
For (ix): Since T is 1–1 on V, T�1 : TðVÞ ! V is a 1–1 function. Since H stands
for the function T�1and B stands for TðVÞ; H : B ! V is 1–1.
For (x): Since T is 1–1 on V, T�1 : TðVÞ ! V is onto, and hence, H : B ! V is
onto.
For (xi): Since the function T�1 from TðVÞ onto V is a C2 function, H : B ! V
is C2.
For (xii): Since T : GðA1Þ � R ! R

4 is a C2 function, and V is an open subset
of the open set GðA1Þ � R; T : V ! TðVÞ is a C2 function, and hence, H�1 :

V ! B is C2.
For (xiii): Since U is contained in GðA1Þ; and G is 1–1 on A1; G�1ðUÞ is
contained in A1ð
 A0Þ and hence, A is contained in A0.
For (xiv): Since V is contained in V1; and TðV1Þ is contained in B0; TðVÞ is
contained in B0; and hence, B is contained in B0.
For (xv): Here, FðAÞ ¼ FðG�1ðUÞÞ ¼ ðF 	 G�1ÞðUÞ 
 TðVÞ ¼ B: Thus,
FðAÞ 
 B.
For (xvi): Let us take any x � ðx1; x2; x3Þ in U. Since ðx1; x2; x3Þ is in U,
ðx1; x2; ðF3 	 G�1Þðx1; x2; x3Þ; ðF4 	 G�1Þðx1; x2; x3ÞÞ ¼ ðF 	 G�1Þðx1; x2; x3Þ 2
ðF 	 G�1ÞðUÞ 
 TðVÞ. Next, since T : V ! TðVÞ is 1–1 onto,

H 	 F 	 G�1	 

x1; x2; x3ð Þ ¼ H F 	 G�1	 


x1; x2; x3ð Þ	 

¼ H x1; x2; F3 	 G�1

	 

x1; x2; x3ð Þ; F4 	 G�1

	 

x1; x2; x3ð Þ	 


¼ T�1 x1; x2; F3 	 G�1	 

x1; x2; x3ð Þ; F4 	 G�1	 


x1; x2; x3ð Þ	 

:

It remains to prove that

T�1 x1; x2; F3 	 G�1
	 


x1; x2; x3ð Þ; F4 	 G�1
	 


x1; x2; x3ð Þ	 
 ¼ x1; x2; 0; 0ð Þ:

Let T�1ðx1; x2; ðF3 	 G�1Þðx1; x2; x3Þ; ðF4 	 G�1Þðx1; x2; x3ÞÞ ¼ ðy1; y2 ; y3; y4Þ
2 V 
 V1 
 GðA1Þ � R:

It follows that ðy1; y2; y3Þ 2 GðA1Þ: Since ðy1; y2; y3Þ 2 GðA1Þ; and ðx1; x2; x3Þ
2 U 
 GðA1Þ;

x1; x2; F3 	 G�1	 

x1; x2; x3ð Þ; F4 	 G�1	 


x1; x2; x3ð Þ	 
 ¼ T y1; y2; y3; y4ð Þ
¼ y1; y2; y3 þ F3 	 G�1

	 

y1; y2; y3ð Þ; y4 þ F4 	 G�1

	 

y1; y2; y3ð Þ	 


:
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Hence,

y1 ¼ x1; y2 ¼ x2; F3 	 G�1	 

x1; x2; x3ð Þ ¼ y3 þ F3 	 G�1	 


y1; y2; y3ð Þ;

and

F4 	 G�1
	 


x1; x2; x3ð Þ ¼ y4 þ F4 	 G�1
	 


y1; y2; y3ð Þ:

It follows that

F3 	 G�1	 

x1; x2; x3ð Þ ¼ y3 þ F3 	 G�1	 


x1; x2; y3ð Þ;

and

F4 	 G�1	 

x1; x2; x3ð Þ ¼ y4 þ F4 	 G�1	 


x1; x2; y3ð Þ:

Since ðy1; y2; y3Þ 2 GðA1Þ; y1 ¼ x1; y2 ¼ x2; ðx1; x2; y3Þ 2 GðA1Þ: Since for
every ðn; g; 1Þ in GðA1Þ; F3 	 G�1 is a function of n; g only, and
ðx1; x2; y3Þ; ðx1; x2; x3Þ 2 GðA1Þ; ðF3 	 G�1Þðx1; x2; y3Þ ¼ ðF3 	 G�1Þðx1; x2; x3Þ:
Since ðF3 	 G�1Þðx1; x2; y3Þ ¼ ðF3 	 G�1Þðx1; x2; x3Þ; and ðF3 	 G�1Þðx1; x2; x3Þ ¼
y3 þ ðF3 	 G�1Þðx1; x2; y3Þ; y3 ¼ 0: Since for every ðn; g; 1Þ in GðA1Þ; F4 	 G�1 is a
function of n; g only, and ðx1; x2; y3Þ; ðx1; x2; x3Þ 2 GðA1Þ; ðF4 	 G�1Þðx1; x2; y3Þ ¼
ðF4 	 G�1Þðx1; x2; x3Þ:

Now, since ðF4 	 G�1Þðx1; x2; y3Þ ¼ ðF4 	 G�1Þðx1; x2; x3Þ; and ðF4 	 G�1Þðx1; x2; x3Þ
¼ y4 þ ðF4 	 G�1Þðx1; x2; y3Þ; y4 ¼ 0:Since y3 ¼ 0; y4 ¼ 0; y1 ¼ x1; y2 ¼ x2; and
T�1ðx1; x2; ðF3 	 G�1Þðx1; x2; x3Þ; ðF4 	 G�1Þðx1; x2; x3ÞÞ ¼ ðy1; y2; y3; y4Þ;

T�1 x1; x2; F3 	 G�1	 

x1; x2; x3ð Þ; F4 	 G�1	 


x1; x2; x3ð Þ	 
 ¼ x1; x2; 0; 0ð Þ: h

Theorem 3.58 Let A0 be an open neighborhood of ð0; 0; 0Þ in R
3: Let B0 be an

open neighborhood of b � ðb1; b2; b3; b4Þ in R
4: Let F : A0 ! B0 be a function. If

(i) F is a C2 function,
(ii) for every x in A0; the linear transformation F0ðxÞ has rank 2,
(iii) Fð0; 0; 0Þ ¼ b;

then there exist an open neighborhood A of ð0; 0; 0Þ in R3; an open neighborhood B
of b in R

4; an open subset U of R3; an open subset V of R4; a function G : A ! U;
and a function H : B ! V such that

1. A is contained in A0; and B is contained in B0;

2. G is a C2 diffeomorphism (i.e., G is 1–1 onto, G is a C2 function, and G�1 is a
C2 function),

3. H is a C2 diffeomorphism,
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4. FðAÞ 
 B;
5. For every x � ðx1; x2; x3Þ in U, ðH 	 F 	 G�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:

Proof Put Â0 � A0; and B̂0 � B0 � b: Let us define a function F̂ : Â0 ! B̂0 as
follows: For every x in Â0 (since x is in Â0ð¼ A0Þ; x is in A0; and hence, FðxÞ is
defined.)

F̂ðxÞ � FðxÞ � b ¼ T�b 	 Fð ÞðxÞ;

where T�b : y 7! ðy� bÞ is a translation. Thus, F̂ ¼ T�b 	 F: Hence, Tb 	 F̂ ¼ F:
Also, F̂ð0; 0; 0Þ ¼ Fð0; 0; 0Þ � b ¼ b� b ¼ ð0; 0; 0; 0Þ: Thus, F̂ð0; 0; 0Þ ¼ ð0; 0; 0; 0Þ:
Since A0 is an open neighborhood of ð0; 0; 0Þ; Â0ð¼ A0Þ is an open neighborhood
of 0. Since B0 is an open neighborhood of b, B̂0ð¼ B0 � bÞ is an open neighbor-
hood of 0. Since F is a C2 function, and T�b is a C2 function, their composite
T�b 	 Fð¼ F̂Þ is a C2 function. Thus, F̂ is a C2 function. For every x in Â0; F̂0ðxÞ ¼
ðT�b 	 FÞ0ðxÞ ¼ ððT�bÞ0ðFðxÞÞÞ 	 ðF0ðxÞÞ ¼ I4 	 ðF0ðxÞÞ ¼ F0ðxÞ: Thus, for every
x in Â0; F̂0ðxÞ ¼ F0ðxÞ: If x is in Â0; then x is in A0; and hence, F̂0ðxÞð¼ F0ðxÞÞ has
rank 2.

Thus, we see that all the conditions of Theorem 3.57 are satisfied for
F̂ : Â0 ! B̂0. Hence, by Theorem 3.57, there exist an open neighborhood Â of
ð0; 0; 0Þ in R

3; an open neighborhood B̂ of ð0; 0; 0; 0Þ in R
4; an open subset Û of

R
3; an open subset V̂ of R4; a function Ĝ : Â ! Û, and a function Ĥ : B̂ ! V̂ such

that

1. Â is contained in Â0; and B̂ is contained in B̂0;

2. Ĝ is a C2 diffeomorphism (i.e., Ĝ is 1–1 onto, Ĝ is a C2 function, and Ĝ�1 is a
C2 function),

3. Ĥ is a C2 diffeomorphism,
4. F̂ðÂÞ 
 B̂;
5. For every x � ðx1; x2; x3Þ in Û; ðĤ 	 F̂ 	 Ĝ�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:

Put A � Â; B � B̂þ b; U � Û; and V � V̂ : Let us define a function G : A ! U
as follows: For every x in A, GðxÞ � ĜðxÞ: Let us define a function H : B ! V as
follows: For every y in B, HðyÞ � Ĥðy� bÞ ¼ ðĤ 	 T�bÞðyÞ: Hence, G ¼ Ĝ; and
H ¼ Ĥ 	 T�b: Further, Ĥ ¼ H 	 ðT�bÞ�1 ¼ H 	 Tb:

It remains to prove the following:

(i) A is an open neighborhood of ð0; 0; 0Þ;
(ii) B is an open neighborhood of b,
(iii) U is an open subset of R3;

(iv) V is an open subset of R4;
(v) G : A ! U is 1–1,
(vi) G : A ! U is onto,
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(vii) G : A ! U is C2;

(viii) G�1 : U ! A is C2;
(ix) H : B ! V is 1–1,
(x) H : B ! V is onto,
(xi) H : B ! V is C2;

(xii) H�1 : V ! B is C2;
(xiii) A is contained in A0;
(xiv) B is contained in B0;
(xv) FðAÞ 
 B;
(xvi) For every x � ðx1; x2; x3Þ in U, ðH 	 F 	 G�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:
For (i): Since Â is an open neighborhood of ð0; 0; 0Þ; Að¼ ÂÞ is an open
neighborhood of ð0; 0; 0Þ.
For (ii): Since B̂ is an open neighborhood of 0, Bð¼ B̂þ bÞ is an open neigh-
borhood of b.
For (iii): Since Û is an open subset of R3; Uð¼ ÛÞ is an open subset of R3.
For (iv): Since V̂ is an open subset of R4; Vð¼ V̂Þ is an open subset of R4.
For (v): Since Ĝ : Â ! Û is 1–1, Ĝ ¼ G; A ¼ Â; and U ¼ Û; G : A ! U is
1–1.
For (vi): Since Ĝ : Â ! Û is onto, G ¼ Ĝ; A ¼ Â; and U ¼ Û; G : A ! U is
onto.
For (vii): Since Ĝ is C2; and G ¼ Ĝ; G is C2.
For (viii): Since Ĝ�1 is C2; and G ¼ Ĝ; G�1 is C2.
For (ix): Since Ĥ : B̂ ! V̂ is 1–1, and T�b : B̂þ b ! B̂ is 1–1, ðH ¼ÞĤ 	 T�b :

B̂þ bð¼ BÞ ! V̂ð¼ VÞ is 1–1. Hence, H : B ! V is 1–1.
For (x): Since Ĥ : B̂ ! V̂ is onto, and T�b : B̂þ b ! B̂ is onto, ðH ¼ÞĤ 	 T�b :

B̂þ bð¼ BÞ ! V̂ð¼ VÞ is onto. Hence, H : B ! V is onto.
For (xi): Since Ĥ : B̂ ! V̂ is C2, and T�b : B̂þ b ! B̂ isC2; ðH ¼ÞĤ 	 T�b :

B̂þ bð¼ BÞ ! V̂ð¼ VÞ is C2. Hence, H : B ! V is C2.
For (xii): Here H�1 ¼ ðĤ 	 T�bÞ�1 ¼ ðT�bÞ�1 	 Ĥ�1 ¼ Tb 	 Ĥ�1: Since Ĥ�1 :

V̂ð¼ VÞ ! B̂ is C2; and the translation Tb : B̂ ! B̂þ bð¼ BÞ is C2; their
composite ðH�1 ¼ÞTb 	 Ĥ�1 : V ! B is C2; and hence, H�1 : V ! B is C2.
For (xiii): Since Â is contained in Â0; Â ¼ A; and Â0 ¼ A0; A is contained in A0.
For (xiv): Since B̂ is contained in B̂0; B̂ ¼ B� b; and B̂0 ¼ B0 � b; B − b is
contained in B0 � b; and hence, B is contained in B0.
For (xv): Let us take any x in A. We have to prove that F(x) is in B. Here, x is in
A, and A ¼ Â, so x is in Â: Since x is in Â; and F̂ðÂÞ 
 B̂ ¼ B� b; FðxÞ � b ¼
F̂ðxÞ 2 B� b; and hence, FðxÞ is in B.
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For (xvi): Let us take any x � ðx1; x2; x3Þ in U. We have to show that
ðH 	 F 	 G�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:

LHS ¼ H 	 F 	 G�1	 

x1; x2; x3ð Þ ¼ H 	 Tb 	 F̂

	 
 	 G�1	 

x1; x2; x3ð Þ

¼ H 	 Tbð Þ 	 F̂ 	 G�1	 

x1; x2; x3ð Þ ¼ Ĥ 	 F̂ 	 Ĝ�1	 


x1; x2; x3ð Þ
¼ x1; x2; 0; 0ð Þ ¼ RHS: h

Theorem 3.59 Let A0 be an open neighborhood of a � ða1; a2; a3Þ in R3: Let B0 be
an open neighborhood of b � ðb1; b2; b3; b4Þ in R

4: Let F : A0 ! B0 be a function.
If

(i) F is a C2 function,
(ii) for every x in A0, the linear transformation F0ðxÞ has rank 2,
(iii) FðaÞ ¼ b;

then there exist an open neighborhood A of a in R
3; an open neighborhood B of b

in R
4; an open subset U of R3; an open subset V of R4; a function G : A ! U; and

a function H : B ! V such that

1. A is contained in A0, and B is contained in B0,

2. G is a C2 diffeomorphism (i.e., G is 1–1 onto, G is a C2 function, and G−1 is a C2

function),
3. H is a C2 diffeomorphism,
4. FðAÞ 
 B;
5. For every x � ðx1; x2; x3Þ in U, ðH 	 F 	 G�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:

Proof Put Â0 � A0 � a; and B̂0 � B0: Let us define a function F̂ : Â0 ! B̂0 as
follows: For every x in Â0 (since x is in Â0 ¼ A0 � a; xþ a is in A0, and hence,
Fðxþ aÞ is defined.)

F̂ðxÞ � Fðxþ aÞ ¼ F 	 Tað ÞðxÞ;

where Ta : x 7! ðxþ aÞ is a translation. Thus, F̂ ¼ F 	 Ta: Hence, F̂ 	 T�a ¼ F:
Also, F̂ð0; 0; 0Þ ¼ FðaÞ ¼ b: Thus, F̂ð0; 0; 0Þ ¼ b: Since A0 is an open neighbor-
hood of a, Â0ð¼ A0 � aÞ is an open neighborhood of 0. Since B0 is an open
neighborhood of b, B̂0ð¼ B0Þ is an open neighborhood of b. Since F is a C2

function, and Ta is a C2 function, their composite F 	 Tað¼ F̂Þ is a C2 function.
Thus, F̂ is a C2 function. For every x in Â0;

F̂0ðxÞ ¼ F 	 Tað Þ0ðxÞ ¼ F0 TaðxÞð Þð Þ 	 Tað Þ0ðxÞ	 
 ¼ F0 xþ að Þð Þ 	 I3 ¼ F0 xþ að Þ:

Thus, for every x in Â0, F̂0ðxÞ ¼ F0ðxÞ: If x is in Â0; then xþ a is in A0, and
hence, F̂0ðxÞð¼ F0ðxþ aÞÞ has rank 2. Thus, we see that all the conditions of
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Theorem 3.58 are satisfied for F̂ : Â0 ! B̂0: Hence, by Theorem 3.58, there exist an
open neighborhood Â of (0, 0, 0) in R

3; an open neighborhood B̂ of b in R
4; an

open subset Û of R3; an open subset V̂ of R4; a function Ĝ : Â ! Û; and a function
Ĥ : B̂ ! V̂ such that

1. Â is contained in Â0; and B̂ is contained in B̂0;

2. Ĝ is a C2 diffeomorphism (i.e., Ĝ is 1–1 onto, Ĝ is a C2 function, and Ĝ�1 is a
C2 function),

3. Ĥ is a C2 diffeomorphism,
4. F̂ðÂÞ 
 B̂;
5. For every x � ðx1; x2; x3Þ in Û; ðĤ 	 F̂ 	 Ĝ�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:

Put A � Âþ a; B � B̂; U � Û; and V � V̂ : Let us define a function G : A ! U
as follows: For every x in A, GðxÞ � Ĝðx� aÞ ¼ ðĜ 	 T�aÞðxÞ: Let us define a
function H : B ! V as follows: For every y in B, HðyÞ � ĤðyÞ: Hence, G ¼
Ĝ 	 T�a; and H ¼ Ĥ: Further, Ĝ ¼ G 	 Ta:

It remains to prove the following:

(i) A is an open neighborhood of a,
(ii) B is an open neighborhood of b,
(iii) U is an open subset of R3;

(iv) V is an open subset of R4;
(v) G : A ! U is 1–1,
(vi) G : A ! U is onto,
(vii) G : A ! U is C2;

(viii) G�1 : U ! A is C2;
(ix) H : B ! V is 1–1,
(x) H : B ! V is onto,
(xi) H : B ! V is C2;

(xii) H�1 : V ! B is C2;
(xiii) A is contained in A0;
(xiv) B is contained in B0;
(xv) FðAÞ 
 B;
(xvi) For every x � ðx1; x2; x3Þ in U, ðH 	 F 	 G�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:
For (i): Since Â is an open neighborhood of ð0; 0; 0Þ; Að¼ Âþ aÞ is an open
neighborhood of a.
For (ii): Since B̂ is an open neighborhood of b, Bð¼ B̂Þ is an open neighborhood
of b.
For (iii): Since Û is an open subset of R3; Uð¼ ÛÞ is an open subset of R3.
For (iv): Since V̂ is an open subset of R4; Vð¼ V̂Þ is an open subset of R4.
For (v): Since Ĝ : Â ! Û is 1–1, and T�a : Âþ a ! Â is 1–1, Ĝ 	 T�a :

Âþ a ! Û is 1–1, and hence, Ĝ 	 T�a : A ! U is 1–1.
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For (vi): Since Ĝ : Â ! Û is onto, and T�a : Âþ a ! Â is onto, Ĝ 	 T�a :

Âþ a ! Û is onto, and hence, Ĝ 	 T�a : A ! U is onto.
For (vii): Since Ĝ : Â ! Û is C2; and T�a : Âþ a ! Â is C2; Ĝ 	 T�a :

Âþ a ! Û isC2, and hence, Ĝ 	 T�a : A ! U is C2.
For (viii): Since Ĝ�1 ¼ ðG 	 TaÞ�1 ¼ T�a 	 G�1; G�1 ¼ Ta 	 Ĝ�1: Since
Ĝ�1 : Û ! Âis C2; and Ta : Â ! Âþ a is C2; their composite G�1 ¼ Ta 	
Ĝ�1 : Û ! Âþ a is C2; and hence, G�1 : U ! A is C2.
For (ix): Since Ĥ : B̂ ! V̂ is 1–1, H ¼ Ĥ; B ¼ B̂; and V ¼ V̂ ; H : B ! V is
1–1.
For (x): Since Ĥ : B̂ ! V̂ is onto, H ¼ Ĥ; B ¼ B̂; and V ¼ V̂ ; H : B ! V is
onto.
For (xi): Since Ĥ : B̂ ! V̂ is C2; H ¼ Ĥ; B ¼ B̂; and V ¼ V̂ ; H : B ! V is C2.
For (xii): Since Ĥ�1 : V̂ ! B̂ is C2; H ¼ Ĥ; B ¼ B̂; and V ¼ V̂ ; H�1 : V ! B
is C2.
For (xiii): Since Âð¼ A� aÞ is contained in Â0ð¼ A0 � aÞ; A is contained in A0.
For (xiv): Since B̂ð¼ BÞ is contained in B̂0ð¼ B0Þ; B is contained in B0.
For (xv): Let us take any x in A. We have to prove that FðxÞ 2 B: Since x is in
A ¼ Âþ a; x� a 2 Â: Now, since F̂ðÂÞ 
 B̂;FðxÞ ¼ ðF̂ 	 T�aÞðxÞ ¼ F̂ðx� aÞ
2 B̂.
For (xvi): Let us take any x � ðx1; x2; x3Þ in U. Now, since U ¼ Û; ðx1; x2; x3Þ is
in Û; and hence,

LHS ¼ H 	 F 	 G�1	 

x1; x2; x3ð Þ ¼ Ĥ 	 F̂ 	 T�a

	 
 	 Ĝ 	 T�a
	 
�1

� �
x1; x2; x3ð Þ

¼ Ĥ 	 F̂ 	 T�a
	 
 	 Ta 	 Ĝ�1	 
	 


x1; x2; x3ð Þ ¼ Ĥ 	 F̂ 	 Ĝ�1	 

x1; x2; x3ð Þ

¼ x1; x2; 0; 0ð Þ ¼ RHS:

h

Theorem 3.60 Let A0 be an open neighborhood of a � ða1; a2; . . .; anÞ in R
n: Let

B0 be an open neighborhood of b � ðb1; b2; . . .; bmÞ in R
m: Let F : A0 ! B0 be a

function. If

(i) F is a Cr function,
(ii) For every x in A0; the linear transformation F0ðxÞ has rank k;
(iii) FðaÞ ¼ b;

then there exist an open neighborhood A of a in R
n; an open neighborhood B of b

in R
m; an open subset U of Rn; an open subset V of Rm; a function G : A ! U; and

a function H : B ! V such that

1. A is contained in A0; and B is contained in B0;

2. G is a Cr diffeomorphism (i.e., G is 1–1 onto, G is a Ck function, and G−1 is a
Ck function),
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3. H is a Ck diffeomorphism,
4. FðAÞ 
 B;
5. For every x � ðx1; x2; . . .; xnÞ in U, ðH 	 F 	 G�1Þðx1; x2; . . .; xnÞ ¼ ðx1; x2; . . .

xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

Þ:

Proof Its proof is quite similar to the proof of Theorem 3.59. h

Note 3.61 Theorem 3.60 is known as the constant rank theorem.

3.8 Taylor’s Theorem

Definition Let p 2 S 
 R
n: If for every x in S, the line segment

½p; x� � fð1� kÞpþ kx : 0� k� 1g 
 S, then we say that S is star-shaped with
respect to point p.

Theorem 3.62 Let p 2 U 
 R
2: Let U be star-shaped with respect to point p �

ðp1; p2Þ; and let U be an open set. Let f : U ! R be C1 on U. Then, there exist C1

functions g1ðxÞ; g2ðxÞ on U such that

1. For every x � ðx1; x2Þ in U, f ðxÞ ¼ f ðpÞ þ ðg1ðxÞÞðx1 � p1Þ þ ðg2ðxÞÞðx2 � p2Þ;
2. g1ðpÞ ¼ of

ox1 ðpÞ and g2ðpÞ ¼ of
ox2 ðpÞ:

Proof Let us take any x in U and any t satisfying 0� t� 1: Now, since U is star-
shaped with respect to point p, ð1� tÞpþ tx is in S, and hence, f ðð1� tÞpþ txÞ is a
real number. Here,

d
dt
f 1� tð Þpþ txð Þ ¼ d

dt
f p1 þ t x1 � p1

	 

; p2 þ t x2 � p2

	 
	 

¼ of

ox1
1� tð Þpþ txð Þ

� �
d
dt

p1 þ t x1 � p1
	 
	 
� �

þ of
ox2

1� tð Þpþ txð Þ
� �

d
dt

p2 þ t x2 � p2
	 
	 
� �

¼ of
ox1

1� tð Þpþ txð Þ
� �

x1 � p1
	 


þ of
ox2

1� tð Þpþ txð Þ
� �

x2 � p2
	 


;
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hence,

x1 � p1
	 
 Z1

0

of
ox1

1� tð Þpþ txð Þ
� �

dt þ x2 � p2
	 
 Z1

0

of
ox2

1� tð Þpþ txð Þ
� �

dt

¼ Z1
0

of
ox1

1� tð Þpþ txð Þ
� �

x1 � p1
	 
þ of

ox2
1� tð Þpþ txð Þ

� �
x2 � p2
	 
� �

dt

¼ f 1� tð Þpþ txð Þjt¼1
t¼0¼ f ðxÞ � f ðpÞ:

Now,

f ðxÞ ¼ f ðpÞ þ x1 � p1
	 


g1ðxÞð Þ þ x2 � p2
	 


g2ðxÞð Þ;

where

g1ðxÞ � Z1
0

of
ox1

1� tð Þpþ txð Þ
� �

dt; and g2ðxÞ � Z1
0

of
ox2

1� tð Þpþ txð Þ
� �

dt:

It remains to prove that g1; g2 are C1 on U, and giðpÞ ¼ of
oxi ðpÞði ¼ 1; 2Þ:

Here,

og1
ox1

¼ o
ox1

Z 1
0

of
ox1

1� tð Þpþ txð Þ
� �

dt
� �

¼ Z 1
0

o
ox1

of
ox1

1� tð Þpþ txð Þ
� �� �

dt

¼ Z 1
0

o
ox1

of
ox1

p1 þ t x1 � p1
	 


; p2 þ t x2 � p2
	 
	 
� �� �

dt

¼ Z 1
0

o
ox1

of
ox1

p1 þ t x1 � p1
	 


; p2 þ t x2 � p2
	 
	 
� �� �

o p1 þ t x1 � p1ð Þð Þ
ox1

�
þ o

ox2
of
ox1

p1 þ t x1 � p1
	 


; p2 þ t x2 � p2
	 
	 
� �� �

o p1 þ t x1 � p1ð Þð Þ
ox2

�
dt

¼ Z 1
0

o
ox1

of
ox1

p1 þ t x1 � p1
	 


; p2 þ t x2 � p2
	 
	 
� �� �

t

�
þ o

ox2
of
ox1

p1 þ t x1 � p1
	 


; p2 þ t x2 � p2
	 
	 
� �� �

0
�
dt

¼ Z 1
0

o2f

o x1ð Þ2 p1 þ t x1 � p1
	 


; p2 þ t x2 � p2
	 
	 
 !

t

 !
dt

¼ Z 1
0
t

o2f

o x1ð Þ2 1� tð Þpþ txð Þ
 !

dt:
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Thus,

og1
ox1

¼ Z1
0

t
o2f

o x1ð Þ2 1� tð Þpþ txð Þ
 !

dt:

Similarly,
og1
ox2

;
o2g

oðx1Þ2 ; etc. can be obtained. This proves that g1 is C1 on U.

Similarly, g2 is C1 on U. Now,

g1ðpÞ ¼ Z1
0

of
ox1

1� tð Þpþ tpð Þ
� �

dt ¼ Z1
0

of
ox1

ðpÞ
� �

dt ¼ of
ox1

ðpÞ
� � Z1

0

dt

¼ of
ox1

ðpÞ
� �

1 ¼ of
ox1

ðpÞ:

Thus, g1ðpÞ ¼ of
ox1 ðpÞ: Similarly, g2ðpÞ ¼ of

ox2 ðpÞ: h

Note 3.63 The result similar to above is also valid for R3;R4; . . .:

Theorem 3.64 Prove that if f : R2 ! R is C1; then there exist C1 functions
g11; g12; g22 on R

2 such that

f x; yð Þ ¼ f 0; 0ð Þ þ of
ox

0; 0ð Þ
� �

xþ of
oy

0; 0ð Þ
� �

yþ x2g11 x; yð Þ þ xyg12 x; yð Þ
þ y2g22 x; yð Þ:

Proof Here, f : R2 ! R is C1, by Theorem 3.62, there exist C1 functions
g1ðx; yÞ; g2ðx; yÞ on R

2 such that for every ðx; yÞ in R
2; f ðx; yÞ ¼ f ð0; 0Þ þ

ðg1ðx; yÞÞðx� 0Þ þ ðg2ðx; yÞÞðy� 0Þ ¼ f ð0; 0Þ þ xg1ðx; yÞ þ yg2ðx; yÞ and g1ð0; 0Þ
¼ of

ox ð0; 0Þ; g2ð0; 0Þ ¼ of
oy ð0; 0Þ: Since g1ðx; yÞ is a C1 function, there exist C1

functions g11ðx; yÞ; g12ðx; yÞ on R
2 such that for everyðx; yÞ in R

2; g1ðx; yÞ ¼
g1ð0; 0Þ þ ðg11ðx; yÞÞðx� 0Þ þ ðg12ðx; yÞÞðy� 0Þ ¼ of

ox ð0; 0Þ þ xg11ðx; yÞ þ yg12ðx; yÞ
and g11ð0; 0Þ ¼ ðog1ox Þð0; 0Þ; g12ð0; 0Þ ¼ og1

oy ð0; 0Þ: Similarly, there exist C1 func-

tions g21ðx; yÞ; g22ðx; yÞ on R
2 such that for every ðx; yÞ in R

2; g2ðx; yÞ ¼
g2ð0; 0Þ þ ðg21ðx; yÞÞðx� 0Þþ ðg22ðx; yÞÞðy� 0Þ ¼ of

oy ð0; 0Þ þ xg21ðx; yÞ þ yg22ðx; yÞ
and g21ð0; 0Þ ¼ ðog2ox Þð0; 0Þ; g22ð0; 0Þ ¼ og2

oy ð0; 0Þ: Hence,
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f ðx; yÞ ¼ f ð0; 0Þ þ x
of
ox

ð0; 0Þ þ xg11ðx; yÞ þ yg12ðx; yÞ
� �

þ y
of
oy

ð0; 0Þ þ xg21ðx; yÞ þ yg22ðx; yÞ
� �

¼ f ð0; 0Þ þ of
ox

ð0; 0Þ
� �

xþ of
oy

ð0; 0Þ
� �

y

þ g11ðx; yÞð Þx2 þ g12ðx; yÞ þ g21ðx; yÞð Þxyþ g22ðx; yÞð Þy2:

Since g12ðx; yÞ; g21ðx; yÞ are C1 functions, g12ðx; yÞ þ g21ðx; yÞ is also a C1

function. h
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Chapter 4
Topological Properties of Smooth
Manifolds

In real analysis, its deep theorems (like Lagrange’s mean value theorem, funda-
mental theorem of integral calculus, etc.) are quite difficult to prove without the help
of topological theorems (like Weierstrass theorem, Heine–Borel theorem, etc.) for
real line. Similar is the situation in complex analysis. Here, in the study of smooth
manifolds, in order to prove its deep rooted theorems, we will need its topological
properties vigorously. So, for smoothening later work, it is better to collect all the
results, to be needed in future, relating to topological properties of smooth mani-
folds at one place. This chapter aims at this end and is largely self-contained. The
pace of this chapter is moderate so that the topic is well assimilated.

4.1 Constant Rank Theorem

Theorem 4.1 Let E be an open subset of R3. Let f : E ! R
3: Let a be in E. If

(i) f is a smooth function,
(ii) the determinant of the Jacobian matrix of f at a is nonzero, that is,

det
D1 f 1ð Þ að Þ D2 f 1ð Þ að Þ D3 f 1ð Þ að Þ
D1 f 2ð Þ að Þ D2 f 2ð Þ að Þ D3 f 2ð Þ að Þ
D1 f 3ð Þ að Þ D2 f 3ð Þ að Þ D3 f 3ð Þ að Þ

24 35
3�3

6¼ 0;

where f 1; f 2; f 3 are the component functions of f, then there exists a connected
open neighborhood U of a such that

1. U is contained in E,
2. f ðUÞ is connected and open in R

3;
3. f has a smooth inverse on f ðUÞ:

© Springer India 2014
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Proof We want to apply Theorem 3.36. Since f is a smooth function, f is a C1

function. Since

det
D1f 1ð Þ að Þ D2f 1ð Þ að Þ D3f 1ð Þ að Þ
D1f 2ð Þ að Þ D2f 2ð Þ að Þ D3f 2ð Þ að Þ
D1f 3ð Þ að Þ D2f 3ð Þ að Þ D3f 3ð Þ að Þ

24 35
3�3

6¼ 0;

D1f 1ð Þ að Þ D2f 1ð Þ að Þ D3f 1ð Þ að Þ
D1f 2ð Þ að Þ D2f 2ð Þ að Þ D3f 2ð Þ að Þ
D1f 3ð Þ að Þ D2f 3ð Þ að Þ D3f 3ð Þ að Þ

24 35�1

exists, and hence, f 0ðaÞ is invertible. Hence, by the Theorem 3.36, there exists a
connected open neighborhood U of a such that

1. U is contained in E,
2. f is 1–1 on U (that is, if x, y are in U, and f ðxÞ ¼ f ðyÞ; then x = y),
3. f ðUÞ is connected and open in R

3;

4. the 1–1 function f�1 from f ðUÞ onto U is a C1 function,
5. if f is a C2 function, then f�1 from f ðUÞ onto U is a C2 function, etc.

By the conclusions 1, 2, 3, and 4, we find the f�1 is a C1 function on f ðUÞ:
Now, it remains to prove that f�1 is smooth on f ðUÞ; that is, f�1 is a Cn function
for every n ¼ 2; 3; 4; . . .: Since f is a smooth function, f is a C2 function, and
hence by conclusion 5, f�1 is a C2 function. Again, since f is a smooth function,
f is a C3 function, and hence by conclusion 5, f�1 is a C3 function, etc. Hence,
f�1 is smooth on f ðUÞ: h

Note 4.2 The result similar to Theorem 4.1 can be proved as above for Rn in place
of R3:

Theorem 4.3 Let E be an open subset of R3: Let f : E ! R
3: Let a be in E. If

(i) f is a smooth function,
(ii) the tangent map f� of f at a is an isomorphism,

then there exists an open neighborhood U of a, and an open neighborhood V of
f ðaÞ such that the restriction of f to U is a diffeomorphism from U onto V.

Proof By the Note 2.77, the tangent map f� of f at a is an isomorphism if and only if

det
D1f 1ð Þ að Þ D2f 1ð Þ að Þ D3f 1ð Þ að Þ
D1f 2ð Þ að Þ D2f 2ð Þ að Þ D3f 2ð Þ að Þ
D1f 3ð Þ að Þ D2f 3ð Þ að Þ D3f 3ð Þ að Þ

24 35 6¼ 0:
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This shows that we can apply Theorem 4.1. By Theorem 4.1, there exists an
open neighborhood U of a such that

1. U is contained in E,
2. f ðUÞ is open in R

3;
3. f has a smooth inverse on f ðUÞ:

This shows that f ðUÞ is an open neighborhood of f ðaÞ such that the restriction of
f to U is a diffeomorphism from U onto f ðUÞ: h

Note 4.4 The result similar to Theorem 4.3 can be proved as above for Rn in place
of R3:

Theorem 4.5 Let M and N be 3-dimensional smooth manifolds. Let f : M ! N:
Let p be in M. If

(i) f is a smooth map,
(ii) the tangent map f� : TpðMÞ ! Tf ðpÞðNÞ is an isomorphism,

then there exists an open neighborhood U of p in M such that

1. V � f ðUÞ is an open neighborhood of f ðpÞ in N,
2. the restriction of f to U is a diffeomorphism from U onto V.

Proof Here, p is in M, and f : M ! N; so f ðpÞ is in N. Since f ðpÞ is in N, and N is a
3-dimensional smooth manifold, there exists an admissible coordinate chart ðV ;wVÞ
in N satisfying f ðpÞ 2 V : Since f : M ! N is a smooth map, f : M ! N is a
continuous map. Since f : M ! N is a continuous map, and V is an open neigh-
borhood of FðpÞ; there exists an open neighborhood U1 of p in M such that f ðU1Þ is
contained in V. Here, p is in M, and M is a 3-dimensional smooth manifold, so there
exists an admissible coordinate chart ðU;uUÞ in M satisfying p 2 U: Since U and
U1 are open neighborhoods of p in M, their intersection U \ U1 is an open
neighborhood of p in M. Since uU is a homeomorphism from open set U onto open
set uUðUÞ; and U \ U1 is an open set, uUðU \ U1Þ is an open set.

Here f : M ! N is a smooth map, ðuUÞ�1 is a smooth map, and wV is a smooth
map, so their composite wV � ðf � ðuUÞ�1Þ is a smooth function on the open
neighborhood uUðU \ U1Þ of uUðpÞ in R

3: We want to apply Theorem 4.1 on the
function wV � ðf � ðuUÞ�1Þ: Since the tangent map f� : TpðMÞ ! Tf ðpÞðNÞ is an
isomorphism so, by the Note 2.77,
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det

D1 wV � f � uUð Þ�1
� �� �1� �� �

uU pð Þð Þ D2 wV � f � uUð Þ�1
� �� �1� �� �

uU pð Þð Þ

D1 wV � f � uUð Þ�1
� �� �2� �� �

uU pð Þð Þ D2 wV � f � uUð Þ�1
� �� �2� �� �

uU pð Þð Þ

D1 wV � f � uUð Þ�1
� �� �3� �� �

uU pð Þð Þ D2 wV � f � uUð Þ�1
� �� �3� �� �

uU pð Þð Þ

266666664
D3 wV � f � uUð Þ�1

� �� �1� �� �
uU pð Þð Þ

D3 wV � f � uUð Þ�1
� �� �2� �� �

uU pð Þð Þ

D3 wV � f � uUð Þ�1
� �� �3� �� �

uU pð Þð Þ

377777775 6¼ 0;

and hence, the determinant of the Jacobian matrix of wV � ðf � ðuUÞ�1Þ at uUðpÞ is
nonzero. Hence, by Theorem 4.1, there exists an open neighborhood W of uUðpÞ
such that

1. W is contained in uUðU \ U1Þ;
2. ðwV � ðf � ðuUÞ�1ÞÞðWÞ is open in R

3;

3. wV � ðf � ðuUÞ�1Þ has a smooth inverse on ðwV � ðf � ðuUÞ�1ÞÞðWÞ:
Since W is contained in uUðU \ U1Þ; and uU is 1–1, ðuUÞ�1ðWÞ is contained in

U \ U1: Since uUðpÞ is in W, p is in ðuUÞ�1ðWÞ: Since uU is a homeomorphism,
and W is an open subset of open set uUðUÞ; ðuUÞ�1ðWÞ is open. Thus, ðuUÞ�1ðWÞ
is an open neighborhood of p in M.

For 1: We have to prove that f ððuUÞ�1ðWÞÞ is open in N. Since ðwV � ðf �
ðuUÞ�1ÞÞðWÞ is open, and wV is a homeomorphism, ðwV Þ�1ððwV � ðf � ðuUÞ�1ÞÞ
ðWÞÞð¼ f ððuUÞ�1ðWÞÞÞ is open.
For 2: Since wV � ðf � ðuUÞ�1Þ is 1–1, ðwVÞ�1 is 1–1 and uU is 1–1, their com-
posite ðwVÞ�1 � ðwV � ðf � ðuUÞ�1ÞÞ � uUð¼ f Þ is 1–1. Since f is 1–1, the function
f�1 exists. It remains to prove that f�1 is smooth. Since ðwV � ðf � ðuUÞ�1ÞÞ�1

ð¼ uU � f�1 � ðwV Þ�1Þ is smooth, ðuUÞ�1 is smooth, and wV is smooth, their
composite function ðuUÞ�1 � ðuU � f�1 � ðwV Þ�1Þ � wVð¼ f�1Þ is smooth. h

Note 4.6 The result similar to Theorem 4.5 can be proved as above for Rn in place
of R3:

Theorem 4.7 Let M be an m-dimensional differentiable manifold, N be an n-
dimensional smooth manifold, and F : N ! M be a smooth function. Let p be in N.
Let ðU;uUÞ be an admissible coordinate chart in N satisfying p 2 U; ðV ;wV Þ be an
admissible coordinate chart in M satisfying FðpÞ 2 V ; and FðUÞ � V : Let ðbU ;ubU Þ
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be an admissible coordinate chart in N satisfying p 2 bU ; ðbV ;wbV Þ be an admissible

coordinate chart in M satisfying FðpÞ 2 bV ; and FðbUÞ � bV : Then, the rank of
ðwV � F � ðuUÞ�1Þ0ðuUðpÞÞ and the rank of ðwbV � F � ðubU Þ�1Þ0ðubU ðpÞÞ are equal.
Proof Here,

wbV � F � ubU� ��1
� �0

ubU pð Þ
� �

¼ wbV � F � uUð Þ�1�uU

� �
� ubU� ��1

� �0
ubU pð Þ
� �

¼ wbV � wVð Þ�1�wV

� �
� F � uUð Þ�1�uU

� �
� ubU� ��1

� �0
ubU pð Þ
� �

¼ wbV � wVð Þ�1
� �

� wV � F � uUð Þ�1
� �

� uU � ubU� ��1
� �� �0

ubU pð Þ
� �

¼ wbV � wVð Þ�1
� �0

wV � F � uUð Þ�1
� �

� uU � ubU� ��1
� �� �

ubU pð Þ
� �� �� �

� wV � F � uUð Þ�1
� �0

uU � ubU� ��1
� �

ubU pð Þ
� �� �� �

� uU � ubU� ��1
� �0

ubU pð Þ
� �� �

¼ wbV � wVð Þ�1
� �0

wV � F � uUð Þ�1
� �

� uU � ubU� ��1
� �� �

ubU pð Þ
� �� �� �

� wV � F � uUð Þ�1
� �0

uU pð Þð Þ
� �

� uU � ubU� ��1
� �0

ubU pð Þ
� �� �

¼ wbV � wVð Þ�1
� �0

wV � Fð Þ pð Þð Þ
� �

� wV � F � uUð Þ�1
� �0

uU pð Þð Þ
� �

� uU � ubU� ��1
� �0

ubU pð Þ
� �� �

:

Since wbV � ðwV Þ�1 : wV ðV \ bV Þ ! wbV ðV \ bV Þ is a smooth function, and
ðwbV � ðwVÞ�1Þ�1 ¼ wV � ðwbV Þ�1 : wbV ðV \ bV Þ ! wV ðV \ bV Þ is a smooth func-

tion, wbV � ðwVÞ�1 : wV ðV \ bV Þ ! wbV ðV \ bV Þ is a diffeomorphism, and hence

ðwbV � ðwVÞ�1Þ0ððwV � FÞðpÞÞ is invertible. It follows that the rank of composite

wbV � wVð Þ�1
� �0

wV � Fð Þ pð Þð Þ
� �

� wV � F � uUð Þ�1
� �0

uU pð Þð Þ
� �

and the rank of ððwV � F � ðuUÞ�1Þ0ðuUðpÞÞÞ are equal. Similarly the rank of

wbV � wVð Þ�1
� �0

wV � Fð Þ pð Þð Þ
� �

� wV � F � uUð Þ�1
� �0

uU pð Þð Þ
� �

� uU � ubU� ��1
� �0

ubU pð Þ
� �� �
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is equal to the rank of

wbV � wVð Þ�1
� �0

wV � Fð Þ pð Þð Þ
� �

� wV � F � uUð Þ�1
� �0

uU pð Þð Þ
� �

:

Hence, rank of

wbV � wVð Þ�1
� �0

wV � Fð Þ pð Þð Þ
� �

� wV � F � uUð Þ�1
� �0

uU pð Þð Þ
� �

is equal to rank of ððwV � F � ðuUÞ�1Þ0ðuUðpÞÞÞ: h

In light of the above theorem, the following definition is well defined:

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : N ! M be a smooth function. Let p be in N. Since
F : N ! M is a smooth function, there exist an admissible coordinate chart ðU;uUÞ
in N satisfying p 2 U; and an admissible coordinate chart ðV ;wVÞ in M satisfying
FðpÞ 2 V ; such that FðUÞ � V ; and wV � ðF � ðuUÞ�1Þ : uUðUÞ ! wVðVÞ is C1

at the point uUðpÞ in R
3: Hence, the linear transformation ðwV � F �

ðuUÞ�1Þ0ðuUðpÞÞ from R
n to R

m exists. The rank of ðwV � F � ðuUÞ�1Þ0ðuUðpÞÞ is
called the rank of F at p. Since rankððwV � F � ðuUÞ�1Þ0ðuUðpÞÞÞ�minfm; ng; the
rank of F at p is less than or equal to minfm; ng:
Definition Let M be an m-dimensional differentiable manifold, N be an n-dimen-
sional smooth manifold, and F : N ! M be a smooth function. Let k be any non-
negative integer. By F has rank k,we mean that k is the rank of F at every point of N.

Theorem 4.8 Let N be a 4-dimensional smooth manifold, M be a 3-dimensional
smooth manifold, F : M ! N be a smooth map, and 2 be the rank of F. Let p be in
M. Then, there exist admissible coordinate chart ðU�;uU� Þ in M satisfying p 2 U�;
and admissible coordinate chart ðV�;wV� Þ in N satisfying FðpÞ 2 V�; such that
FðU�Þ � V�; and for every ðx1; x2; x3Þ in uU� ðU�Þ;

wV� � F � uU�ð Þ�1
� �

x1; x2; x3ð Þ ¼ x1; x2; 0; 0ð Þ:

Proof Since p is in M, and F : M ! N is a smooth map, there exist an admissible
coordinate chart ðU;uUÞ in M satisfying p 2 U; and an admissible coordinate chart
ðV ;wVÞ in N satisfying FðpÞ 2 V such that FðUÞ � V ; and each of the 4 compo-
nent functions of the mapping

wV � F � uUð Þ�1
� �

: uU Uð Þ ! wV Vð Þ

is C1 at the point uUðpÞ in R
3:
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Now, we want to apply Theorem 3.59. Here, uUðUÞ acts for A0;uUðpÞ acts for
a, wV ðVÞ acts for B0, wV ðFðpÞÞ acts for b, wV � ðF � ðuUÞ�1Þ acts for F. Now, we
must verify the following conditions of the theorem:

1. uUðUÞ is an open neighborhood of uUðpÞ in R
3;

2. wV ðVÞ is an open neighborhood of wVðFðpÞÞ in R
4;

3. wV � ðF � ðuUÞ�1Þ : uUðUÞ ! wVðVÞ is a C1 function,
4. for every x in uUðUÞ; the linear transformation ðwV � ðF � ðuUÞ�1ÞÞ0ðxÞ has

rank 2,
5. ðwV � ðF � ðuUÞ�1ÞÞðuUðpÞÞ ¼ wV ðFðpÞÞ:

For 1: Since ðU;uUÞ is an admissible coordinate chart in M satisfying p 2 U;

uUðUÞ is an open neighborhood of uUðpÞ in R
3:

For 2: Since ðV ;wVÞ is an admissible coordinate chart in N satisfying FðpÞ 2 V ;
wV ðVÞ is an open neighborhood of wVðFðpÞÞ in R

4:
For 3: Since F : M ! N is a smooth function, ðU;uUÞ is an admissible coor-
dinate chart in M satisfying p 2 U; and ðV ;wV Þ an admissible coordinate chart
in N satisfying FðpÞ 2 V ; wV � ðF � ðuUÞ�1Þ : uUðUÞ ! wV ðVÞ is a C1

function.
For 4: Let us take any uUðqÞ in uUðUÞ where q is in U. We have to prove that the
rank of ðwV � F � ðuUÞ�1Þ0ðuUðqÞÞ is 2. Since 2 is the rank ofF : M ! N; and p is
inN, the rank ofF at p is 2, and hence, the rank of ðwV � F � ðuUÞ�1Þ0 ðuUðpÞÞ is 2.
For 5: Here, LHS ¼ ðwV � ðF � ðuUÞ�1ÞÞðuUðpÞÞ ¼ ðwV � FÞðpÞ ¼ wVðFðpÞÞ¼
RHS: Hence, by Theorem 3.59, there exists an open neighborhood A of uUðpÞ in
R

3; an open neighborhood B of ðwV � FÞðpÞ in R
4; an open subset bU of R3; an

open subset bV ofR4; a function bG : A ! bU ; and a function bH : B ! bV such that

1. A is contained in uUðUÞ; and B is contained in wVðVÞ;
2. bG is a C1 diffeomorphism (that is, bG is 1–1 onto, bG is a C1 function, andbG�1 is a C1 function),
3. bH is a C1 diffeomorphism,
4. ðwV � ðF � ðuUÞ�1ÞÞðAÞ � B;

5. For every x � ðx1; x2; x3Þ in bU ; ðbH � ðwV � ðF � ðuUÞ�1ÞÞ � bG�1Þ
ðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ:

Now, let us take bG � uU for uU� ; bH � wV for wV� ; ðuUÞ�1ðAÞ for U�; ðwV Þ�1ðBÞ
for V�: It remains to prove:

(i) ðuUÞ�1ðAÞ is open in M,
(ii) ðbG � uUÞððuUÞ�1ðAÞÞ is open in R

3;

(iii) bG � uU : ðuUÞ�1ðAÞ ! ðbG � uUÞððuUÞ�1ðAÞÞ is a homeomorphism,
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(iv) ððuUÞ�1ðAÞ; bG � uUÞ is an admissible coordinate chart in M satisfying
p 2 ðuUÞ�1ðAÞ;

(v) ððwV Þ�1ðBÞ; bH � wVÞ is an admissible coordinate chart in N satisfying
FðpÞ 2 ðwV Þ�1ðBÞ;

(vi) for every ðx1; x2; x3Þ in ðbG � uUÞððuUÞ�1ðAÞÞ; ððbH � wVÞ � F � ðbG �
uUÞ�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ;

(vii) FððuUÞ�1ðAÞÞ � ðwVÞ�1ðBÞ:

For (i): Since A is an open neighborhood of uUðpÞ in R
3; A is contained in

uUðUÞ; and ðU;uUÞ is an admissible coordinate chart in M satisfying p 2 U;

ðuUÞ�1ðAÞ is open in M.
For (ii): Since bG : A ! bU is a diffeomorphism, bG : A ! bU is a homeomor-
phism, and hence, ðbG � uUÞððuUÞ�1ðAÞÞð¼ bGðAÞÞ is open in R

3.
For (iii): Since bG : A ! bU is a C1 diffeomorphism, bG : A ! bU is a homeo-
morphism. Since uU : ðuUÞ�1ðAÞ ! A is a homeomorphism, and bG : A ! bU is
a homeomorphism, bG � uU : ðuUÞ�1ðAÞ ! ðbG � uUÞððuUÞ�1ðAÞÞð¼ bGðAÞ ¼ bUÞ
is a homeomorphism.
For (iv): Let ðW ; vW Þ be any admissible coordinate chart in M satisfying
W \ððuUÞ�1ðAÞÞ is nonempty.
SinceA is an open neighborhood ofuUðpÞ;uUðpÞ 2 A; and hence p 2 ðuUÞ�1ðAÞ:
Now, we have to prove that vW � ðbG � uUÞ�1; and ðbG � uUÞ � ðvW Þ�1 are C1:

Since ðW ; vW Þ; ðU;uUÞ are admissible coordinate charts in M, vW � ðuUÞ�1 is
C1: Now, since bG is a C1 diffeomorphism, bG�1 is C1, and hence, vW �
ðbG � uUÞ�1ð¼ ðvW � ðuUÞ�1Þ � bG�1Þ isC1:Similarly, ðbG � uUÞ � ðvW Þ�1 isC1:

For (v): Its proof is similar to that of (iv).
For (vi): Let us take any ðx1; x2; x3Þ in ðbG � uUÞððuUÞ�1ðAÞÞ: We have to prove
that

bH � wV

� �
� F � bG � uU

� ��1
� �

x1; x2; x3ð Þ ¼ x1; x2; 0; 0ð Þ:

Since ðx1; x2; x3Þ 2 ðbG � uUÞððuUÞ�1ðAÞÞ ¼ bGðAÞ ¼ bU ;

LHS ¼ bH � wV

� �
� F � bG � uU

� ��1
� �

x1; x2; x3ð Þ

¼ bH � wV � F � uUð Þ�1
� �� �

� bG�1
� �

x1; x2; x3ð Þ
¼ x1; x2; 0; 0ð Þ ¼ RHS:
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For (vii): Since wV ððF � ðuUÞ�1ÞðAÞÞ ¼ ðwV � ðF � ðuUÞ�1ÞÞðAÞ � B; and wV

is 1–1, FððuUÞ�1ðAÞÞ � ðwVÞ�1ðBÞ: h

Note 4.9 As in Theorem 4.8, we can prove the following result:
Let N be an n-dimensional smooth manifold, M be an m-dimensional smooth

manifold, F : M ! N be a smooth map, and r be the rank of F. Then, for every p in
M, there exist admissible coordinate chart ðU;uÞ in M satisfying p 2 U; and
admissible coordinate chart ðV ;wÞ in N satisfying FðpÞ 2 V such that FðUÞ � V ;
and for every ðx1; . . .; xr; xrþ1; . . .; xmÞ in uðUÞ;

w � F � u�1� �
x1; . . .; xr; xrþ1; . . .; xmð Þ ¼ x1; . . .; xr; 0; . . .; 0|fflfflffl{zfflfflffl}

n�r

0@ 1A:

This theorem is also known as the constant rank theorem.

Lemma 4.10 Let M be an m-dimensional smooth manifold. Let ðU;uUÞ be an admis-
sible coordinate chart of M. Let V be a nonempty open subset of U. Then, ðV ;wV Þ is
an admissible coordinate chart of M, where wV denotes the restriction of uU on V.

Proof Here, we must prove:

1. V is open,
2. wV ðVÞ is open,
3. wV : V ! wV ðVÞ is 1–1 onto,
4. wV is continuous,
5. ðwV Þ�1 is continuous,
6. if ðW ; vW Þ is an admissible coordinate chart of M, then vW � ðwVÞ�1 :

wV ðW \VÞ ! vW ðW \VÞ is a smooth function,
7. if ðW ; vW Þ is an admissible coordinate chart of M, then wV � ðvWÞ�1 :

vW ðW \VÞ ! wV ðW \VÞ is a smooth function.

For (1): It is given.
For (2): Since ðU;uUÞ is a coordinate chart of M, uUðUÞ is open in R

4; and
uU : U ! uUðUÞ is an open mapping. Since uU : U ! uUðUÞ is an open
mapping, and V is a nonempty open subset of U, uUðVÞ is an open subset of the
open set uUðUÞ; and hence, uUðVÞ is an open set. Since uUðVÞ is an open set,
and wV is the restriction of uU on V, wVðVÞ is an open set.
For (3): Since ðU;uUÞ is a coordinate chart of M, uU : U ! uUðUÞ is 1–1.
Since uU : U ! uUðUÞ is 1–1, and wV is the restriction of φU on V, wV : V !
wV ðVÞ is 1–1. Further, clearly wV : V ! wV ðVÞ is onto.
For (4): Since ðU;uUÞ is a coordinate chart of M, uU : U ! uUðUÞ is con-
tinuous, and hence, its restriction wV : V ! wV ðVÞ is continuous.
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For (5): Since V is contained in U, uUðVÞð¼ wV ðVÞÞ is contained in uUðUÞ:
Since ðU;uUÞ is a coordinate chart of M, ðuUÞ�1 : uUðUÞ ! U is continuous,
and hence, its restriction ðuUÞ�1jwV ðVÞð¼ ðwVÞ�1Þ is continuous.
For (6): Let us take any admissible coordinate chart ðW ; vW Þ of M.

We shall try to prove that vW � ðwV Þ�1 : wVðW \VÞ ! vW ðW \VÞ is a smooth
function. Since ðW ; vWÞ; and ðU;uUÞ are admissible coordinate charts of M, vW �
ðuUÞ�1 : uUðW \UÞ ! vW ðW \UÞ is a smooth function. Since V is contained in
U,W \U; is contained inW \U; and hence,uUðW \VÞ is contained inuUðW \UÞ:
Since wV is the restriction of uU : U ! uUðUÞ on V, and W \V is contained in
V, wV ðW \VÞ ¼ uUðW \VÞ: Since wVðW \VÞ ¼ uUðW \VÞ; and uUðW \VÞ
is contained in uUðW \UÞ; wVðW \VÞ is contained in uUðW \UÞ:
Since wV ðW \VÞ is contained in uUðW \UÞ; and vW � ðuUÞ�1 : uUðW \UÞ !
vW ðW \UÞ is a smooth function, the restriction of vW � ðuUÞ�1 to wVðW \VÞ is a
smooth function. If wV ðxÞ 2 wV ðW \ VÞ; where x 2 W \Vð� VÞ; then, ðvW�
ðuUÞ�1ÞðwV ðxÞÞ ¼ ðvW � ðuUÞ�1ÞðuUðxÞÞ ¼ vW ðxÞ ¼ ðvW � ðwV Þ�1ÞðwV ðxÞÞ:

It follows that the restriction of vW� ðuUÞ�1 to wVðW \VÞ; and vW � ðwVÞ�1 :

wV ðW \VÞ ! vW ðW \VÞ are the same functions. Since the restriction of vW �
ðuUÞ�1 to wV ðW \VÞ; and vW � ðwV Þ�1 : wV ðW \VÞ ! vW ðW \VÞ are the same
functions, and the restriction of vW � ðuUÞ�1 to wV ðW \VÞ is a smooth function,
vW � ðwV Þ�1 : wV ðW \VÞ ! vW ðW \VÞ is a smooth function.

For (7): Let us take any admissible coordinate chart ðW ; vWÞ of M. We shall try
to prove that wV � ðvWÞ�1 : vW ðW \VÞ ! wV ðW \VÞ is a smooth function.

Since ðW ; vWÞ; and ðU;uUÞ are admissible coordinate charts of M, uU �
ðvWÞ�1 : vW ðW \UÞ ! uUðW \UÞ is a smooth function. Since V is contained in
U, W \V is contained in W \U; and hence, vWðW \VÞ is contained in
vW ðW \UÞ: Since vW ðW \VÞ is contained in vW ðW \UÞ; and uU � ðvWÞ�1 :

vW ðW \UÞ ! uUðW \UÞ is a smooth function, the restriction of uU � ðvW Þ�1 to
vW ðW \VÞ is a smooth function. If vW ðxÞ 2 vWðW \VÞ; where x 2 W \Vð� VÞ;
then uUðxÞ ¼ wV ðxÞ; and hence, ðuU � ðvWÞ�1ÞðvW ðxÞÞ ¼ uUðxÞ ¼ wV ðxÞ ¼
ðwV � ðvWÞ�1ÞðvW ðxÞÞ:

It follows that restriction of uU � ðvW Þ�1 to vW ðW \VÞ; and wV � ðvWÞ�1 :

vW ðW \VÞ ! wV ðW \VÞ are the same the functions. Since the restriction of uU �
ðvWÞ�1 to vW ðW \VÞ; and the function wV � ðvWÞ�1 : vWðW \VÞ ! wVðW \VÞ
are the same, and the restriction of uU � ðvW Þ�1 to vW ðW \VÞ is a smooth function,
wV � ðvW Þ�1 : vW ðW \VÞ ! wV ðW \VÞ is a smooth function. h

Lemma 4.11 Let M be an m-dimensional smooth manifold. Let ðU;uUÞ be an
admissible coordinate chart of M. Let G be a nonempty open subset of the open set
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uUðUÞð� R
mÞ: Then ððuUÞ�1ðGÞ;wðuUÞ�1ðGÞÞ is an admissible coordinate chart of

M, where wðuUÞ�1ðGÞ denotes the restriction of uU on ðuUÞ�1ðGÞ:
Proof Since ðU;uUÞ is an admissible coordinate chart of M, and G is a nonempty
open subset of the open set uUðUÞ; ðuUÞ�1ðGÞ is a nonempty open subset of U. So,
by Lemma 4.10, ððuUÞ�1ðGÞ;wðuUÞ�1ðGÞÞ is an admissible coordinate chart of M,

where wðuUÞ�1ðGÞ denotes the restriction of uU on ðuUÞ�1ðGÞ: h

Theorem 4.12 Let N be a 4-dimensional smooth manifold, M be a 3-dimensional
smooth manifold, F : M ! N be a smooth function, and 2 be the rank of F. Let p be
in M. Then, there exist admissible coordinate chart ðU;uUÞ in M satisfying p 2 U;
and admissible coordinate chart ðV ;wVÞ in N satisfying FðpÞ 2 V such that
uUðpÞ ¼ ð0; 0; 0Þ;wV ðFðpÞÞ ¼ ð0; 0; 0; 0Þ and for every ðx1; x2; x3Þ in uUðUÞ;

wV � F � uUð Þ�1
� �

x1; x2; x3ð Þ ¼ x1; x2; 0; 0ð Þ:

Further, we may assume uUðUÞ ¼ ð�e; eÞ � ð�e; eÞ � ð�e; eÞ, and wVðVÞ ¼
ð�e; eÞ � ð�e; eÞ � ð�e; eÞ � ð�e; eÞ for some e[ 0: In short, uUðUÞ ¼ C3

e ð0Þ;
and wV ðVÞ ¼ C4

e ð0Þ for some e[ 0:

Proof By Theorem 4.8, there exist admissible coordinate chart ðU�;uU� Þ in
M satisfying p 2 U�; and admissible coordinate chart ðV�;wV� Þ in N satisfying
FðpÞ 2 V� such that for every ðx1; x2; x3Þ in uU� ðU�Þ;

wV� � F � uU�ð Þ�1
� �

x1; x2; x3ð Þ ¼ x1; x2; 0; 0ð Þ:

Put U � U�;uU � uU� � uU� ðpÞ;V � V�;wV � wV� � ððuU� ðpÞÞ1; ðuU� ðpÞÞ2; 0; 0Þ:
It remains to prove:

(i) ðU;uUÞ is an admissible coordinate chart in N satisfying p 2 U;
(ii) ðV ;wVÞ is an admissible coordinate chart in M satisfying FðpÞ 2 V ;
(iii) uUðpÞ ¼ ð0; 0; 0Þ;
(iv) for every ðx1; x2; x3Þ in uUðUÞ; ðwV � F � ðuUÞ�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ;
(v) wV ðFðpÞÞ ¼ ð0; 0; 0; 0Þ:
For (i): Since ðU�;uU� Þ is an admissible coordinate chart in N satisfying p 2 U�,
U�ð¼ UÞ is an open neighborhood of p, and hence, U is an open neighborhood
of p.

Since ðU�;uU� Þ is an admissible coordinate chart in N, uU� ðU�Þ is open in R
3:

Now, since U ¼ U�; uU� ðUÞ is open in R
3; and hence, ðuU þ uU� ðpÞÞ

ðUÞð¼ uUðUÞ þ uU� ðpÞÞ is open in R
3: Since uUðUÞ þ uU� ðpÞ is open in R

3;

uUðUÞ is open in R
3: Since ðU�;uU� Þ is an admissible coordinate chart in M,
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uU� : U� ! uU� ðU�Þ is a homeomorphism. Since uU� : U� ! uU� ðU�Þ is a
homeomorphism, and the translation

T�uU� pð Þ : uU� U�ð Þ ! uU� U�ð Þ � uU� pð Þð Þ

is a homeomorphism, their composite

uU ¼ð ÞT�uU� pð Þ � uU� : U� ¼ Uð Þ ! uU� U�ð Þ � uU� pð Þð Þ ¼ uU� � uU� pð Þð Þ U�ð Þð ¼ uU Uð ÞÞ

is a homeomorphism. Thus, we have shown that ðU;uUÞ is a coordinate chart in
M satisfying p 2 U:

Next, let ðW ; vW Þ be an admissible coordinate chart in M such that U \W is
nonempty. Now, we have to prove that vW � ðuUÞ�1; and uU � ðvWÞ�1 are C1:
Here,

vW � uUð Þ�1 ¼ vW � uU� � uU� pð Þð Þ�1¼ vW � T�uU� pð Þ � uU�
� ��1

¼ vW � uU�ð Þ�1�TuU� pð Þ
� �

¼ vW � uU�ð Þ�1
� �

� TuU� pð Þ;

so vW � ðuUÞ�1 ¼ ðvW � ðuU� Þ�1Þ � TuU� ðpÞ: Since ðW ; vW Þ; and ðU�;uU� Þ are

admissible coordinate charts in M, vW � ðuU� Þ�1 is C1. Since vW � ðuU� Þ�1 is C1;

and translation TuU� ðpÞ is C1, their composite ðvW � ðuU� Þ�1Þ � TuU� ðpÞð¼ vW�
ðuUÞ�1Þ is C1, and hence, vW � ðuUÞ�1 is C1. Similarly, uU � ðvW Þ�1 is C1:

For (ii): Its proof is similar to that of (i).
For (iii): uUðpÞ ¼ ðuU� � uU� ðpÞÞðpÞ ¼ uU� ðpÞ � uU� ðpÞ ¼ ð0; 0; 0Þ: Thus
uUðpÞ ¼ ð0; 0; 0Þ:
For (iv): Let us take any ðx1; x2; x3Þ in uUðUÞ: We have to prove that
ðwV � F � ðuUÞ�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ: Here, ðuUÞ�1 ¼ ðuU� � uU�

ðpÞÞ�1 ¼ ðT�uU� ðpÞ � uU� Þ�1 ¼ ðuU� Þ�1 � TuU� ðpÞ: Since uU ¼ uU� � uU� ðpÞ;
uUðUÞ ¼ uU� ðUÞ � uU� ðpÞ ¼ uU� ðU�Þ � uU� ðpÞ: Now, since ðx1; x2; x3Þ is in
uUðUÞ; ðx1 þ ðuU� ðpÞÞ1; x2 þ ðuU� ðpÞÞ2; x3 þ ðuU� ðpÞÞ3Þ is in uU� ðU�Þ; and
hence,

wV� � F � uU�ð Þ�1
� �

x1 þ uU� pð Þð Þ1; x2 þ uU� pð Þð Þ2; x3 þ uU� pð Þð Þ3
� �

¼ x1 þ uU� pð Þð Þ1; x2 þ uU� pð Þð Þ2; 0; 0
� �

:
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Now,

LHS ¼ wV � F � uUð Þ�1
� �

x1; x2; x3ð Þ ¼ wV � F � uU�ð Þ�1
uU� pð Þ

� �� �
x1; x2; x3ð Þ

¼ wV� � uU� pð Þð Þ1; uU� pð Þð Þ2; 0; 0
� �� �

� F � uU�ð Þ�1� TuU� pð Þ
� �� �

x1; x2; x3ð Þ

¼ T� uU� pð Þð Þ1; uU� pð Þð Þ2;0; 0ð Þ � wV�

� �
� F � uU�ð Þ�1� TuU� pð Þ

� �� �
x1; x2; x3ð Þ

¼ T� uU� pð Þð Þ1; uU� pð Þð Þ2;0; 0ð Þ � wV� � F � uU�ð Þ�1
� �

� TuU� pð Þ
� �

x1; x2; x3ð Þ

¼ T� uU� pð Þð Þ1; uU� pð Þð Þ2;0; 0ð Þ � wV� � F � uU�ð Þ�1
� �� �

x1 þ uU� pð Þð Þ1; x2 þ uU� pð Þð Þ2; x3 þ uU� pð Þð Þ3
� �

¼ T� uU� pð Þð Þ1; uU� pð Þð Þ2;0; 0ð Þ
� �

x1 þ uU� pð Þð Þ1; x2 þ uU� pð Þð Þ2; 0; 0
� �

¼ x1; x2; 0; 0ð Þ ¼ RHS:

For (v): Since p 2 U; uUðpÞ 2 uUðUÞ; and ððuUðpÞÞ1; ðuUðpÞÞ2; ðuUðpÞÞ2Þ ¼
uUðpÞ ¼ ð0; 0; 0Þ so

0; 0; 0; 0ð Þ ¼ uU pð Þð Þ1; uU pð Þð Þ2; 0; 0
� �

¼ wV � F � uUð Þ�1
� �

uU pð Þð Þ
¼ wV � Fð Þ pð Þ ¼ wV F pð Þð Þ:

This completes the proof of the main part.
Since wV ðVÞ is an open neighborhood of wVðFðpÞÞð¼ ð0; 0; 0; 0ÞÞ in R

4; and
uUðUÞ is an open neighborhood of uUðpÞð¼ ð0; 0; 0ÞÞ; there exists e[ 0 such
that ð0; 0; 0; 0Þ 2 ð�e; eÞ � ð�e; eÞ � ð�e; eÞ � ð�e; eÞð¼ C4

e ð0ÞÞ � wV ðVÞ, and
ð0; 0; 0Þ 2 ð�e; eÞ � ð�e; eÞ � ð�e; eÞð¼ C3

e ð0ÞÞ � uUðUÞ: Now, by Lemma 4.11,
ððwV Þ�1ðC4

e ð0ÞÞ;wVÞ is an admissible coordinate chart in N satisfying FðpÞ 2
ðwV Þ�1ðC4

e ð0ÞÞ; and ððuUÞ�1ðC3
e ð0ÞÞ;uUÞ is an admissible coordinate chart in

M satisfying p 2 ðuUÞ�1ðC3
e ð0ÞÞ: Since uUðpÞ ¼ ð0; 0; 0Þ 2 C3

e ð0Þ; p 2
ðuUÞ�1ðC3

e ð0ÞÞ: Next, since wVðFðpÞÞ ¼ ð0; 0; 0; 0Þ 2 C4
e ð0Þ; so FðpÞ 2 ðwV Þ�1

ðC4
e ð0ÞÞ. Also since uU is 1–1, uUððuUÞ�1ðC3

e ð0ÞÞÞ ¼ C3
e ð0Þ: Similarly,

wV ððwV Þ�1ðC4
e ð0ÞÞÞ ¼ C4

e ð0Þ:
Now, it remains to prove: for every ðx1; x2; x3Þ in C3

e ð0Þ; ðwV � F � ðuUÞ�1Þ
ðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ. For this purpose, let us take any ðx1; x2; x3Þ in C3

e ð0Þ:
Since ðx1; x2; x3Þ is in C3

e ð0Þ; and C3
e ð0Þ � uUðUÞ; ðx1; x2; x3Þ is in uUðUÞ; and

hence, ðwV � F � ðuUÞ�1Þðx1; x2; x3Þ ¼ ðx1; x2; 0; 0Þ: h

Theorem 4.13 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, F : M ! N be a smooth function, and k be the rank of F.
Let p be in M. Then, there exist admissible coordinate chart ðU;uUÞ in M satisfying
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p 2 U; and admissible coordinate chart ðV ;wV Þ in N satisfying FðpÞ 2 V such that
uUðpÞ ¼ 0;wV ðFðpÞÞ ¼ 0; and for every, ðx1; x2; . . .; xnÞ in uUðUÞ;

wV � F � uUð Þ�1
� �

x1; x2; . . .; xmð Þ ¼ x1; x2; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
n�k

0@ 1A:

Further, we may assume uUðUÞ ¼ Cm
e ð0Þ; and wV ðVÞ ¼ Cn

e ð0Þ for some e[ 0:

Proof Its proof is quite similar to the proof of Theorem 4.12. h

Lemma 4.14 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : N ! M be a 1–1 smooth function. Let O1 be the topology
of N. Let A1 be the differential structure on N. Put O � fFðGÞ : G 2 O1g and
A � fðFðUÞ;uU � F�1Þ : ðU;uUÞ 2 A1g: Then,
I. O is a topology over FðNÞ;
II. A determines a unique differential structure on FðNÞ, and
III. F is a diffeomorphism from N onto FðNÞ:

Proof of I

(i) Since / 2 O1; Fð/Þð¼ /Þ is in O; and hence, / 2 O: Next, since
N 2 O1; so FðNÞis in O:

(ii) Let FðGÞ 2 O; where G 2 O1: Let FðHÞ 2 O; where H 2 O1: We have to
prove that FðGÞ \FðHÞ 2 O: Since G 2 O1;H 2 O1; and O1 is a topology,
G\H 2 O1; and hence, FðG\HÞ 2 O: Since F : N ! M is 1–1,
FðG\HÞ ¼ FðGÞ \FðHÞ: Since FðG\HÞ ¼ FðGÞ \FðHÞ; and
FðG\HÞ 2 O; FðGÞ \FðHÞ 2 O:

(iii) Let FðGiÞ 2 O; where Gi 2 O1 for every index i in index set I. We have to
prove that [i2I FðGiÞ 2 O: Since for every index i, Gi 2 O1; and O1 is a
topology, [i2I Gi 2 O1; and hence, Fð[i2I GiÞð¼ [i2I FðGiÞÞ 2 O: Thus,
[i2I FðGiÞ 2 O: Hence, O is a topology over FðNÞ: h

Proof of II It is clear thatF is a homeomorphism from topological space ðN;O1Þ onto
topological space ðFðNÞ;OÞ: Since N is an n-dimensional smooth manifold, and O1

is the topology of N, ðN;O1Þ is a Hausdorff topological space. Since ðN;O1Þ is a
Hausdorff topological space, and ðN;O1Þ is homeomorphic onto topological space
ðFðNÞ;OÞ; ðFðNÞ;OÞ is a Hausdorff topological space. Since N is an n-dimensional
smooth manifold, and O1 is the topology of N, ðN;O1Þ is a second countable space.
Since ðN;O1Þ is a second countable space, and ðN;O1Þ is homeomorphic onto
topological space ðFðNÞ;OÞ; ðFðNÞ;OÞ is a second countable space.

We want to prove that ðFðNÞ;OÞ is an n-dimensional topological manifold. For
this purpose, let us take any FðxÞ in FðNÞ; where x is in N. Since x is in N, andA1 is
a differential structure on N, there exists ðU;uUÞ 2 A1 such that x 2 U: It follows
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that FðxÞ 2 FðUÞ: Since ðU;uUÞ 2 A1; ðFðUÞ;uU � F�1Þ 2 A: It remains to
prove:

(a) FðUÞ 2 O;

(b) ðuU � F�1ÞðFðUÞÞ is an open subset of Rn;

(c) uU � F�1 is a homeomorphism from FðUÞ (relative to topology O) onto
ðuU � F�1ÞðFðUÞÞ.

For (a): Here, ðU;uUÞ 2 A1; and A1 is a differential structure on N, U 2 O1;
and hence, FðUÞ 2 O:
For (b): Here, U 2 O1; and O1 is the topology of N, U is contained in N. Since
U is contained in N, F is 1–1, ðuU � F�1ÞðFðUÞÞ ¼ uUðUÞ: Since ðU;uUÞ 2
A1; and A1 is a differential structure on N, uUðUÞð¼ ðuU � F�1ÞðFðUÞÞÞ is
open in R

n: Hence, ðuU � F�1ÞðFðUÞÞ is an open subset of Rn:
For (c): Since ðU;uUÞ 2 A1; uU is 1–1. Since uU is 1–1, and F is 1–1, the
composite uU � F�1 is 1–1. Thus, uU � F�1 : FðUÞ ! ðuU � F�1ÞðFðUÞÞ is a
1–1 onto function.

Since ðU;uUÞ 2 A1; uU is a homeomorphism from U onto uUðUÞ: Since F is a
homeomorphism from topological space ðN;O1Þ onto topological space ðFðNÞ;OÞ;
F�1 is a homeomorphism from topological space ðFðNÞ;OÞ onto topological space
ðN;O1Þ, and hence, the restriction of F�1 on FðUÞ (relative to topology OÞ is a
homeomorphism from FðUÞ onto U. It follows that uU � F�1 is a homeomorphism
from FðUÞ (relative to topology O) onto uUðUÞð¼ ðuU � F�1ÞðFðUÞÞÞ: Thus, we
have shown that ðFðNÞ;OÞ is an n-dimensional topological manifold.

Now we want to prove: All pairs of members in A are C1-compatible. For this
purpose, let us take any ðFðUÞ;uU � F�1Þ 2 A, where ðU;uUÞ is in A1; and
ðFðVÞ;wV � F�1Þ 2 A where ðV ;wV Þ is in A1 satisfying FðUÞ \FðVÞ is non-
empty. Since F is 1–1, FðUÞ \FðVÞ ¼ FðU \VÞ: Since FðUÞ \FðVÞ ¼
FðU \VÞ; and FðUÞ \FðVÞ is nonempty, FðU \VÞis nonempty, and hence, U \V
is nonempty. Since U \V is nonempty, A1 is a differential structure on N, ðU;uUÞ
is in A1; and ðV ;wVÞ is in A1; ðU;uUÞ and ðV ;wVÞ are C1-compatible, that is,
ðwV � ðuUÞ�1Þ : uUðU \VÞ ! uV ðU \VÞ is a smooth function.

We have to show that ðFðUÞ;uU � F�1Þ and ðFðVÞ;wV � F�1Þ are C1-com-
patible, that is, ððwV � F�1Þ � ðuU � F�1Þ�1Þ : ðuU � F�1ÞðFðUÞ \FðVÞÞ ! ðwV � F�1Þ
ðFðUÞ \FðVÞÞ is a smooth function, that is, ðwV � F�1Þ � ðF � ðuUÞ�1Þ :
ðuU � F�1ÞðFðU \VÞÞ ! ðwV � F�1ÞðFðU \VÞÞ is a smooth function, that is,
ðwV � ðuUÞ�1Þ : uUðU \VÞ ! wV ðU \VÞ is a smooth function. This has already
been shown. Thus, we have shown thatA determines a unique differentiable structure
on FðNÞ that contains A: In short, FðNÞ is an n-dimensional smooth manifold. h

Proof of III Now, we want to prove that F is a diffeomorphism from N onto FðNÞ:
For this purpose, let us take any p in N. We have to prove that F is C1 at p. Now let
us take any admissible coordinate chart ðU;uUÞ of N satisfying p 2 U; an
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admissible coordinate chart ðFðVÞ;wV � F�1Þ of FðNÞ satisfying FðpÞ 2 FðVÞ
where ðV ;wV Þ is in A1: Since F is 1–1, and FðpÞ 2 FðVÞ; p 2 V : Since p 2 U; and
p 2 V ; p 2 U \V ; and hence, U \V is nonempty. We shall try to prove that
ðwV � F�1Þ � F � ðuUÞ�1 is C1 at uUðpÞ. Since ðU;uUÞ is in A1; ðV ;wVÞ is in A1;

and U \V is nonempty, wV � ðuUÞ�1ð¼ ðwV � F�1Þ � F � ðuUÞ�1Þ is C1 at uUðpÞ:
Thus ðwV � F�1Þ � F � ðuUÞ�1 is C1 at uUðpÞ: Thus F is C1: Similarly, F�1 is
C1: This proves that F is a diffeomorphism from N onto FðNÞ: h

4.2 Lie Groups

Definition Let G be an n-dimensional smooth manifold that is also a group. Let
m : G� G ! G be the mapping defined as follows: for every g, h in G,

m g; hð Þ � gh:

Let i : G ! G be the mapping defined as follows: for every g in G,

i gð Þ � g�1:

If m is a smooth map from 2n-dimensional product manifold G × G to n-
dimensional smooth manifold G, and i is a smooth map from n-dimensional smooth
manifold G to itself, then we say that G is a Lie group.

Here, m is the binary operation of the group G and is smooth. Further, i is the
(algebraic) inverse mapping of the group G, which is smooth. Since smooth
mappings are continuous mappings, and m, i are smooth mappings, m, i are con-
tinuous mappings. Since the binary operation m of group G is continuous, and the
inverse mapping i of the group G is continuous, G is a topological group. Thus,
every Lie group is also a topological group.

Note 4.15 Let G be an n-dimensional smooth manifold, and M be an m-dimen-
sional smooth manifold. Let a be in G. Let us define a mapping F : M ! G�M as
follows: for every h in M,

F hð Þ � a; hð Þ:

We shall try to show that F is a smooth mapping. For this purpose, let us fix any
h0 in M. We have to prove that F is smooth at h0 in M.

For this purpose, let us take any admissible coordinate chart ðV ;wV Þ of M sat-
isfying h0 2 V ; and any admissible coordinate chart ðU;uUÞ of G satisfying a 2 U:
Here, ðU;uUÞ is an admissible coordinate chart of G satisfying a 2 U; ðV ;wV Þ is an
admissible coordinate chart of M satisfying h0 2 V ; and Fðh0Þ ¼ ða; h0Þ 2 U � V ;
ðU � V ; ðuU � wVÞÞ is an admissible coordinate chart of G�M satisfying Fðh0Þ 2
U � V : We have to prove that each of the 2 component functions of the mapping
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uU � wVð Þ � F � wVð Þ�1
� �

: wV V \F�1 U � Vð Þ� �! uU � wVð Þ U � Vð Þ

is C1 at the point wV ðh0Þ in R
m; that is, ðr; sÞ 7! p1ðððuU � wV Þ � ðF � ðwV Þ�1ÞÞ

ðr; sÞÞ; and ðr; sÞ 7! p2ðððuU � wVÞ � ðF � ðwVÞ�1ÞÞðr; sÞÞ are C1 at the point
wV ðh0Þin R

m: For every ðr; sÞ in wvðV \ F�1ðU � VÞÞ, there exists y in V such that
wV ðyÞ ¼ ðr; sÞ: So y ¼ ðwVÞ�1ðr; sÞ: Now, since

uU � wVð Þ � F � wVð Þ�1
� �� �

r; sð Þ ¼ uU � wVð Þ F wVð Þ�1 r; sð Þ
� �� �

¼ uU � wVð Þ F yð Þð Þ
¼ uU � wVð Þ a; yð Þ ¼ uU að Þ;wV yð Þð Þ;

ðr; sÞ 7! p1ðððuU � wV Þ � ðF � ðwV Þ�1ÞÞðr; sÞÞ ¼ p1ðuUðaÞ;wV ðyÞÞ ¼ uUðaÞ; which is
a constant function. Hence, ðr; sÞ 7! p1ðððuU � wV Þ � ðF � ðwV Þ�1ÞÞðr; sÞÞ is a
smooth function. Next, since ðr; sÞ 7! p2ðððuU � wV Þ � ðF � ðwV Þ�1ÞÞðr; sÞÞ ¼
p2ðuUðaÞ;wVðyÞÞ ¼ wV ðyÞ ¼ ðr; sÞ is the identity function, ðr; sÞ 7! p2ðððuU�
wV Þ � ðF � ðwVÞ�1ÞÞðr; sÞÞ is a smooth function. Thus, we have shown that F is a
smooth mapping, that is, h 7! ða; hÞ is a smooth mapping.

Similarly, h 7! ðh; aÞ is a smooth mapping.

Note 4.16 Let G;H;K be smooth manifolds. Let f : H ! K be a smooth mapping.
Let F : G� H ! G� K be the mapping defined as follows: for every ðx; yÞ in
G� H;

F x; yð Þ � x; f yð Þð Þ:

We shall try to show that F is a smooth mapping. For simplicity, let each of G,H,
K have dimension 2. Let us fix any ðx0; y0Þ in G� H: We have to prove that F is
smooth at ðx0; y0Þ:

For this purpose, let us take any admissible coordinate chart ðU � V ; ðuU � wVÞÞ
of the product manifold G� H; where ðU;uUÞ is an admissible coordinate chart of
G satisfying x0 2 U; and ðV ;wVÞ is an admissible coordinate chart of H satisfying
y0 2 V : Next, let us take any admissible coordinate chart ðU � ~V ; ðuU � w~V ÞÞ of
G� K; where ð~V ;w~VÞ is an admissible coordinate chart of K satisfying f ðy0Þ 2 ~V :
Here, since x0 2 U; and f ðy0Þ 2 ~V ; Fðx0; y0Þ ¼ ðx0; f ðy0ÞÞ 2 U � ~V : Thus, ðU � ~V ;
ðuU � w~V ÞÞ is an admissible coordinate chart ofG� K satisfyingFðx0; y0Þ 2 U � ~V :
Now, we have to prove that each of the 4 component functions of the mapping

uU � w~V

� � � F � uU � wVð Þ�1
� �

: uU � wVð Þ U � Vð Þ \F�1 U � ~V
� �� �

! uU � w~V

� �
U � ~V
� �
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is C1 at the point ðuU � wVÞðx0; y0Þ in R
4; that is, ðr; s; t; uÞ 7! p1ðððuU � w~V Þ�

ðF � ðuU � wVÞ�1ÞÞðr; s; t; uÞÞ; ðr; s; t; uÞ 7! p2ðððuU � w~V Þ � ðF � ðuU � wV Þ�1ÞÞ
ðr; s; t; uÞÞ; ðr; s; t; uÞ 7! p3ðððuU � w~VÞ � ðF � ðuU � wVÞ�1ÞÞðr; s; t; uÞÞ; and
ðr; s; t; uÞ 7! p4ðððuU � w~V Þ � ðF � ðuU � wVÞ�1ÞÞðr; s; t; uÞÞ are C1 at the point
ðuU � wV Þðx0; y0Þ in R

4:

For every ðr; s; t; uÞ in ðuU � wVÞððU � VÞ \F�1ðU � ~VÞÞ; there exist x in U,
and y in V such that ðuU � wV Þðx; yÞ ¼ ðr; s; t; uÞ: So ðr; s; t; uÞ ¼
ðuU � wV Þðx; yÞ ¼ ðuUðxÞ;wV ðyÞÞ; and hence, uUðxÞ ¼ ðr; sÞ; and wVðyÞ ¼ ðt; uÞ:
Now, since

uU � w~V

� � � F � uU � wVð Þ�1
� �� �

r; s; t; uð Þ

¼ uU � w~V

� � � F � uU � wVð Þ�1
� �� �

uU � wVð Þ x; yð Þð Þ
¼ uU � w~V

� �
F x; yð Þð Þ ¼ uU � w~V

� �
x; f yð Þð Þ

¼ uU xð Þ;w~V f yð Þð Þ� � ¼ uU xð Þ; w~V � f� �
yð Þ� �

¼ r; s; w~V � f� �
yð Þ� � ¼ r; s; w~V � f� �

wVð Þ�1 t; uð Þ
� �� �

¼ r; s; w~V � f � wVð Þ�1
� �

t; uð Þ
� �

;

so

r; s; t; uð Þ 7! p1 uU � w~V

� � � F � uU � wVð Þ�1
� �� �

r; s; t; uð Þ
� �

¼ p1 r; s; w~V � f � wVð Þ�1
� �

t; uð Þ
� �

¼ r;

which is a smooth function. Hence, ðr; sÞ 7! p1ðððuU � w~VÞ � ðF � ðuU � wV Þ�1ÞÞ
ðr; s; t; uÞÞ is a smooth function. Next, since

r; s; t; uð Þ 7! p2 uU � w~V

� � � F � uU � wVð Þ�1
� �� �

r; s; t; uð Þ
� �

p2 r; s; w~V � f � wVð Þ�1
� �

t; uð Þ
� �

¼ s;

which is a smooth function, ðr; s; t; uÞ 7! p2ðððuU � w~V Þ � ðF � ðuU � wV Þ�1ÞÞ
ðr; s; t; uÞÞ is a smooth function. Next,

r; s; t; uð Þ 7! p3 uU � w~V

� � � F � uU � wVð Þ�1
� �� �

r; s; t; uð Þ
� �

¼ p3 r; s; w~V � f � wVð Þ�1
� �

t; uð Þ
� �

¼ p1 w~V � f � wVð Þ�1
� �

t; uð Þ
� �

:
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Now, since f : H ! K is a smooth mapping, ðV ;wV Þ is an admissible coordinate
chart of H satisfying y0 2 V ; and ð~V ;w~V Þ is an admissible coordinate chart of
K satisfying f ðy0Þ 2 ~V ;

w~V � f � wVð Þ�1
� �

: wV V \ f�1 ~V
� �� �! w~V

~V
� �

is C1 at the point wV ðy0Þ in R
2; that is, ðt; uÞ 7! p1ðw~V � ðf � ðwV Þ�1Þðt; uÞÞ; and

ðt; uÞ 7! p2ðw~V � ðf � ðwV Þ�1Þðr; sÞÞ are C1 at the point wV ðy0Þ in R
2: Since

ðr; s; t; uÞ 7! ðt; uÞ is smooth, and ðt; uÞ 7! p1ðw~V � ðf � ðwVÞ�1Þðt; uÞÞ is smooth,
their composite ðr; s; t; uÞ 7! p1ðw~V � ðf � ðwV Þ�1Þðt; uÞÞ is smooth, and hence,

r; s; t; uð Þ 7! p3 uU � w~V

� � � F � uU � wVð Þ�1
� �� �

r; s; t; uð Þ
� �

is a smooth map. Similarly, ðr; s; t; uÞ 7! p4ðððuU � w~VÞ � ðF � ðuU � wV Þ�1ÞÞ
ðr; s; t; uÞÞ is a smooth function.

Thus, we have shown that F is a smooth mapping. In short, if y 7! f ðyÞ is smooth
map, then ðx; yÞ 7! ðx; f ðyÞÞ is smooth.

Similarly, if x 7! f ðxÞ is a smooth map, then ðx; yÞ 7! ðf ðxÞ; yÞ is smooth.

Lemma 4.17 Let G be a Lie group. Let a be in G. Then, the mapping F : y 7! ay is
a smooth mapping from smooth manifold G to itself. The mapping F is denoted by
La and is called the left translation by a. Thus, for every y 2 G; LaðyÞ ¼ ay:
Observe that La : G ! G is a 1–1, onto mapping, and ðLaÞ�1 ¼ La�1 : Now, since
La; La�1ð¼ ðLaÞ�1Þ are smooth, La is a diffeomorphism.

Proof Since G is a Lie group, G is a smooth manifold. Hence y 7! ða; yÞ is a smooth
map. Since G is a Lie group, ðx; yÞ 7! xy is a smooth map. Since y 7! ða; yÞ is a
smooth map, and ðx; yÞ 7! xy is a smooth map, their composite map y 7! ay is a
smooth map. h

Note 4.18 Let G be a Lie group. Let a be in G. Then, as above, it can be shown that
the mapping F : x 7! xa is a smooth mapping from smooth manifold G to itself. The
mapping F is denoted by Ra and is called the right translation by a. Thus, for every
x 2 G;RaðyÞ ¼ ya: Observe that Ra : G ! G is a 1–1, onto mapping, and ðRaÞ�1 ¼
Ra�1 : Now, since Ra;Ra�1ð¼ ðRaÞ�1Þ are smooth, Ra is a diffeomorphism.

Lemma 4.19 Let G be an n-dimensional smooth manifold that is also a group. If
ðg; hÞ 7! gh�1 is a smooth mapping from 2n-dimensional product manifold G × G
to n-dimensional smooth manifold G, then G is a Lie group.

Proof For simplicity, let n = 2. Next, let e be the identity element of the group. Let
us define a mapping m : G� G ! G as follows: for every g; h in G,
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m g; hð Þ � gh:

Let us define a mapping i : G ! G as follows: for every g in G,

i gð Þ � g�1:

We have to show that

(i) i is smooth,
(ii) m is smooth.

For (i): Since h 7! ðe; hÞ is a smooth mapping, and ðg; hÞ 7! gh�1 is a smooth
mapping, their composite h 7! eh�1 ¼ h�1 ¼ iðhÞ is a smooth mapping, and
hence, i is a smooth mapping.
For (ii): Since h 7! h�1 is a smooth mapping, ðg; hÞ 7! ðg; h�1Þ is a smooth
mapping. Since ðg; hÞ 7! ðg; h�1Þ is a smooth mapping, and ðg; hÞ 7! gh�1 is a
smooth mapping, their composite ðg; hÞ 7! gðh�1Þ�1 ¼ gh ¼ mðghÞ is a smooth
mapping, and hence, m is a smooth mapping. h

Note 4.20 Let M be an m-dimensional smooth manifold, whose topology is O; and
differential structure is A: Let G be a nonempty open subset of M. Let O1 be the
induced topology over G, that is, O1 ¼ fG1 : G1 � G; andG1 2 Og: Put

AG � U;uUð Þ : U;uUð Þ 2 A; andU � Gf g:

Since M is an m-dimensional smooth manifold, M is a Hausdorff space. Since
M is a Hausdorff space, and G is a subspace of M, G with the induced topology is a
Hausdorff space. Since M is an m-dimensional smooth manifold, M is a second
countable space. Since M is a second countable space, and G is a subspace of M,
G with the induced topology is a second countable space.

Now, we shall try to show that AG is an atlas on G that is,

1. [fU : ðU;uUÞ is in AGg ¼ G;
2. all pairs of members in AG are C1-compatible.

For (1): By the definition of AG; it is clear that [fU : ðU;uUÞ is inAGg � G:
So, it remains to prove that G � [fU : ðU;uUÞ is inAGg:
For this purpose, let us take any p in G. Since p is in G, and G is a subset of M,

p is in M. Since p is in M, and M is an m-dimensional smooth manifold, there exists
ðU;uUÞ inA such that p is in U. Since ðU;uUÞ is inA; U is an open subset of
M. Since U is open, and G is open, U \ G is open. Thus, U \ G is an open
neighborhood of p.
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We shall try to show that ðU \ G;uU jðU\GÞÞ is in AG; that is, ðU \ G;uU jðU\GÞÞ
2 A; andU \ G � G. Since U \ G � G; it remains to show that ðU \ G;uU jðU\GÞÞ
2 A: Since ðU;uUÞ is inA; ðU;uUÞ is an admissible coordinate chart of M. Now,
sinceU \ G is a nonempty open subset ofU, by the Lemma 4.10, ðU \ G;uU jðU\GÞÞ
is an admissible coordinate chart of M, and hence, ðU \ G;uU jðU\GÞÞ 2 A:

For (2): Let us take any ðU;uUÞ; ðV ;wV Þ 2 AG: We have to show that ðU;uUÞ
andðV ;wV Þ are C1-compatible. Since ðU;uUÞ 2 AG, by the definition of AG;
ðU;uUÞ 2 A: Similarly ðV ;wVÞ 2 A: Since ðU;uUÞ 2 A; ðV ;wVÞ 2 A; and A
is a differential structure, ðU;uUÞ and ðV ;wV Þ are C1-compatible. Thus, we
have shown that AG is an atlas on G. Hence, AG determines a unique smooth
structure on G. Thus, the open subset G of smooth manifold M becomes an m-
dimensional smooth manifold. Here, G is called an open submanifold of M.

Example 4.21 Let Mð2� 3;RÞ be the collection of all 2 × 3 matrices with real
entries, that is,

M 2� 3;Rð Þ � a b c
d e f

	 

: a; b; c; d; e; f 2 R

� �
:

We define addition of matrices as follows:

a b c
d e f

	 

þ a1 b1 c1

d1 e1 f1

	 

� aþ a1 bþ b1 cþ c1

d þ d1 eþ e1 f þ f1

	 

:

Clearly, Mð2� 3;RÞ is a commutative group under addition as binary operation.
We define scalar multiplication of matrix as follows:

t
a b c
d e f

	 

� ta tb tc

td te tf

	 

:

Clearly, Mð2� 3;RÞ becomes a real linear space of dimension ð2� 3Þ: Here,
one of the basis of Mð2� 3;RÞ is

1 0 0
0 0 0

	 

;

0 1 0
0 0 0

	 

;

0 0 1
0 0 0

	 

;

0 0 0
1 0 0

	 

;

0 0 0
0 1 0

	 

;

0 0 0
0 0 1

	 
� �
:

Clearly, the real linear space R
2�3 is isomorphic to the real linear space

Mð2� 3;RÞ: Since R
2�3 is isomorphic to Mð2� 3;RÞ; we will not distinguish

between

4.2 Lie Groups 251



a b c
d e f

	 

and a; b; c; d; e; fð Þ:

Now since R2�3 is a ð2� 3Þ-dimensional smooth manifold, Mð2� 3;RÞ is also
a ð2� 3Þ-dimensional smooth manifold. Similarly, Mðm� n;RÞ is a mn-dimen-
sional smooth manifold. Clearly,

M 2� 3;Cð Þ � a b c
d e f

	 

: a; b; c; d; e; f are complex numbers

� �� �
is a 2� ð2� 3Þ-dimensional smooth manifold. Similarly, Mðm� n;CÞ is a 2mn-
dimensional smooth manifold. The n2-dimensional smooth manifold Mðn� n;RÞ
is denoted by Mðn;RÞ: The 2n2-dimensional smooth manifold Mðn� n;CÞ is
denoted by Mðn;CÞ: Let GLð2;RÞ be the collection of all invertible 2� 2 matrices
with real entries, that is,

GL 2;Rð Þ � x1 x2
x3 x4

	 

:

x1 x2
x3 x4

	 

2 M 2;Rð Þ andx1x4 � x2x3 6¼ 0

� �
:

It is clear that ½ x1 x2
x3 x4

	 7! ðx1; x2; x3; x4Þ is in 1–1 correspondence from
GLð2;RÞ onto fðx1; x2; x3; x4Þ : ðx1; x2; x3; x4Þ 2 R

4 and x1x4 � x2x3 6¼ 0g: Let us
define a function f : R4 ! R as follows: for every ðx1; x2; x3; x4Þ in R

4

f x1; x2; x3; x4ð Þ � x1x4 � x2x3:

We shall try to show that f is a continuous function.
Since ðx1; x2; x3; x4Þ 7! x1; and ðx1; x2; x3; x4Þ 7! x4 are continuous functions,

ðx1; x2; x3; x4Þ 7! ðx1; x4Þ is continuous. Since ðx1; x2; x3; x4Þ 7! ðx1; x4Þ is continu-
ous, and the multiplication operation ðx1; x4Þ 7! x1x4 is continuous, their composite
function ðx1; x2; x3; x4Þ 7! x1x4 is continuous. Similarly, ðx1; x2; x3; x4Þ 7! x2x3 is
continuous. Since ðx1; x2; x3; x4Þ 7! x1x4 is continuous, and ðx1; x2; x3; x4Þ 7! x2x3 is
continuous, ðx1; x2; x3; x4Þ 7! ðx1x4; x2x3Þ is continuous. Since ðx1; x2; x3; x4Þ 7!
ðx1x4; x2x3Þ is continuous, and the difference operation ðy; zÞ 7! y� z is continuous,
their composite function ðx1; x2; x3; x4Þ 7! x1x4 � x2x3 ¼ f ðx1; x2; x3; x4Þ is contin-
uous, and hence, f is a continuous function.

Since f0g is a closed subset ofR;R� f0g is an open subset ofR: SinceR� f0g is
an open subset of R; and f : R4 ! R is a continuous function, f�1ðR� f0gÞ
ð¼ fðx1; x2; x3; x4Þ : ðx1; x2; x3; x4Þ 2 R

4 and x1x4 � x2x3 6¼ 0gÞ is an open subset of
R

4; and hence, fðx1; x2; x3; x4Þ : ðx1; x2; x3; x4Þ 2 R
4 and x1x4 � x2x3 6¼ 0g is an open

subset of R4: Since fðx1; x2; x3; x4Þ : ðx1; x2; x3; x4Þ 2 R
4 and x1x4 � x2x3 6¼ 0g is an

open subset of R4; and ½ x1 x2
x3 x4

	 7! ðx1; x2; x3; x4Þ is in 1–1 correspondence from

GLð2;RÞ onto fðx1; x2; x3; x4Þ : ðx1; x2; x3; x4Þ 2 R
4 and x1x4 � x2x3 6¼ 0g;GLð2;RÞ
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is an open subset ofMð2;RÞð¼ R
4Þ:SinceGLð2;RÞ is an open subset ofR4; andR4 is

a 4-dimensional smooth manifold, GLð2;RÞ is a 4-dimensional smooth manifold.
Clearly, fðGLð2;RÞ; IdGLð2;RÞÞg is an atlas of GLð2;RÞ: This shows that

ðGLð2;RÞ � GLð2;RÞ; ðIdGLð2;RÞ � IdGLð2;RÞÞÞ is an admissible coordinate chart of
the product manifold GLð2;RÞ � GLð2;RÞ: Since, for every

a b
c d

	 

;

e f
g h

	 
� �
in GL 2;Rð Þ � GL 2;Rð Þ;

we have

IdGL 2;Rð Þ � IdGL 2;Rð Þ
� � a b

c d

	 

;

e f

g h

	 
� �
¼ IdGL 2;Rð Þ

a b

c d

	 
� �
; IdGL 2;Rð Þ

e f

g h

	 
� �� �
¼ a b

c d

	 

;

e f

g h

	 
� �
¼ IdGL 2;Rð Þ�GL 2;Rð Þ

a b

c d

	 

;

e f

g h

	 
� �
;

IdGLð2;RÞ � IdGLð2;RÞ ¼ IdGLð2;RÞ�GLð2;RÞ; and hence, ðGLð2;RÞ � GLð2;RÞ;
IdGLð2;RÞ�GLð2;RÞÞ is an admissible coordinate chart of the product manifold
GLð2;RÞ � GLð2;RÞ:

We define multiplication of matrices as follows:

a b
c d

	 

e f
g h

	 

� aeþ bg af þ bh

ceþ dg cf þ dh

	 

:

We know that GLð2;RÞ becomes a group under multiplication as binary oper-
ation. Thus, GLð2;RÞ is a 4-dimensional smooth manifold that is also a group. We
want to show that GLð2;RÞ is a Lie group. Let us define m : GLð2;RÞ �
GLð2;RÞ ! GLð2;RÞ as follows: for every

a b
c d

	 

;

e f
g h

	 
� �
in GL 2;Rð Þ � GL 2;Rð Þ;

we have

m
a b
c d

	 

;

e f
g h

	 
� �
� a b

c d

	 

e f
g h

	 

¼ aeþ bg af þ bh

ceþ dg cf þ dh

	 

:

Let us define i : GLð2;RÞ ! GLð2;RÞ as follows: for every
a b
c d

	 

in

GLð2;RÞ;
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i
a b
c d

	 
� �
� 1

ad � bc
d �b
�c a

	 

¼

d
ad � bc

�b
ad � bc�c

ad � bc
a

ad � bc
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We have to show:

(i) m is a smooth map from (4 + 4)-dimensional product manifold GLð2;RÞ �
GLð2;RÞ to 4-dimensional smooth manifold GLð2;RÞ,

(ii) i is a smooth map from 4-dimensional smooth manifold GLð2;RÞ to 4-
dimensional smooth manifold GLð2;RÞ.

For (i): For this purpose, let us fix any

a b
c d

	 

;

e f
g h

	 
� �
in GLð2;RÞ � GLð2;RÞ:

We have to prove that m is smooth at

a b
c d

	 

;

e f
g h

	 
� �
:

For this purpose, let us take the admissible coordinate chart ðGLð2;RÞ�
GLð2;RÞ; IdGLð2;RÞ�GLð2;RÞÞ of the product manifold GLð2;RÞ � GLð2;RÞ: Here,

a b
c d

	 

;

e f
g h

	 
� �
2 GL 2;Rð Þ � GL 2;Rð Þ:

Next, let us take the admissible coordinate chart ðGLð2;RÞ; IdGLð2;RÞÞ of
GLð2;RÞ: Clearly,

m
a b
c d

	 

;

e f
g h

	 
� �
¼ aeþ bg af þ bh

ceþ dg cf þ dh

	 

2 GL 2;Rð Þ:

Now, we have to prove that each of the 4 component functions of the mapping

IdGLð2;RÞ � m � IdGLð2;RÞ�GLð2;RÞ
� ��1

� �
: IdGLð2;RÞ�GLð2;RÞ
� �

GLð2;RÞ � GLð2;RÞð Þ \ m�1 GLð2;RÞð Þ� �! IdGLð2;RÞ GLð2;RÞð Þ

is C1 at the point

IdGLð2;RÞ�GLð2;RÞ
a b
c d

	 

;

e f
g h

	 
� �
¼ a b

c d

	 

;

e f
g h

	 
� �� �
inR8:
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Let us observe that IdGLð2;RÞ � ðm � ðIdGLð2;RÞ�GLð2;RÞÞ�1Þ ¼ m; ðIdGLð2;RÞ�GLð2;RÞÞ
ððGLð2;RÞ � GLð2;RÞÞ \m�1ðGLð2;RÞÞÞ ¼ ðGLð2;RÞ � GLð2;RÞÞ \m�1ðGL
ð2;RÞÞ ¼ ðGLð2;RÞ � GLð2;RÞÞ \ðGLð2;RÞ � GLð2;RÞÞ ¼ ðGLð2;RÞ � GLð2;RÞÞ; and
IdGLð2;RÞðGLð2;RÞÞ ¼ GLð2;RÞ; so we have to prove that each of the 4 component
functions of the mapping

m : GL 2;Rð Þ � GL 2;Rð Þ ! GL 2;Rð Þ

is C1 at the point

a b
c d

	 

;

e f
g h

	 
� �
;

that is,

x1 x2
x3 x4

	 

y1 y2
y3 y4

	 
� �
7! x1y1 þ x2y3;

x1 x2
x3 x4

	 

y1 y2
y3 y4

	 
� �
7! x1y2 þ x2y4;

x1 x2
x3 x4

	 

y1 y2
y3 y4

	 
� �
7! x3y1 þ x4y3;

x1 x2
x3 x4

	 

y1 y2
y3 y4

	 
� �
7! x3y2 þ x4y4

are smooth, that is, ðx1; x2; x3; x4; y1; y2; y3; y4Þ 7! x1y1 þ x2y3; ðx1; x2; x3; x4; y1; y2;
y3; y4 Þ 7! x1y2 þ x2y4; ðx1; x2; x3; x4; y1; y2; y3; y4Þ 7! x3y1 þ x4y3; ðx1; x2; x3; x4; y1;
y2; y3; y4Þ 7! x3y2 þ x4y4 are smooth. Clearly, all these four functions are smooth.
Thus, we have shown that m is a smooth map.

For (ii): For this purpose, let us fix any

a b
c d

	 

in GL 2;Rð Þ:

We have to prove that i is smooth at

a b
c d

	 

:

For this purpose, let us take the admissible coordinate chart ðGLð2;RÞ; IdGLð2;RÞÞ
of the smooth manifold GLð2;RÞ: Here,

a b
c d

	 

2 GL 2;Rð Þ:
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Next, let us take the admissible coordinate chart ðGLð2;RÞ; IdGLð2;RÞÞ of the
smooth manifold GLð2;RÞ: Clearly,

i
a b
c d

	 
� �
¼ 1

ad � bc
d �b
�c a

	 

¼

d
ad � bc

�b
ad � bc�c

ad � bc
a

ad � bc

264
375 2 GL 2;Rð Þ:

Now, we have to prove that each of the 4 component functions of the mapping

IdGL 2;Rð Þ � i � IdGL 2;Rð Þ
� ��1

� �
: IdGL 2;Rð Þ
� �

GL 2;Rð Þð Þ \ i�1 GL 2;Rð Þð Þ� �
! IdGL 2;Rð Þ GL 2;Rð Þð Þ

is C1 at the point

IdGL 2;Rð Þ
a b
c d

	 
� �
¼ a b

c d

	 
� �
inR4:

Let us observe that IdGLð2;RÞ � ði � ðIdGLð2;RÞÞ�1Þ ¼ i; ðIdGLð2;RÞÞððGLð2;RÞÞ
\ i�1ðGLð2;RÞÞÞ ¼ ðGLð2;RÞÞ \ i�1ðGLð2;RÞÞ ¼ ðGLð2;RÞÞ \ ðGLð2;RÞÞ ¼
GLð2;RÞ; and IdGLð2;RÞðGLð2;RÞÞ ¼ GLð2;RÞ; so we have to prove that each of
the 4 component functions of the mapping

i : GL 2;Rð Þ ! GL 2;Rð Þ

is C1 at the point

a b
c d

	 

;

that is,

x1 x2
x3 x4

	 

7! x4

x1x4 � x2x3
;

x1 x2
x3 x4

	 

7! �x2

x1x4 � x2x3
;

x1 x2
x3 x4

	 

7! �x3

x1x4 � x2x3
;

x1 x2
x3 x4

	 

7! x1

x1x4 � x2x3

are smooth, that is,

x1; x2; x3; x4ð Þ 7! x4
x1x4 � x2x3

; x1; x2; x3; x4ð Þ 7! �x2
x1x4 � x2x3

;

x1; x2; x3; x4ð Þ 7! �x3
x1x4 � x2x3

; x1; x2; x3; x4ð Þ 7! �x2
x1x4 � x2x3

are smooth. Clearly, all these four functions are smooth. Thus, we have shown that
i is a smooth map. Hence, GLð2;RÞ is a 4-dimensional Lie group. Similarly,
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GLðn;RÞ is a n2-dimensional Lie group. GLðn;RÞ is known as the general linear
group.

As above, it can be shown that GLðn;CÞ is a 2n2-dimensional Lie group.
GLðn;CÞ is known as the complex general linear group.

Example 4.22 Let V be a real linear space. Let GLðVÞ be the collection of all
invertible linear transformations from V onto V. We shall try to show that GLðVÞ is
a group under composition � of mappings as binary operation.

(1) Closure law: Let us take any T1; T2 in GLðVÞ: We have to show that T1 � T2 is
in GLðVÞ; that is,
(a) T1 � T2 is 1–1 from V to V,
(b) T1 � T2 maps V onto V,
(c) for every x; y in V, and for every s; t in R; ðT1 � T2Þðsxþ tyÞ ¼

sððT1 � T2ÞðxÞÞ þ tððT1 � T2ÞðyÞÞ:

For (a): Since T1 is in GLðVÞ; T1 is invertible, and hence, T1 is 1–1. Similarly,
T2 is 1–1. Since T1 is 1–1, and T2 is 1–1, their composite T1 � T2 is 1–1.
For (b): Since T1 is in GLðVÞ; T1 is invertible, and hence, T1 maps V onto
V. Similarly, T2 maps V onto V. Since T1 maps V onto V, and T2 maps V onto V,
their composite T1 � T2 maps V onto V.
For (c): LHS ¼ ðT1 � T2Þðsxþ tyÞ ¼ T1ðT2ðsxþ tyÞÞ ¼ T1ðsðT2ðxÞÞ þ tðT2ðyÞÞÞ ¼
sðT1ðT2ðxÞÞÞ þ tðT1ðT2ðyÞÞÞ ¼ sððT1 � T2ÞðxÞÞ þ tððT1 � T2ÞðyÞÞ ¼ RHS:

Thus, we have shown that T1 � T2 is in GLðVÞ:
(2) � is associative: Let T1; T2; T3 be in GLðVÞ: We have to show that ðT1 � T2Þ �

T3 ¼ T1 � ðT2 � T3Þ: Since the composition of mappings is associative,
ðT1 � T2Þ � T3 ¼ T1 � ðT2 � T3Þ:

(3) Existence of identity element: Let us define the mapping IdV : V ! V as
follows: for every x in V, IdV ðxÞ ¼ x: It is clear that IdV is an invertible linear
transformation from V onto V, and hence, IdV is in GLðVÞ: Also, for any T in
GLðVÞ; it is clear that IdV � T ¼ T � IdV ¼ T : Hence, IdV serves the purpose
of identity element in GLðVÞ:

(4) Existence of inverse element: Let us take any T in GLðVÞ: Since T is in GLðVÞ;
T is invertible, and hence, T�1 exists. Now, we shall try to show that T�1 is in
GLðVÞ; that is, T�1 : V 7!V is linear. For this purpose, let us take any x; y in V,
and any real s; t:We have to show that T�1ðsxþ tyÞ ¼ sðT�1ðxÞÞ þ tðT�1ðyÞÞ:
Since x is in V, and T maps V onto V, there exists x1 in V such that Tðx1Þ ¼ x:
Hence, T�1ðxÞ ¼ x1: Similarly Tðy1Þ ¼ y; and T�1ðyÞ ¼ y1: Now,

LHS ¼ T�1 sxþ tyð Þ ¼ T�1 s T x1ð Þð Þ þ t T y1ð Þð Þð Þ ¼ T�1 T sx1 þ ty1ð Þð Þ ¼ sx1 þ ty1

¼ s T�1 xð Þ� �þ t T�1 yð Þ� � ¼ RHS:
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Thus, T�1 is in GLðVÞ: It is clear that T�1 � T ¼ T � T�1 ¼ IdV : Hence, T�1

serves the purpose of the inverse element of T in GLðVÞ: Thus, we have shown that
GLðVÞ is a group.

Next, let V be finite-dimensional real linear space. Let n be the dimension of
V. For simplicity, we shall take 2 for n. Let fe1; e2g be a basis of the real linear
space V. Let us take any T in GLðVÞ: So, T : V 7!V : Let Tðe1Þ � a11e1 þ a21e2;
and Tðe2Þ � a12e1 þ a22e2: Since T is in GLðVÞ; T is invertible, and hence, there
exists unique ðt1; t2Þ such that

a11t1 þ a12t2ð Þe1 þ a21t1 þ a22t2ð Þe2 ¼ t1 a11e1 þ a21e2ð Þ þ t2 a12e1 þ a22e2ð Þ
¼ t1 T e1ð Þð Þ þ t2 T e2ð Þð Þ ¼ T t1e1 þ t2e2ð Þ
¼ e1 ¼ 1e1 þ 0e2:

Thus, the system of equations

a11t1 þ a12t2 ¼ 1
a21t1 þ a22t2 ¼ 0

�
has a unique solution for ðt1; t2Þ; and hence, a11a22 � a12a21 6¼ 0: Since
a11a22 � a12a21 6¼ 0;

a11 a12
a21 a22

	 

is in GL 2;Rð Þ:

Now, we can define a mapping g : GLðVÞ ! GLð2;RÞ as follows:

g Tð Þ � a11 a12
a21 a22

	 

:

We shall try to show that g is an isomorphism from group GLðVÞ onto group
GLð2;RÞ: For this purpose, we must show:

(i) g is 1–1,
(ii) g maps GLðVÞ onto GLð2;RÞ;
(iii) for every S; T in GLðVÞ; gðS � TÞ ¼ ðgðSÞÞðgðTÞÞ:
For (i): Let gðSÞ ¼ gðTÞ; where Sðe1Þ ¼ a11e1 þ a21e2; Sðe2Þ ¼ a12e1 þ a22e2;
Tðe1Þ ¼ b11e1 þ b21e2; and Tðe2Þ ¼ b12e1 þ b22e2: We have to show that S ¼
T ; that is, Sðe1Þ ¼ Tðe1Þ; and Sðe2Þ ¼ Tðe2Þ: Since

a11 a12
a21 a22

	 

¼ g Sð Þ ¼ g Tð Þ ¼ b11 b12

b21 b22

	 

;

a11 ¼ b11; and a21 ¼ b21; and hence, Sðe1Þ ¼ a11e1 þ a21e2 ¼ b11e1 þ b21e2 ¼
Tðe1Þ: Thus, Sðe1Þ ¼ Tðe1Þ: Similarly, Sðe2Þ ¼ Tðe2Þ:
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For (ii): We have to show that g : GLðVÞ ! GLð2;RÞ is onto. For this purpose,
let us take any

a11 a12
a21 a22

	 

in GL 2;Rð Þ:

We have to construct invertible linear transformation T from V to V such that

g Tð Þ ¼ a11 a12
a21 a22

	 

:

Let us define T : V ! V as follows: for every t1; t2 2 R;

T t1e1 þ t2e2ð Þ ¼ a11t1 þ a12t2ð Þe1 þ a21t1 þ a22t2ð Þe2:

It is clear that T is linear. Also Tðe1Þ ¼ Tð1e1 þ 0e2Þ ¼ ða111þ a120Þe1 þ
ða211þ a220Þe2 ¼ a11e1 þ a21e2: Thus, Tðe1Þ ¼ a11e1 þ a21e2: Similarly, Tðe2Þ ¼
a12e1 þ a22e2: Now, since det

a11 a12
a21 a22

	 

¼ a11a22 � a12a21 6¼ 0; T is invertible.

Since T is an invertible linear transformation from V onto V, T is in GLðVÞ: Since
Tðe1Þ ¼ a11e1 þ a21e2; and Tðe2Þ ¼ a12e1 þ a22e2;

g Tð Þ ¼ a11 a12
a21 a22

	 

:

For (iii): Let

g Sð Þ ¼ a11 a12
a21 a22

	 

;

where Sðe1Þ ¼ a11e1 þ a21e2; and Sðe2Þ ¼ a12e1 þ a22e2: Let

g Tð Þ ¼ b11 b12
b21 b22

	 

;

where Tðe1Þ ¼ b11e1 þ b21e2; and Tðe2Þ ¼ b12e1 þ b22e2: So,

S � Tð Þ e1ð Þ ¼ S T e1ð Þð Þ ¼ S b11e1 þ b21e2ð Þ ¼ b11 S e1ð Þð Þ þ b21 S e2ð Þð Þ
¼ b11 a11e1 þ a21e2ð Þ þ b21 a12e1 þ a22e2ð Þ
¼ a11b11 þ a12b21ð Þe1 þ a21b11 þ a22b21ð Þe2:
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Thus,

S � Tð Þ e1ð Þ ¼ a11b11 þ a12b21ð Þe1 þ a21b11 þ a22b21ð Þe2:

Next,

S � Tð Þ e2ð Þ ¼ S T e2ð Þð Þ ¼ S b12e1 þ b22e2ð Þ ¼ b12 S e1ð Þð Þ þ b22 S e2ð Þð Þ
¼ b12 a11e1 þ a21e2ð Þ þ b22 a12e1 þ a22e2ð Þ
¼ a11b12 þ a12b22ð Þe1 þ a21b12 þ a22b22ð Þe2:

Thus,

S � Tð Þ e2ð Þ ¼ a11b12 þ a12b22ð Þe1 þ a21b12 þ a22b22ð Þe2:

It follows that

LHS ¼ g S � Tð Þ ¼ a11b11 þ a12b21 a11b12 þ a12b22
a21b11 þ a22b21 a21b12 þ a22b22

	 

¼ a11 a12

a21 a22

	 

b11 b12
b21 b22

	 

¼ g Sð Þð Þ g Tð Þð Þ ¼ RHS:

Thus, we have shown that g is an isomorphism between group GLðVÞ onto
group GLð2;RÞ: Hence, group GLðVÞ is isomorphic onto group GLð2;RÞ: Since
GLðVÞ and GLð2;RÞ are isomorphic groups, and GLð2;RÞ is a Lie group, we can
bestow a topology on GLðVÞ so that GLðVÞ is also a Lie group. It also shows that
the smooth structure on GLðVÞ is independent of the choice of basis of V. Thus, if
V is a real linear space of dimension n, then GLðVÞ is isomorphic to the Lie group
GLðn;RÞ: Similarly, if V is a complex linear space of dimension n, then GLðVÞ is
isomorphic to the Lie group GLðn;CÞ:
Example 4.23 Observe that ðR;þÞ is a group, and R is a 1-dimensional smooth
manifold. We want to show that R is a Lie group.

By Lemma 4.19, it is enough to show that the mapping f : ðx; yÞ 7! x� y is a
smooth mapping from 2-dimensional product manifold R� R to 1-dimensional
smooth manifold R: For this purpose, let us fix any ða; bÞ in R� R: We have to
prove that f is smooth at ða; bÞ. For this purpose, let us take the admissible coor-
dinate chart ðR� R; IdR�RÞ of the product manifold R� R: Here, ða; bÞ 2 R� R:
Next, let us take the admissible coordinate chart ðR; IdRÞ of R. Clearly f ða; bÞ ¼
a� b 2 R: Now, we have to prove that the function

IdR � f � IdR�Rð Þ�1
� �

: IdR�Rð Þ R� Rð Þ \ f�1
Rð Þ� �! IdR Rð Þ

is C1 at the point IdR�Rða; bÞð¼ ða; bÞÞ in R
2: Let us observe that IdR � ðf �

ðIdR�RÞ�1Þ ¼ f ; ðIdR�RÞððR� RÞ \ f�1ðRÞÞ ¼ ðR� RÞ \ f�1ðRÞ ¼ ðR� RÞ \
ðR� RÞ ¼ R� R; and IdRðRÞ ¼ R; so we have to prove that the function
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f : R� R ! R

is C1 at the point ða; bÞ: But this is known to be true. Thus, we have shown that
ðx; yÞ 7! x� y is a smooth map. This proves that R is a Lie group under addition.

Similarly, R2 is a Lie group under addition, R3 is a Lie group under addition, etc.
Since each ordered pair ðx; yÞ of real numbers x; y can be identified with the
complex number xþ ffiffiffiffiffiffiffi�1

p
y; and R

2 is a Lie group under addition, clearly C is a
Lie group under addition.

Example 4.24 By R
� we shall mean the set of all nonzero real numbers. We know

that R� is a group under multiplication as binary operation. Since the elements of
R

� can be identified, in a natural way, with the elements of GLð1;RÞ; and
GLð1;RÞ; is a 1-dimensional Lie group, R� is also a 1-dimensional Lie group under
multiplication.

Next, since R� is a 1-dimensional Lie group, R� is a smooth manifold. Since R�

is a smooth manifold, and fx : x 2 R and 0\xg is an open subset of R
�;

fx : x 2 R and 0\xg is a smooth manifold. We know that fx : x 2 R and 0\xg is
a subgroup of the multiplicative group R

�: Thus, fx : x 2 R and 0\xg is a 1-
dimensional smooth manifold that is also a group. Since the function ðx; yÞ 7! x

y is
smooth so, by Lemma 4.19, fx : x 2 R and 0\xg is a 1-dimensional Lie group
under multiplication.

Example 4.25 By C
� we shall mean the set of all nonzero complex numbers. We

know that C� is a group under multiplication as binary operation. Since the ele-
ments of R� can be identified, in a natural way, with the elements of GLð1;CÞ; and
GLð1;CÞ is a 2-dimensional Lie group, C� is also a 2-dimensional Lie group under
multiplication.

Example 4.26 We know that the unit circle S1ð¼ fðx; yÞ : ðx; yÞ 2 R
2 andffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p

¼ 1gÞ is a 1-dimensional smooth manifold. Observe that we can identify
ðx; yÞ with the complex number xþ ffiffiffiffiffiffiffi�1

p
y: Thus, we can identify the unit circle S1

with fz : z 2 C
�and jzj ¼ 1g: Further, we know that fz : z 2 C

�and jzj ¼ 1g is a
multiplicative group. Thus, unit circle S1 is a 1-dimensional smooth manifold that is
also a group. Since the function ðz;wÞ 7! z

w is smooth, by Lemma 4.19, the circle S1

is a 1-dimensional Lie group. The Lie group S1 is called the circle group.

Example 4.27 Let G1 and G2 be Lie groups. Since G1 and G2 are Lie groups, G1

and G2 are groups. We know that the Cartesian product G1 � G2 is also a group
under the binary operation given by ðg1; h1Þðg2; h2Þ � ðg1g2; h1h2Þ: Since G1 and
G2 are Lie groups, G1 and G2 are smooth manifolds, and hence, their Cartesian
product G1 � G2 is a smooth manifold (called the product manifold of G1 and G2).
Thus, G1 � G2 is a 1-dimensional smooth manifold that is also a group.
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We want to show that G1 � G2 is a Lie group. By Lemma 4.19, it is enough to
show that the mapping ððx; yÞ; ðz;wÞÞ 7! ðxz�1; yw�1Þ is smooth. Since the projec-
tion map ððx; yÞ; ðz;wÞÞ 7! ðx; yÞ is smooth, and ðx; yÞ 7! x is smooth, their com-
posite ððx; yÞ; ðz;wÞÞ 7! x is smooth. Similarly, ððx; yÞ; ðz;wÞÞ 7! y is smooth. Since
ððx; yÞ; ðz;wÞÞ 7! x and ððx; yÞ; ðz;wÞÞ 7! z are smooth, ððx; yÞ; ðz;wÞÞ 7! ðx; zÞ is
smooth. Since G1 is a Lie group, and x; z are in G1; ðx; zÞ 7! xz�1 is smooth. Since
ððx; yÞ; ðz;wÞÞ 7! ðx; zÞ is smooth, and ðx; zÞ 7! xz�1 is smooth, their composite
ððx; yÞ; ðz;wÞÞ 7! xz�1 is smooth. Similarly, ððx; yÞ; ðz;wÞÞ 7! yw�1 is smooth. Since
ððx; yÞ; ðz;wÞÞ 7! xz�1 and ððx; yÞ; ðz;wÞÞ 7! yw�1 are smooth, ððx; yÞ; ðz;wÞÞ
7! ðxz�1; yw�1Þ is smooth. Thus, we have shown that G1 � G2 is a Lie group.

Similarly, if G1;G2;G3 are Lie groups, then G1 � G2 � G3 is a Lie group, etc.
Here, G1 � G2 � G3 is called the direct product of Lie groups G1;G2;G3; etc. The
direct product of circle group S1 with itself, that is, S1 � S1 is an abelian Lie group
under pointwise multiplication. S1 � S1 is called the 2-torus and is denoted by T

2:

Similarly, by 3-torus T3, we mean the abelian Lie group S1 � S1 � S1; etc.

Example 4.28 Let G be a finite group. Let us bestow discrete topology over
G. Observe that discrete topology over G is Hausdorff and second countable. Here,
G is called a 0-dimensional Lie group or discrete group.

Definition Let G and H be Lie groups. Let F : G ! H be a mapping. If F is a
smooth mapping, and F is a group homomorphism, then we say that F is a Lie
group homomorphism from G to H.

Definition Let G and H be Lie groups. Let F : G ! H be a mapping. If F is a
group isomorphism, and F is a diffeomorphism, then we say that F is a Lie group
isomorphism from G onto H.

Definition Let G and H be Lie groups. If there exists a mapping F : G ! H such
that F is a Lie group isomorphism from G onto H, then we say that G and H are
isomorphic Lie groups.

Example 4.29 We have seen that the circle S1; and the set C� of all nonzero
complex numbers are Lie groups. Let us define a function I : S1 ! C

� as follows:
for every z in S1; IðzÞ ¼ z: Clearly, the inclusion map I is a Lie group homomor-
phism from S1 to C

�:

Example 4.30 We have seen that R is a Lie group under addition, and R
� is a Lie

group under multiplication. Consider the function exp : R ! R
� defined as follows:

for every x in R; expðxÞ � ex: Since x 7! ex is a smooth function and is a group
homomorphism from R to R

�; exp is a Lie group homomorphism from R to R
�:

Observe that the range of exp is fx : x 2 R and 0\xg: We have seen that
fx : x 2 R and 0\xg is a Lie group under multiplication. Here, the inverse function
of exp is ln : fx : x 2 R and 0\xg ! R: Since ln is a smooth function and is 1–1
onto, exp is a Lie group isomorphism from R to fx : x 2 R and 0\xg:
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Example 4.31 We have seen that C is a Lie group under addition, and C
� is a Lie

group under multiplication. Consider the function exp : C ! C
� defined as follows:

for every z in C;

exp zð Þ � ez ¼ eRe zð Þ cos Im zð Þð Þ þ
ffiffiffiffiffiffiffi
�1

p
sin Im zð Þð Þ

� �
:

Since ðx; yÞ ¼ z 7! ez ¼ ðex cos y; ex sin yÞ is a smooth function and is a group
homomorphism from C to C

�; exp is a Lie group homomorphism from Cto C
�:

Observe that the range of exp is C�; exp is a function from C onto C
�: Since exp is

not 1–1, exp is not a Lie group isomorphism from C toC�:

Example 4.32 We have seen that R is a Lie group under addition, and the circle S1

is a Lie group under multiplication. Consider the function e : R ! S1 defined as
follows: for every t in R;

e tð Þ � cos 2ptð Þ þ
ffiffiffiffiffiffiffi
�1

p
sin 2ptð Þ:

Since t 7! ðcosð2ptÞ þ ffiffiffiffiffiffiffi�1
p

sinð2ptÞÞ ¼ ðcosð2ptÞ; sinð2ptÞÞ is a smooth func-
tion and is a group homomorphism from R onto S1; e is a Lie group homomorphism
from R onto S1:

Here, the kernel kerðeÞ of homomorphism e is given by kerðeÞ ¼ e�1ð1Þ ¼
ft : t 2 R and eðtÞ ¼ 1g ¼ ft : t 2 R and cosð2ptÞ þ ffiffiffiffiffiffiffi�1

p
sinð2ptÞ ¼ 1g ¼ f0;


1;
2;
3; . . .g ¼ Z. We have seen that R2 is a Lie group under addition and the
2-torus T2ð¼ S1 � S1Þ is a Lie group under pointwise multiplication.

Consider the function e2 : R2 ! S1 � S1 defined as follows: for every s; t in R;

e2 s; tð Þ � cos 2psð Þ þ
ffiffiffiffiffiffiffi
�1

p
sin 2psð Þ; cos 2ptð Þ þ

ffiffiffiffiffiffiffi
�1

p
sin 2ptð Þ

� �
:

Since

s; tð Þ 7! cos 2psð Þ þ
ffiffiffiffiffiffiffi
�1

p
sin 2psð Þ; cos 2ptð Þ þ

ffiffiffiffiffiffiffi
�1

p
sin 2ptð Þ

� �
¼ cos 2psð Þ; sin 2psð Þð Þ; cos 2ptð Þ; sin 2ptð Þð Þð Þ
¼ cos 2psð Þ; sin 2psð Þ; cos 2ptð Þ; sin 2ptð Þð Þ

is a smooth function and is a group homomorphism from R
2 onto S1 � S1; e2 is a

Lie group homomorphism from R
2 onto 2-torus T2ð¼ S1 � S1Þ:

Here, the kernel kerðe2Þ of homomorphism e2 is given by kerðe2Þ ¼ ðe2Þ�1ð1; 1Þ ¼
fðs; tÞ : ðs; tÞ 2 R

2 and e2ðs; tÞ ¼ ð1; 1Þg ¼ fðs; tÞ : ðs; tÞ 2 R
2; cosð2psÞ þ ffiffiffiffiffiffiffi�1

p
sinð2psÞ ¼

1; and cosð2ptÞ þ ffiffiffiffiffiffiffi�1
p

sinð2ptÞ ¼ 1g¼ f0;
1;
2;
3; . . .g � f0;
1;
2;
3; . . .g ¼ Z
2:
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Similar discussion can be given for e3; e4; etc.

Example 4.33 We have seen that

GL 2;Rð Þ ¼ x1x2
x3x4

	 

:

x1x2
x3x4

	 

2 M 2;Rð Þ and x1x4 � x2x3 6¼ 0

� �� �
is a Lie group under matrix multiplication, and R

� is a Lie group under ordinary
multiplication. Consider the function det : GLð2;RÞ 7!R

� defined as follows: For
every

x1 x2
x3 x4

	 

2 M 2;Rð Þ;

we have

det
x1 x2
x3 x4

	 
� �
� x1x4 � x2x3:

Since

x1; x2; x3; x4ð Þ ¼ x1 x2
x3 x4

	 

7! x1x4 � x2x3ð Þ

is a smooth function, and by a property of determinant det is a group homomor-
phism from GLð2;RÞ onto R

�; det is a Lie group homomorphism from
GLð2;RÞ ontoR�:

Example 4.34 Let us take any n-dimensional Lie group G. Let us fix any a in G.
For simplicity, let us take 2 for n. Consider the mapping Ca : G 7!G defined as
follows: for every x in G, CaðxÞ � axa�1: We want to show that Ca is a Lie group
homomorphism from G onto G; that is,

1. Ca is a group homomorphism,
2. Ca is onto,
3. Ca is smooth.

For 1: Since for every x; y in G;CaðxyÞ � aðxyÞa�1 ¼ ðaxa�1Þðaya�1Þ ¼
ðCaðxÞÞðCaðyÞÞ; Ca is a group homomorphism.
For 2: For this purpose, let us take any y in G. Since a�1ya is in G, and
Caða�1yaÞ ¼ aða�1yaÞa�1 ¼ y; it follows that Ca is onto.
For 3: Since G is a Lie group, and a is in group G, the map x 7! ax is smooth.
Similarly x 7! xa�1; is smooth. Since x 7! ax is smooth, and x 7! xa�1; their
composite x 7! axa�1ð¼ CaðxÞÞ is smooth, and hence Ca is smooth.

Thus we have shown that Ca is a Lie group homomorphism from G onto G:
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4.3 Locally Path Connected Spaces

Note 4.35 Let X be a topological space. Let S be a connected subset of X. We shall
try to show that the closure S– of S is also connected. We claim that S– is connected.
If not, otherwise, let S– be not connected. We have to arrive at a contradiction. Since
S– is not connected, there exist open subsets G1;G2 of X such that G1 \ðS�Þ is
nonempty, G2 \ðS�Þ is nonempty, G1 \G2 \ðS�Þ is empty, and S� � G1 [G2:
Since G1 \ðS�Þ is nonempty, there exists a 2 G1 \ðS�Þ; and hence a 2 G1: Since
a 2 G1 and G1 is open, G1 is an open neighborhood of a. Since a 2 G1 \ðS�Þ;
a 2 S�: Since a 2 S� and G1 is an open neighborhood of a, G1 \ S is nonempty.
Similarly, G2 \ S is nonempty. Since S � S�; and G1 \G2 \ðS�Þ is empty,
G1 \G2 \ S is empty. Since S � S� � G1 [G2; S � G1 [G2: Since G1;G2 are
open subsets of X, G1 \ S is nonempty, G2 \ S is nonempty, G1 \G2 \ S is empty,
and S � G1 [G2; S is not connected, a contradiction.

Note 4.36 Let X be a topological space. Let S be a nonempty subset of X. For every
x; y in S, by x� y we shall mean that there exists a connected subset C of X such that
C � S; x 2 C; and y 2 C: We shall show that * is an equivalence relation over S,
that is,

1. for every x in S, x� x;
2. if x� y then y� x;
3. if x� y; and y� z then x� z:

For 1: Let us take any x in S. Since the singleton set {x} is connected subset of
X, and x 2 fxg � S, by the definition of *, x� x:
For 2: Let x� y: Now, by the definition of *, there exists a connected subset
C of X such that C � S; x 2 C; and y 2 C: Thus, C is a connected subset of
X such that C � S; y 2 C; and x 2 C; and hence, by the definition of *, y� x:
For 3: Let x� y; and y� z: Since x� y; so by the definition of *, there exists a
connected subsetC of X such thatC � S; x 2 C; and y 2 C: Similarly, there exists
a connected subset C1 of X such that C1 � S; y 2 C1; and z 2 C1: Since C is a
connected subset of X, C1 is a connected subset of X, and y 2 C \C1; C [C1 is a
connected subset of X.Also x 2 C � C [C1; and z 2 C1 � C [C1: SinceC � S;
and C1 � S; so C [C1 � S: It follows, by the definition of *, that x� z:

Thus, we have shown that * is an equivalence relation over S. Hence, S is
partitioned into equivalence classes. Here, each equivalence class is called a
component of S.

Now, we shall try to show that each component of S is a connected subset of X.
Let us take any component [a] of S, where a is in S, and ½a	 �
fx : x 2 S; and x� ag: We claim that [a] is connected. If not, otherwise, let [a] be
not connected, that is, there exist open subsets G1;G2 of X such that G1 \½a	 is
nonempty, G2 \½a	 is nonempty, G1 \G2 \½a	 is empty, and ½a	 � G1 [G2:

We have to arrive at a contradiction. Since G1 \½a	 is nonempty, there exists b in
G1 \½a	: Similarly, there exists c in G2 \½a	: Here, b and c are in [a], and [a] is an
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equivalence class, so b� c; and hence, by the definition of*, there exists a connected
subset C of X such that C � S; b 2 C; and c 2 C: Thus, b is in G1 \C; and hence,
G1 \C is nonempty. Similarly, G2 \C is nonempty. Clearly, C is contained in [a].

(Reason: If not, otherwise, there exists t 2 C such that t 62 ½a	: Since C is a
connected subset of X, C � S; b 2 C; and t 2 C; b� t: Since b is in G1 \½a	; b� a.
Since b� t; and b� a; t� a; and hence t 2 ½a	; a contradiction.)

Since C is contained in [a], and G1 \G2 \½a	 is empty, G1 \G2 \C is empty.
Next since C is contained in [a] and ½a	 � G1 [G2; C � G1 [G2: Since G1;G2 are
open subsets of X, G1 \C is nonempty, G2 \C is nonempty, G1 \G2 \C is empty,
and C � G1 [G2; C is not connected, a contradiction.

Thus, we have shown that [a] is a connected subset of S. Clearly, [a] is a
maximal connected subset of S.

(Reason: If not, otherwise, let [a] be not a maximal connected subset of S. So,
there exists a connected subset C of S such that [a] is a proper subset of C. So, there
exists t in C such that t is not in [a]. Since a 2 ½a	 � C � S; t is in C, and C is a
connected subset of X, t� a; and hence, t is in [a], a contradiction.)

Finally, we want to show that every component of X is a closed set. Let us take
any component C of X. Since C is a component of X, C is connected, and hence, C�

is connected. Since C is a component of X, C� is connected, and C � C� � X,
C ¼ C�; and hence, C is closed.

Thus, we have seen that

(i) every nonempty subset S topological space X is partitioned into compo-
nents, and

(ii) every component of S is connected.
(iii) if C is a component of S, C1 is connected, and C � C1 � S then C ¼ C1:
(iv) every component of X is a closed set.

Note 4.37 Let X be a topological space. Let S be a nonempty subset of X. Let a,
b be elements of S. Let f be a function from closed interval [0,1] to S. If

(i) f is continuous,
(ii) f ð0Þ ¼ a and f ð1Þ ¼ b,

then, we say that f is a path in S from a to b. Let X be a topological space. Let S be a
nonempty subset of X. If for every a, b in S, there exists a path f in S from a to b,
then we say that S is a path connected subset of X. By X is path connected we mean:
X is a path connected subset of X. In other words, a topological space X is path
connected means for every x, y in X, there exists a continuous function f : ½0; 1	 7!X
such that f ð0Þ ¼ x and f ð1Þ ¼ y:

Let X be a topological space. Let S be a nonempty subset of X. For every x, y in
S, by x� y, we shall mean that the following statement is true:
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there exists a path f in S from x to y:

We shall try to show that * is an equivalence relation over S. By the definition
of equivalence relation, we must prove:

(1) x� x for every x in S,
(2) if x� y, then y� x;
(3) if x� y and y� z, then x� z:

For (1): Let us take any x in S. By the definition of *, we must find a path f in
S from x to x. For this purpose, consider the constant function f : ½0; 1	 ! S
defined by

f tð Þ � x

for every t in [0,1]. Since every constant function is a continuous function, and
f is a constant function, f is a continuous function. Further, by the definition of f,
f ð0Þ ¼ x and f ð1Þ ¼ x. Hence, by the definition of path, f is a path in S from x to
x. This proves (1).
For (2): Let x� y. So, by the definition of *, there exists a path f in S from x to
y. Since f is a path in S from x to y so, by the definition of path, f is a function
from the closed interval [0,1] to S such that

(i) f is continuous,
(ii) f ð0Þ ¼ x and f ð1Þ ¼ y.

We have to prove: y� x. So, by the definition of *, we must find a path in
S from y to x, and hence, by the definition of path, we must find a function
g : ½0; 1	 7! S such that

(10) g is continuous,
(20) gð0Þ ¼ y and gð1Þ ¼ x:

Let us define g : ½0; 1	 ! X as follows: gðtÞ � f ð1� tÞ for every t in [0, 1].
Clearly, the range of g is equal to the range of f. Since the range of g is equal to the
range of f, and f : ½0; 1	 ! S; g : ½0; 1	 ! S:

For ð10Þ: Since t 7! 1� t is a polynomial function, this is continuous. Since
t 7! 1� t is a continuous function, and f is a continuous function, their com-
posite function t 7! f ð1� tÞ ¼ gðtÞ is continuous, and hence, g is continuous.
This proves (10).
For ð20Þ : Here, by the definition of g, gð0Þ ¼ f ð1� 0Þ ¼ f ð1Þ ¼ y; and gð1Þ ¼
f ð1� 1Þ ¼ f ð0Þ ¼ x: This proves 20:

Thus we have shown: If x� y, then y� x: This proves ð2Þ.
For (3): Given that x� y and y� z. We have to prove: x� z; that is, by the
definition of *, we must find a path h in S from x to z, that is, we must find a
function h : ½0; 1	 ! S such that
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(10) h is continuous,
(20) hð0Þ ¼ x and hð1Þ ¼ z.

Since x� y, by the definition of *, there exists a path in S from x to y, and
hence, there exists a function f : ½0; 1	 ! S such that

(100) f is continuous,
(200) f ð0Þ ¼ x and f ð1Þ ¼ y.

Since y� z, by the definition of *, there exists a path in S from y to z, and
hence, there exists a function g : ½0; 1	 7! S such that

(1000) g is continuous,
(2000) gð0Þ ¼ y and gð1Þ ¼ z. Let us define a function h : ½0; 1	 7!X as follows:

h tð Þ � f 2tð Þ if 0� t\ 1
2

g 2t � 1ð Þ if 1
2 � t� 1:

�

Clearly, the range of h is the union of the range of f, and the range of g. Further,
since f : ½0; 1	 ! S; and g : ½0; 1	 ! S; the range of h is contained S, and hence
h : ½0; 1	 7! S:

For ð10Þ: we have to prove that h is continuous over [0, 1], that is, h is continuous at
all points of [0, 1]. By the definition of h over 0� t\ 1

2, h is the composite function
of two continuous functions, namely t 7! 2t and f so, h is continuous at all points of
ft : 0� t\ 1

2g: Similarly, h is continuous at all points of ft : 12\t� 1g: So, it
remains to prove that h is continuous at 12 : For this purpose, we should calculate the
left-hand limit of h at 12, the right-hand limit of h at 12 and hð12Þ. If all the three values
are equal, then we can say that h is continuous at 12. In short, we have to prove:

lim
t! 1

2ð Þ�
h tð Þ ¼ lim

t! 1
2ð Þþ

h tð Þ ¼ h
1
2

� �
:

Here, limt!ð12Þ� hðtÞ ¼ limt!1
2
f ð2tÞ; by the definition of h. Since t 7! f ð2tÞ is a

continuous function over ½0; 12	, limt!1
2
f ð2tÞ ¼ f ð2� 1

2Þ ¼ f ð1Þ ¼ y: Hence,

limt!ð12Þ� hðtÞ ¼ y: Similarly, limt!ð12Þþ hðtÞ ¼ limt!1
2
gð2t � 1Þ ¼ gð2ð12Þ � 1Þ ¼

gð0Þ ¼ y:Hence limt!ð12Þ� hðtÞ ¼ limt!ð12Þþ hðtÞ ¼ y. Further, by the definition of

h, hð12Þ ¼ gð2ð12Þ � 1Þ ¼ gð0Þ ¼ y:Hence, limt!ð12Þ� hðtÞ ¼ limt!ð12Þþ hðtÞ ¼ hð12Þ.
Thus, we have shown that h is continuous over [0,1]. This proves ð10Þ
For ð20Þ: Here hð0Þ ¼ f ð2ð0ÞÞ ¼ f ð0Þ ¼ x, and hð1Þ ¼ gð2ð1Þ � 1Þ ¼ gð1Þ ¼ z.
This proves ð20Þ: Thus, we have shown: If x� y and y� z, then x� z: This
proves (3).

Hence, * is an equivalence relation over S. Hence, S is partitioned into
equivalence classes. Here, each equivalence class is called a path component of S.
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Note 4.38 Let X be a topological space. Let S be a nonempty subset of X. Now, we
shall try to prove that each path component of S is a path connected subset of X. For
this purpose, let us take any path component [a] of S, where a 2 S; ½a	 �
fx : x 2 S; and x� ag; and x� a stands for: There exists a path in S from x to a. We
have to show that [a] is a path connected subset of S. For this purpose, let us take
any x,y in [a]. We have to find a path in [a] from x to y. Since [a] is a path
component of S, [a] is an equivalence class. Since [a] is an equivalence class, and
x is in [a], x� a; and hence, there exists a function f : ½0; 1	 ! S such that

(10) f : ½0; 1	 ! S is continuous,
(20) f ð0Þ ¼ x and f ð1Þ ¼ a. Clearly, the range of f is contained in [a].

(Reason: Let us take any b � f ðt0Þ 2 ran f ; where t0 2 ð0; 1Þ: We have to prove
that b 2 ½a	; that is, a� b: We must find a function F : ½0; 1	 ! S such that (i) F is
continuous, (ii) Fð0Þ ¼ a and Fð1Þ ¼ b.

Let us define F : ½0; 1	 ! S as follows: for every t in [0,1], FðtÞ �
f ð1þ ðt0 � 1ÞtÞ: Clearly, the range of [0,1] under t 7! ð1þ ðt0 � 1ÞtÞ is ½t0; 1	; and
hence, the ran F � f ð½t0; 1	Þ � S: Since ran F � f ð½t0; 1	Þ � S; F : ½0; 1	 ! S. Since
F is the composite of two continuous functions t 7! ð1þ ðt0 � 1ÞtÞ; and f, F is con-
tinuous. Clearly, Fð0Þ ¼ f ð1þ ðt0 � 1Þ0Þ ¼ f ð1Þ ¼ a; and Fð1Þ ¼ f ð1þ ðt0 � 1Þ1Þ ¼
f ðt0Þ ¼ b.)

Since the range of f is contained in [a], and f : ½0; 1	 ! S; f : ½0; 1	 ! ½a	: Now,
since f : ½0; 1	 ! S; is continuous, f : ½0; 1	 ! ½a	: is continuous. Further, f ð0Þ ¼ x
and f ð1Þ ¼ a. Thus we get a path in [a] from x to a. Similarly, we get a path in
[a] from a to y. Since there exist a path in [a] from x to a, and a path in [a] from a to
y, there exists a path in [a] from x to y.

Let X be a topological space. Let S be a nonempty subset of X. Now, we shall try
to prove that if C is a path component of S, C1 is path connected, and C � C1 � S,
then C ¼ C1: If C is a component of S, C1 is connected, and C � C1 � S, then
C ¼ C1: Let us take a path component [a] of S, and a path connected set C satis-
fying ½a	 � C � S: We claim that ½a	 ¼ C1: If not, otherwise, let [a] be a proper
subset of C. So, there exists t in C such that t is not in [a]. Since a 2 ½a	 � C; a is in
C. Since a is in C, t is in C, and C is a path connected subset of X, there exists a path
f in C from t to a. Since f is a path in C, and C � S; f is a path in S, and hence, t is in
[a], a contradiction.

Thus, we have seen that

(i) every nonempty subset S of a topological space X is partitioned into path
components,

(ii) every path component of S is path connected,
(iii) if C is a path component of S, C1 is path connected, and C � C1 � S then

C ¼ C1:

Note 4.39 Let X be a topological space. Let S be a nonempty subset of X. We shall
try to prove: Each component of S is a union of path components of S. Let us take
any component fy : y 2 S and y� ag of S, where a is in S, and y� a stands for:
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There exists a connected subset A of X such that A � S; and y; a are in A. It is
enough to show that

y : y 2 S and y� 0af g � y : y 2 S and y� af g

where y� 0a stands for: There exists a path in S from y to a. For this purpose, let us
take any y in LHS. We have to prove that y is in RHS, that is, y� a: By the
definition of *, we should find a connected subset A of X such that A � S; and y,
a are in A. Since y is in LHS, y� 0a. Since y� 0a, by the definition of � 0, there
exists a path f in S from y to a. Since f is a path in S from y to a, f is a function from
closed interval [0,1] to S satisfying

(I) f is continuous,
(II) f ð0Þ ¼ y and f ð1Þ ¼ a. Since f : ½0; 1	 ! S is continuous, and [0,1] is con-

nected, so the f-image set f ð½0; 1	Þ of [0, 1] is a connected subset of X. Since
0 is in [0, 1], f ð0Þ is in f ð½0; 1	Þ. Similarly, f ð1Þ is in f ð½0; 1	Þ: Further,
f ð0Þ ¼ y and f ð1Þ ¼ a: Thus, f ð½0; 1	Þ is a connected subset of X such that
f ð½0; 1	Þ � S; and y, a are in f ð½0; 1	Þ:

Note 4.40 Let X be a topological space. We shall try to show: If X is path con-
nected, then X is connected. If not, otherwise, let X be not connected. We have to
arrive at a contradiction. Since X is not connected, there exist open subsets G1;G2

of X such that G1 is nonempty, G2 is nonempty, G1 \G2 is empty, and X ¼
G1 [G2: Since G1 is nonempty, there exists a in G1: Similarly, there exists b in G2

Now, since X is path connected, there exists a continuous function f : ½0; 1	 ! X
such that f ð0Þ ¼ a; and f ð1Þ ¼ b: Since f : ½0; 1	 ! X is continuous, and [0, 1] is
connected, the image set f ð½0; 1	Þ is connected. Here, a is in G1; and a ¼ f ð0Þ 2
f ð½0; 1	Þ; so a 2 G1 \ f ð½0; 1	Þ; and hence, G1 \ f ð½0; 1	Þ is nonempty. Similarly,
G2 \ f ð½0; 1	Þ is nonempty. Next, since G1 \G2 is empty, G1 \G2 \ f ð½0; 1	Þ is
empty. Since G1, G2 are open subsets of X such that G1 \ f ð½0; 1	Þ is nonempty,
G2 \ f ð½0; 1	Þ is nonempty, G1 \G2 \ f ð½0; 1	Þ is empty, and f ð½0; 1	Þ � X ¼
G1 [G2; f ð½0; 1	Þ is not connected, a contradiction.

Definition Let X be a topological space. If for every x in X, and for every open
neighborhood U of x, there exists an open neighborhood V of x such that

(i) x 2 V � U;
(ii) V is a connected subset of X,

then we say that X is a locally connected space.

Definition Let X be a topological space. If for every x in X, and for every open
neighborhood U of x, there exists an open neighborhood V of x such that

(i) x 2 V � U;
(ii) V is a path connected subset of X,

then we say that X is a locally path connected space.
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Note 4.41 Let X be a topological space. We shall try to prove: If X is locally
connected space, and G is a nonempty open subset of X, then each component of
G is open. Let X be a locally connected space, and let G be an open subset of X.We
have to show that each component of G is open in X. By the definition of com-
ponent, every component of G is of the form

a½ 	 � x : x 2 G and x� af g

for some a 2 G, where x� a stands for: There exists a connected subset A of X such
that A � G; x 2 A; and a 2 A: We have to show that [a] is an open subset of X, that
is, every point of [a] is an interior point of [a]. For this purpose, let us take any
x 2 ½a	. We must find an open neighborhood V of x such that V � ½a	. Since x 2 ½a	
and ½a	 � G, x 2 G. Since x 2 G and G is open in X, G is an open neighborhood of
x. Since X is a locally connected space, and G is an open neighborhood of x, there
exists an open neighborhood V of x such that

(I) x 2 V � G;
(II) V is a connected subset of X.

We claim that V � ½a	:
If not, otherwise, let V 6� ½a	: So, there exists b in V such that b 62 ½a	. Since [a] is

an equivalence class of a, and b 62 ½a	, b¿ a: Here, b 2 V � G so b 2 G: Similarly,
x 2 G. Further, since V is a connected subset of X, V � G; and x, b are in V, by the
definition of *, x� b: Since x� b; and * is an equivalence relation, ½x	 ¼ ½b	:
Since x 2 ½a	; and * is an equivalence relation, ½x	 ¼ ½a	: Since ½x	 ¼ ½b	; and
½x	 ¼ ½a	, ½a	 ¼ ½b	. Since ½a	 ¼ ½b	, a� b. This is a contradiction. So, our claim is
true, that is, V � ½a	:

Clearly, if X is locally connected space, then each component of X is open.

Note 4.42 Let X be a topological space. We shall try to prove: If X is locally path
connected space, and G is a nonempty open subset of X, then each path component
of G is open. Let X be a locally path connected space, and let G be an open subset of
X. We have to show that each path component of G is open in X. By the definition
of path component, every path component of G is of the form

a½ 	 � x : x 2 G and x� af g

for some a 2 G, where x� a stands for: There exists a path in G from x to a. We
have to show that [a] is an open subset of X, that is, every point of [a] is an interior
point of [a]. For this purpose, let us take any x 2 ½a	. We must find an open
neighborhood V of x such that V � ½a	.

Since x 2 ½a	; and ½a	 � G, x 2 G. Since x 2 G and G is open in X, G is an open
neighborhood of x. Since X is a locally path connected space, and G is an open
neighborhood of x, there exists an open neighborhood V of x such that

(I) x 2 V � G;
(II) V is a path connected subset of X.
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It remains to prove: V � ½a	: If not, otherwise, let V 6� ½a	:We have to arrive at a
contradiction. Since V 6� ½a	, there exists b in V such that b 62 ½a	. Since [a] is an
equivalence class of a, and b 62 ½a	, b¿ a: Here, b 2 V � G so b 2 G: Similarly,
x 2 G. Further, since V is a path connected subset of X and x, b are in V, there exists
a path in V from x to b. Since there exists a path in V from x to b, and V � G, by the
definition of *, x� b: Since x� b and * is an equivalence relation, ½x	 ¼ ½b	:
Since x 2 ½a	; and * is an equivalence relation, ½x	 ¼ ½a	: Since ½x	 ¼ ½b	; and
½x	 ¼ ½a	, ½a	 ¼ ½b	. Since ½a	 ¼ ½b	, a� b. Thus, we get a contradiction.

Clearly, ifX is a locally path connected space, then eachpath component ofX is open.

Note 4.43 Let X be a locally path connected space. We shall try to prove that the
collection of all path components of X, and the collection of all components of X are
equal. For any a in X, let fy : y 2 X and y� 0ag be a path component of X, where
y� 0a stands for: There exists a path in X from y to a. It is enough to prove that

y : y 2 X and y� 0af g ¼ y : y 2 X and y� af g

where y� a stands for: There exists a connected subset A of X such that A �
G; y 2 A; and a 2 A: We know that fy : y 2 X and y� 0ag � fy : y 2 X and y� ag:
So, it remains to prove that

y : y 2 X and y� af g � y : y 2 X and y� 0af g . . . �ð Þ

If not, otherwise, let there exists y� 2 fy : y 2 X and y� ag such that
y� 62 fy : y 2 X and y� 0ag. We have to arrive at a contradiction. Here, y� � a is true
and y� � 0a is false. Since y� � a is true, by the definition of *, there exists a
connected subset A of X such that y�; a are in A. Since fy : y 2 X and y� 0y�g is the
path component of X containing y�; and X is a locally path connected space,

P � y : y 2 X and y� 0y�f g

is an open set containing y�: Since P contains y�; and y� is in A, y� 2 A\P, and
therefore, A\P is nonempty.

Since X is partitioned into path components, complement of each path compo-
nent in X is a union of path components of X. Since X is a locally path connected
space, each path component is open. Since union of open sets is open, complement
of each path component in X is union of path components, and each path com-
ponent is open, complement of each path component in X is open. Since
fy : y 2 X and y � 0y�g is a path component, and complement of each path com-
ponent in X is open, the complement P0 of P is open. Thus, we have obtained two
open sets P and P0 such that A \ P is nonempty.

Now, we shall try to prove that A \ ðP0Þ in nonempty. Since y� 62
fy : y 2 X and y � 0ag; and � 0 is an equivalence relation over X,
fy : y 2 X and y � 0y�gð¼ PÞ and fy : y 2 X and y� 0ag are disjoint sets, and
therefore, fy : y 2 X and y � 0ag is contained in P0: Since � 0 is reflexive over X,
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a is in fy : y 2 X and y� 0ag. Since a 2 fy : y 2 X and y � 0ag � P0; a is in P0.
Since a is in P0 and a is in A, a is in A\ðP0Þ, and therefore, A\ðP0Þ is nonempty.

Since P and P0 are two open sets such that

(I) P\A and P0 \A are nonempty sets,
(II) P\P0 \A is empty,
(III) A � P[ðP0Þ;

by the definition of connected set, A is not a connected set. This is a contradiction.
This proves (*). h

4.4 Smooth Manifold as Paracompact Space

Definition Let n be a fixed positive integer. Let M be a topological space. If the
following conditions are satisfied:

1. M is a Hausdorff space,
2. M is a second countable space,
3. for every x in M, there exists an open neighborhood U of x in M, and an open

subset eU of Euclidean space Rn such that U and eU are homeomorphic, then we
say that M is a topological manifold of dimension n. In other words, M is a
topological manifold of dimension n means M is a topological space that sat-
isfies the following conditions:

10: If x and y are distinct points ofM, then there exist an open neighborhood U of
x and an open neighborhood V of y such that U and V have no common element,
20. There exists a countable collection C of open subsets of M such that for every
neighborhood U of x, there exists a member G of C such that x 2 G � U;
30. For every x in M, there exist an open neighborhood U of x in M, an open
subset eU of Euclidean space Rn, and a 1–1 mapping φ from U onto eU such that
φ and its inverse u�1, both are continuous functions.

Here, ðU;uÞ is referred as a coordinate chart of M.

Note 4.44 Let M be a topological manifold of dimension n. We shall try to show
that M is locally path connected. For this purpose, let us take an element x in M and
an open neighborhood U of x in M. We have to find an open set V of x such that

(I) x 2 V � U;
(II) V is a path connected subset of M.

Since M is a topological manifold, and x is in M so, there exist an open
neighborhood U1 of x in M and an open subset eU1 of Euclidean space Rn such that
U1 and eU1 are homeomorphic.
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Since U and U1 are open neighborhoods of x, their intersection U \U1is also an
open neighborhood of x. Here that U1 and eU1 are homeomorphic so, there exists a
1–1 mapping φ from U1 onto eU1 such that φ and its inverse u�1, both are continuous

functions. Since U \U1is an open subset of U1, and u�1 : eU1 �!1�1;onto
U1 is con-

tinuous,uðU \U1Þ is an open subset of eU1 SinceuðU \U1Þ is an open subset of eU1;

and eU1 is an open subset of Rn, uðU \U1Þ is an open subset of Rn: Since U \U1 is
an open neighborhood of x, x is in U \U1; and hence, uðxÞ is in uðU \U1Þ: Since
uðxÞ is in uðU \U1Þ and uðU \U1Þ is an open subset of Rn, uðU \U1Þis an open
neighborhood of uðxÞ in R

n. So, there exists e[ 0 such that the open ball

B � y 2 R
n : y� u xð Þj j\ef g

is contained in uðU \U1Þ: Since B � uðU \U1Þ � eU1; B is contained in eU1: We
know that B is open in R

n. Since φ is a continuous function from U1 onto eU1; and
B is an open subset of eU1, u�1ðBÞ is an open subset of U1. Let us take u�1ðBÞ for
V in (I) and (II). So, we must prove:

(I) x 2 u�1ðBÞ � U;

(II) u�1ðBÞ is a path connected subset of M.

For (I): Since juðxÞ � uðxÞj ¼ 0\e, uðxÞ 2 fy 2 R
n : jy� uðxÞj\eg ¼ B; and

hence, x 2 u�1ðBÞ: Since U \U1 is contained in U1, uðU \U1Þ � uðUÞ: Since
B � uðU \U1Þ � uðUÞ, B � uðUÞ and hence u�1ðBÞ � U: This proves (I).
For (II): We have to prove that u�1ðBÞ is a path connected subset of M. For this
purpose, let us take any a and b in u�1ðBÞ. We have to find a path f in M from
a to b, that is, we have to find a continuous function f from closed interval [0, 1]
to M such that f ð0Þ ¼ a and f ð1Þ ¼ b: Consider the function
f : ½0; 1	 7!M defined by f ðtÞ � u�1ðð1� tÞuðaÞ þ tuðbÞÞ for every t in [0, 1].

Here, t 7!u�1ðð1� tÞuðaÞ þ tuðbÞÞ is a composite function of two functions
t 7! ð1� tÞuðaÞ þ tuðbÞ and u�1. Since a is in u�1ðBÞ, uðaÞ 2 B, and hence, by
the definition of B; juðaÞ � uðxÞj\e: Similarly, juðbÞ � uðxÞj\e. Since
juðaÞ � uðxÞj\e; and juðbÞ � uðxÞj\e; for every t satisfying 0� t� 1, we have

1� tð Þu að Þ þ tu bð Þð Þ�u xð Þj j ¼ 1� tð Þ u að Þ � u xð Þð Þ þ t u bð Þ � u xð Þð Þj j
� 1� tð Þ u að Þ � u xð Þj j þ t u bð Þ � u xð Þj j
\ 1� tð Þeþ te ¼ e:

It follows, by the definition of B, that t 7! ð1� tÞuðaÞ þ tuðbÞ is a function from
[0,1] to B. Since t 7! ð1� tÞuðaÞ þ tuðbÞ is a function from [0,1] to Bð� eU1Þ; and
u�1 : eU1 7!U1 � M; their composite t 7!u�1ðð1� tÞuðaÞ þ tuðbÞÞ maps [0, 1] to
M. Since t 7! ð1� tÞuðaÞ þ tuðbÞ and u�1 both are continuous, their composite
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function t 7!u�1ðð1� tÞuðaÞ þ tuðbÞÞ is continuous. Further, since f ðtÞ ¼
u�1ðð1� tÞuðaÞ þ tuðbÞÞ and , t 7!u�1ðð1� tÞuðaÞ þ tuðbÞÞ is continuous, f :
½0; 1	 7!M is continuous. Also f ð0Þ ¼ u�1ðð1� 0ÞuðaÞ þ 0uðbÞÞ ¼ u�1ðuðaÞÞ ¼
a; and f ð1Þ ¼ u�1ðð1� 1ÞuðaÞ þ 1uðbÞÞ ¼ u�1ðuðbÞÞ ¼ b. Thus f is a path in
M from a to b. This proves (II).

Note 4.45 Let M be a topological manifold of dimension n. We shall try to prove:

(i) M is connected if and only if it is path connected.
(ii) The collection of all path components of M is equal to the collection of all

components of M.
(iii) M has countable many components, each of which is an open subset of M,

and a connected topological manifold.

For (i): Let M be path connected. We have to prove that M is connected. Since
M is path connected, M is a path component. Since M is a topological manifold,
M is locally path connected. Since M is locally path connected, and M is a path
component, M is a component. Since M is a component, M is connected.
Converse: Let M be connected. We have to prove that M is path connected.
Since M is connected, M is a component. Since M is a topological manifold,
M is locally path connected. Since M is locally path connected, and M is a
component, M is a path component. Since M is a path component, M is path
connected.

This completes the proof of (i).
For (ii): Since M is a topological manifold, M is locally path connected. Since
M is locally path connected, the collection of all path components of M is equal
to the collection of all components of M. This proves (ii).
For (iii): We have to prove that M has countable many components. If not,
otherwise, let M has uncountable many components. We have to arrive at a
contradiction.

Let C be a component of M. Since M is a topological manifold, M is locally path
connected. Since M is locally path connected, and C is a component of M, C is a
path component. Since M is locally path connected, and C is a path component, C is
open in M. Since C is open in M, and a is in C, C is an open neighborhood of a in
M. Since M is a topological manifold, M is a second countable space. Since M is a
second countable space, there exists a countable collection C of open subsets of
M such that for every neighborhood U of x, there exists a member G of C such that
x 2 G � U: Now, since C is an open neighborhood of a, there exists a member G of
C such that x 2 G � C:

Thus, we see that corresponding to each component C, there exists a member
G of C such that G is contained in C. Since M is partitioned into components, each
component contains a member of C, and the collection of all components is
uncountable, the collection C is uncountable. This is a contradiction. This proves
that M has countable many components.
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Now, let us take a component C.We have to prove that C is open and connected.
Since M is a topological manifold, M is locally path connected. Since M is locally
path connected and C is a component of M, C is a path component. Since M is
locally path connected, and C is a path component, C is open in M. Since C is a
component, C is connected. Hence, C is open and connected.

Lastly, we have to show that C is a topological manifold of dimension n, where
topology on C is the induced topology of M. Since C is an open subset of topo-
logical space M, under induced topology of M, open subsets of C are exactly those
subsets of C which are open in M. By the definition of topological manifold, we
must prove:

1. C is a Hausdorff space,
2. C is a second countable space,
3. for every x in C, there exist a neighborhood U1 of x in C, and an open subset eU1

of Euclidean space R
n such that U1 and eU1 are homeomorphic:

For 1: Since M is a topological manifold, M is a Hausdorff space. Since M is a
Hausdorff space, and C is a subspace ofM, C is a Hausdorff space. This proves 1.
For 2: Since M is a topological manifold, M is a second countable space. Since
M is a second countable space, and C is a subspace of M, C is a second
countable. This proves 2.
For 3: Let us fix any a in C. We have to find an open neighborhood U1 of a in C,
and an open subset eU1 of Euclidean space R

n such that U1 and eU1 are
homeomorphic.

Since a is in C, and C is contained in M so, a is in M. Since a is in M, and M is a
topological manifold, there exists an open neighborhood U of a in M, an open
subset eU of Euclidean space Rn, and a 1–1 mapping φ from U onto eU such that φ
and its inverse u�1, both are continuous functions. Since a is in C, and C is open,
C is an open neighborhood of a. Since C is an open neighborhood of a, and U is an
open neighborhood of a, C \U is an open neighborhood of a, and C \U is con-
tained in U. Here, function φ from U to eU is 1–1, so its restriction ujC\U to C \U

is also 1–1. Since function φ from U to eU is continuous, its restriction ujC\U to

C \U is also continuous. Since the mapping u�1 : eU �!1�1; onto
U is continuous, and

C \U is an open subset of U, uðC \UÞ is open in eU . Since uðC \UÞ is open in eU ;

and eU is open in R
n, uðC \UÞ is open in R

n Since u : U ! eU is a homeomor-
phism, C \U is an open subset of U, and uðC \UÞ is an open subset of eU ;
ujC\U : C \U ! uðC \UÞ is a homeomorphism. This proves 3.

Note 4.46 Let X be a second countable space. We shall try to show that every open
cover of X has a countable subcover. Let G be an open cover of X.We have to find a
countable subcover of G. Since X is a second countable space, there exists a basis B
of X such that B is countable. Put
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B1 � U : U 2 B; and there exists G 2 G such thatU � Gf g:

Since B1 � B; and B is countable, B1 is countable. Now, we shall try to show
that B1 is a basis of X. For this purpose, let us take any open neighborhood G of x in
X. We have to find a member U of B1 such that x 2 U � G:

Since x is in X, and G is a cover of X, there exists G1 in G such that x is in G1.
Since G1 is in G; and G is an open cover of X, G1 is open. Since G1 is open, and x is
in G1, G1 is an open neighborhood of x. Since G1 is an open neighborhood of x, and
G is an open neighborhood of x, their intersection G1 \G is an open neighborhood
of x. Since G1 \G is an open neighborhood of x, and B is a basis of X, there exists
U in B such that x 2 U � G1 \G � G: Since U � G1 \G � G1; U � G1 Since
U is in B;G1 2 G; and U � G1, by the definition of B1; U is in B1: Thus, we have
shown that B1 is a basis of X.

By the definition of B1; for each U in B1; the set fG : G 2 G; and U � Gg is
nonempty, and hence, we can choose a unique GU in G such that U � GU : Put

G1 � GU : U 2 B1f g:

We shall try to show that G1 is a countable subcover of G: Since B1 is countable,
by the definition of G1;G1 is countable. Clearly, G1 � G: It remains to prove that G1

is a cover of X. For this purpose, let us take any x in X. We have to find a member of
G1 that contains x.

Since X is an open neighborhood of x, and B1 is a basis of X, there exists U in B1

such that x 2 U � X: Since U is in B1, by the definition of G1;GU 2 G1; and hence
U � GU : Since x 2 U; and U � GU ; x 2 GU ; where GU 2 G1: Thus, G1 is a cover
of X. Thus, we have shown that G1 is a countable subcover of G:
Lemma 4.47 Let M be a topological manifold of dimension n. Then, there exists a
countable collection fðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; . . .g of coordinate charts of M
such that

1. fU1;U2;U3; . . .g is a basis of M,
2. each uiðUiÞ is an open ball in R

n;
3. each closure U�

i of Ui is a compact subset of M.

Proof Let C be the collection of all coordinate charts ðU;uÞ of M. Since M is a
topological manifold, fU : ðU;uÞ 2 Cg is an open cover of M. Since M is a
topological manifold, M is second countable. Since M is a second countable space,
and fU : ðU;uÞ 2 Cg is an open cover of M, there exists a countable subcover
fU1;U2;U3; . . .g of fU : ðU;uÞ 2 Cg: Here, U1 2 fU1;U2;U3; . . .g �
fU : ðU;uÞ 2 Cg; U1 2 fU : ðU;uÞ 2 Cg; and hence, there exists a function u1

such that ðU1;u1Þ 2 C: It follows that there exists an open subset eU1 of Rn such
that u1 : U1 7! eU1 is a homeomorphism.

Let B be the collection of all open balls BrðxÞ with center x and radius r such that
r is a positive rational, and each coordinate of x is a rational number. We know that
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B is a basis of Rn: Since the set of all rational numbers is countable, the collection B
is countable. Let B1 be the collection of all BrðxÞ 2 B such that the closure ðBrðxÞÞ�
of BrðxÞ is contained in eU1: We shall try to show that B1 is a basis of eU1:

For this purpose, let us take any open neighborhood ~V of y such that ~V is
contained in eU1: Since ~V is an open neighborhood of y, and B is a basis of Rn; there
exists an open ball BryðxyÞ in B such that y 2 BryðxyÞ � ~V ; where ry is a positive
rational, and each coordinate of xy is a rational number. Since y 2 BryðxyÞ;
jy� xyj\ry: There exists a positive rational number sy such that jy� xyj\sy\ry:

Hence, y 2 BsyðxyÞ � ðBsyðxyÞÞ� � fz : jz� xyj � syg � BryðxyÞ � ~V � eU1: Since
sy is a positive rational, and each coordinate of xy is a rational number, BsyðxyÞ is in
B: Since BsyðxyÞ is in B; and ðBsyðxyÞÞ� � eU1; BsyðxyÞ is in B1. Also y 2 BsyðxyÞ �
~V ; and BsyðxyÞ is an open neighborhood of y, B1is a basis of eU1: Thus, we have

shown that B1 is a basis of eU1:
Since B is countable, and B1 is contained in B; B1 is countable. Thus, B1 is a

countable basis of eU1: Let us take any BrðxÞ in B1: Since BrðxÞ is in B1; and B1 is a
basis of eU1; BrðxÞ is an open subset of the open set eU1: Since BrðxÞ is an open
subset of eU1; and u1 : U1 ! eU1 is a homeomorphism, u�1

1 ðBrðxÞÞ is open in eU1:

Since u�1
1 ðBrðxÞÞ is open in eU1; and u1 : U1 ! eU1 is a homeomorphism, the

restriction u1ju�1
1 ðBrðxÞÞ : u

�1
1 ðBrðxÞÞ ! BrðxÞ is a homomorphism. Thus, the

ordered pair ðu�1
1 ðBrðxÞÞ;u1ju�1

1 ðBrðxÞÞÞ is a coordinate chart of U1:

SinceB1 is countable, the collection fðu�1
1 ðBrðxÞÞ;u1ju�1

1 ðBrðxÞÞÞ : BrðxÞ is in B1g
of coordinate charts is countable. Thus, fðu�1

1 ðBrðxÞÞ;u1ju�1
1 ðBrðxÞÞÞ : BrðxÞ is in B1g

is a countable collection of coordinate charts of M.
Now, we shall try to prove that

1. fu�1
1 ðBrðxÞÞ : BrðxÞ is in B1g is a basis of U1;

2. for each BrðxÞ in B1; ðu1ju�1
1 ðBrðxÞÞÞðu�1

1 ðBrðxÞÞÞ is an open ball in R
n;

3. for each BrðxÞ in B1; the closure ðu�1
1 ðBrðxÞÞÞ� of u�1

1 ðBrðxÞÞ is a compact
subset of U1:

For 1: Since u1 : U1 7! eU1 is a homeomorphism, B1 is a basis of eU1;

fu�1
1 ðBrðxÞÞ : BrðxÞ is in B1g is a basis of U1:

For 2: Since ðu1ju�1
1 ðBrðxÞÞÞðu�1

1 ðBrðxÞÞÞ ¼ BrðxÞ; and BrðxÞ is an open ball in

R
n; ðu1ju�1

1 ðBrðxÞÞÞðu�1
1 ðBrðxÞÞÞ is an open ball in R

n:

For 3: Since, for each BrðxÞ in B1; ðBrðxÞÞ� � eU1;u�1
1 : eU1 ! U1 is continu-

ous, and, by Heine–Borel theorem, ðBrðxÞÞ� is compact, u�1
1 ððBrðxÞÞ�Þ

ð¼ ðu�1
1 ðBrðxÞÞÞ�Þ is compact, and hence, ðu�1

1 ðBrðxÞÞÞ� is a compact subset
of U1: Here, U2 2 fU1;U2;U3; . . .g � fU : ðU;uÞ 2 Cg; so U2 2
fU : ðU;uÞ 2 Cg; and hence, there exists a function u2 such that ðU2;u2Þ 2 C;
and hence, there exists an open subset eU2 of Rn; such that u2 : U2 7! eU2is a
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homeomorphism. Let B2 be the collection of all BrðxÞ 2 B such that the closure
ðBrðxÞÞ� of BrðxÞ is contained in eU2

As above, fðu�1
2 ðBrðxÞÞ;u2ju�1

2 ðBrðxÞÞÞ : BrðxÞis in B2g is a countable collection

of coordinate charts of M such that

(a) fu�1
2 ðBrðxÞÞ : BrðxÞis in B2g is a basis of U2;

(b) for each BrðxÞin B2; ðu2ju�1
2 ðBrðxÞÞÞðu�1

2 ðBrðxÞÞÞ is an open ball in R
n;

(c) for each BrðxÞin B2; the closure ðu�1
2 ðBrðxÞÞÞ� of u�1

2 ðBrðxÞÞ is a compact
subset of U2; etc.

Since the countable union of countable sets is countable, the collection
[1
i¼1fðu�1

i ðBrðxÞÞ;uiju�1
i ðBrðxÞÞÞ : BrðxÞis in Big of coordinates charts is countable.

It remains to prove that

I. [1
i¼1fu�1

i ðBrðxÞÞ : BrðxÞis in Big is a basis of M,
II. for each i ¼ 1; 2; 3; . . .; and for each BrðxÞ in Bi; ðuiju�1

i ðBrðxÞÞÞðu�1
i ðBrðxÞÞÞ is

an open ball in R
n;

III. for each i ¼ 1; 2; 3; . . .; and for each BrðxÞ in Bi; the closure ðu�1
i ðBrðxÞÞÞ� of

u�1
i ðBrðxÞÞ is a compact subset of M, etc.

For I: LetG be any open neighborhood of a inM. Since fU1;U2;U3; . . .g is a cover
of M, there exists a positive integer i such that a 2 Ui: Since Ui \G is an open
neighborhood of a,Ui \G is contained inUi; and fu�1

i ðBrðxÞÞ : BrðxÞ is in Big is
a basis of Ui; there exists BrðxÞ in Bi such that a 2 u�1

i ðBrðxÞÞ � Ui \G � G:
This shows that [1

i¼1fu�1
i ðBrðxÞÞ : BrðxÞ is in Big is a basis of M.

For II: This is clear.
For III: This is clear. h

Note 4.48 Let M be an m-dimensional topological manifold. Let p 2 M: Let U be
an open neighborhood of p. We shall try to prove: There exists an open neigh-
borhood V of p such that V� � U: Since M is an m-dimensional topological
manifold so, by Lemma 4.47, there exists a countable collection
fðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; . . .g of coordinate charts of M such that

1. fU1;U2;U3; . . .g is a basis of M,
2. each uiðUiÞ is an open ball in R

m;
3. each closure U�

i of Ui is a compact subset of M.

Since U is an open neighborhood of p, and fU1;U2;U3; . . .g is a basis of M,
there exists a positive integer k such that p 2 Uk � U: Here ukðUkÞ is an open ball
in R

m; and ukðpÞ 2 ukðUkÞ; there exists a real number r[ 0 such that the closed
ball Br½ukðpÞ	 � ukðUkÞ; and hence, u�1

k ðBr½ukðpÞ	Þ � Uk: Since ðUk;ukÞ is a
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coordinate chart of M, uk : Uk ! ukðUkÞ is a homeomorphism. Since uk : Uk !
ukðUkÞ is a homeomorphism, u�1

k : ukðUkÞ ! Uk is continuous. Since u�1
k :

ukðUkÞ ! Uk is continuous, and Br½ukðpÞ	 is compact, u�1
k ðBr½ukðpÞ	Þ is compact.

SinceM is topological manifold, the topology ofM is Hausdorff. Since the topology
of M is Hausdorff, and u�1

k ðBr½ukðpÞ	Þ is compact, u�1
k ðBr½ukðpÞ	Þ is closed in M.

Clearly, u�1
k ðBrðukðpÞÞÞ is an open neighborhood of p, and u�1

k ðBrðukðpÞÞÞ �
u�1
k ðBr½ukðpÞ	Þ: Let us take u�1

k ðBrðukðpÞÞÞ for V. Thus, V is an open neighbor-
hood of p, and V � u�1

k ðBr½ukðpÞ	Þ: Since V � u�1
k ðBr½ukðpÞ	Þ; and

u�1
k ðBr½ukðpÞ	Þ is closed in M, V� � u�1

k ðBr½ukðpÞ	Þ � Uk � U: Thus, V� � U:

Lemma 4.49 Let M be an n-dimensional smooth manifold. Then, there exists a
countable collection fðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; . . .g of admissible coordinate
charts of M such that

1. fU1;U2;U3; . . .g is a basis of M.
2. each uiðUiÞ is an open ball in R

n;
3. each closure U�

i of Ui is a compact subset of M.

Proof Let C be the collection of all admissible coordinate charts ðU;uÞ of M. Since
M is a smooth manifold, fU : ðU;uÞ 2 Cg is an open cover of M. Since M is a
smooth manifold, M is second countable. Since M is a second countable space, and
fU : ðU;uÞ 2 Cg is an open cover of M, there exists a countable subcover
fU1;U2;U3; . . .g of fU : ðU;uÞ 2 Cg:

Here, U1 2 fU1;U2;U3; . . .g � fU : ðU;uÞ 2 Cg; U1 2 fU : ðU;uÞ 2 Cg; and
hence, there exists a function u1; and an open subset eU1 of R

n such that
u1 : U1 ! eU1, and ðU1;u1Þ 2 C: Let B be the collection of all open balls BrðxÞ
with center x and radius r such that r is a positive rational, and each coordinate of
x is a rational number. We know that B is a basis of Rn: Since the set of all rational
numbers is countable, the collection B is countable. Let B1 be the collection of all
BrðxÞ 2 B such that the closure ðBrðxÞÞ� of BrðxÞ is contained in eU1:

We shall try to show that B1 is a basis of eU1: For this purpose, let us take any
open neighborhood ~V of y such that ~V is contained in eU1: Since ~V is an open
neighborhood of y, and B is a basis of Rn; there exists an open ball BryðxyÞ in B such

that y 2 BryðxyÞ � ~V ; where ry is a positive rational, and each coordinate of xy is a
rational number. Since y 2 BryðxyÞ; jy� xyj\ry: There exists a positive rational

number sy such that jy� xyj\sy\ry: Hence, y 2 BsyðxyÞ � ðBsyðxyÞÞ� �
fy : jy� xyj � syg � BryðxyÞ � ~V � eU1: Since sy is a positive rational, and each
coordinate of xy is a rational number, BsyðxyÞ is in B: Since BsyðxyÞ is in B; and
ðBsyðxyÞÞ� � eU1; BsyðxyÞ is in B1. Also y 2 BsyðxyÞ � ~V ; and BsyðxyÞ is an open

neighborhood of y, B1 is a basis of eU1:

Thus, we have shown that B1 is a basis of eU1: Since B is countable, and B1 is
contained in B; B1 is countable. Thus, B1 is a countable basis of eU1: Let us take any

280 4 Topological Properties of Smooth Manifolds



BrðxÞ in B1: Since BrðxÞ is in B1; and B1 is a basis of eU1; BrðxÞ is an open subset of
the open set eU1: Since BrðxÞ is an open subset of eU1; and u1 : U1 ! eU1 is a
homeomorphism, u�1

1 ðBrðxÞÞ is open in U1: Since u�1
1 ðBrðxÞÞ is open in U1; and

u1 : U1 ! eU1 is a homeomorphism, the restriction u1ju�1
1 ðBrðxÞÞ : u

�1
1 ðBrðxÞÞ !

BrðxÞ is a homomorphism. Thus, the ordered pair ðu�1
1 ðBrðxÞÞ;u1ju�1

1 ðBrðxÞÞÞ is a

coordinate chart of U1:

Now, we want to show that ðu�1
1 ðBrðxÞÞ;u1ju�1

1 ðBrðxÞÞÞ 2 C: For this purpose, let
us take any ðW ;wÞ 2 C: Now, we must prove that

u1ju�1
1 Br xð Þð Þ

� �
� w�1

� �
: w u�1

1 Br xð Þð Þ� �\W
� �

! u1ju�1
1 Br xð Þð Þ

� �
u�1
1 Br xð Þð Þ� �\W

� �
;

and

w � u1ju�1
1 Br xð Þð Þ

� ��1
� �

: u1ju�1
1 Br xð Þð Þ

� �
u�1
1 Br xð Þð Þ� �\W

� �
! w u�1

1 Br xð Þð Þ� �\W
� �

are C1: Let us take any ðy1; . . .; ynÞ 2 wððu�1
1 ðBrðxÞÞÞ \WÞ: So, there exists p in

ðu�1
1 ðBrðxÞÞÞ \W such that wðpÞ ¼ ðy1; . . .; ynÞ; and hence w�1ðy1; . . .; ynÞ ¼ p;

and p 2 u�1
1 ðBrðxÞÞ: Now,

u1ju�1
1 Br xð Þð Þ

� �
� w�1

� �
y1; . . .; ynð Þ

¼ u1ju�1
1 Br xð Þð Þ

� �
w�1 y1; . . .; ynð Þ� � ¼ u1ju�1

1 Br xð Þð Þ
� �

pð Þ
¼ u1 pð Þ ¼ u1 w�1 y1; . . .; ynð Þ� � ¼ u1 � w�1� �

y1; . . .; ynð Þ

¼ u1 � w�1� ���
w u�1

1 Br xð Þð Þð Þ\Wð Þ
� �

y1; � � � ; ynð Þ;

so ðu1ju�1
1 ðBrðxÞÞÞ � w�1 ¼ ðu1 � w�1Þjwððu�1

1 ðBrðxÞÞÞ \WÞ: Since ðU1;u1Þ 2 C; ðW ;wÞ 2
C; and C is the collection of all admissible coordinate charts of M, ðu1 � w�1Þ :
wðU1 \WÞ ! u1ðU1 \WÞ is C1: Since u�1

1 ðBrðxÞÞ is an open subset of U1;

wððu�1
1 ðBrðxÞÞÞ \WÞ is an open subset of wðU1 \WÞ: Since wððu�1

1 ðBrðxÞÞÞ \WÞ
is an open subset ofwðU1 \WÞ; and ðu1 � w�1Þ : wðU1 \WÞ ! u1ðU1 \WÞ isC1;

ðu1 � w�1Þjwððu�1
1 ðBrðxÞÞÞ \WÞð¼ ðu1ju�1

1 ðBrðxÞÞÞ � w�1Þ isC1; and hence, ðu1ju�1
1 ðBrðxÞÞÞ

�w�1 is C1: Thus, we have shown that ððu1ju�1
1 ðBrðxÞÞÞ � w�1Þ : wððu�1

1 ðBrðxÞÞÞ
\WÞ ! ðu1ju�1

1 ðBrðxÞÞÞððu�1
1 ðBrðxÞÞÞ \WÞis C1: Similarly, ðw � ðu1ju�1

1 ðBrðxÞÞÞ�1Þ :
ðu1ju�1

1 ðBrðxÞÞÞððu�1
1 ðBrðxÞÞÞ \WÞ ! wððu�1

1 ðBrðxÞÞÞ \WÞ is C1. Thus, ðu�1
1 ðBr

ðxÞÞ;u1ju�1
1 ðBrðxÞÞÞ 2 C:
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Since B1 is countable, the collection fðu�1
1 ðBrðxÞÞ;u1ju�1

1 ðBrðxÞÞÞ : BrðxÞ is inB1g
of coordinate charts is countable. Thus, fðu�1

1 ðBrðxÞÞ;u1ju�1
1 ðBrðxÞÞÞ : BrðxÞ is in B1g

is a countable collection of admissible coordinate charts of M. Now, we shall try to
prove that

1. fu�1
1 ðBrðxÞÞ : BrðxÞ is in B1g is a basis of U1;

2. for each BrðxÞ in B1; ðu1ju�1
1 ðBrðxÞÞÞðu�1

1 ðBrðxÞÞÞ is an open ball in R
n;

3. for each BrðxÞ in B1; the closure ðu�1
1 ðBrðxÞÞÞ� of u�1

1 ðBrðxÞÞ is a compact
subset of U1:

For 1: Since u1 : U1 ! eU1 is a homeomorphism, B1 is a basis of eU1;

fu�1
1 ðBrðxÞÞ : BrðxÞ is inB1g is a basis of U1:

For 2: Since ðu1ju�1
1 ðBrðxÞÞÞðu�1

1 ðBrðxÞÞÞ ¼ BrðxÞ; and BrðxÞ is an open ball in

R
n; ðu1ju�1

1 ðBrðxÞÞÞðu�1
1 ðBrðxÞÞÞis an open ball in R

n:

For 3: Since, for eachBrðxÞ in B1; ðBrðxÞÞ� � eU1;u�1
1 : eU1 ! U1 is continuous,

and, by Heine–Borel theorem, ðBrðxÞÞ� is compact, u�1
1 ððBrðxÞÞ�Þð¼ ðu�1

1

ðBrðxÞÞÞ�Þ is compact, and hence, ðu�1
1 ðBrðxÞÞÞ� is a compact subset of U1:

Here, U2 2 fU1;U2;U3; . . .g � fU : ðU;uÞ 2 Cg; U2 2 fU : ðU;uÞ 2 Cg; and
hence, there exists a function u2 such that ðU2;u2Þ 2 C; and hence, there exists an
open subset eU2 of Rn such that u2 : U2 ! eU2 is a homeomorphism. Let B2 be the
collection of all BrðxÞ 2 B such that the closure ðBrðxÞÞ� of BrðxÞ is contained in eU2:

As above, fðu�1
2 ðBrðxÞÞ;u2ju�1

2 ðBrðxÞÞÞ : BrðxÞ is in B2g is a countable collection

of admissible coordinate charts of M satisfying

(a) fu�1
2 ðBrðxÞÞ : BrðxÞ is in B2g is a basis of U2;

(b) for each BrðxÞin B2; ðu2ju�1
2 ðBrðxÞÞÞðu�1

2 ðBrðxÞÞÞ is an open ball in R
n;

(c) for each BrðxÞin B2; the closure ðu�1
2 ðBrðxÞÞÞ� of u�1

2 ðBrðxÞÞ is a compact
subset of U2; etc.

Since the countable union of countable sets is countable, the collection
[1
i¼1fðu�1

i ðBrðxÞÞ;uiju�1
i ðBrðxÞÞÞ : BrðxÞ is in Big of admissible coordinates charts is

countable. It remains to prove that

I. [1
i¼1fu�1

i ðBrðxÞÞ : BrðxÞ is in Big is a basis of M,
II. for each i ¼ 1; 2; 3; . . .; and for each BrðxÞ in Bi; ðuiju�1

i ðBrðxÞÞÞðu�1
i ðBrðxÞÞÞ is

an open ball in R
n;

III. for each i ¼ 1; 2; 3; . . .; and for each BrðxÞ in Bi; the closure ðu�1
i ðBrðxÞÞÞ� of

u�1
i ðBrðxÞÞ is a compact subset of M, etc.
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For I: LetG be any open neighborhood of a inM. Since fU1;U2;U3; . . .g is a cover
of M, there exists a positive integer i such that a 2 Ui: Since Ui \G is an open
neighborhood of a,Ui \ G is contained inUi; and fu�1

i ðBrðxÞÞ : BrðxÞ is in Big is
a basis of Ui; there exists BrðxÞ is Bi such that a 2 u�1

i ðBrðxÞÞ � Ui \G � G:
This shows that [1

i¼1fu�1
i ðBrðxÞÞ : BrðxÞ is in Big is a basis of M.

For II: This is clear.
For III: This is clear. h

Definition Let X be a topological space. Let U be a collection of subsets of X. If for
every x in X, there exists an open neighborhood G of x such that

U : U 2 U and U \ G is nonemptyf g

is a finite set, then we say that U is locally finite. In other words, U is locally finite
means for every x in X, there exists an open neighborhood G of x such that all
members of U except finite many are “outside” G. In short, if for every x in X, there
exists an open neighborhood G of x such that G intersects only finite many
members of U; then we say that U is locally finite. Clearly, every subcollection of a
locally finite collection is locally finite.

Note 4.50 Let X be a topological space. Let U be an open cover of X. Let each
member of U intersects only finite many members of U:We shall try to show that U
is locally finite. For this purpose, let us take any x in X. Since x is in X, and U is a
cover of X, there exists G in U such that x is in G. Since G is in U; and U is an open
cover of X, G is open. Since G is open, and x is in G, G is an open neighborhood of
x. Since G is in U; and each member of U intersects only finite many members of U;
G intersects only finite many members of U: This proves that U is locally finite.

Lemma 4.51 Let M be a topological manifold. There exists a countable collection
fG1;G2;G3; . . .g of open sets such that

1. fG1;G2;G3; . . .g is a cover of M,
2. fG1;G2;G3; . . .g is locally finite,
3. for each n ¼ 1; 2; 3; . . .; the closure G�

n of Gn is compact.

Proof By Lemma 4.47, there exists a countable collection fðU1;u1Þ; ðU2;u2Þ;
ðU3;u3Þ; . . .g of coordinate charts of M such that

(i) fU1;U2;U3; . . .g is a basis of M,
(ii) each closure U�

n of Un is a compact subset of M.

Put B1 � U1:
By (i), clearly fU1;U2;U3; . . .g is an open cover of M. Since B1 ¼ U1; B�

1 ¼
U�

1 : Since B
�
1 ¼ U�

1 ; and U�
1 is compact, B�

1 is compact. Since fU1;U2;U3; . . .g is
an open cover of M, and B�

1 is compact, there exists a positive integer m1 [ 1 such
that B�

1 � U1 [U2 [ � � � [Um1 :
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Put B2 � U1 [U2 [ � � � [Um1 : Since B2 ¼ U1 [U2 [ � � � [Um1 ; B
�
2 ¼ ðU1 [U2

[ � � � [Um1Þ� ¼ ðU�
1 Þ [ðU�

2 Þ [ � � � [ðU�
m1
Þ: Since each of U�

1 ;U
�
2 ; . . .;U

�
m1

is
compact, the finite union ðU�

1 Þ [ðU�
2 Þ [ � � � [ðU�

m1
Þð¼ B�

2 Þ is compact, and hence,
B�
2 is compact. Since fU1;U2;U3; . . .g is an open cover of M, and B�

2 is compact,
there exists a positive integer m2 [m1 [ 1 such that B�

2 � U1 [ U2 [ � � � [ Um1 [
� � � [Um2 :

Put B3 � U1 [U2 [ � � � [Um2 : Since B3 ¼ U1 [U2 [ � � � [Um2 ; B
�
3 ¼ ðU1 [U2

[ � � � [Um2Þ� ¼ ðU�
1 Þ [ðU�

2 Þ [ � � � [ðU�
m2
Þ: Since each of U�

1 ;U
�
2 ; . . .;U

�
m2

is
compact, the finite union ðU�

1 Þ [ðU�
2 Þ [ � � � [ðU�

m2
Þð¼ B�

3 Þ is compact, and hence,
B�
3 is compact. Since fU1;U2;U3; . . .g is an open cover of M, and B�

3 is compact,
there exists a positive integer m3 [m2 [m1 [ 1 such that B�

3 � U1 [
U2 [ � � � [Um1 [ � � � [Um2 [ � � � [Um3 :

Put B4 � U1 [U2 [ � � � [Um3 ; etc. Clearly

(a) for every positive integer n, Un � Bn;
(b) fB1;B2;B3; . . .g is an open cover of M,
(c) B1 � B2 � B3 � � � � ;
(d) each closure B�

n of Bn is a compact subset of M,
(e) for every positive integer n, Bn � B�

n � Bnþ1:

Put G1 � B1;G2 � B2;G3 � B3 � ðB�
1 Þ;G4 � B4 � ðB�

2 Þ;G5 � B5 � ðB�
3 Þ; etc.

Clearly fG1;G2;G3; . . .g is a countable collection of open sets (see Fig. 4.1).
It remains to prove that

1. fG1;G2;G3; . . .g is a cover of M,
2. fG1;G2;G3; . . .g is locally finite,
3. for each n ¼ 1; 2; 3; . . .; the closure G�

n of Gn is compact.

Fig. 4.1 A countable collection of open sets
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For 1: This is clear.
For 2: Here, fG1;G2;G3; . . .g is an open cover of M, and each member of
fG1;G2;G3; . . .g intersects only finite many members of fG1;G2;G3; . . .g;
fG1;G2;G3; . . .g is locally finite.
For 3: Since G1 ¼ B1; G�

1 ¼ B�
1 : Since B�

1 is compact, G�
1 is compact. Since

G2 ¼ B2; G�
2 ¼ B�

2 : Since B�
2 is compact, G�

2 is compact. Since G3 � B�
3 ;

G�
3 � B�

3 : Since the closed set G�
3 is contained in the compact set B�

3 ; G
�
3 is

compact. Since G4 � B�
4 ; G

�
4 � B�

4 : Since the closed set G�
4 is contained in the

compact set B�
4 ; G

�
4 is compact, etc. This proves 3. h

Definition Let X be a topological space. Let A; B be open covers of X. By A is a
refinement of B we mean: For every A in A; there exists B in B such that A � B:

Lemma 4.52 Let M be an m-dimensional smooth manifold. Let X be any open
cover of M. There exists a countable collection fðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; . . .g
of admissible coordinate charts of M such that

1. fU1;U2;U3; . . .g covers M,
2. fU1;U2;U3; . . .g is locally finite,
3. fU1;U2;U3; . . .g is a refinement of X ;
4. each unðUnÞ is equal to the open ball B3ð0Þ;
5. fu�1

1 ðB1ð0ÞÞ;u�1
2 ðB1ð0ÞÞ;u�1

3 ðB1ð0ÞÞ; . . .g covers M.

Proof Since M is a smooth manifold, M is a topological manifold, and hence, by
Lemma 4.51, there exists a countable collection fG1;G2;G3; . . .g of open sets such
that

a. fG1;G2;G3; . . .g is a cover of M,
b. fG1;G2;G3; . . .g is locally finite,
c. for each n ¼ 1; 2; 3; . . .; the closure G�

n of Gn is compact.

Let us fix any p in M. Since fG1;G2;G3; . . .g is locally finite, and p is in M,
there exists an open neighborhood Wp of p such that

Gk : Gk \Wpis nonempty
� �

is a finite set.
Since p 2 Wp; fGk : p 2 Gkg ¼ fGk : p 2 Gk \Wpg � fGk : Gk \Wp is nonemptyg:

Since fGk : p 2 Gkg � fGk : Gk \Wp is nonemptyg; and fGk : Gk \Wp is nonemptyg
is finite, fGk : p 2 Gkg is finite. Since fG1;G2;G3; . . .g is a cover of M, and p 2 M;
fGk : p 2 Gkg is nonempty. Since fGk : p 2 Gkg is a nonempty finite collection of
open neighborhoods of p, \p2Gk Gk is an open neighborhood of p.
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Since X is an open cover of M, and p is in M, there exists Xp in X such that
p 2 Xp: Since X is an open cover ofM, and Xp is in X ; Xp is open. Since Xp is open,
and p 2 Xp; Xp is an open neighborhood of p.

Since p is in M, and M is a smooth manifold, there exists an admissible coor-
dinate chart ðVp;upÞ of M such that Vp is an open neighborhood of p.

Since \p2Gk Gk is an open neighborhood of p, Wp is an open neighborhood of p,
Xp is an open neighborhood of p, and Vp is an open neighborhood of p, their
intersection ð\p2Gk GkÞ \Wp \Xp \Vp is an open neighborhood of p.

Since ðVp;upÞ is an admissible coordinate chart of M, ð\p2Gk GkÞ \Wp \Xp

\Vp � Vp; and ð\p2Gk GkÞ \Wp \Xp \Vp is an open neighborhood of p, the pair
ðð\p2Gk GkÞ \Wp \Xp \Vp;upjð\p2Gk GkÞ \Wp \Xp \Vp

Þ is an admissible coordinate

chart of M: Since ðð\p2Gk GkÞ \Wp \Xp \Vp;upjð\p2Gk GkÞ \Wp \Xp \Vp
Þ is an

admissible coordinate chart of M, and p 2 ð\p2Gk GkÞ \Wp \Xp \Vp; there exists
an admissible coordinate chart ðUp;wpÞ such that Up � ð\p2Gk GkÞ \Wp \Xp \Vp;

Up is an open neighborhood of p, wpðUpÞ ¼ B3ð0Þ; and wpðpÞ ¼ 0: Thus, wp :

Up ! B3ð0Þ is a homeomorphism.
Since Up � ð\p2Gk GkÞ \Wp \Xp \Vp � Wp; and fGk : Gk \Wp is nonemptyg

is a finite set, fGk : Gk \Upis nonemptyg is a finite set.
It is clear that

if q 2 Gk0 then Uq � Gk0 :

(Reason: Let q 2 Gk0 : Since q 2 Gk0 ; Uq � ð\q2Gk GkÞ \Wq \Xq \Vq �
ð\q2Gk GkÞ � Gk0 :)

Since ðUp;wpÞ is a coordinate chart, and wpðUpÞ ¼ B3ð0Þ; wp : Up ! B3ð0Þ is
continuous. Since wp : Up ! B3ð0Þ is continuous, and B1ð0Þ is an open subset of

B3ð0Þ; ðwpÞ�1ðB1ð0ÞÞ is open in Up: Since ðwpÞ�1ðB1ð0ÞÞ is open in Up; and Up is

open in M; ðwpÞ�1ðB1ð0ÞÞ is open in M. Since wpðpÞ ¼ 0 2 B1ð0Þ; p 2
ðwpÞ�1ðB1ð0ÞÞ: Thus, ðwpÞ�1ðB1ð0ÞÞ is an open neighborhood of p: Since wp :

Up ! B3ð0Þ; and B1ð0Þ � B3ð0Þ; ðwpÞ�1ðB1ð0ÞÞ � Up:

Since for every p in M; ðwpÞ�1ðB1ð0ÞÞ is an open neighborhood of p; the

collection fðwpÞ�1ðB1ð0ÞÞ : p 2 G�
1 g is an open cover of G�

1 : Since

fðwpÞ�1ðB1ð0ÞÞ : p 2 G�
1 g is an open cover of G�

1 ; and G�
1 is compact, there exists

finite many p11; p12; . . .; p1k1 2 G�
1 such that G�

1 � ðwp11Þ�1ðB1ð0ÞÞ [ðwp12Þ�1

ðB1ð0ÞÞ [ � � � [ðwp1k1
Þ�1ðB1ð0ÞÞ � Up11 [Up12 [ � � � [Up1k1

; where ðUp11 ;wp11Þ;
ðUp12 ;wp12Þ; . . .; ðUp1k1

;wp1k1
Þ are admissible coordinate charts of M:
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Similarly, there exists finite many p21; p22; . . .; p2k2 2 G�
2 such that G�

2 �
Up21 [Up22 [ � � � [Up2k2

; etc. Clearly, ðUp11 ;wp11Þ; ðUp12 ;wp12Þ; . . .; ðUp1k1
;wp1k1

Þ,
ðUp21 ;wp21Þ; ðUp22 ;wp22Þ; . . .; ðUp2k2

;wp2k2
Þ; ðUp31 ;wp31Þ; ðUp32 ;wp32Þ; . . .; ðUp3k3

;wp3k3
Þ; . . .

constitute a countable collection of admissible coordinate charts of M:

For 1: Since G1 � G�
1 � ðwp11Þ�1ðB1ð0ÞÞ [ðwp12Þ�1ðB1ð0ÞÞ [ � � � [ðwp1k1

Þ�1

ðB1ð0ÞÞ � Up11 [Up12 [ � � � [Up1k1
; G2 � G�

2 � ðwp21Þ�1ðB1ð0ÞÞ [ðwp22Þ�1ðB1ð0ÞÞ
[ � � � [ðwp2k2

Þ�1ðB1ð0ÞÞ � Up21 [Up22 [ � � � [Up2k2
; . . .; and fG1;G2;G3; � � �g is

a cover ofM; fUp11 ;Up12 ; . . .;Up1k1
;Up21 ;Up22 ; . . .;Up2k2

;Up31 ;Up32 ; . . .;Up3k3
; . . .g

is an open cover of M:
For 2: We have to prove that fUp11 ;Up12 ; . . .;Up1k1

;Up21 ;Up22 ; . . .;Up2k2
;

Up31 ;Up32 ; . . .;Up3k3
; . . .g is locally finite.

Since fG1;G2;G3; . . .g is a cover of M; and p11 2 M; there exists a positive
integer n11 such that p11 2 Gn11 : Since p11 2 Gn11 ; Up11 � Gn11 : Similarly, there
exists a positive integer n12 such that Up12 � Gn12 ; etc.

Since fUp11 ;Up12 ; . . .;Up1k1
;Up21 ;Up22 ; . . .;Up2k2

;Up31 ;Up32 ; . . .;Up3k3
; . . .g is a

cover of M; and each Upij is contained in Gnij ; fGn11 ;Gn12 ; . . .;Gn1k1
;Gn21 ;Gn22 ; . . .;

Gn2k2
;Gn31 ;Gn32 ; . . .;Gn3k3

; . . .g is a cover of M: Since fG1;G2;G3; . . .g is locally
finite, and fGn11 ;Gn12 ; . . .;Gn1k1

;Gn21 ;Gn22 ; . . .; Gn2k2
;Gn31 ;Gn32 ; . . .;Gn3k3

; . . .g �
fG1;G2;G3; . . .g; fGn11 ;Gn12 ; . . .;Gn1k1

;Gn21 ;Gn22 ; . . .;Gn2k2
;Gn31 ;Gn32 ; . . .;Gn3k3

; . . .g is
locally finite. Since fGn11 ;Gn12 ; . . .;Gn1k1

;Gn21 ;Gn22 ; . . .;Gn2k2
;Gn31 ;Gn32 ; . . .;

Gn3k3
; . . .g is locally finite, and each Upij is contained in Gnij ;

fUp11 ;Up12 ; . . .;Up1k1
;Up21 ;Up22 ; . . .;Up2k2

;Up31 ;Up32 ; . . .;Up3k3
; . . .g is locally finite.

For 3: We have to show that the open cover fUp11 ;Up12 ; . . .;Up1k1
;

Up21 ;Up22 ; . . .;Up2k2
;Up31 ;Up32 ; . . .;Up3k3

; . . .g is a refinement of the open coverX :

Here Up11 � ð\p112Gk GkÞ \Wp11 \Xp11 \Vp11 � Xp11 2 X : Thus, Up11 � Xp11 2 X :

Similarly, Up12 � Xp12 2 X ; etc.

For 4: This is clear.
For 5: We have to show that

w�1
p11 B1 0ð Þð Þ;w�1

p12 B1 0ð Þð Þ; . . .;w�1
p1k1

B1 0ð Þð Þ;w�1
p21 B1 0ð Þð Þ;w�1

p22 B1 0ð Þð Þ; . . .;w�1
p2k2

B1 0ð Þð Þ; . . .
n o

covers M.

Since G1 � G�
1 � ðwp11Þ�1ðB1ð0ÞÞ [ðwp12Þ�1ðB1ð0ÞÞ [ � � � [ðwp1k1

Þ�1ðB1ð0ÞÞ;
G2 � G�

2 � ðwp21Þ�1ðB1ð0ÞÞ [ðwp22Þ�1ðB1ð0ÞÞ [ � � � [ðwp2k2
Þ�1ðB1ð0ÞÞ; . . .; and
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fG1;G2;G3; � � �g is a cover of M; fw�1
p11ðB1ð0ÞÞ;w�1

p12ðB1ð0ÞÞ; � � � ;w�1
p1k1

ðB1

ð0ÞÞ;w�1
p21ðB1ð0ÞÞ;w�1

p22ðB1ð0ÞÞ; � � � ;w�1
p2k2

ðB1ð0ÞÞ; � � �g is a cover of M: h

Definition Let X be a topological space. If for every open cover A of X; there
exists an open cover C of M such that C is locally finite, and C is a refinement of A;
then we say that X is a paracompact space.

Note 4.53 By the Lemma 4.52, we find that every smooth manifold is a para-
compact space.

4.5 Partitions of Unity Theorem

Note 4.54 (Pasting Lemma) Let X and Y be topological spaces. Let A and B be
subsets of X such that the union of A and B is X: Let f : A ! Y be a continuous
function, where the topology of A is the induced topology of X: Let g : B ! Y be a
continuous function, where the topology of B is the induced topology of X: Let
f ðxÞ ¼ gðxÞ for every x in A\B. Let F : X ! Y be a function defined as follows:

F xð Þ � f xð Þ if x is in A
g xð Þ if x is in B:

�
Then, if A and B are open subsets of X, then F is continuous.

Proof Since f : A ! Y is a function, g : B ! Y is a function, for every x in A\B;
f ðxÞ ¼ gðxÞ; and

F xð Þ � f xð Þ if x is in A
g xð Þ if x is in B;

�
F is well defined on A[B ¼ Xð Þ: Let us take any x in X. We have to prove that

F is continuous at x. Since x is in X, and X ¼ A[B; x 2 A or x 2 B:

Case I: When x 2 A. Since f : A ! Y is a continuous function, and x 2 A; f is
continuous at x: Since f is continuous at x; and FjA ¼ f ; FjA is continuous at x:
Since x 2 A; and A is open, x is an interior point of A: Since x is an interior point
of A; and FjA is continuous at x; F is continuous at x:
Case II: When x 2 B. As in case I, F is continuous at x: h

Lemma 4.55 Let X be a topological space. Let U be a collection of subsets of X: If
U is locally finite, then ð[fU : U 2 UgÞ� ¼ [fU� : U 2 Ug:
Proof Let U be locally finite. For any U 2 U; U � ð[fU : U 2 UgÞ; so U� �
ð[fU : U 2 UgÞ�: This shows that [fU� : U 2 Ug � ð[fU : U 2 UgÞ�: It
remains to show that ð[fU : U 2 UgÞ� � [fU� : U 2 Ug: For this purpose, let us
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take any a in ð[fU : U 2 UgÞ�: We claim that a is in [fU� : U 2 Ug: If not,
otherwise, let for every U 2 U; a 62 U�: We have to arrive at a contradiction. h

Now, since U is locally finite, there exists an open neighborhood Ga of a such that
all but finite many U 2 U are outside Ga: For every U 2 U, we have a 62 U�; there
exists an open neighborhood HU of a such that HU contains no point of U�; and
hence, HU contains no point of U: Since all but finite many U 2 U are outside Ga;
the finite intersection ð\Ga \U 6¼; HUÞ \Ga is an open neighborhood of a: Since for
every U 2 U; HU contains no point of U; and all but finite many U 2 U are outside
Ga; ð\Ga \U 6¼; HUÞ \Ga contains no point of [fU : U 2 Ug: It follows that a is not
in ð[fU : U 2 UgÞ�; a contradiction. h

Definition Let X be a topological space. Let f : X ! R
k be any function. The

closure fx : f ðxÞ 6¼ 0g� of fx : f ðxÞ 6¼ 0g is denoted by supp f ; and is called the
support of f :

Lemma 4.56 Let M be a 3-dimensional smooth manifold. Let fXigi2I be an open
cover of M: Then, there exists a family fwigi2I of functions wi : M ! ½0; 1	 such
that

1. for each i 2 I; wi is smooth,
2. for each i 2 I; suppwi is contained in Xi;
3. fsupp wigi2I is locally finite,
4.
P

i2I wi ¼ 1:

Proof By the Lemma 4.52, there exists a countable collection fðU1;u1Þ; ðU2;
u2Þ; ðU3;u3Þ; . . .g of admissible coordinate charts of M such that

i. fU1;U2;U3; . . .g covers M;
ii. fU1;U2;U3; . . .g is locally finite,
iii. fU1;U2;U3; . . .g is a refinement of fXigi2I ;
iv. each unðUnÞ is equal to the open ball B3ð0Þ;
v. fu�1

1 ðB1ð0ÞÞ;u�1
2 ðB1ð0ÞÞ;u�1

3 ðB1ð0ÞÞ; . . .g covers M.

By the Note 3.52, there exists a function H : R3 ! ½0; 1	 such that

I. H is smooth,
II. HðxÞ ¼ 1; if x is in the closed ball B1½0	;
III. suppH ¼ B2½0	:
Let us fix any positive integer n. Observe that

Un ¼ u�1
n B3 0ð Þð Þ 
 u�1

n B2 0½ 	ð Þ:

If x 2 Un � u�1
n ðB2½0	Þ; then x 62 u�1

n ðB2½0	Þ; and hence, unðxÞ 62 B2½0	 ¼
supp H ¼ ðH�1ðR� f0gÞÞ� 
 H�1ðR� f0gÞ: It follows that if x 2 Un �
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u�1
n ðB2½0	Þ; then unðxÞ 62 H�1ðR� f0gÞ; and hence, HðunðxÞÞ ¼ 0: This shows

that the function fn : M ! ½0; 1	 defined as follows: For every x in M;

fn xð Þ � H un xð Þð Þ if x 2 Un;
0 if x 62 u�1

n B2 0½ 	ð Þ;
�

is well defined. Clearly, f �1
n ðR� f0gÞ � u�1

n ðB2½0	Þ; and hence, supp fn ¼ ðf�1
n ðR�

f0gÞÞ� � ðu�1
n ðB2½0	ÞÞ� ¼ u�1

n ðB2½0	Þ � u�1
n ðB3ð0ÞÞ ¼ Un: Thus, supp fn � Un:

Since ðUn;unÞ is an admissible coordinate chart of 3-dimensional smooth
manifold M, unðUnÞ is open in R

3; and un : Un ! unðUnÞð¼ B3ð0ÞÞ is a homeo-
morphism. Since un : Un ! unðUnÞ; and H : R3 ! ½0; 1	; H � un : Un ! ½0; 1	:
Clearly, H � un : Un ! ½0; 1	 is smooth.

(Reason: Take any p in Un:We have to prove that H � un is smooth at p: For this
purpose, let us take any admissible coordinate chart ðV ;wÞ ofM such that p 2 V :We
have to prove that ðH � unÞ � w�1 is smooth. Since ðUn;unÞ; ðV ;wÞ are admissible
coordinate charts of M; and Un \V is nonempty, un � w�1 is smooth. Since un �
w�1 is smooth, andH is smooth, their compositeH � ðun � w�1Þð¼ ðH � unÞ � w�1Þ
is smooth, and hence, ðH � unÞ � w�1 is smooth.)

Since

fn xð Þ ¼ H � unð Þ xð Þ if x 2 Un;
0 if x 2 M � un

�1 B2 0½ 	ð Þð Þ
�

is a well-defined function, Un andM � ðu�1
n ðB2½0	ÞÞ are open sets, the restriction

fnjUn
ð¼ H � unÞ is smooth, and the restriction fnjM�ðu�1

n ðB2½0	ÞÞð¼ 0Þ is smooth, fn is
smooth.

Let us fix any a inM: Since fU1;U2;U3; . . .g is a locally finite cover ofM, and a is
in M; there exists an open neighborhood Ga of a; and a positive integer N such that
k�N impliesUk is outsideGa: For k�N;Uk ¼ u�1

k ðB3ð0ÞÞ 
 u�1
k ðB2½0	Þ; andUk is

outside Ga; u�1
k ðB2½0	Þ is outside Ga for every k�N: Since for every k�N; Ga is

outsideu�1
k ðB2½0	Þ; by the definition of fk; for every x in the open neighborhoodGa of

a; and k�N; we have fkðxÞ ¼ 0: Now, since a 2 Ga; fNðaÞ ¼ 0 ¼ fNþ1ðaÞ ¼
fNþ2ðaÞ ¼ � � � : It follows that f1ðaÞ þ f2ðaÞ þ f3ðaÞ þ � � � is a real number.

Since fu�1
1 ðB1ð0ÞÞ;u�1

2 ðB1ð0ÞÞ;u�1
3 ðB1ð0ÞÞ; . . .g covers M; and a is in M; there

exists a positive integer N0 such that a 2 u�1
N0
ðB1ð0ÞÞ � u�1

N0
ðB3ð0ÞÞ ¼ UN0 ; and

hence uN0
ðaÞ 2 B1ð0Þ � B1½0	: Since uN0

ðaÞ 2 B1½0	; a 2 UN0 ; and HðxÞ ¼ 1 for
every x in the closed ball B1½0	; fN0ðaÞ ¼ HðuN0

ðaÞÞ ¼ 1:
Since f1 : M ! ½0; 1	; f2 : M ! ½0; 1	; f3 : M ! ½0; 1	; . . .; and fN0ðaÞ ¼ 1;

f1ðaÞ þ f2ðaÞ þ f3ðaÞ þ � � � � fN0ðaÞ ¼ 1:
Further, since 1� f1ðaÞ þ f2ðaÞ þ f3ðaÞ þ � � � ; and f1ðaÞ þ f2ðaÞ þ f3ðaÞ þ � � � is

a real number,
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fn að Þ
f1 að Þ þ f2 að Þ þ f3 að Þ þ � � � 2 0; 1½ 	:

Thus, the function gn : M ! ½0; 1	 defined as follows: For every x in M;

gn xð Þ � fn xð Þ
f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � �

is well defined. Further, we have shown that for every a in M; there exists an open
neighborhood Ga of a; and a positive integer N such that for every x in the open
neighborhood Ga;

gn xð Þ ¼ fn xð Þ
f1 xð Þ þ f2 xð Þ þ � � � þ fN xð Þ :

Further, since f1; f2; f3; . . . are smooth,

x 7! fn xð Þ
f1 xð Þ þ f2 xð Þ þ � � � þ fN xð Þ ¼ gn xð Þð Þ

is smooth in Ga: This shows that gn is smooth. Clearly, supp gn ¼ supp fn � Un:
Since for every x in the open neighborhood Ga of a; we have

fNðxÞ ¼ 0 ¼ fNþ1ðxÞ ¼ fNþ2ðxÞ ¼ � � � ;

gN xð Þ ¼ fN xð Þ
f1 xð Þ þ f2 xð Þ þ � � � þ fN xð Þ ¼

0
f1 xð Þ þ f2 xð Þ þ � � � þ fN xð Þ ¼ 0;

gNþ1 xð Þ ¼ fNþ1 xð Þ
f1 xð Þ þ f2 xð Þ þ � � � þ fN xð Þ ¼

0
f1 xð Þ þ f2 xð Þ þ � � � þ fN xð Þ ¼ 0;

gNþ1ðxÞ ¼ 0; . . .:

Hence, ðg1 þ g2 þ g3 þ � � �ÞjGa
¼ ðg1 þ g2 þ � � � þ gNÞjGa

: Clearly, for every
x in M,

g1 xð Þ þ g2 xð Þ þ g3 xð Þ þ � � �
¼ 1

f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � � f1 xð Þ þ 1
f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � � f2 xð Þ

þ 1
f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � � f3 xð Þ þ � � �

¼ 1
f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � � f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � �ð Þ ¼ 1:

In short, g1 þ g2 þ g3 þ � � � ¼ 1:
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Since fU1;U2;U3; . . .g is a refinement of fXigi2I ; for every positive integer m,
there exists an index iðmÞ 2 I such that Um � XiðmÞ: It follows that
[i�2Ifm : iðmÞ ¼ i�g ¼ f1; 2; 3; . . .g:

Let us fix any i� in I: Since fx : 0\f1ðxÞg � fx : 0\f1ðxÞg� ¼ supp f1 � U1;
fx : 0\f1ðxÞg � U1: Similarly, fx : 0\f2ðxÞg � U2; fx : 0\f3ðxÞg � U3; . . ..
Further, since fU1;U2;U3; . . .g is locally finite, ffx : 0\f1ðxÞg; fx : 0\f2ðxÞg;
fx : 0\f3ðxÞg; . . .g is locally finite, and hence, its subcollection ffx : 0\fmðxÞg :
iðmÞ ¼ i�g is locally finite. It follows that ð[iðmÞ¼i�fx : 0\fmðxÞgÞ� ¼ [iðmÞ¼i�

ðfx : 0\fmðxÞg�Þ ¼ [iðmÞ¼i� ðsupp fmÞ � [iðmÞ¼i� Um � [iðmÞ¼i� XiðmÞ ¼ [iðmÞ¼i� Xi� ¼ Xi� :

Thus ð[iðmÞ¼i�fx : 0\fmðxÞgÞ� � Xi� :

Since for every x in M;
P

iðmÞ¼i� gmðxÞ� g1ðxÞ þ g2ðxÞ þ g3ðxÞ þ � � � ¼ 1; it
follows that the function wi� : M ! ½0; 1	 defined as follows:

wi� ¼
P

i mð Þ¼i�
gm if m : i mð Þ ¼ i�f g is nonempty;

0 if m : i mð Þ ¼ i�f g is the empty set;

(

is well defined.

For 1: Case I: When fm : iðmÞ ¼ i�g is nonempty. Let us take any a in M: We
have to prove that

P
iðmÞ¼i� gmð¼ wi� Þ is smooth at a: We have seen that there

exist an open neighborhood Ga of a; and positive integers m1;m2; . . .;mk such
that i� ¼ iðm1Þ ¼ iðm2Þ ¼ � � � ¼ iðmkÞ; and ðPiðmÞ¼i� gmÞjGa

¼ ðgm1 þ gm2

þ � � � þ gmk ÞjGa
: Since each gn is smooth, ðgm1 þ gm2 þ � � � þ gmkÞjGa

is smooth
at a: Since ðgm1 þ gm2 þ � � � þ gmk ÞjGa

is smooth at a; and ðPiðmÞ¼i� gmÞjGa
¼

ðgm1 þ gm2 þ � � � þ gmk ÞjGa
; ðPiðmÞ¼i� gmÞjGa

is smooth at a: This shows that
wi� ð¼

P
iðmÞ¼i� gmÞ is smooth.

Case 2: When fm : iðmÞ ¼ i�gis the empty set. Since the constant function 0 is
smooth, and wi� ¼ 0; wi� is smooth. So, in all cases, wi� is smooth.
For 2: Case I: When fm : iðmÞ ¼ i�g is nonempty. We have to prove that
supp wi� � Xi� : Here

supp wi� ¼ supp
X

i mð Þ¼i�
gm

0@ 1A ¼
X

i mð Þ¼i�
gm

0@ 1A�1

R� 0f gð Þ
0@ 1A�

¼ x : 0\
X

i mð Þ¼i�
gm

0@ 1A xð Þ
8<:

9=;
�

¼ x : 0\
X

i mð Þ¼i�
gm xð Þð Þ

8<:
9=;

�

¼ x : 0\
X

i mð Þ¼i�

1
f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � � fm xð Þ
� �8<:

9=;
�
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¼ x : 0\
1

f1 xð Þ þ f2 xð Þ þ f3 xð Þ þ � � �
X

i mð Þ¼i�
fm xð Þð Þ

8<:
9=;

�

¼ x : 0\
X

i mð Þ¼i�
fm xð Þ

8<:
9=;

�

¼ [i mð Þ¼i� x : 0\fm xð Þf g� ��� Xi� :

Hence, supp wi� � Xi� :
Case II: When fm : iðmÞ ¼ i�g is the empty set. Here, supp wi� ¼ supp ð0Þ ¼
; � Xi� ; and hence, supp wi� � Xi� :Hence, in all cases, supp wi� � Xi� :
For 3: We have seen that if fm : iðmÞ ¼ i�g is nonempty; then supp wi� ¼
ð[iðmÞ¼i�fx : 0\fmðxÞgÞ� ¼ [iðmÞ¼i� ðfx : 0\fmðxÞg�Þ ¼ [iðmÞ¼i� ðsupp fmÞ �
[iðmÞ¼i�Um: Thus, if fm : iðmÞ ¼ i�g is nonempty; then supp wi� � [iðmÞ¼i� Um:

Also, if fm : iðmÞ ¼ i�g is the empty set; then supp wi� ¼ supp 0 ¼ ;: Now, it
suffices to show that f[iðmÞ¼i� Um : i� 2 Ig is locally finite. Since ffm : iðmÞ ¼
i�g : i� 2 Ig is a partition of f1; 2; 3; . . .g; and fU1;U2;U3; . . .g is locally finite,
f[iðmÞ¼i� Um : i� 2 Ig is locally finite.
For 4: Here

LHS ¼
X
i2I

wi ¼
X
i�2I

wi� ¼
X
i�2I

m:i mð Þ¼i�f gis non empty

wi� þ
X
i�2I

m:i mð Þ¼i�f gis empty set

wi�

¼
X
i�2I

m:i mð Þ¼i�f gis non empty

wi� þ
X
i�2I

m:i mð Þ¼i�f gis empty set

0 ¼
X
i�2I

m:i mð Þ¼i�f gis non empty

wi�

¼
X
i�2I

m:i mð Þ¼i�f gis non empty

X
i mð Þ¼i�

gm

0@ 1A ¼ g1 þ g2 þ g3 þ � � � ¼ 1 ¼ RHS:

h

Note 4.57 Clearly, the above lemma is also valid for m-dimensional smooth
manifold M.

Definition Let M be a topological space. Let fXigi2I be an open cover of M: Let
fwigi2I be a family of functions wi : M ! ½0; 1	 satisfying the following conditions:

1. for each i 2 I; wi is continuous,
2. for each i 2 I; supp wi is contained in Xi;
3. fsupp wigi2I is locally finite,
4.
P
i2I

wi ¼ 1:

h
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Then, we say that fwigi2I is a partition of unity subordinate to fXigi2I : Since
fsupp wigi2I is locally finite, for every x in M; there are only finite many nonzero
wiðxÞ’s in the sum

P
i2I wiðxÞ;

P
i2I wi ¼ 1 is meaningful. Further, if M is a smooth

manifold, and each wi is smooth, then we say that fwigi2I is a smooth partition of
unity subordinate to fXigi2I : Now, the Lemma 4.56 can be abbreviated as: “If M is
an n-dimensional smooth manifold, and fXigi2I is an open cover of M; then there
exists a smooth partition of unity subordinate to fXigi2I :” This result is known as
the partitions of unity theorem.

Definition Let M be a topological space. Let A be a closed subset of M: Let U be
an open subset of M such that A � U: Let w : M ! ½0; 1	 be a continuous function.
If

1. for every x in A, wðxÞ ¼ 1;
2. supp w � U;

then we say that w is a bump function for A supported in U:

Lemma 4.58 Let M be a smooth manifold. Let A be a closed subset of M: Let U be
an open subset of M such that A � U: Then, there exists a smooth function w :
M ! ½0; 1	 such that w is a bump function for A supported in U:

Proof Clearly, fM � A;Ug is an open cover of M: So, by the partitions of unity
theorem, there exist functions w1 : M ! ½0; 1	;w : M ! ½0; 1	 such that

1. w1;w are smooth,
2. supp w1 is contained in M � A; and supp w is contained in U;
3. w1 þ w ¼ 1:

It remains to prove: For every x in A; wðxÞ ¼ 1; that is, for every x in A;
1� w1ðxÞ ¼ ð1� w1ÞðxÞ ¼ 1; that is, for every x in A; w1ðxÞ ¼ 0: Since
fx : 0 6¼ w1ðxÞg � supp w1 � M � A;
A � fx : 0 ¼ w1ðxÞg ¼ fx : 0 ¼ 1� wðxÞg ¼ fx : wðxÞ ¼ 1g: h

Lemma 4.59 Let M be an m-dimensional smooth manifold. Let A be a nonempty
closed subset of M: Let U be an open subset of M such that A � U: Let f : A ! R

k

be a smooth function (that is, for every p in A; there exists an open neighborhood
Wp of p; and a smooth function Fp : Wp ! R

k such that f jWp \A ¼ FpjWp \AÞ: Then,
there exists a smooth function ~f : M ! R

k such that

1. ~fA ¼ f ;
2. supp ~f � U:

Proof Let us fix any p in A: Since f : A ! R
k is a smooth function, and p is in A,

there exists an open neighborhood Vp of p, and a smooth function Fp : Vp ! R
k

such that f jVp \A ¼ FpjVp \A: Since p is in A, and A � U; p is in U. Since p is in U,

294 4 Topological Properties of Smooth Manifolds



and U is open, U is an open neighborhood of p. Since U is an open neighborhood of
p, and Vp is an open neighborhood of p, Vp \U is an open neighborhood of p.

Clearly, the collection fVp \U : p 2 Ag[fM � Ag is an open cover of smooth
manifold M: By the partitions of unity theorem, then there exist a collection
fwp : p 2 Ag[fwg of smooth functions wp : M ! ½0; 1	; and w : M ! ½0; 1	 such
that

(a) for each p 2 A; suppwp is contained in Vp \U; supp w is contained in M � A;
(b) fsupp wp : p 2 Ag[fsupp wg is locally finite,
(c)

P
p2A wp ¼ 1� w:

Since for every p 2 A; wp : M ! ½0; 1	 is smooth, and Vp \U is an open

neighborhood of p; wpjVp \U is smooth. Since Fp : Vp ! R
k is smooth, Vp is an

open neighborhood of p; Vp \U is an open neighborhood of p; and Vp \U � Vp;

FpjVp \U is smooth. Since wpjVp \U is smooth, FpjVp \U is smooth, and Vp \U is an

open neighborhood of p; ðwpjVp \UÞðFpjVp \UÞ is smooth on Vp \U: For every p in

A, supp wp � Vp \U; so M � ðVp \UÞ � M � ðsupp wpÞ: If t 2 ðVp \UÞ \
ðM � ðsupp wpÞÞ then t 62 ðsupp wpÞ; and hence ðwpjVp \UÞðtÞ ¼ 0: Thus, for every

t 2 ðVp \UÞ \ðM � ðsupp wpÞÞ; we have

wp

��
Vp \U

� �
Fp

��
Vp \U

� �� �
tð Þ ¼ wp

��
Vp \U

� �
tð Þ

� �
Fp

��
Vp \U

� �
tð Þ

� �
¼ 0 Fp

��
Vp \U

� �
tð Þ

� �
¼ 0:

It follows that we can define a function vp : M ! R
k as follows: For every x

in M;

vp xð Þ �
wp

��
Vp \U

� �
Fp

��
Vp \U

� �� �
xð Þ if x 2 Vp \U

0 if x 2 M � supp wp

� �
:

8<:
Since M � ðsupp wpÞ � fx : vpðxÞ ¼ 0g; fx : vpðxÞ 6¼ 0g � supp wp; and

hence, supp vp ¼ fx : vpðxÞ 6¼ 0g� � ðsupp wpÞ� ¼ supp wp: Thus, for every p 2
A; supp vp � supp wp: Since fsupp wp : p 2 Ag[fsupp wg is locally finite, its
subcollection fsupp wp : p 2 Ag is also locally finite. Since fsupp wp : p 2 Ag is
locally finite, and for every p 2 A; supp vp � supp wp; fsupp vp : p 2 Ag is locally
finite.

Further, since Vp \U is open, M � ðsupp wpÞ is open, ðwpjVp \UÞðFpjVp \UÞ is

smooth on Vp \U; and 0 is smooth on M � ðsupp wpÞ; by the definition of vp;

vp : M ! R
k is smooth.

Let us take any x in M: Since fsupp wp : p 2 Ag is also locally finite, and x is in
M; there exists an open neighborhood Gx of x such that all but finite many
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supp wp’s are outside Gx: Since all but finite many supp wp’s are outside Gx; there
exists p1; p2; . . .; pn 2 A such that ðPp2A vpÞjGx

¼ ðvp1 þ vp2 þ � � � þ vpnÞjGx
: Since

vp1 ; vp2 ; . . .; vpn are smooth, and Gx is an open neighborhood of x;
ðvp1 þ vp2 þ � � � þ vpnÞjGx

is smooth on Gx: Since ðvp1 þ vp2 þ � � � þ vpnÞjGx
is

smooth on Gx; and ðPp2A vpÞjGx
¼ ðvp1 þ vp2 þ � � � þ vpnÞjGx

; ðPp2A vpÞjGx
is

smooth on Gx: It follows that y 7! ðPp2A vpÞðyÞ is smooth.

Now, we can define a function ~f : M ! R
k as follows:

~f �
X
p2A

vp:

Clearly, ~f is smooth.

For 1: Let us fix any x 2 A: We have to show that ~f ðxÞ ¼ f ðxÞ:
Since fy : wðyÞ 6¼ 0g � supp w � M � A; x 2 A � fy : wðyÞ ¼ 0g; and hence

wðxÞ ¼ 0: Since supp wp � Vp \U; M � ðVp \UÞ � M � ðsupp wpÞ: If x 62
Vp \U; then x 2 M � ðVp \UÞ � M � ðsupp wpÞ; and hence vpðxÞ ¼ 0: Also if
x 62 Vp \U then x 62 supp wp ¼ fy : wpðyÞ 6¼ 0g� 
 fy : wpðyÞ 6¼ 0g; and hence
wpðxÞ ¼ 0: Thus, if x 62 Vp \U; then vpðxÞ ¼ 0 ¼ wpðxÞ: Now,

~f xð Þ ¼
X
p2A

vp

 !
xð Þ ¼

X
p:p2Af g

vp xð Þ ¼
X

p:p2A;x2Vp \Uf g
vp xð Þ þ

X
p:p2A;x 62Vp \Uf g

vp xð Þ

¼
X

p:p2A;x2Vp \Uf g
vp xð Þ þ

X
p:p2A;x 62Vp \Uf g

0 ¼
X

p:p2A;x2Vp \Uf g
vp xð Þ

¼
X

p:p2A;x2Vp \Uf g
wp

��
Vp \U

� �
Fp

��
Vp \U

� �� �
xð Þ ¼

X
p:p2A;x2Vp \Uf g

wp

��
Vp \U

� �
xð Þ

� �
Fp

��
Vp \U

� �
xð Þ

� �
¼

X
p:p2A;x2Vp \Uf g

wp

��
Vp \U

� �
xð Þ

� �
Fp xð Þ� � ¼ X

p:p2A;x2Vp \Uf g
wp

��
Vp \U

� �
xð Þ

� �
f xð Þð Þ

¼
X

p:p2A;x2Vp \Uf g
wp

��
Vp \U

� �
xð Þ

0B@
1CA f xð Þð Þ ¼

X
p:p2A;x2Vp \Uf g

wp xð Þ

0B@
1CA f xð Þð Þ

¼
X

p:p2A;x2Vp \Uf g
wp xð Þ þ

X
p:p2A;x 62Vp \Uf g

0

0B@
1CA f xð Þð Þ

¼
X

p:p2A;x2Vp \Uf g
wp xð Þ þ

X
p:p2A;x 62Vp \Uf g

wp xð Þ

0B@
1CA f xð Þð Þ ¼

X
p:p2Af g

wp xð Þ
0@ 1A f xð Þð Þ

¼
X
p:p2Af g

wp

0@ 1A xð Þ
0@ 1A f xð Þð Þ ¼ 1� wð Þ xð Þð Þ f xð Þð Þ ¼ 1� w xð Þð Þ f xð Þð Þ ¼ 1� 0ð Þ f xð Þð Þ ¼ f xð Þ:
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Thus, ~f ðxÞ ¼ f ðxÞ: So, for any x 2 A we have ~f ðxÞ ¼ f ðxÞ: Thus, ~f jA ¼ f : This
proves 1.

For 2: Let us take any y 2 M such that ~f ðyÞ 6¼ 0: Here,

0 6¼ ~f yð Þ ¼
X
p2A

vp

 !
yð Þ ¼

X
p:p2Af g

vp yð Þ ¼
X

p:p2A;y2Vp \Uf g
vp yð Þ þ

X
p:p2A;y 62Vp \Uf g

vp yð Þ

¼
X

p:p2A;y2Vp \Uf g
vp yð Þ þ

X
p:p2A;y62Vp \Uf g

0 ¼
X

p:p2A;y2Vp \Uf g
vp yð Þ

¼
X

p:p2A;y2Vp \Uf g
wp

��
Vp \U

� �
Fp

��
Vp \U

� �� �
yð Þ ¼

X
p:p2A;y2Vp \Uf g

wp

��
Vp \U

� �
yð Þ

� �
Fp

��
Vp \U

� �
yð Þ

� �
¼

X
p:p2A;y2Vp \Uf g

wp yð Þ
� �

Fp xð Þ� �
:

Since
P

fp:p2A;y2Vp \UgðwpðyÞÞðFpðxÞÞ 6¼ 0; there exists p 2 A such thatwpðyÞ 6¼ 0:
It follows that fy : ~f ðyÞ 6¼ 0g � [p2Afy : wpðyÞ 6¼ 0g; and hence, supp ~f ¼ fy : ~f ðyÞ
6¼ 0g� � ð[p2Afy : wpðyÞ 6¼ 0gÞ�: Since fsupp wp : p 2 Ag is locally finite, ð[p2A
fy : wpðyÞ 6¼ 0gÞ� ¼ [p2Aðfy : wpðyÞ 6¼ 0g�Þ: It follows that supp ~f � [p2Aðfy :
wpðyÞ 6¼ 0g�Þ ¼ [p2Aðsupp wpÞ � [p2AðVp \UÞ ¼ ð[p2A VpÞ \U � U: Thus,

supp ~f � U: This proves 2. h

4.6 Topological Manifolds With Boundary

Definition By H
3 we mean the set fðx1; x2; x3Þ : ðx1; x2; x3Þ 2 R

3 and 0� x3g; and
is called the closed 3-dimensional upper half-space. By Int H3 we mean
fðx1; x2; x3Þ : ðx1; x2; x3Þ 2 R

3 and 0\x3g: By oH3 we mean fðx1; x2; 0Þ :
ðx1; x2; 0Þ 2 R

3g: Observe that the collection of all open subsets of H3 which do not
intersect oH3 is contained in the collection of all open subsets of R3:

Let M be a topological space, whose topology is Hausdorff, and second
countable. If for every p inM, there exist an open neighborhood U of p; “a subset G
of H

3 which is open in H
3 or a subset G of R

3 which is open in R
3,” and a

homeomorphism u from U onto G; then we say that M is a 3-dimensional topo-
logical manifold with boundary. Here, the ordered pair ðU;uÞ is called a chart of
M: If uðUÞð¼ GÞ is open in R3; then we say that ðU;uÞ is an interior chart of M: If
uðUÞ ð¼ GÞ is a subset of H3; uðUÞ is open in H

3; and uðUÞ \ oH3 6¼ ;; then we
say that ðU;uÞ is a boundary chart of M:
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Let p 2 M: By p is an interior point of M; we mean: There exists an interior
chart ðU;uÞ of M such that p 2 U: By p is a boundary point of M; we mean: There
exists a boundary chart ðU;uÞ of M such that p 2 U; and uðpÞ 2 oH3: By Int M
we mean the set of all interior points of M; and is called the interior of M: By oM
we mean the set of all boundary points of M; and is called the boundary of M:

Similar definitions can be supplied for 4-dimensional topological manifolds with
boundary, etc.

Note 4.60 Let M be a 3-dimensional topological manifold with boundary. We want
to prove:

1. M ¼ ðInt MÞ [ðoMÞ
2. ðInt MÞ \ðoMÞ ¼ ;:

For 1: Clearly, ðInt MÞ � M; and ðoMÞ � M: So, ðInt MÞ [ðoMÞ � M: It
remains to prove that M � ðInt MÞ [ðoMÞ: If not, otherwise, let there exists
p 2 M such that p 62 Int M; and p 62 oM: We have to arrive at a contradiction.

Since p 2 M; and M is a 3-dimensional topological manifold with boundary,
there exist an open neighborhood U of p; “a subset G of H3 which is open in H

3 or
a subset G of R3 which is open in R

3,” and a homeomorphism u from U onto G:
Thus, ðU;uÞ is a chart forM: Since p 62 Int M; p is not an interior point ofM: Since
p is not an interior point of M; ðU;uÞ is a chart for M; and p 2 U; ðU;uÞ is not an
interior chart of M: Since ðU;uÞ is not an interior chart of M; uðUÞð¼ GÞ is not
open in R

3; and hence, G is not open in R
3: Since G is not open in R

3; and “G is a
subset of H3 which is open in H3 or G is a subset of R3 which is open in R3,” G is a
subset of H3 which is open in H

3: Since p 2 U; uðpÞ 2 uðUÞð¼ GÞ: Since G is not
open in R

3; G is a subset of H3; and G is open in H
3; G\ oH3 6¼ ;:

(Reason: If not, otherwise, let G\ oH3 ¼ ;: Since G � H
3 ¼ Int H3 [ oH3; and

G\ oH3 ¼ ;; G � Int H3: Since G is open in H
3; there exists an open set G1 in R

3

such that G1 \H
3 ¼ G: Since G ¼ G1 \H

3 � G1; and G � Int H3; G �
G1 \ Int H3: Since G1 \ Int H3 � Int H3 � H

3; and G1 \ Int H3 � G1; G1 \ Int
H

3 � G1 \H
3 ¼ G: Since G1 \ Int H3 � G; and G � G1 \ Int H3; G ¼

G1 \ Int H3: Since G1; IntH3 are open in R
3; their intersection G1 \ Int H3ð¼ GÞ

is open in R
3; and hence, G is open in R

3; a contradiction.)

Since uðUÞð¼ GÞ is a subset of H3 which is open in H
3; and uðUÞ \ oH3 6¼ ;;

ðU;uÞ is a boundary chart for M: Since p 62 oM; p is not a boundary point of M:
Since p is not a boundary point of M; ðU;uÞ is a chart for M satisfying p 2 U; and
ðU;uÞis a boundary chart for M; uðpÞ 62 oH3: Clearly, oH3ð¼ fðx1; x2; 0Þ :
ðx1; x2; 0Þ 2 R

3gÞ is closed in H
3: It follows that G� oH3 is open in H

3: Since
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uðpÞ 62 oH3; uðpÞ 2 G; and G� oH3 is open in H
3; there exists an open neigh-

borhood HuðpÞ of uðpÞ in H
3 such that HuðpÞ � G� oH3 � G; and hence

HuðpÞ \ oH3 ¼ ;: Since HuðpÞ \ oH3 ¼ ;; and HuðpÞ is open in H
3; HuðpÞ is open in

R
3: Since u is a homeomorphism from U onto G; G is open in H

3; HuðpÞ � G; and
HuðpÞ is an open neighborhood of uðpÞ in H

3; u�1ðHuðpÞÞ is an open neighborhood
of p in M; and uju�1ðHuðpÞÞ is a homeomorphism from u�1ðHuðpÞÞ onto HuðpÞ: Thus,

the ordered pair ðu�1ðHuðpÞÞ;uju�1ðHuðpÞÞÞ is a chart for M: Now, since ðuju�1ðHuðpÞÞÞ
ðu�1ðHuðpÞÞÞ ¼ HuðpÞ; and HuðpÞ is open in R

3; the chart ðu�1ðHuðpÞÞ;uju�1ðHuðpÞÞÞ
is an interior chart for M: Since ðu�1ðHuðpÞÞ;uju�1ðHuðpÞÞÞ is an interior chart for M;

and p 2 u�1ðHuðpÞÞ; p is an interior point of M; and hence p 2 Int M; a
contradiction.

For 2: Its proof is postponed right now. This result is known as the topological
invariance of the boundary.

Similar results can be supplied for 4-dimensional topological manifolds with
boundary, etc.

Note 4.61 Let M be a topological n-manifold with boundary. We want to show that
Int M is an open subset of M. Here,

Int M ¼ p : p 2 M; there exists a chart U;uð Þ ofM such that p 2 U; and u Uð Þ is open in R
nf g:

For this purpose, let us take any p 2 Int M: We have to find an open neigh-
borhood Up such that if q 2 Up then q 2 Int M: Since p 2 Int M; p 2
M; there exists a chart ðU;uÞ of M such that p 2 U; and uðUÞ is open in R

n:
Since ðU;uÞ is a chart, U is open in M: Since U is open in M; and p 2 U; U is an
open neighborhood of p: Next, let us take any q 2 U: Here, ðU;uÞ is a chart of M
such that q 2 U; and uðUÞ is open in R

n: Hence, by definition of the Int M;
q 2 Int M:

This proves that Int M is an open subset of M:

Note 4.62 Clearly, a topological n-manifold M “in the original sense” is a topo-
logical n-manifold M with boundary.

If M is a topological n-manifold M “in the original sense,” then Int M ¼ M:
Hence, by the topological invariance of the boundary, if M is a topological n-
manifold “in the original sense,” then oM ¼ ;: Conversely, let M be a topological
n-manifold M with boundary such that oM ¼ ;: Hence, M ¼ Int M [ oM ¼
Int M [; ¼ Int M: Since Int M ¼ M; M is a topological n-manifold “in the ori-
ginal sense.”
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Thus, we have shown that a topological n-manifold M with boundary is a
topological n-manifold if and only if oM ¼ ;: Sometimes, a manifold in the original
sense is referred as manifold without boundary.

Note 4.63 Let M be a topological n-manifold with boundary. We want to show that
Int M is a topological n-manifold without boundary.

Here, Int M is contained in M: The topology of Int M is assumed to be the
subspace topology of M: Since M is a topological n-manifold with boundary, the
topology of M is Hausdorff, and second countable, and hence, the subspace
topology over Int M is Hausdorff, and second countable.

Next, let us take any p 2 Int M: Since p 2 Int M; p is an interior point of M; and
hence, there exists an interior chart ðU;uÞ of M such that p 2 U: Since ðU;uÞ is an
internal chart of M, ðU;uÞ is a chart of M; and uðUÞ is open in R

n: Since ðU;uÞ is
a chart of M, U is open in M; and u : U ! uðUÞ is a homeomorphism. Since U is
open in M; and Int M is open in M; U \ Int M is open in the topological space
Int M: Since p 2 U; and p 2 Int M; p 2 U \ Int M: Thus, U \ Int M is an open
neighborhood of p in the topological space Int M: Since U is open in M; and Int M
is open in M; U \ Int M is open in M: Since U \ Int M; U are open in M; and
U \ Int M � U; U \ Int M is open in U:

Since u : U ! uðUÞ is a homeomorphism, and U \ Int M is open in U;
uðU \ Int MÞ is open in uðUÞ: Since uðU \ Int MÞ is open in uðUÞ; and uðUÞ is
open in R

n; uðU \ Int MÞ is open in R
n: Since U \ Int M is open in U;

uðU \ Int MÞ is open in uðUÞ; and u : U ! uðUÞ is a homeomorphism, ujU \ IntM

is a homeomorphism from U \ Int M onto uðU \ Int MÞ: Since U \ Int M is an
open neighborhood of p in the topological space Int M; uðU \ Int MÞ is open in
R

n; and ujU \ IntM is a homeomorphism from U \ Int M onto uðU \ Int MÞ; the
ordered pair ðU \ Int M;ujU \ IntMÞ is an interior chart of the topological space
Int M: Also p 2 U \ Int M: This shows that Int M is a topological n-manifold
without boundary.

Note 4.64 Let M be a topological 3-manifold with boundary. We want to show that

1. oM is a closed subset of M,
2. oM is a topological 2-manifold without boundary.

For 1: Since Int M is open in M; M � Int M is closed in M: By the topological
invariance of the boundary, oM ¼ M � Int M: Since oM ¼ M � Int M; and
M � Int M is closed in M; oM is a closed subset of M:
For 2: Here, oM is contained in M: The topology of oM is assumed to be the
subspace topology of M: Since M is a topological 3-manifold with boundary,
the topology of M is Hausdorff, and second countable, and hence, the subspace
topology over oM is Hausdorff, and second countable.
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Next, let us fix any p 2 oM: Since p 2 oM; p is a boundary point ofM; and hence,
there exists a boundary chart ðU;uÞ of M such that p 2 U; and uðpÞ 2 oH3 ¼
fðx1; x2; 0Þ : ðx1; x2; 0Þ 2 R

3g: Since ðU;uÞ is a boundary chart ofM,U is open inM;

uðUÞ is open in H3; and u : U ! uðUÞ is a homeomorphism. Since p 2 U; uðpÞ 2
uðUÞ: SinceuðpÞ 2 uðUÞ; anduðUÞ is open inH3;uðUÞ is an open neighborhood of
uðpÞ in H3: Since uðUÞ is an open neighborhood of uðpÞ in H3; and uðpÞ 2 oH3 �
H

3; uðUÞ \ oH3 is an open neighborhood of uðpÞ in oH3: Since u : U ! uðUÞ is a
homeomorphism, and uðUÞ \ oH3 � uðUÞ; the restriction uju�1ðuðUÞ \ oH3Þ is a

homeomorphism fromu�1ðuðUÞ \ oH3Þ ontouðUÞ \ oH3: SinceuðpÞ 2 uðUÞ; and
uðpÞ 2 oH3; uðpÞ 2 uðUÞ \ oH3; and hence p 2 u�1 ðuðUÞ \ oH3Þ:

Now, we shall try to prove:

(a) u�1ðuðUÞ \ oH3Þ � oM;

(b) u�1ðuðUÞ \ oH3Þ is open in oM;

(c) uðUÞ \ oH3 is open in oH3:

For a: Let us take any a 2 u�1ðuðUÞ \ oH3Þ: Since a 2 u�1ðuðUÞ \ oH3Þ; and
u : U ! uðUÞ; a 2 U: Since a 2 u�1ðuðUÞ \ oH3Þ; uðaÞ 2 uðUÞ \ oH3; and
hence, uðaÞ 2 oH3: Since ðU;uÞ is a boundary chart of M; a 2 U; and uðaÞ 2
oH3; a is a boundary point of M; and hence a 2 oM:

For b: First of all, we want to prove that u�1ðuðUÞ \ oH3Þ ¼ U \ oM: For this
purpose, let us take any a inu�1ðuðUÞ \ oH3Þ: Since a 2 u�1ðuðUÞ \ oH3Þ; and
u : U ! uðUÞ; a 2 U:Hence,u�1ðuðUÞ \ oH3Þ � U: Since u�1ðuðUÞ \ oH3Þ
� U; and from (a), u�1ðuðUÞ \ oH3Þ � oM; u�1ðuðUÞ \ oH3Þ � U \ oM:

Next, let us take any b in U \ oM: Since b is inU \ oM; b 2 U; and hence,
uðbÞ 2 uðUÞ: Clearly, uðbÞ 2 oH3:

(Reason: If not, otherwise, let uðbÞ 62 oH3: We have to arrive at a contradiction.
Since b is in U \ oM; b is in U: Since b is in U; and u : U ! uðUÞ; uðbÞ 2 uðUÞ:
Since uðbÞ 2 uðUÞ; and uðUÞ is open in H

3; uðbÞ 2 H
3 ¼ Int H3 [ oH3:Since

uðbÞ 2 Int H3 [ oH3;and uðbÞ 62 oH3; uðbÞ 2 Int H3 ¼ fðx1; x2; x3Þ : ðx1; x2; x3Þ
2 R

3 and 0\x3g: Since uðbÞ 2 fðx1; x2; x3Þ : ðx1; x2; x3Þ 2 R
3 and 0\x3g; uðbÞ 2

uðUÞ; and uðUÞ is open in H
3; there exists a real number r[ 0 such that the open

ball BrðuðbÞÞ is contained in uðUÞ \ Int H3: It follows that BrðuðbÞÞ is open in
uðUÞ: Since BrðuðbÞÞ is open in uðUÞ; and u : U ! uðUÞ is a homeomorphism,
u�1ðBrðuðbÞÞÞ is open in U; and the restriction uju�1ðBrðuðbÞÞÞ is a homeomorphism

from u�1ðBrðuðbÞÞÞ onto BrðuðbÞÞ: Since uðbÞ 2 BrðuðbÞÞ; b 2 u�1ðBrðuðbÞÞÞ:
Since u�1ðBrðuðbÞÞÞ is open in U; and U is open in M; u�1ðBrðuðbÞÞÞ is open in
M: Since u�1ðBrðuðbÞÞÞ is open in M; and b 2 u�1ðBrðuðbÞÞÞ; u�1ðBrðuðbÞÞÞ is
an open neighborhood of b in M: It follows that the ordered pair
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ðu�1ðBrðuðbÞÞÞ;uju�1ðBrðuðbÞÞÞÞ is a chart of M: Also since b 2 u�1ðBrðuðbÞÞÞ;
ðuju�1ðBrðuðbÞÞÞÞðu�1ðBrðuðbÞÞÞÞ ¼ BrðuðbÞÞ; and BrðuðbÞÞ is open in R

3;

ðu�1ðBrðuðbÞÞÞ;uju�1ðBrðuðbÞÞÞÞ is an interior chart of M; and hence b 2 Int M:

Since b 2 Int M, by the topological invariance of the boundary, b 62 oM; and hence,
b 62 U \ oM; a contradiction.)

Since uðbÞ 2 oH3; and uðbÞ 2 uðUÞ; uðbÞ 2 uðUÞ \ oH3; and hence, b 2
u�1ðuðUÞ \ oH3Þ: Thus, U \ oM � u�1ðuðUÞ \ oH3Þ:

Thus, we have shown that u�1ðuðUÞ \ oH3Þ ¼ U \ oM: Since U is open in M;

and oM � M; U \ oMð¼ u�1ðuðUÞ \ oH3ÞÞ is open in oM; and hence,
u�1ðuðUÞ \ oH3Þ is open in oM: This proves (b).

For c: Since uðUÞ is open in H
3; and oH3 � H

3; uðUÞ \ oH3 is open in oH3:
This proves (c).

Since the mapping p3 : oH3 ! R
2 defined by p3ðx1; x2; 0Þ � ðx1; x2Þ is a

homeomorphism, and uju�1ðuðUÞ \ oH3Þ is a homeomorphism from u�1ðuðUÞ \ oH3Þ
onto uðUÞ \ oH3; their composite p3 � ðuju�1ðuðUÞ \ oH3ÞÞ is a homeomorphism from

u�1ðuðUÞ \ oH3Þ onto p3ðuðUÞ \ oH3Þ: Since uðUÞ \ oH3 is open in oH3; and
p3 : oH3 ! R

2 is a homeomorphism, p3ðuðUÞ \ oH3Þ is open in R
2: Here, p3 �

ðuju�1ðuðUÞ \ oH3ÞÞ is a homeomorphism from u�1ðuðUÞ \ oH3Þ onto p3ðuðUÞ
\oH3Þ; u�1ðuðUÞ \ oH3Þ is open in oM; p 2 u�1ðuðUÞ \ oH3Þ; and p3ðuðUÞ \
oH3Þ is open in R

2; the ordered pair ðu�1ðuðUÞ \ oH3Þ;Þp3 � ðuju�1ðuðUÞ \ oH3ÞÞ is
an internal chart of oM; where p 2 u�1ðuðUÞ \ oH3Þ: Hence, oM is a topological
2-manifold without boundary.

This completes the proof of 2.
Similar results can be supplied for 4-dimensional topological manifolds with

boundary, etc.

Definition Let A be a nonempty subset of Rn: Let f : A ! R
m: By f is smooth we

mean: For every x in A; there exist an open neighborhood Vx of x in R
n; and a

function fx : Vx ! R
m such that fxjA\Vx

¼ f jA\Vx
; and fx is smooth.

Definition Let G be a nonempty subset of Hn: Let G be open in H
n: Let f : G !

R
m: By f is smooth we mean: For every x in G; there exist an open neighborhood Vx

of x in Rn; and a function fx : Vx ! R
m such that fxjG\Vx

¼ f jG\Vx
; and fx is smooth

in the usual sense.

Note 4.65 Let G be a nonempty subset of Hn: Let G be open in H
n: Let f : G !

R
m: Let f be smooth.

We first show that G\ðInt HnÞ is open in Rn: Since G is open in Hn; there exists
an open subset U of R

n such that G ¼ U \H
n: Now, G\ðInt HnÞ ¼

ðU \H
nÞ \ðInt HnÞ ¼ U \ðHn \ Int HnÞ ¼ U \ Int Hn: SinceU; Int Hn are open in

R
n;U \ Int Hnð¼ G\ðInt HnÞÞ is open inRn; and hence,G\ðInt HnÞ is open inRn:
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Since G\ðInt HnÞð� GÞ is open in R
n; and f : G ! R

m; it is meaningful to say
“f jG\ðIntHnÞ is smooth in the usual sense.” We want to show that f jG\ðIntHnÞ is
smooth in the usual sense. For this purpose, let us take any a in G\ðInt HnÞ: We
have to show that f jG\ðIntHnÞ is smooth at a in the usual sense.

Since a is in G\ðInt HnÞ; a is in G: Since a is in G; and f : G ! R
m is smooth,

there exist an open neighborhood Va of a in R
n; and a function fa : Va ! R

m such
that fajG\Va

¼ f jG\Va
; and fa is smooth in the usual sense. Since a is in G\ðInt HnÞ;

and G\ðInt HnÞ is open in R
n; G\ðInt HnÞ is an open neighborhood of a in R

n:
Since G\ðInt HnÞ is an open neighborhood of a in R

n; and Va is an open neigh-
borhood of a in R

n; G\ðInt HnÞ \Va is an open neighborhood of a in R
n; and is

contained in the open set Va: Now, since fa : Va ! R
m is smooth in the usual sense,

the restriction fajG\ðIntHnÞ \Va
is smooth at a in the usual sense. Since fajG\Va

¼
f jG\Va

; G\ðInt HnÞ \Va � G\Va; fajG\ðIntHnÞ \Va
¼ f jG\ðIntHnÞ \Va

: Since fa :
Va ! R

m is smooth in the usual sense, G\ðInt HnÞ \Va is an open neighborhood of
a inRn; and is contained in the open set Va; fajG\ðIntHnÞ \Va

is smooth at a in the usual
sense. Since fajG\ðIntHnÞ \Va

is smooth at a in the usual sense, and fajG\ðIntHnÞ \Va
¼

f jG\ðIntHnÞ \Va
; f jG\ðIntHnÞ \Va

is smooth at a in the usual sense. Since f jG\ðIntHnÞ \Va
is

smooth at a in the usual sense, G\ðInt HnÞ \Va is an open neighborhood of a inRn;
G\ðInt HnÞ is an open neighborhood of a in Rn; and G\ðInt HnÞ \Va is contained
in G\ðInt HnÞ; f jG\ðIntHnÞ is smooth at a in the usual sense.

Thus, we have shown that if G is open in H
n; and f : G ! R

m is smooth, then
f jG\ðIntHnÞ is smooth in the usual sense.

Note 4.66 Let G be a nonempty subset of H3: Let G be open in H
3: Let f : G !

R
m be smooth.

We want to prove that f : G ! R
m is continuous. For this purpose, let us take

any a in G: Now, let us take any open neighborhood Vf ðaÞ of f ðaÞ in Rm:We have to
find an open neighborhood Ua of a in R

3 such that

1. Ua \H
3 � G;

2. f ðUa \H
3Þ � Vf ðaÞ:

Since G is open in H
3; there exists an open subset W1 of R3 such that G ¼

W1 \H
3: Since a is in Gð¼ W1 \H

3Þ; a is in W1: Since a is in W1; and W1 is open
in R

3; W1 is an open neighborhood of a in R
3:

Since f : G ! R
m is smooth, and a is in G; there exist an open neighborhood Va

of a in R
n; and a function fa : Va ! R

m such that fajG\Va
¼ f jG\Va

; and fa is
smooth in the usual sense. Since Va is an open neighborhood of a in R

n; and
fa : Va ! R

m is smooth in the usual sense, fa : Va ! R
m is continuous. Since fa :

Va ! R
m is continuous, and a is in Va; fa : Va ! R

m is continuous at a:
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SinceVa is an open neighborhood of a inR3; andW1 is an open neighborhood of a
in R

3; Va \W1 is an open neighborhood of a in R
3: Since a 2 G; and a 2 Va; a 2

G\Va: Since a 2 G\Va; and fajG\Va
¼ f jG\Va

; faðaÞ ¼ f ðaÞ: Since Vf ðaÞ is an open
neighborhood of f ðaÞ; and faðaÞ ¼ f ðaÞ; Vf ðaÞ is an open neighborhood of faðaÞ:

Since fa : Va ! R
m is continuous at a; Va is an open neighborhood of a inR3;

Va \W1 is an open neighborhood of a in R
3; and Vf ðaÞ is an open neighborhood of

faðaÞ in R
m; there exists an open neighborhood Ua of a in R

3; such that Ua �
Va \W1; and faðUaÞ � Vf ðaÞ:

For 1: Take any x in Ua \H
3: Since x is in Ua \H

3; x is in Ua � Va \W1; and
hence, x is in W1: Since x is in Ua \H

3; x is in H
3: Since x is in H

3; and x is in
W1; x is in W1 \H

3ð¼ GÞ; and hence, x is in G: Thus, Ua \H
3 � G:

For 2: Since fajG\Va
¼ f jG\Va

; and G ¼ W1 \H
3; fajW1 \H

3 \Va
¼ f jW1 \H

3 \Va
:

Since Ua � Va \W1; Ua \H
3 � Va \W1 \H

3 ¼ W1 \H
3 \Va: Since Ua \H

3

� W1 \H
3 \Va; and fajW1 \H

3 \Va
¼ f jW1 \H

3 \Va
; f ðUa \H

3Þ ¼ faðUa \H
3Þ �

faðUaÞ � Vf ðaÞ: Thus f ðUa \H
3Þ � Vf ðaÞ:

4.7 Smooth Covering Maps

Definition Let eM and M be connected smooth manifolds. Let p : eM ! M be a
smooth map. If

1. p maps eM onto M,
2. for every p in M; there exists a connected open neighborhood U of p such that

for each component C of the open set p�1ðUÞ; the restriction pjC : C ! U is a
diffeomorphism, then we say that p is a smooth covering map,M is a base of the
covering, and eM is a covering manifold of M:

Observe that, in the condition (2), since eM is a locally path connected, and
p�1ðUÞ is an open subset of eM each component of p�1ðUÞ is open.

Lemma 4.67 Every smooth covering map is a topological covering map.

Proof Let p : eM ! M be a smooth covering map, where eM andM are connected
smooth manifolds. Since M is a smooth manifold, M is a topological manifold, and
hence, M is locally path connected. Since p : eM ! M is a smooth covering map,
p : eM ! M is a continuous map. Since eM is a connected topological space, M is a
locally path connected topological space, and p : eM ! M is a continuous map, it is
meaningful to talk about “p is a topological covering map,” that is,
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1. p maps eM onto M;
2. for every p in M; there exists a connected open neighborhood U of p such that

for each component C of the open set p�1ðUÞ; the restriction pjC : C ! U is a
homeomorphism,

For 1: Since p : eM ! M is a smooth covering map, p maps eM onto M:

For 2: Let us take any p in M: Since p : eM ! M is a smooth covering map,
there exists a connected open neighborhood U of p such that for each compo-
nent C of the open set p�1ðUÞ; the restriction pjC : C ! U is a diffeomorphism,
and hence, pjC : C ! U is a homeomorphism. h

Lemma 4.68 Let eM and M be connected smooth manifolds. Let p : eM ! M be a
smooth covering map. Then, p is a local diffeomorphism, that is, for every p in eM ;
there exists an open neighborhood C of p such that pðCÞ is open in M, and the
restriction pjC : C ! pðCÞ is a diffeomorphism.

Proof Let us take an element p in eM : We have to find an open neighborhood C of
p such that pðCÞ is open in M, and the restriction pjC : C ! pðCÞ is a
diffeomorphism.

Since p : eM ! M; and p is in eM ; pðpÞ is in M: Since pðpÞ is in M; and
p : eM ! M is a smooth covering map, there exists a connected open neighborhood
U of pðpÞ such that for each component C of the open set p�1ðUÞ; the restriction
pjC : C ! U is a diffeomorphism.

Since pðpÞ is in U; p 2 p�1ðUÞ: Since p 2 p�1ðUÞ; and p�1ðUÞ is partitioned
into components, there exists a component C of p�1ðUÞ such that p 2 C: Since
p : eM ! M is a smooth map, p : eM ! M is a continuous map. Since p : eM ! M
is a continuous map, and U is an open neighborhood of pðpÞ; p�1ðUÞ is an open
neighborhood of p: Since eM is a smooth manifold, eM is a topological manifold, and
hence eM is locally path connected. Since eM is locally path connected, and p�1ðUÞ
is an open subset of eM and C is a component of p�1ðUÞ; C is open. Since C is
open, and p 2 C; C is an open neighborhood of p in eM .

Since pjC : C ! U is a diffeomorphism, pðCÞ ¼ ðpjCÞðCÞ ¼ U: Since pðCÞ ¼
U; and U is open, pðCÞ is open inM. Since pjC : C ! U is a diffeomorphism, p is a
local diffeomorphism. h
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Chapter 5
Immersions, Submersions,
and Embeddings

The counterpart of “homeomorphism in topological spaces” and “linear isomor-
phism in real linear spaces” are the concepts of immersion, submersion, and
embedding in smooth manifolds. Because a smooth manifold associates with a
topological space together with a collection of linear spaces (i.e., tangent spaces at
various points of manifold), there emerges different types of “homomorphisms”
among smooth manifolds. Their definitions and various theorems on relationship
between immersion, submersion, and embedding constitute a beautiful area of
studies. In this chapter, we shall prove some of the important theorems on
immersion, submersion, embedding, and its related notions. Definitely, the pace of
this chapter is a bit slower for obvious reason.

5.1 Pointwise Pushforward

Definition Let a 2 R
3: By R

3
a we mean the Cartesian product fag � R

3: Members
of R3

a are called geometric tangent vectors in R
3 at a, and R3

a is called the geometric
tangent space to R

3 at a. A geometric tangent vector ða; vÞ in R
3 at a is denoted by

va or vja: We define vector addition and scalar multiplication over R3
a as follows:

va þ wa � ðvþ wÞa; t vað Þ � ðtvÞa:

Clearly, R3
a becomes a real linear space. Here, the zero vector is ð0; 0; 0Þa; and the

negative vector of va is ð�vÞa: It is easy to see that the mapping v 7! va is an
isomorphism from R

3 onto R
3
a; and hence, R3 and R

3
a are isomorphic.

Note 5.1 Since members of a smooth manifold M may not be added, the above
definition of tangent space cannot be generalized. Observe that C1ðR3Þ is a real
linear space under pointwise vector addition and scalar multiplication. Also, cor-
responding to each geometric tangent vector va in R

3 at a, we can define a function
Dvja: C1ðR3Þ ! R as follows: For every f 2 C1ðR3Þ;
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Dvja
� �ðf Þ � Dvð Þ f ðaÞð Þ ¼ d

dt

����
t¼0

� �
f ðaþ tvÞð Þ ¼ lim

t!0

f ðaþ tvÞ � f ðaÞ
t

:

We know that Dvja is linear and satisfies the Leibnitz rule:

Dvja
� �

f � gð Þ ¼ Dvja
� �ðf Þ� �

gðaÞð Þ þ f ðaÞð Þ Dvja
� �ðgÞ� �

:

Also,

D v1;v2;v3ð Þ
��
a

� �
ðf Þ ¼ v1 D 1;0;0ð Þ

��
a

� �
ðf Þ

� �
þ v2 D 0;1;0ð Þ

��
a

� �
ðf Þ

� �
þ v3 D 0;0;1ð Þ

��
a

� �
ðf Þ

� �
¼ v1 lim

t!0

f aþ t 1; 0; 0ð Þð Þ � f ðaÞ
t

þ v2 lim
t!0

f aþ t 0; 1; 0ð Þð Þ � f ðaÞ
t

þ v3 lim
t!0

f aþ t 0; 0; 1ð Þð Þ � f ðaÞ
t

¼ v1 D1fð ÞðaÞð Þ þ v2 D2fð ÞðaÞð Þ

þ v3 D3fð ÞðaÞð Þ ¼ v1
of
ox1

ðaÞ
� �

þ v2
of
ox2

ðaÞ
� �

þ v3
of
ox3

ðaÞ
� �

¼
X3
i¼1

vi
of
oxi

ðaÞ
� �

¼ vi
of
oxi

ðaÞ
� �

:

Thus,

D v1;v2;v3ð Þ
��
a

� �
ðf Þ ¼ vi

of
oxi

ðaÞ
� �

:

It follows that

D 1;0;0ð Þ
��
a

� �
ðf Þ ¼ of

ox1
ðaÞ; D 0;1;0ð Þ

��
a

� �
ðf Þ ¼ of

ox2
ðaÞ;

and D 0;0;1ð Þ
��
a

� �
ðf Þ ¼ of

ox3
ðaÞ:

Definition Let a 2 R
3: Let w : C1ðR3Þ ! R be a linear function. If w satisfies the

Leibnitz rule:

w f � gð Þ ¼ wðf Þð Þ gðaÞð Þ þ f ðaÞð Þ wðgÞð Þ

for every f, g in C1ðR3Þ; then we say that w is a derivation at a. Let us denote the
collection of all derivations at a by TaR3: Clearly, TaR3 is a real linear space under
pointwise vector addition and scalar multiplication. It is clear that if va 2 R

3
a; then

the mapping Dvja: C1ðR3Þ ! R; defined as above, is a derivation at a. Thus, for
every va 2 R

3
a; Dvja2 TaR3:
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Note 5.2 Let a 2 R
3: Let w 2 TaR3: Let f ; g 2 C1ðR3Þ: We shall try to show:

1. If f is a constant function, then wðf Þ ¼ 0;
2. If f ðaÞ ¼ gðaÞ ¼ 0, then wðf � gÞ ¼ 0:

For 1: Here, f is a constant function, so there exists a real number c such that
f ðxÞ ¼ c for every x in R

3: Let us define a function f1 : R3 ! R as follows: For
every x in R

3; f1ðxÞ ¼ 1: Clearly, f1 2 C1ðR3Þ; and f ¼ cf1: Now, wðf1Þ ¼ w
ðf1 � f1Þ ¼ ðwðf1ÞÞ ðf1ðaÞÞ þ ðf1ðaÞÞ ðwðf1ÞÞ ¼ ðwðf1ÞÞ 1þ 1ðwðf1ÞÞ ¼ 2ðwðf1ÞÞ;
andhence,wðf1Þ ¼ 0:Next,wðf Þ ¼ wðcf1Þ ¼ cðwðf1ÞÞ ¼ c � 0 ¼ 0:Thisproves1.
For 2: LHS ¼ wðf � gÞ ¼ ðwðf ÞÞðgðaÞÞ þ ðf ðaÞÞ ðwðgÞÞ ¼ ðwðf ÞÞ � 0þ 0 �
ðwðgÞÞ ¼ 0 ¼ RHS:

Note 5.3 Let us fix any a � ða1; a2; a3Þ 2 R
3: Let g : R3

a ! TaR3 be the mapping
defined as follows: For every va 2 R

3
a;

g vað Þ � Dvja:

Then, g is a linear isomorphism from real linear space R
3
a onto real linear space

TaR3:

Reason: Let va;wa 2 R
3
a; where v � ðv1; v2; v3Þ; and w � ðw1;w2;w3Þ: Let s; t 2 R:

We have to prove that gðsðvaÞ þ tðwaÞÞ ¼ sðgðvaÞÞ þ tðgðwaÞÞ; that is, for every f in
C1ðR3Þ; ðgðsðvaÞ þ tðwaÞÞÞ ðf Þ ¼ ðsðgðvaÞÞ þ tðgðwaÞÞðf Þ.

LHS ¼ g s vað Þ þ t wað Þð Þð Þðf Þ ¼ g svð Þaþ twð Þa
� �� �ðf Þ

¼ g svþ twð Þa
� �� �ðf Þ ¼ D svþtwð Þ

��
a

� �
ðf Þ

¼ D sv1þtw1;sv2þtw2;sv3þtw3ð Þ
��
a

� �
ðf Þ ¼ svi þ twi

� � of
oxi

ðaÞ
� �

¼ s vi
of
oxi

ðaÞ
� �� �

þ t wi of
oxi

ðaÞ
� �� �

¼ s Dvja
� �ðf Þ� �þ t Dwja

� �ðf Þ� �
¼ s g vað Þð Þðf Þð Þ þ t g wað Þð Þðf Þð Þ ¼ s g vað Þð Þ þ t g wað Þð Þð Þðf Þ ¼ RHS:

This proves that g : R3
a ! TaR3 is linear.

Now, we want to prove that g is 1–1. For this purpose, let gððv1; v2; v3ÞaÞ ¼
gððw1;w2;w3ÞaÞ: We have to prove that ðv1; v2; v3Þ ¼ ðw1;w2;w3Þ: Let us define
a function p1 : R

3 ! R; as follows: For every ðx1; x2; x3Þ in R
3; p1ðx1; x2; x3Þ � x1:

Clearly, p1 2 C1ðR3Þ: Since

D v1;v2;v3ð Þ
��
a
¼ g v1; v2; v3

� �
a

� �
¼ g w1;w2;w3� �

a

� �
¼ D w1;w2;w3ð Þ

��
a
;

and p1 2 C1ðR3Þ;
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v1 ¼ v1ð1Þ þ v2ð0Þ þ v3ð0Þ ¼ v1
of
ox1

ðaÞ
� �

þ v2
of
ox2

ðaÞ
� �

þ v3
of
ox3

ðaÞ
� �

¼ D v1;v2;v3ð Þ
��
a

� �
p1ð Þ ¼ D w1;w2;w3ð Þ

��
a

� �
p1ð Þ ¼ w1 of

ox1
ðaÞ

� �
þ w2 of

ox2
ðaÞ

� �
þ w3 of

ox3
ðaÞ

� �
¼ w1ð1Þ þ w2ð0Þ þ w3ð0Þ ¼ w1;

and hence, v1 ¼ w1: Similarly, v2 ¼ w2; v3 ¼ w3:Hence, ðv1; v2; v3Þ ¼ ðw1;w2;w3Þ:
Now, it remains to be proved that g : R3

a ! TaR3 is onto. For this purpose, let us
take any w 2 TaR3:We have to find an element va 2 R

3
a such that gðvaÞ ¼ w; that is,

Dvja¼ w; that is, for every f 2 C1ðR3Þ; ðDvjaÞðf Þ ¼ wðf Þ:For every i ¼ 1; 2; 3, let us
define a function pi : R3 ! R; as follows: For every ðx1; x2; x3Þ inR3; piðx1; x2; x3Þ �
xi: Clearly, each pi 2 C1ðR3Þ: Since w 2 TaR3; w : C1ðR3Þ ! R: Now, since pi 2
C1ðR3Þ; wðpiÞ is a real number. It follows that ðwðp1Þ; wðp2Þ;wðp3ÞÞ 2 R

3: Let us
take ðwðp1Þ;wðp2Þ;wðp3ÞÞ for v: It remains to be proved that for every f 2 C1ðR3Þ;
ðDðwðp1Þ;wðp2Þ;wðp3ÞÞ

��
aÞðf Þ ¼ wðf Þ; that is, for every f 2 C1ðR3Þ;

ðwðpiÞÞðofoxi ðaÞÞ ¼ wðf Þ:

Since f 2 C1ðR3Þ; f : R3 ! R; and is smooth. Now, by Theorem 3.62, there exist
C1 functions g1ðxÞ; g2ðxÞ; g3ðxÞ on R

3 such that

1. for every x � ðx1; x2; x3Þ in R
3; f ðxÞ ¼ f ðaÞ þ ðg1ðxÞÞðx1 � a1Þ þ ðg2ðxÞÞ

ðx2 � a2Þ þ ðg3ðxÞÞðx3 � a3Þ; that is, f ¼ f ðaÞ þ g1 � ðp1 � a1Þ þ g2 � ðp2 � a1Þ
þg3 � ðp3 � a1Þ;

2. g1ðaÞ ¼ of
ox1 ðaÞ; g2ðaÞ ¼ of

ox2 ðaÞ; g3ðaÞ ¼ of
ox3 ðaÞ:

RHS ¼ wðf Þ ¼ w f ðaÞ þ g1 � p1 � a1
� �þ g2 � p2 � a2

� �þ g3 � p3 � a3
� �� �

¼ w f ðaÞð Þ þ w g1ð Þð Þ p1 � a1
� �ðaÞ� �þ w p1 � a1

� �� �
g1ðaÞð Þ� �

þ w g2ð Þð Þ p2 � a2
� �ðaÞ� �þ w p2 � a2

� �� �
g2ðaÞð Þ� �

þ w g3ð Þð Þ p3 � a3
� �ðaÞ� �þ w p3 � a3

� �� �
g1ðaÞð Þ� �

¼ 0þ w g1ð Þð Þ a1 � a1
� �� �þ w p1ð Þ � 0ð Þ g1ðaÞð Þ� �

þ w g2ð Þð Þ a2 � a2
� �� �þ w p2ð Þ � 0ð Þ g2ðaÞð Þ� �

þ w g3ð Þð Þ a3 � a3
� �� �þ w p3ð Þ � 0ð Þ g3ðaÞð Þ� �

¼ w p1ð Þð Þ g1ðaÞð Þ þ w p2ð Þð Þ g2ðaÞð Þ þ w p3ð Þð Þ g3ðaÞð Þ

¼ w pið Þð Þ giðaÞð Þ ¼ w pið Þð Þ of
oxi

ðaÞ
� �

¼ LHS:
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Thus, we have shown that g is a linear isomorphism from real linear space R3
a onto

real linear space TaR3: Hence, R3
a is isomorphic to TaR3:

Since R3
a is a linear space of dimension 3, and R

3
a is isomorphic to TaR3; TaR3 is

of dimension 3. Further, since fð1; 0; 0Þa; ð0; 1; 0Þa; ð0; 0; 1Þag is a basis of R3
a; and

g is a linear isomorphism from R
3
a onto TaR3; fgðð1; 0; 0ÞaÞ; gðð0; 1; 0ÞaÞ;

gðð0; 0; 1ÞaÞg is a basis of TaR3; that is,

D 1;0;0ð Þ
��
a;D 0;1;0ð Þ

��
a;D 0;0;1ð Þ

��
a

n o
is a basis of TaR3; that is,

o
ox1

����
a
;
o
ox2

����
a
;
o
ox3

����
a

	 

is a basis of TaR3: Similarly,

o
ox1

����
a

;
o
ox2

����
a

; . . .;
o
oxn

����
a

	 

is a basis of TaRn:

Note 5.4 Since R3
a is the geometric tangent space to R

3 at a, and R
3
a is isomorphic

to TaR3; TaR3 can be thought of as the geometric tangent space to R
3 at a. Simi-

larly, for every a in R
k; Rk

a is isomorphic to TaRk. The interesting thing is that
TaR3; but not R3

a; can be generalized on a smooth manifold.

Definition Let M be an m-dimensional smooth manifold. Let p 2 M: Let v :
C1ðMÞ ! R be a linear function. If v satisfies the Leibnitz rule:

v f � gð Þ ¼ vðf Þð Þ gðpÞð Þ þ f ðpÞð Þ vðgÞð Þ;

for every f, g in C1ðMÞ; then we say that v is a derivation at p. The collection of all
derivations at p is denoted by TpM: Clearly, TpM is a real linear space under
pointwise vector addition and scalar multiplication. Here, the real linear space TpM
is called the tangent space to M at p and the members of TpM are called tangent
vectors at p.

Note 5.5 Let M be an m-dimensional smooth manifold. Let p 2 M: Let v 2 TpM:

Let f ; g 2 C1ðMÞ: As above, it is easy to show:

1. If f is a constant function, then vðf Þ ¼ 0:
2. If f ðpÞ ¼ gðpÞ ¼ 0, then vðf � gÞ ¼ 0:

Note 5.6 Let M be an m-dimensional smooth manifold and N be an n-dimensional
smooth manifold. Let F : M ! N be a smooth map. Let v 2 TpM: Let f 2 C1ðNÞ:
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Since f 2 C1ðNÞ; f : N ! R is a smooth map. Since F : M ! N is a smooth map,
and f : N ! R is a smooth map, their composite f � F : M ! R is a smooth map,
and hence, f � F 2 C1ðMÞ: Since v 2 TpM; v : C1ðMÞ ! R: Since v : C1ðMÞ !
R; and f � F 2 C1ðMÞ; vðf � FÞ is a real number. Let us define the mapping
ððdFpÞðvÞÞ : C1ðNÞ ! R as follows: For every f 2 C1ðNÞ;

dFp
� �ðvÞ� �ðf Þ � v f � Fð Þ:

We shall try to show that ððdFpÞðvÞÞ 2 TFðpÞN; that is, ðdFpÞðvÞ is a derivation at
FðpÞ: Observe that ðdFpÞðvÞ : C1ðNÞ ! R is linear.

(Reason: Let f ; g 2 C1ðNÞ; and let s, t be any real. We must prove:

dFp
� �

vð Þ� �
sf þ tgð Þ ¼ s dFp

� �
vð Þ� �

fð Þ� �þ t dFp
� �

vð Þ� �
gð Þ� �

:

LHS ¼ ððdFpÞðvÞÞðsf þ tgÞ ¼ vððsf þ tgÞ � FÞ ¼ vðsðf � FÞ þ tðg � FÞÞ ¼ sðvðf � FÞÞþ
tðvðg � FÞÞ ¼ sðððdFpÞðvÞÞðf ÞÞ þ tðððdFpÞðvÞÞðgÞÞ ¼ RHS:Þ

Now, we shall try to prove that ðdFpÞðvÞ : C1ðNÞ ! R satisfies the Leibnitz
rule:

dFp
� �ðvÞ� �

f � gð Þ ¼ dFp
� �ðvÞ� �ðf Þ� �

g FðpÞð Þð Þ þ f FðpÞð Þð Þ dFp
� �ðvÞ� �ðgÞ� �

for every f ; g in C1ðNÞ:

LHS ¼ dFp
� �ðvÞ� �

f � gð Þ ¼ v f � gð Þ � Fð Þ ¼ v f � Fð Þ � g � Fð Þð Þ
¼ v f � Fð Þð Þ g � Fð ÞðpÞð Þ þ f � Fð ÞðpÞð Þ v g � Fð Þð Þ
¼ dFp

� �ðvÞ� �ðf Þ� �
g � Fð ÞðpÞð Þ þ f � Fð ÞðpÞð Þ dFp

� �ðvÞ� �ðgÞ� �
¼ dFp

� �ðvÞ� �ðf Þ� �
g FðpÞð Þð Þ þ f FðpÞð Þð Þ dFp

� �ðvÞ� �ðgÞ� � ¼ RHS:

Thus, we have shown that ðdFpÞðvÞ 2 TFðpÞN:

Definition Let M be an m-dimensional smooth manifold, and N be an n-dimen-
sional smooth manifold. Let F : M ! N be a smooth map. If v 2 TpM; then
ðdFpÞðvÞ 2 TFðpÞN: Thus, dFp : TpM ! TFðpÞN: Here, dFp is called the differential
of F at p (or tangent map, total derivative, or derivative of F, or pointwise push-
forward of F). dFp is also denoted by F0ðpÞ;DF;F� (see Fig. 5.1).

Note 5.7 Let M be an m-dimensional smooth manifold, and N be an n-dimensional
smooth manifold. Let F : M ! N be a smooth map. We shall try to show that
dFp : TpM ! TFðpÞN is a linear mapping from tangent space TpM to tangent space
TFðpÞN: Let us take any v1; v2 in TpM; and any real s; t: We have to show that

dFp
� �

sv1 þ tv2ð Þ ¼ s dFp
� �

v1ð Þ� �þ t dFp
� �

v2ð Þ� �
;

that is, for every f in C1ðNÞ;
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dFp
� �

sv1 þ tv2ð Þ� �ðf Þ ¼ s dFp
� �

v1ð Þ� �þ t dFp
� �

v2ð Þ� �� �ðf Þ:
LHS ¼ dFp

� �
sv1 þ tv2ð Þ� �ðf Þ ¼ sv1 þ tv2ð Þ f � Fð Þ

¼ s v1 f � Fð Þð Þ þ t v2 f � Fð Þð Þ
¼ s dFp

� �
v1ð Þ� �ðf Þ� �þ t dFp

� �
v2ð Þ� �ðf Þ� �

¼ s dFp
� �

v1ð Þ� �� �ðf Þ þ t dFp
� �

v2ð Þ� �� �ðf Þ
¼ s dFp

� �
v1ð Þ� �þ t dFp

� �
v2ð Þ� �� �ðf Þ ¼ RHS:

Note 5.8 Let M;N;P be smooth manifolds. Let F : M ! N; and G : N ! P be
smooth maps. Let p 2 M: It follows that the composite map G � F : M ! P is a
smooth map. Here, dFp : TpM ! TFðpÞN; dGFðpÞ : TFðpÞN ! TGðFðpÞÞP; and
dðG � FÞp : TpM ! TðG�FÞðpÞP: Since dFp : TpM ! TFðpÞN; and dGFðpÞ : TFðpÞN !
TGðFðpÞÞP; ðdGFðpÞÞ � ðdFpÞ : TpM ! TGðFðpÞÞP; that is, ðdGFðpÞÞ � ðdFpÞ : TpM !
TðG�FÞðpÞP: Thus, dðG � FÞp : TpM ! TðG�FÞðpÞP; and ðdGFðpÞÞ � ðdFpÞ : TpM !
TðG�FÞðpÞP:

We shall try to prove: dðG � FÞp ¼ ðdGFðpÞÞ � ðdFpÞ; that is, for every v in TpM;

ðdðG � FÞpÞðvÞ ¼ ððdGFðpÞÞ � ðdFpÞÞðvÞ: Further, since ðdðG � FÞpÞðvÞ 2 TðG�FÞðpÞP;
ðd ðG � FÞpÞðvÞ : C1ðPÞ ! R; and hence, we must prove: For every f in C1ðPÞ;

d G � Fð Þp
� �

ðvÞ
� �

ðf Þ ¼ dGFðpÞ
� � � dFp

� �� �ðvÞ� �ðf Þ:
LHS ¼ d G � Fð Þp

� �
ðvÞ

� �
ðf Þ ¼ v f � G � Fð Þð Þ

¼ v f � Gð Þ � Fð Þ ¼ dFp
� �ðvÞ� �

f � Gð Þ
¼ dGFðpÞ
� �

dFp
� �ðvÞ� �� �ðf Þ

¼ dGFðpÞ
� � � dFp

� �� �ðvÞ� �ðf Þ ¼ RHS:

Thus, we have shown that dðG � FÞp ¼ ðdGFðpÞÞ � ðdFpÞ:

Fig. 5.1 Tangent map
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Note 5.9 Let M be a smooth manifold. Let p 2 M: Here, IdM : M ! M is given by
IdMðxÞ ¼ x for every x in M: Clearly, IdM is a smooth function. Also, dðIdMÞp :
TpM ! TpM; and IdTpM : TpM ! TpM:

We shall try to prove: dðIdMÞp ¼ IdTpM ; that is, for every v in TpM;

ðdðIdMÞpÞðvÞ ¼ ðIdTpMÞðvÞ; that is, for every v in TpM; ðdðIdMÞpÞðvÞ ¼ v: Further,
since v is in TpM; v : C1ðMÞ ! R; and hence, we must prove: For every f in
C1ðMÞ; ððdðIdMÞpÞðvÞÞðf Þ ¼ vðf Þ:

LHS ¼ d IdMð Þp
� �

ðvÞ
� �

ðf Þ ¼ v f � IdMð Þð Þ ¼ vðf Þ ¼ RHS:

Thus, we have shown that dðIdMÞp ¼ IdTpM :

5.2 Open Submanifolds

Note 5.10 Let M;N be smooth manifolds. Let F : M ! N be a diffeomorphism.
Let p 2 M: Since F : M ! N is a diffeomorphism, F : M ! N is a smooth
map. We shall try to show: dFp : TpM ! TFðpÞN is an isomorphism.

Since dFp is linear, it suffices to show that dFp is 1–1 and onto.
dFp is 1–1: Let ðdFpÞðvÞ ¼ ðdFpÞðwÞ; where v;w are in TpM: We have to prove

that v ¼ w:
Since dFp : TpM ! TFðpÞN; and v is in TpM; ðdFpÞðvÞ is in TFðpÞN; and hence,

ðdFpÞðvÞ : C1ðNÞ ! R: Since v is in TpM; v : C1ðMÞ ! R: Similarly, w : C1ðMÞ
! R: Now, we have to prove that v ¼ w; that is, for every f in C1ðMÞ;
vðf Þ ¼ wðf Þ:

For this purpose, let us take any f in C1ðMÞ: Since f is in C1ðMÞ; f : M ! R is
smooth. Since F : M ! N is a diffeomorphism, F�1 : N ! M is smooth. Since F�1 :

N ! M is smooth, and f : M ! R is smooth, their composite f � ðF�1Þ : N ! R is
smooth, and hence, f � ðF�1Þ 2 C1ðNÞ:Now, since ðdFpÞðvÞ ¼ ðdFpÞðwÞ; for every
g in C1ðNÞ; vðg � FÞ ¼ ððdFpÞðvÞÞðgÞ ¼ ððdFpÞðwÞÞðgÞ ¼ wðg � FÞ: Since for
every g in C1ðNÞ; vðg � FÞ ¼ wðg � FÞ; and f � ðF�1Þ 2 C1ðNÞ; LHS ¼ vðf Þ ¼
vðf � IdMÞ ¼ vðf � ðF�1 � FÞÞ ¼ vððf � ðF�1ÞÞ � FÞ ¼ wððf � ðF�1ÞÞ � FÞ ¼ wðf �
ðF�1 � FÞÞ ¼ wðf � IdMÞ ¼ wðf Þ ¼ RHS:

Thus, we have shown that if F : M ! N is a diffeomorphism, then dFp :

TpM ! TFðpÞN is an isomorphism.

Note 5.11 Let M;N be smooth manifolds. Let F : M ! N be a diffeomorphism.
Since F : M ! N is a diffeomorphism, F�1 : N ! M is a smooth map, and hence,
dðF�1ÞFðpÞ : TFðpÞN ! TpM is an isomorphism. Since dFp : TpM ! TFðpÞN is an

isomorphism, ðdFpÞ�1 : TFðpÞN ! TpM: Thus
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d F�1� �
FðpÞ: TFðpÞN ! TpM; and dFp

� ��1
: TFðpÞN ! TpM:

Now, we want to prove that dðF�1ÞFðpÞ ¼ ðdFpÞ�1; that is, ðdðF�1ÞFðpÞÞ�
ðdFpÞ ¼ IdTpM :

LHS ¼ d F�1� �
FðpÞ

� �
� dFp
� � ¼ d F�1� � � F� �

p¼ d IdMð Þp¼ IdTpM ¼ RHS:

Thus, we have shown that if F : M ! N is a diffeomorphism, then dðF�1ÞFðpÞ
¼ ðdFpÞ�1:

Theorem 5.12 Let M be a smooth manifold. Let p 2 M; v 2 TpM: Let f ; g 2
C1ðMÞ: If there exists an open neighborhood U of p such that f jU¼ gjU ; then
vðf Þ ¼ vðgÞ: In short, we say that tangent vectors act “locally.”

Proof Let U be an open neighborhood of p such that f jU¼ gjU : We want to show
that vðf Þ ¼ vðgÞ: Let us put h � f � g: Since f ; g 2 C1ðMÞ; h ¼ f � g 2 C1ðMÞ;
and hence, h 2 C1ðMÞ: Since f jU¼ gjU ; hjU¼ 0: Clearly, p 62 supp h: (Reason: If
not, otherwise, let p 2 supp h: We have to arrive at a contradiction. Since p 2
supp h ¼ fx : hðxÞ 6¼ 0g�; and U is an open neighborhood of p; there exists t 2 M
such that hðtÞ 6¼ 0; and t 2 U: Since t 2 U; and hjU¼ 0; hðtÞ ¼ 0; a contradiction.)
Since p 62 supp h; hðpÞ ¼ 0:

Here, M is a smooth manifold, so M is Hausdorff. Since M is Hausdorff, and
p 2 M; fpg is closed, and hence, M � fpg is open: Since p 62 supp h; supp h �
M � fpg: Here, supp h � M � fpg; supp h is a closed subset of M;
M � fpg is an open subset of M, so, by Lemma 4.58, there exists a smooth
function w : M ! ½0; 1	 such that w is a bump function for supp h supported in
M � fpg; and hence,

1. for every x in supp h; wðxÞ ¼ 1;
2. supp w � M � fpg:

Since supp w � M � fpg; p 62 supp w; and hence, wðpÞ ¼ 0: Since w : M !
½0; 1	 is smooth, w 2 C1ðMÞ: Since w 2 C1ðMÞ; and h 2 C1ðMÞ; their product
ðw � hÞ 2 C1ðMÞ: Since v 2 TpM; v : C1ðMÞ ! R: Now, vðw � hÞ ¼ ðvðwÞÞ
ðhðpÞÞ þ ðwðpÞÞ ðvðhÞÞ ¼ ðvðwÞÞð0Þ þ ð0ÞðvðhÞÞ ¼ 0: Thus, vðw � hÞ ¼ 0:

Clearly, w � h ¼ h: (Reason: If x 2 supp h; then from condition 1, ðw � hÞðxÞ ¼
ðwðxÞÞðhðxÞÞ ¼ 1ðhðxÞÞ ¼ hðxÞ: If x 62 supp h; then hðxÞ ¼ 0; and hence,
ðw � hÞðxÞ ¼ ðwðxÞÞðhðxÞÞ ¼ ðwðxÞÞ0 ¼ 0 ¼ hðxÞ: Thus, for all x inM; ðw � hÞðxÞ ¼
hðxÞÞ. Now, 0 ¼ vðw � hÞ ¼ vðhÞ ¼ vðf � gÞ ¼ vðf Þ � vðgÞ; so vðf Þ ¼ vðgÞ: h

Theorem 5.13 Let M be an m-dimensional smooth manifold. Let p 2 M: Let U be
an open neighborhood of p. We know that U is also a smooth manifold (called open
submanifold U of M). Let i : U ! M be the mapping defined as follows: For every
x in U, iðxÞ � x: (Here, we say that i is the inclusion map of U.) Then, the
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differential dip : TpU ! TiðpÞMð¼ TpMÞ is an isomorphism, that is, dip : TpU !
TpM is 1–1 and onto.

Proof Since M is a smooth manifold, M is a topological manifold. Since M is a
topological manifold, and U is an open neighborhood of p, there exists an open
neighborhood V of p such that V� � U: We know that dip is linear.

dip is 1–1: For this purpose, let ðdipÞðvÞ ¼ 0 where v 2 TpU: We have to prove
that v ¼ 0: Since v 2 TpU; v : C1ðUÞ ! R: We have to show that v ¼ 0; that is,
for every f 2 C1ðUÞ; vðf Þ ¼ 0: For this purpose, let us take any f 2 C1ðUÞ: Since
f 2 C1ðUÞ; f : U ! R is smooth. Since f : U ! R is smooth, and V� � U, f jV�

is smooth. Here, V� � U; V� is closed, U is open, and f jV� is smooth, so, by
Lemma 4.59, there exists a smooth function ~f : M ! R

m such that ~f
��
V�¼ f jV� :

Since ~f
��
V�¼ f jV� ; and V � V�; ~f

��
V¼ f jV : Since ~f : M ! R

m is smooth, ~f
��
U is

smooth on U; and hence, ~f
��
U2 C1ðUÞ: Since V � V� � U; ð~f ��UÞ���V¼ ~f

��
V¼ f jV ;

and hence, ð~f ��UÞ���V¼ f jV : Since U is a smooth manifold, p 2 U; v 2 TpU; ~f
��
U ; f 2

C1ðUÞ; V is an open neighborhood of p such that V � U; and ð~f ��UÞ���V¼ f jV , by
Theorem 5.12, vð~f ��UÞ ¼ vðf Þ: Now,

LHS ¼ vðf Þ ¼ v ~f
��
U

� �
¼ v ~f � i� � ¼ dip

� �ðvÞ� �
~f
� � ¼ 0 ~f

� � ¼ 0 ¼ RHS:

This proves that dip is 1–1.
dip : TpU ! TpM is onto: For this purpose, let us take any w 2 TpM:We have to

find v 2 TpU such that ðdipÞðvÞ ¼ w: Since w 2 TpM; w : C1ðMÞ ! R: It follows
that we must find v 2 TpU such that for every f 2 C1ðMÞ; ððdipÞðvÞÞðf Þ ¼ wðf Þ;
that is, for every f 2 C1ðMÞ; vðf � iÞ ¼ wðf Þ:

Now, let us take any g 2 C1ðUÞ: Since g 2 C1ðUÞ; g : U ! R is smooth.
Since M is a topological manifold, and U is an open neighborhood of p; there exists
an open neighborhood V of p such that V� � U: Since g : U ! R is smooth, and
V� � U, gjV� is smooth. Here, V� � U; V� is closed, U is open, and gjV� is
smooth, by Lemma 4.59, there exists a smooth function g
 : M ! R

m such that
g
 jV�¼ gjV� : Next, let g� : M ! R

m be another smooth function such that
g�jV�¼ gjV� : Since g
 jV�¼ gjV�¼ g�jV� ; and V � V�; g
 jV¼ g�jV : SinceM is a
smooth manifold, p 2 M; w 2 TpM; g
 ; g� 2 C1ðMÞ; V is an open neighborhood
of p; and g
 jV¼ g�jV , by Theorem 5.12, wðg
 Þ ¼ wðg�Þ:

Let us define a function v : C1ðUÞ ! R as follows: For every g 2 C1ðUÞ;
vðgÞ � wðg
 Þ where g
 2 C1ðMÞ; and g
 jV�¼ gjV� : From the above discussion,
we find that v : C1ðUÞ ! R is well defined. Now, we want to prove that v is linear.
For this purpose, let us take any g1; g2 2 C1ðUÞ; and s; t any real numbers. We
have to prove that vðsg1 þ tg2Þ ¼ sðvðg1ÞÞ þ tðvðg2ÞÞ:

Let g

1 2 C1ðMÞ such that g


1

��
V�¼ g1jV� ; and g


2 2 C1ðMÞ such that

g

2

��
V�¼ g2jV� : It follows that sðg


1 Þ þ tðg

2 Þ 2 C1ðMÞ: Since g


1

��
V�¼ g1jV� ; and
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g

2

��
V� ¼ g2jV� ; ðsðg


1 Þ þ tðg

2 ÞÞ��V� ¼ ðsg1 þ tg2ÞjV� : Since ðsg1 þ tg2ÞjV� ¼ ðsðg


1 Þ þ
tðg


2 ÞÞjV� ; and sðg

1 Þ þ tðg


2 Þ 2 C1ðMÞ;

LHS ¼ v sg1 þ tg2ð Þ ¼ w s g

1

� �þ t g

2

� �� � ¼ s w g

1

� �� �þ t w g

2

� �� �
¼ s v g1ð Þð Þ þ t v g2ð Þð Þ ¼ RHS:

Now, we want to prove the Leibnitz rule: For every f ; g 2 C1ðUÞ;

v f � gð Þ ¼ vðf Þð Þ gðpÞð Þ þ f ðpÞð Þ vðgÞð Þ:

Let f 
 2 C1ðMÞ such that f 
 jV�¼ f jV� ; and g
 2 C1ðMÞ such that g
 jV�¼
gjV� : It follows that ðf 
 Þ � ðg
 Þ 2 C1ðMÞ: Since f 
 jV�¼ f jV� ; and g
 jV�¼ gjV� ;

ððf 
 Þ � ðg
 ÞÞjV�¼ ðf � gÞjV� : Since f 
 jV�¼ f jV� ; and p 2 V � V�; f 
 ðpÞ ¼
f ðpÞ. Similarly, g
 ðpÞ ¼ gðpÞ: Now,

LHS ¼ v f � gð Þ ¼ w f 
ð Þ � g
ð Þð Þ ¼ w f 
ð Þð Þ g
 ðpÞð Þ þ f 
 ðpÞð Þ w g
ð Þð Þ
¼ vðf Þð Þ g
 ðpÞð Þ þ f 
 ðpÞð Þ vðgÞð Þ ¼ vðf Þð Þ gðpÞð Þ þ f ðpÞð Þ vðgÞð Þ ¼ RHS:

Thus, we have shown that v : C1ðUÞ ! R is a derivation at p; and hence, v 2 TpU.
Next, let us take any f 2 C1ðMÞ: It remains to be proved that vðf � iÞ ¼ wðf Þ:
Since i : U ! M is smooth, and f : M ! R is smooth, f � i : U ! R is smooth,
and hence, f � i 2 C1ðUÞ: Now, since V� � U; f jV�¼ ðf � iÞjV� : Since
f 2 C1ðMÞ; f � i 2 C1ðUÞ; and f jV�¼ ðf � iÞjV� , by the definition of v;
vðf � iÞ ¼ wðf Þ: h

Theorem 5.14 Let M be an m-dimensional smooth manifold. Let p 2 M: Then, the
real linear space TpM is of dimension m.

Here, M is an m-dimensional smooth manifold, and p 2 M; so there exists an
admissible coordinate chart ðU;uÞ of M such that p 2 U: Since ðU;uÞ is an
admissible coordinate chart of M, there exists an open neighborhood G of uðpÞ in
R

m such that u : U ! G is a diffeomorphism. Since u : U ! G is a diffeomor-
phism, F : M ! N is an isomorphism, and hence, TpU is isomorphic onto TuðpÞG:

Since M is an m-dimensional smooth manifold, p 2 M; and U is an open
neighborhood of p, by Theorem 5.13, the differential dip : TpU ! TiðpÞMð¼ TpMÞ
is an isomorphism, where i denotes the inclusion map of U. Since dip : TpU !
TpM is an isomorphism, TpU is isomorphic onto TpM:

Since R
m is an m-dimensional smooth manifold, uðpÞ 2 R

m; and G is an open
neighborhood of uðpÞ, by Theorem 5.13, the differential d̂iuðpÞ : TuðpÞG !
TîðuðpÞÞRmð¼ TuðpÞRmÞ is an isomorphism, where î denotes the inclusion map of
G. Since d̂iuðpÞ : TuðpÞG ! TuðpÞRm is an isomorphism, TuðpÞG is isomorphic onto
TuðpÞRm:

We have seen that Rm
uðpÞ is isomorphic to TuðpÞRm: Since TpU is isomorphic onto

TuðpÞG; TpU is linear isomorphic onto TpM; TuðpÞG is isomorphic onto TuðpÞRm; and
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R
m
uðpÞ is isomorphic to TuðpÞRm; TpM is isomorphic to Rm

uðpÞ; and hence, dim TpM ¼
dimR

m
uðpÞ: Since dim TpM ¼ dimR

m
uðpÞ; and dimR

m
uðpÞ ¼ m; dim TpM ¼ m:

Note 5.15 Let M be a two-dimensional smooth manifold with differentiable
structure A; and let N be a three-dimensional smooth manifold with differentiable
structure B: Hence, the product manifold M � N is a ð2þ 3Þ-dimensional smooth
manifold. Let ðp; qÞ 2 M � N:

Since ðp; qÞ 2 M � N; p 2 M; and q 2 N: Since p 2 M; and M is a two-
dimensional smooth manifold, the tangent space TpM is a two-dimensional real
linear space. Similarly, TqN is a three-dimensional real linear space, and the tangent
space Tðp;qÞðM � NÞ is a ð2þ 3Þ-dimensional real linear space. Since TpM is a two-
dimensional real linear space, and TqN is a three-dimensional real linear space, their
direct product TpM � TpN is a ð2þ 3Þ-dimensional real linear space. Let p1 :
M � N ! M be the mapping defined as follows: For every ðx; yÞ 2 M � N;
p1ðx; yÞ � x: Let p2 : M � N ! N be the mapping defined as follows: For every
ðx; yÞ 2 M � N; p2ðx; yÞ � y: We know that p1 : M � N ! M is a smooth map-
ping. Since p1 : M � N ! M is a smooth mapping, and ðp; qÞ 2 M � N; its dif-
ferential dðp1Þðp;qÞ : Tðp;qÞðM � NÞ ! Tp1ðp;qÞMð¼ TpMÞ is a linear map, that is,
dðp1Þðp;qÞ : Tðp;qÞðM � NÞ ! TpM is a linear map. Similarly, dðp2Þðp;qÞ :
Tðp;qÞðM � NÞ ! TqN is a linear map.

Let us define a mapping a : Tðp;qÞðM � NÞ ! TpM � TqN as follows: For every
v in Tðp;qÞðM � NÞ;

aðvÞ ¼ d p1ð Þ p;qð Þ
� �

ðvÞ; d p2ð Þ p;qð Þ
� �

ðvÞ
� �

:

Since v 7! ðdðp1Þðp;qÞÞðvÞ is linear, and v 7! ðdðp2Þðp;qÞÞðvÞ is linear,
v 7! ððdðp1Þðp;qÞÞðvÞ; ðdðp2Þðp;qÞÞðvÞÞ is linear, and hence, a : Tðp;qÞðM � NÞ !
TpM � TpN is linear.

Similarly, we can show that let M be an m-dimensional smooth manifold, N be
an n-dimensional smooth manifold, and ðp; qÞ 2 M � N: Define a : Tðp;qÞ
ðM � NÞ ! TpM � TqN as follows: For every v in Tðp;qÞðM � NÞ; aðvÞ �
ððdðp1Þðp;qÞÞðvÞ; ðdðp2Þðp;qÞÞðvÞÞ: Then, α is linear, etc.

Note 5.16 Let M be an m-dimensional smooth manifold. Let p 2 M: Let U be an
open neighborhood of p. We know that U is also a smooth manifold (called open
submanifold U of M). Let i : U ! M be the mapping defined as follows: For every
x in U, iðxÞ � x: We know that the differential dip : TpU ! TpM is an
isomorphism.

So, from now on, we shall not distinguish between a derivation v in TpU; and the
derivation ðdipÞðvÞ in TpM: Also, we shall not distinguish between TpU and TpM:

Here, let v be in TpU: So v : C1ðUÞ ! R: Since ðdipÞðvÞ is in TpM; ðdipÞðvÞ :
C1ðMÞ ! R: Observe that the action of “derivation at a point” on a function
depends only on the values of the function in any open neighborhood of the point.
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Also, we shall not distinguish between a derivation v in TpM; and the derivation

ðdipÞ�1ðvÞ in TpU:

Note 5.17 Let M be an m-dimensional smooth manifold. Let ðU;uÞ be an
admissible coordinate chart of M. Let us fix any p 2 U:

Since ðU;uÞ is an admissible coordinate chart of M satisfying p 2 U; there
exists an open neighborhood G of uðpÞ in R

m such that u : U ! G is a diffeo-
morphism. Since u : U ! G is a diffeomorphism, dup : TpU ! TuðpÞG is an iso-
morphism. Thus, for every v 2 TpU; and for every f 2 C1ðGÞ;

dup

� �ðvÞ� �ðf Þ ¼ v f � uð Þ:

Since M is an m-dimensional smooth manifold, p 2 M; and U is an open neigh-
borhood of p, by Theorem 5.13, the differential dip : TpU ! TiðpÞMð¼ TpMÞ is an
isomorphism, where i denotes the inclusion map of U. Since dip : TpU ! TpM is

an isomorphism, ðdipÞ�1 : TpM ! TpU is an isomorphism. Thus, for every v 2
TpU; and for every f 2 C1ðMÞ;

dip
� �ðvÞ� �ðf Þ ¼ v f � ið Þ ¼ v f jU

� �
:

Since R
m is an m-dimensional smooth manifold, uðpÞ 2 R

m; and G is an open
neighborhood of uðpÞ, by Theorem 5.13, the differential d̂iuðpÞ : TuðpÞG ! TîðuðpÞÞ
R

mð¼ TuðpÞRmÞ is an isomorphism, where î denotes the inclusion map of G. Thus,
for every v 2 TuðpÞG; and for every f 2 C1ðRmÞ;

d̂iuðpÞ
� �ðvÞ� �ðf Þ ¼ v f � îð Þ ¼ v f jG

� �
:

Since ðdipÞ�1 : TpM ! TpU is an isomorphism, dup : TpU ! TuðpÞG is an isomor-

phism, and d̂iuðpÞ : TuðpÞG ! TuðpÞRm is an isomorphism, their composite ðd̂iuðpÞÞ �
ðdupÞ � ðdipÞ�1 : TpM ! TuðpÞRm is an isomorphism. It follows that ðdipÞ �
ðdupÞ�1 � ðd̂iuðpÞÞ�1 : TuðpÞRm ! TpM is an isomorphism. Further, since u : U !
G is a diffeomorphism, ðdupÞ�1 ¼ dðu�1ÞuðpÞ; and hence, ðdipÞ � dðu�1ÞuðpÞ �
ðd̂iuðpÞÞ�1 : TuðpÞRm ! TpM is an isomorphism. Since ðdipÞ � dðu�1ÞuðpÞ �
ðd̂iuðpÞÞ�1 : TuðpÞRm ! TpM is an isomorphism, and

o
ox1

����
uðpÞ

;
o
ox2

����
uðpÞ

; . . .;
o
oxm

����
uðpÞ

( )

is a basis of TuðpÞRm;

5.2 Open Submanifolds 319



dip
� � � d u�1

� �
uðpÞ� d̂iuðpÞ

� ��1
� � o

ox1

����
uðpÞ

 !
; dip
� � � d u�1

� �
uðpÞ� d̂iuðpÞ

� ��1
� �(

o
ox2

����
uðpÞ

 !
; . . .; dip

� � � d u�1� �
uðpÞ� d̂iuðpÞ

� ��1
� � o

oxm

����
uðpÞ

 !)

is a basis of TpM: Here, we can write:

dip
� � � d u�1� �

uðpÞ� d̂iuðpÞ
� ��1

� � o
ox1

����
uðpÞ

 !

¼ dip
� � � d u�1� �

uðpÞ
� �

d̂iuðpÞ
� ��1
� � o

ox1

����
uðpÞ

 ! !

¼ dip
� � � d u�1� �

uðpÞ
� � o

ox1

����
uðpÞ

 !
¼ dip
� �

d u�1� �
uðpÞ

� � o
ox1

����
uðpÞ

 ! !

¼ d u�1� �
uðpÞ

� � o
ox1

����
uðpÞ

 !
:

Thus,

dip
� � � d u�1� �

uðpÞ� d̂iuðpÞ
� ��1

� � o
ox1

����
uðpÞ

 !
¼ d u�1� �

uðpÞ
� � o

ox1

����
uðpÞ

 !
:

Similarly,

dip
� � � d u�1� �

uðpÞ� d̂iuðpÞ
� ��1

� � o
ox2

����
uðpÞ

 !
¼ d u�1� �

uðpÞ
� � o

ox2

����
uðpÞ

 !
; etc;

Thus,

d u�1� �
uðpÞ

� � o
ox1

����
uðpÞ

 !
; d u�1� �

uðpÞ
� � o

ox2

����
uðpÞ

 !
; . . .; d u�1� �

uðpÞ
� � o

oxm

����
uðpÞ

 !( )

is a basis of TpM: For i ¼ 1; 2; . . .;m; the tangent vector

d u�1� �
uðpÞ

� � o
oxi

����
uðpÞ

 !
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at p is denoted by o
oxi
��
p. Thus,

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxm

����
p

( )

is a basis of TpM:

Conclusion: Let M be an m-dimensional smooth manifold. Let ðU;uÞ be an
admissible coordinate chart of M. Then, for every p 2 U;

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxm

����
p

( )

is a basis of TpM; where o
oxi
��
p stands for

d u�1� �
uðpÞ

� � o
oxi

����
uðpÞ

 !
:

Definition Let M be an m-dimensional smooth manifold. Let ðU;uÞ be an
admissible coordinate chart of M. For every p 2 M; the ordered basis

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o

oxm

����
p

 !
;

as defined in the Note 5.17, is called the coordinate basis of TpM: If v 2 TpM, then
there exists a unique m-tuple ðv1; v2; . . .; vmÞ of real numbers such that

v ¼ v1
o
ox1

����
p

 !
þ v2

o
ox2

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
:

Here, we say that ðv1; v2; . . .; vmÞ are the components of v with respect to coordinate
basis.

Note 5.18 Let U be an open subset of Rn; V be an open subset of Rm; and p 2 U:

Let F : U ! V be smooth, where F � ðF1;F2; . . .;FmÞ:
Since U is a nonempty open subset of the n-dimensional smooth manifold R

n;
U is also an n-dimensional smooth manifold. Similarly, V is an m-dimensional
smooth manifold. It follows that dFp : TpU ! TFðpÞV is a linear map from real
linear space TpU to real linear space TFðpÞV : Here,
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o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxn

����
p

 !

is the coordinate basis of TpRn; and we do not distinguish between TpU and TpRn;

so

o
ox1

����
p
;
o
ox2

����
p
; . . .;

o
oxn

����
p

 !

is the coordinate basis of TpU: Similarly,

o
oy1

����
FðpÞ

;
o
oy2

����
FðpÞ

; . . .;
o
oym

����
FðpÞ

 !

is the coordinate basis of TFðpÞV : Now, since dFp : TpU ! TFðpÞV ; for every
f 2 C1ðVÞ;

dFp
� � o

ox1

����
p

 ! !
ðf Þ ¼ o

ox1

����
p

 !
f � Fð Þ

¼ 1st column of D1fð Þ FðpÞð Þ½

� � � Dmfð Þ FðpÞð Þ	
D1F1ð ÞðpÞ
..
.

D1Fmð ÞðpÞ

. .
.

DnF1ð ÞðpÞ
..
.

DnFmð ÞðpÞ

2664
3775

¼ D1fð Þ FðpÞð Þð Þ D1F
1� �ðpÞ� �

þ � � � þ Dmfð Þ FðpÞð Þð Þ D1F
mð ÞðpÞð Þ

¼
Xm
i¼1

of
oyi

FðpÞð Þ
� �

oFi

ox1
ðpÞ

� �
¼
Xm
i¼1

oFi

ox1
ðpÞ

� �
of
oyi

FðpÞð Þ
� �� �

¼
Xm
i¼1

oFi

ox1
ðpÞ

� �
o
oyi

����
FðpÞ

 !
f

 ! !

¼
Xm
i¼1

oFi

ox1
ðpÞ

� �
o
oyi

����
FðpÞ

 ! !
f

 !

¼
Xm
i¼1

oFi

ox1
ðpÞ

� �
o
oyi

����
FðpÞ

 ! !
f
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and hence,

dFp
� � o

ox1

����
p

 !
¼
Xm
i¼1

oFi

ox1
ðpÞ

� �
o
oyi

����
FðpÞ

 !
:

Similarly,

dFp
� � o

ox2

����
p

 !
¼
Xm
i¼1

oFi

ox2
ðpÞ

� �
o
oyi

����
FðpÞ

 !
; etc:

Since for every j ¼ 1; 2; . . .; n;

dFp
� � o

ox j

����
p

 !
¼
Xm
i¼1

oFi

ox j
ðpÞ

� �
o
oyi

����
FðpÞ

 !
;

and

o
oy1

����
FðpÞ

;
o
oy2

����
FðpÞ

; . . .;
o
oym

����
FðpÞ

 !

is the coordinate basis of TFðpÞV ; the matrix representation of linear map dFp is the
following m� n matrix:

oF1

ox1 ðpÞ oF1

ox2 ðpÞ � � � oF1

oxn ðpÞ
oF2

ox1 ðpÞ oF2

ox2 ðpÞ � � � oF2

oxn ðpÞ� � � � � � � � � � � �
oFm

ox1 ðpÞ oFm

ox2 ðpÞ � � � oFm

oxn ðpÞ

26664
37775:

Let us recall that this matrix is the matrix representation of the total derivative
DFðpÞ : Rn ! R

m: Thus, we find that in this case, differential dFp : TpRn !
TFðpÞRm corresponds to the total derivative DFðpÞ : Rn ! R

m; tangent space TpRn

corresponds Rn; and tangent space TFðpÞRm corresponds Rm:

Note 5.19 Let M be an m-dimensional smooth manifold, and N be an n-dimen-
sional smooth manifold. Let p 2 M: Let F : M ! N be a smooth mapping. Let
ðU;uÞ be an admissible coordinate chart of M such that p 2 U: Let ðV ;wÞ be an
admissible coordinate chart of N such that FðpÞ 2 V : Since F : M ! N is a smooth
mapping, ðw � F � u�1Þ : uðU \F�1ðVÞÞ ! wðVÞ is smooth. Put ðF̂1; F̂2; . . .;

F̂nÞ � F̂ � w � F � u�1: Thus, F̂ : uðU \F�1ðVÞÞ ! wðVÞ is smooth, that is, each
pi � ðw � F � u�1Þ is smooth, where pi denotes the ith projection function from R

n

to R:
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Since F : M ! N is a smooth, F : M ! N is continuous. Since F : M ! N is
continuous, and V is open in N, F�1ðVÞ is open in M. Since F�1ðVÞ is open in M,
and U is open in M, U \ F�1ðVÞ is open in M. Clearly, p 2 U \ F�1ðVÞ: Thus,
U \ F�1ðVÞ is an open neighborhood of p. Since U \ F�1ðVÞ � U; U \ F�1ðVÞ is
open in M, and U is open in M, U \ F�1ðVÞ is open in U. Since U \ F�1ðVÞ is an
open neighborhood of p in U, and u is a homeomorphism from U onto an open
subset of Rm; uðU \ F�1ðVÞÞ is an open neighborhood of uðpÞ in R

m: Clearly,
wðVÞ is open in R

n: Now, since F̂ : uðU \ F�1ðVÞÞ ! wðVÞ is smooth, as in the
Note 5.18, the matrix representation of dF̂uðpÞ : TuðpÞRm ! TF̂ðuðpÞÞR

nð¼ TðF̂�uÞðpÞ
R

n ¼ Tðw�FÞðpÞRnÞ is

oF̂1

ox1 uðpÞð Þ oF̂1

ox2 uðpÞð Þ � � � oF̂1

oxm uðpÞð Þ
oF̂2

ox1 uðpÞð Þ oF̂2

ox2 uðpÞð Þ � � � oF̂2

oxm uðpÞð Þ
� � � � � � � � � � � �
oF̂n

ox1 uðpÞð Þ oF̂n

ox2 uðpÞð Þ � � � oF̂n

oxm uðpÞð Þ

26664
37775:

Since F̂ � w � F � u�1; and u; w are 1–1, w�1 � F̂ ¼ F � u�1: Here, F � u�1 :

uðUÞ ! N; so dðF � u�1ÞuðpÞ : TuðpÞRm ! TFðpÞN: Similarly dðw�1 � F̂ÞuðpÞ :
TuðpÞRm ! TFðpÞN: Here

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxm

����
p

 !

is the coordinate basis of TpM; where

o
oxi

����
p

� d u�1� �
uðpÞ

� � o
oxi

����
uðpÞ

 !
:

Also,

o
oy1

����
FðpÞ

;
o
oy2

����
FðpÞ

; . . .;
o
oyn

����
FðpÞ

 !

is the coordinate basis of TFðpÞN; where

o
oy j

����
FðpÞ

� d w�1� �
w FðpÞð Þ

� � o
oy j

����
w FðpÞð Þ

 !
:

Now, we want to obtain the matrix representation of dFp:
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Since F : M ! N is a smooth mapping, dFp : TpM ! TFðpÞN: Next, for
i ¼ 1; 2; . . .;m;

dFp
� � o

oxi

����
p

 !
¼ dFp
� �

d u�1
� �

uðpÞ
� � o

oxi

����
uðpÞ

 ! !

¼ dFp
� � � d u�1

� �
uðpÞ

� �� � o
oxi

����
uðpÞ

 !

¼ dFu�1 uðpÞð Þ
� � � d u�1

� �
uðpÞ

� �� � o
oxi

����
uðpÞ

 !

¼ d F � u�1� �� �
uðpÞ

� � o
oxi

����
uðpÞ

 !

¼ d w�1 � F̂� �
uðpÞ

� � o
oxi

����
uðpÞ

 !

¼ d w�1� �
F̂ uðpÞð Þ

� �
� dF̂uðpÞ
� �� � o

oxi

����
uðpÞ

 !

¼ d w�1� �
F̂ uðpÞð Þ

� �
dF̂uðpÞ
� � o

oxi

����
uðpÞ

 ! !
¼ d w�1� �

F uðpÞð Þ
� �

ith column ofð
oF̂1

ox1 uðpÞð Þ oF̂1

ox2 uðpÞð Þ � � � oF̂1

oxm uðpÞð Þ
oF̂2

ox1 uðpÞð Þ oF̂2

ox2 uðpÞð Þ � � � oF̂2

oxm uðpÞð Þ
� � � � � � � � � � � �
oF̂n

ox1 uðpÞð Þ oF̂n

ox2 uðpÞð Þ � � � oF̂n

oxm uðpÞð Þ

266664
377775
1CCCCA

¼ d w�1� �
F̂ uðpÞð Þ

� � Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
o
oy j

����
F̂ uðpÞð Þ

 ! !

¼ d w�1� �
F̂�uð ÞðpÞ

� � Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
o
oy j

����
F̂�uð ÞðpÞ

 ! !

¼ d w�1� �
w�Fð ÞðpÞ

� � Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
o
oy j

����
w�Fð ÞðpÞ

 ! !

¼
Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
d w�1� �

w�Fð ÞðpÞ
� � o

oy j

����
w�Fð ÞðpÞ

 ! !

¼
Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
d w�1� �

w FðpÞð Þ
� � o

oy j

����
w FðpÞð Þ

 ! !

¼
Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
o
oy j

����
FðpÞ

 !
:
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Thus,

dFp
� � o

oxi

����
p

 !
¼
Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
o
oy j

����
FðpÞ

 !
:

Since for every i ¼ 1; 2; . . .;m;

dFp
� � o

oxi

����
p

 !
¼
Xn
j¼1

oF̂ j

oxi
uðpÞð Þ

� �
o
oy j

����
FðpÞ

 !
;

and

o
oy1

����
FðpÞ

;
o
oy2

����
FðpÞ

; . . .;
o
oyn

����
FðpÞ

 !

is the coordinate basis of TFðpÞN; the matrix representation of linear map dFp is the
following n� m matrix:

oF̂1

ox1 uðpÞð Þ oF̂1

ox2 uðpÞð Þ � � � oF̂1

oxm uðpÞð Þ
oF̂2

ox1 uðpÞð Þ oF̂2

ox2 uðpÞð Þ � � � oF̂2

oxm uðpÞð Þ
� � � � � � � � � � � �
oF̂n

ox1 uðpÞð Þ oF̂n

ox2 uðpÞð Þ � � � oF̂n

oxm uðpÞð Þ

266664
377775

¼

o p1� w�F�u�1ð Þð Þ
ox1 uðpÞð Þ o p1� w�F�u�1ð Þð Þ

ox2 uðpÞð Þ � � � o p1� w�F�u�1ð Þð Þ
oxm uðpÞð Þ

o p2� w�F�u�1ð Þð Þ
ox1 uðpÞð Þ o p2� w�F�u�1ð Þð Þ

ox2 uðpÞð Þ � � � o p2� w�F�u�1ð Þð Þ
oxm uðpÞð Þ

� � � � � � � � � � � �
o pn� w�F�u�1ð Þð Þ

ox1 uðpÞð Þ o pn� w�F�u�1ð Þð Þ
ox2 uðpÞð Þ � � � o pn� w�F�u�1ð Þð Þ

oxm uðpÞð Þ

2666664

3777775:

It follows that the matrix representation of dFp is the same as the matrix repre-
sentation of dðw � F � u�1ÞuðpÞ:
Note 5.20 Let M be an m-dimensional smooth manifold. Let p 2 M: Let ðU;uÞ be
an admissible coordinate chart of M such that p 2 U: Let ðV ;wÞ be an admissible
coordinate chart of M such that p 2 V : Let uðpÞ � ðx1; x2; . . .; xmÞ; and wðpÞ �
~x1;~x2; . . .;~xm: Let

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxm

����
p

 !
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be the coordinate basis of TpM corresponding to ðU;uÞ; where

o
oxi

����
p

� d u�1� �
uðpÞ

� � o
oxi

����
uðpÞ

 !
:

Let

o
o~x1

����
p

;
o
o~x2

����
p

; . . .;
o
o~xm

����
p

 !

be the coordinate basis of TpM corresponding to ðV ;wÞ; where

o
o~xi

����
p

� d w�1� �
wðpÞ

� � o
o~xi

����
wðpÞ

 !
:

Let v 2 TpM: Let ðv1; v2; . . .; vmÞ be the components of v with respect to coordinate
basis

o
ox1

����
p
;
o
ox2

����
p
; . . .;

o
oxm

����
p

 !

of TpM: Let ð~v1;~v2; . . .;~vmÞ be the components of v with respect to coordinate basis

o
o~x1

����
p

;
o
o~x2

����
p

; . . .;
o
o~xm

����
p

 !

of TpM: Thus,

~v1
o

o x
1

�����
p

0@ 1Aþ ~v2
o

o x
2

�����
p

0@ 1Aþ � � � þ ~vm
o

o x
m

����
p

 !
¼ v

¼ v1
o
ox1

����
p

 !
þ v2

o
ox2

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
:

Since ðU;uÞ and ðV ;wÞ are admissible coordinate charts of M such that p 2 U \ V ;
w � u�1 : uðU \ VÞ ! wðU \ VÞ is smooth.

Here, with the hope that there will be no confusion, for every i ¼ 1; 2; . . .;m; the
ith component of the “transition map” w � u�1 is generally denoted by ~xi: Thus, ~xi

has two meanings: the ith component of wðpÞ; and the ith component function of
w � u�1: The situation indicates which meaning is to be attached with. Here, for
every x 2 uðU \ VÞ; ðw � u�1ÞðxÞ ¼ ð~x1ðxÞ;~x2ðxÞ; . . .;~xmðxÞÞ:
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Since uðU \ VÞ is an open neighborhood of uðpÞ in R
m; wðU \ VÞ is an open

neighborhood of wðpÞ in R
m; and w � u�1 : uðU \ VÞ ! wðU \ VÞ is a diffeo-

morphism, the differential dðw � u�1ÞuðpÞ : TuðpÞuðU \ VÞ ! TwðpÞwðU \ VÞ is an
isomorphism, and hence, dðw � u�1ÞuðpÞ : TuðpÞRm ! TwðpÞRm is an isomorphism.
Here,

o
ox1

����
uðpÞ

;
o
ox2

����
uðpÞ

; . . .;
o
oxm

����
uðpÞ

 !

is a basis of TuðpÞRm: Hence, for j ¼ 1; 2; . . .;m;

o
ox j

����
p

� d u�1� �
uðpÞ

� � o
ox j

����
uðpÞ

 !
¼ d w�1 � w � u�1� �� �

uðpÞ
� � o

ox j

����
uðpÞ

 !

¼ d w�1� �
w�u�1ð Þ uðpÞð Þ

� �
� d w � u�1� �

uðpÞ
� �� � o

ox j

����
uðpÞ

 !

¼ d w�1� �
wðpÞ

� �
� d w � u�1� �

uðpÞ
� �� � o

ox j

����
uðpÞ

 !

¼ d w�1� �
wðpÞ

� �
d w � u�1� �

uðpÞ
� � o

ox j

����
uðpÞ

 ! !
¼ d w�1� �

wðpÞ
� �

jth column of

o w�u�1ð Þ1
ox1 uðpÞð Þ o w�u�1ð Þ1

ox2 uðpÞð Þ � � � o w�u�1ð Þ1
oxm uðpÞð Þ

o w�u�1ð Þ2
ox1 uðpÞð Þ o w�u�1ð Þ2

ox2 uðpÞð Þ � � � o w�u�1ð Þ2
oxm uðpÞð Þ

� � � � � � � � � � � �
o w�u�1ð Þm

ox1 uðpÞð Þ o w�u�1ð Þm
ox2 uðpÞð Þ � � � o w�u�1ð Þm

oxm uðpÞð Þ

26666664

37777775

0BBBBBB@

1CCCCCCA
¼ d w�1� �

wðpÞ
� � Xm

i¼1

o w � u�1ð Þi
ox j

uðpÞð Þ
 !

o
o~xi

����
w�u�1ð Þ uðpÞð Þ

 ! !

¼ d w�1� �
wðpÞ

� � Xm
i¼1

o w � u�1ð Þi
ox j

uðpÞð Þ
 !

o
o~xi

����
wðpÞ

 ! !

¼ d w�1� �
wðpÞ

� � Xm
i¼1

o x
i

ox j
uðpÞð Þ

 !
o
o~xi

����
wðpÞ

 ! !

¼
Xm
i¼1

o~xi

ox j
uðpÞð Þ

� �
d w�1� �

wðpÞ
� � o

o~xi

����
wðpÞ

 ! !

¼
Xm
i¼1

o~xi

ox j
uðpÞð Þ

� �
o
o~xi

����
p

 !
:
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Thus, for j ¼ 1; 2; . . .;m;

o
ox j

����
p

¼
Xm
i¼1

o~xi

ox j
uðpÞð Þ

� �
o
o~xi

����
p

 !
:

Now,

Xm
i¼1

~vi
o
o~xi

����
p

 !
¼ ~v1

o
o~x1

����
p

 !
þ ~v2

o
o~x2

����
p

 !
þ � � � þ ~vm

o
o~xm

����
p

 !
¼ v

¼ v1
o
ox1

����
p

 !
þ v2

o
ox2

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !

¼
Xm
j¼1

v j
o
ox j

����
p

 !
¼
Xm
j¼1

v j
Xm
i¼1

o~xi

ox j
uðpÞð Þ

� �
o
o~xi

����
p

 ! !

¼
Xm
j¼1

Xm
i¼1

o~xi

ox j
uðpÞð Þ

� �
v j

o
o~xi

����
p

 ! ! !

¼
Xm
i¼1

Xm
j¼1

o~xi

ox j
uðpÞð Þ

� �
v j

o
o~xi

����
p

 ! ! !

¼
Xm
i¼1

Xm
j¼1

o~xi

ox j
uðpÞð Þ

� �
v j

 !
o
o~xi

����
p

 ! !

¼
Xm
i¼1

Xm
j¼1

o~xi

ox j
uðpÞð Þ

� �
v j

 !
o
o~xi

����
p

 !
;

so

Xm
i¼1

~vi
o
o~xi

����
p

 !
¼
Xm
i¼1

Xm
j¼1

o~xi

ox j
uðpÞð Þ

� �
v j

 !
o
o~xi

����
p

 !
;

and hence

~vi ¼
Xm
j¼1

o~xi

ox j
uðpÞð Þ

� �
v j:

In short,

~vi ¼ o~xi

ox j
uðpÞð Þ

� �
v j:
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5.3 Tangent Bundles

Lemma 5.21 Let M be a nonempty set. Let fUigi2I be a nonempty family of subsets
of M. Let fuigi2I be a family of maps ui from Ui to R

m: If

1. for each i 2 I; ui is a 1–1 mapping from Ui onto an open subset uiðUiÞ of Rm;
2. for each i; j 2 I; uiðUi \ UjÞ; and ujðUi \ UjÞ are open in R

m;

3. if Ui \ Uj 6¼ ;; then the map uj � u�1
i : uiðUi \ UjÞ ! ujðUi \ UjÞ is smooth,

4. there exists a countable subcollection of fUigi2I that covers M;

5. if p; q are distinct points of M; then either ðthere exists i 2 I such that p; q 2
UiÞ; or ðthere exist i; j 2 I such that p 2 Ui; q 2 Uj; and Ui \ Uj ¼ ;Þ; then
there exists a unique smooth differential structure A over M such that for each
i 2 I; ðUi;uiÞ 2 A:

Proof First of all, we shall try to show that the collection fu�1
k ðGÞ : k 2 I;

and G is open in R
mg is closed with respect to finite intersection.

For this purpose, let us take any u�1
i ðG1Þ;u�1

j ðG2Þ 2 fu�1
k ðGÞ : k 2 I;

and G is open in R
mg; where i; j 2 I; G1;G2 are open in R

m:

Case I: when i ¼ j. Since i ¼ j; u�1
i ðG1Þ \ u�1

j ðG2Þ ¼ u�1
i ðG1Þ \ u�1

i ðG2Þ ¼
u�1
i ðG1 \ G2Þ: Since G1;G2 are open in R

m; G1 \ G2 is open in R
m: Now,

since i 2 I; and G1 \ G2 is open in R
m; u�1

i ðG1 \ G2Þ 2 fu�1
k ðGÞ : k 2 I;

and G is open in R
mg; and hence, u�1

i ðG1Þ \ u�1
j ðG2Þ 2 fu�1

k ðGÞ : k 2 I;
and G is open in R

mg:
Case II: when i 6¼ j.
Subcase I: when u�1

i ðG1Þ \ u�1
j ðG2Þ ¼ ;. Since fUigi2I is a nonempty family of

subsets ofM, I is nonempty. Since I is nonempty, there exists i0 2 I: Since i0 2 I;
and the empty set ; is open in R

m; u�1
i ðG1Þ \ u�1

j ðG2Þ ¼ ; ¼ u�1
i0 ð;Þ 2

fu�1
k ðGÞ : k 2 I; and G is open in R

mg; and hence u�1
i ðG1Þ \ u�1

j ðG2Þ 2
fu�1

k ðGÞ : k 2 I; and G is open in R
mg:

Subcase II: when u�1
i ðG1Þ \ u�1

j ðG2Þ 6¼ ;.
Sinceu�1

i ðG1Þ \ u�1
j ðG2Þ 6¼ ;; there exists x 2 u�1

i ðG1Þ \ u�1
j ðG2Þ; and hence,

uiðxÞ 2 G1; ujðxÞ 2 G2; x 2 Ui; and x 2 Uj: Since x 2 Ui; and x 2 Uj; Ui \ Uj 6¼ ;;
and hence, by condition 3, ðuj � u�1

i Þ�1ðG2Þ is open in uiðUi \ UjÞ: Since

ðuj � u�1
i Þ�1ðG2Þ is open in uiðUi \ UjÞ and, by condition 2, uiðUi \ UjÞ is open in

R
m; ðuj � u�1

i Þ�1ðG2Þð¼ ðui � u�1
j ÞðG2ÞÞ is open inRm; and hence, ðui � u�1

j Þ ðG2Þ
is open in R

m: Since ðui � u�1
j ÞðG2Þ is open in R

m; and G1 is open in R
m; G1 \

ðui � u�1
j ÞðG2Þ is open in R

m: Since G1 \ ðui � u�1
j ÞðG2Þ is open in R

m;

u�1
i ðG1 \ ðui � u�1

j ÞðG2ÞÞ 2 fu�1
k ðGÞ : k 2 I; and G is open in R

mg: Since fu�1
k

ðGÞ : k 2 I; and G is open in R
mg3 u�1

i ðG1 \ ðui � u�1
j ÞðG2ÞÞ ¼ u�1

i ðG1Þ \ u�1
i

ððui � u�1
j ÞðG2ÞÞ ¼ u�1

i ðG1Þ \ u�1
j ðG2Þ; u�1

i ðG1Þ \ u�1
j ðG2Þ 2 fu�1

k ðGÞ : k 2 I;
and G is open in R

mg:
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Thus, we see that, in all cases, u�1
i ðG1Þ \ u�1

j ðG2Þ 2 fu�1
k ðGÞ : k 2 I;

and G is open in R
mg: Hence, fu�1

k ðGÞ : k 2 I; and G is open in R
mg is closed

with respect to finite intersection. Let O be the collection of arbitrary unions of the
members of fu�1

i ðGÞ : i 2 I; and G is open in R
mg:

We shall show that O is a topology over M:

(a) Since fUigi2I is a nonempty collection of subsets of M; I is nonempty. Since I
is nonempty, there exists i0 2 I. Since i0 2 I; and the empty set ; is open in
R

m; ; ¼ u�1
i0 ð;Þ 2 fu�1

i ðGÞ : i 2 I; and G is open in R
mg � O; and hence,

; 2 O:

(b) Since for each i 2 I; ui maps from Ui to Rm; u�1
i ðRmÞ ¼ Ui: Now, since Rm is

open in R
m; fUi : i 2 Ig ¼ fu�1

i ðRmÞ : i 2 Ig � fu�1
i ðGÞ : i 2 I; and G

is open in R
mg; and hence, [i2I Ui 2 O: By condition 4, there exists a

countable subcollection of fUigi2I that covers M, so fUigi2I also covers M,
and hence, [i2I Ui ¼ M: Since M ¼ [i2I Ui 2 O; M 2 O:

(c) Clearly, O is closed with respect to arbitrary union.
(d) Let[fu�1

i ðGi1Þ : i 2 I; and Gi1 is open in R
mg 2 O; and[fu�1

i ðGi2Þ : i 2 I;
and Gi2 is open in R

mg 2 O: We have to prove that ð[fu�1
i ðGi1Þ : i 2 I;

and Gi1 is open in R
mgÞ \ ð[fu�1

i ðGi2Þ : i 2 I; and Gi2 is open in R
mgÞ 2O:

Here, ð[fu�1
i ðGi1Þ : i 2 I; and Gi1 is open in R

mgÞ \ ð[fu�1
i ðGi2Þ : i 2 I; and Gi2

is open in R
mgÞ ¼ [fu�1

j ðGj1Þ \ u�1
k ðGk2Þ : ðj; kÞ 2 I � I;Gj1;Gk2 are open in R

mg:
Since fu�1

i ðGÞ : i 2 I; and G is open in R
mg is closed with respect to finite

intersection, fu�1
j ðGj1Þ \ u�1

k ðGk2Þ : ðj; kÞ 2 I � I;Gj1;Gk2 are open in R
mg � fu�1

i

ðGÞ : i 2 I; and G is open in R
mg; and hence, [fu�1

j ðGj1Þ \ u�1
k ðGk2Þ : ðj; kÞ 2

I � I;Gj1;Gk2 are open in R
mg 2 O: It follows that ð[fu�1

i ðGi1Þ : i 2 I;
and Gi1 is open in R

mgÞ \ ð[fu�1
i ðGi2Þ : i 2 I; and Gi2 is open in R

mgÞ 2 O:
Thus, O is a topology over M:

It is clear that fu�1
i ðGÞ : i 2 I; and G is open in R

mg is a basis of the topo-
logical space ðM;OÞ. Now, we want to prove that for each i 2 I; Ui 2 O: For this
purpose, let us fix any i0 2 I: We have to prove that Ui0 2 O: Clearly, fu�1

i ðGÞ :
i 2 I; and G is open in R

mg � O; and Ui0 ¼ u�1
i0 ðRmÞ 2 fu�1

i ðGÞ : i 2 I; and G
is open in R

mg; so Ui0 2 O:
Now, we want to prove that for each i 2 I; ui : Ui ! uiðUiÞ is continuous. For

this purpose, let us take any open set G in uiðUiÞ:We have to show that u�1
i ðGÞ is

open in Ui: Since G is open in uiðUiÞ; and uiðUiÞ is open in R
m; G is open in R

m;

and hence, by the definition of O; for every i 2 I; u�1
i ðGÞ 2 O: Since u�1

i ðGÞ 2 O;

u�1
i ðGÞ \ Ui is open in Ui: Since ui : Ui ! uiðUiÞ; u�1

i ðGÞ � Ui; and hence,
u�1
i ðGÞ \ Ui ¼ u�1

i ðGÞ: Since u�1
i ðGÞ \ Ui ¼ u�1

i ðGÞ; and u�1
i ðGÞ \ Ui is open

in Ui; u�1
i ðGÞ is open in Ui:

Thus, we have shown that for each i 2 I; ui : Ui ! uiðUiÞ is continuous. Now,
we want to show that ui is an open mapping. For this purpose, let us take any
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open set G in Ui: We have to show that uiðGÞ is open in uiðUiÞ: Since
fu�1

j ðGÞ : j 2 I; and G is open in R
mg is a basis of the topological space ðM;OÞ;

fu�1
j ðGÞ \ Ui : j 2 I; and G is open in R

mg is a basis of Ui: Now, it suffices to

prove that uiðu�1
j ðGÞ \ UiÞ is open in uiðUiÞ for every j 2 I; and for every G

which is open in R
m:

Case I: when u�1
j ðGÞ \ Ui ¼ ;. Here, uiðu�1

j ðGÞ \ UiÞ ¼ uið;Þ ¼ ;; which is
open in uiðUiÞ:
Case II: whenu�1

j ðGÞ \ Ui 6¼ ;:Sinceu�1
j ðGÞ � Uj; andu�1

j ðGÞ \ Ui 6¼ ;;Uj \
Ui 6¼ ;: Here, ui is 1–1, so uiðu�1

j ðGÞ \ UiÞ ¼ uiðu�1
j ðGÞÞ \ uiðUiÞ ¼ ðui�

u�1
j ÞðGÞ \ uiðUiÞ: SinceUj \ Ui 6¼ ;; by the condition 3,ui � u�1

j is open. Since

G is open in R
m; and ui � u�1

j is open, ðui � u�1
j ÞðGÞ is open in R

m; and hence,

ðui � u�1
j ÞðGÞ \ uiðUiÞ is open in uiðUiÞ: Since ðui � u�1

j ÞðGÞ \ uiðUiÞ ð¼ ui

ðu�1
j ðGÞ \ UiÞÞ is open in uiðUiÞ; uiðu�1

j ðGÞ \UiÞ is open in uiðUiÞ:
Thus, in all cases, uiðu�1

j ðGÞ \ UiÞ is open in uiðUiÞ: This shows that ui is an
open mapping. Thus, we have shown that ui : Ui ! uiðUiÞ is a homeomorphism. It
follows that for each i 2 I; the ordered pair ðUi;uiÞ is a coordinate chart of M.

Now, we want to show that the topology O of M is Hausdorff. For this purpose,
let us take any two distinct points p, q in M. We have to find an open neighborhood
G of p, and an open neighborhood G1 of q such that G;G1 are disjoint. Since p, q are
distinct points of M, by condition 5, either ðthere exists i 2 I such that p; q 2 UiÞ or
ðthere exist i; j 2 I such that p 2 Ui; q 2 Uj; and Ui\ Uj ¼ ;Þ:

Case I:when there exist i; j 2 I such that p 2 Ui; q 2 Uj; and Ui \ Uj ¼ ;. Since
i 2 I; Ui 2 O: Since Ui 2 O; and p 2 Ui; Ui is an open neighborhood of p in M:
Similarly,Uj is an open neighborhood of q inM:Also,Ui \ Uj ¼ ;:Thus, we have
found an open neighborhood Ui of p; and an open neighborhood Uj of q such that
Ui;Uj are disjoint.
Case II: when there exists i 2 I such that p; q 2 Ui. Since ui : Ui ! uiðUiÞ is
continuous, ui is 1–1, and p; q are distinct elements of Ui; uiðpÞ;uiðqÞ are
distinct points of uiðUiÞ: Since, by condition 1, uiðUiÞ is open in R

m; and
uiðpÞ;uiðqÞ are distinct points of uiðUiÞ; there exist an open neighborhood G1

of uiðpÞ in R
m and an open neighborhood G2 of uiðqÞ in R

m such that G1 �
uiðUiÞ;G2 � uiðUiÞ; and G1;G2 are disjoint. Since ui : Ui ! uiðUiÞ is con-
tinuous, and G1 is an open neighborhood of uiðpÞ in R

m; u�1
i ðG1Þ is an open

neighborhood of p in Ui: Since u�1
i ðG1Þ is an open neighborhood of p in Ui; and

Ui 2 O; u�1
i ðG1Þ is an open neighborhood of p in M: Similarly, u�1

i ðG2Þ is an
open neighborhood of q in M: Also, u�1

i ðG1Þ \ u�1
i ðG2Þ ¼ u�1

i ðG1 \G2Þ ¼
u�1
i ð;Þ ¼ ;: Thus, we have found an open neighborhood u�1

i ðG1Þ of p, and an
open neighborhood u�1

i ðG2Þ of q such thatu�1
i ðG1Þ;u�1

i ðG2Þ are disjoint.

Thus, we see that, in all cases, there exist disjoint open neighborhoods of p and q.
Hence, the topology O over M is Hausdorff.
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Now, we want to show that the topology O of M is second countable. Observe
that for every j 2 I; the subspace topology of Uj is second countable.

(Reason: For every j 2 I; ujðUjÞ is a subset of Rm: Since each ujðUjÞ is a subset
of Rm; and the topology of Rm is second countable, the subspace topology of ujðUjÞ
is second countable. Since the topology of ujðUjÞ is second countable, and uj :

Uj ! ujðUjÞ is a homeomorphism, the topology of Uj is second countable.)
By condition 4, there exists a countable subcollection fUi1 ;Ui2 ;Ui3 ; . . .g of

fUigi2I such that fUi1 ;Ui2 ;Ui3 ; . . .g covers M: Since fUi1 ;Ui2 ;Ui3 ; . . .g is a sub-
collection of fUigi2I ; and for each i 2 I; the topology of Ui is second countable,
each Uik ðk ¼ 1; 2; 3; . . .Þ is a second countable space, and hence, there exists a
countable basis fVk1;Vk2;Vk3; . . .g of Uik : Since each Vkl is open in Uik ; and Uik 2
O; each Vkl 2 O: Observe that fVkl : k; l are positive integersg is a countable col-
lection of open subsets of M. We shall try to show that fVkl :
k; l are positive integersg is a basis of M. For this purpose, let us take any open
neighborhood G of p in M.

Since p 2 M; and fUi1 ;Ui2 ;Ui3 ; . . .g covers M, there exists a positive integer
k such that p 2 Uik : Since p 2 Uik ; p 2 G; p 2 Uik \ G: Since G are open in M,
Uik \ G is open in Uik : Thus, Uik \ G is an open neighborhood of p in Uik : Since
Uik \ G is an open neighborhood of p in Uik ; and fVk1;Vk2;Vk3; . . .g is a basis
of Uik ; there exists a positive integer l such that p 2 Vkl � Uik \ G � G:

This shows that fVkl : k; l are positive integersg is a countable basis of
M. Hence, the topology of M is second countable.

Now, we want to show that M is an m-dimensional topological manifold. For
this purpose, let us take any p 2 M: Since p 2 M; and fUigi2I is a cover of M; there
exists i0 2 I such that p 2 Ui0 : Here, ðUi0 ;ui0Þ is a coordinate chart of M, and
p 2 Ui0 : It follows that M is an m-dimensional topological manifold.

Next, let B be the collection of all coordinate charts ðUi;uiÞ; where i 2 I: We
shall try to prove that B is an atlas onM: For this purpose, let us take any coordinate
charts ðUi;uiÞ; ðUj;ujÞ, where Ui \ Uj 6¼ ;: We have to prove that uj � u�1

i :

uiðUi \ UjÞ ! ujðUi \ UjÞ is smooth. Since Ui \ Uj 6¼ ;; by the condition 3, uj �
u�1
i : uiðUi \ UjÞ ! ujðUi \ UjÞ is smooth. This proves that B is an atlas on M.
Since B is an atlas on an m-dimensional topological manifold M, by Note 1.5,

there exists a unique smooth differential structure A on M which contains B: h

Definition Let fXigi2I be any family of sets. The set fði; xÞ : i 2 I and x 2 Xig is
denoted by

‘
i2I Xi; and is called the disjoint union of fXigi2I . Thus,‘

i2I Xi ¼ [i2Iðfig � XiÞ:
Note 5.22 Let M be an m-dimensional smooth manifold. Let A be the smooth
structure of M. Let ðU;uÞ 2 A: For every p 2 U; let

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxm

����
p

 !
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be the coordinate basis of TpM corresponding to ðU;uÞ; where

o
oxi

����
p

� d u�1� �
uðpÞ

� � o
oxi

����
uðpÞ

 !
:

Here,
‘

r2U TrM �‘r2M TrM; and uðUÞ � R
m � R

m � R
m ¼ R

2m: Let us define
a function ~u :

‘
r2U TrM ! uðUÞ � R

m as follows: For every

p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
2
a
r2U

TrM;

~u p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
� p1 � uð ÞðpÞ; . . .; pm � uð ÞðpÞ; v1; . . .; vm� �

:

First of all, observe that ~u is well defined.

(Reason:Letðp; v1ð o
ox1
��
pÞ þ � � � þ vmð o

oxm
��
pÞÞ ¼ ðq;w1ð o

ox1
��
qÞ þ � � � þ wmð o

oxm
��
qÞÞwhere

ðp; v1ð o
ox1
��
pÞ þ � � � þ vmð o

oxm
��
pÞÞ 2

‘
r2U TrM;

and

q;w1 o
ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 ! !
2
a
r2U

TrM:

We have to show that

p1 � uð ÞðpÞ; . . .; pm � uð ÞðpÞ; v1; . . .vm� � ¼ p1 � uð ÞðqÞ; . . .; pm � uð ÞðqÞ;w1; . . .;wm
� �

:

Since

p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
¼ q;w1 o

ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 ! !
;

p ¼ q and

v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ w1 o

ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 !
:
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Since p ¼ q; for every i ¼ 1; . . .;m; ðpi � uÞðpÞ ¼ ðpi � uÞðqÞ: Since p ¼ q; and

v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ w1 o

ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 !
;

so v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ w1 o

ox1

����
p

 !
þ � � � þ wm o

oxm

����
p

 !
:

Since

v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ w1 o

ox1

����
p

 !
þ � � � þ wm o

oxm

����
p

 !
;

and

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxm

����
p

 !

is a basis of TpM; for every i ¼ 1; . . .;m; vi ¼ wi: Since for every i ¼ 1; . . .;m;
vi ¼ wi; and ðpi � uÞðpÞ ¼ ðpi � uÞðqÞ; ððp1 � uÞðpÞ; . . .; ðpm � uÞðpÞ; v1; . . .vmÞ
¼ ððp1 � uÞðqÞ; . . .; ðpm � uÞðqÞ;w1; . . .;wmÞ:) Thus, f‘r2U TrMgðU;uÞ2A is a
family of subsets of

‘
r2M TrM; and f~ugðU;uÞ2A is a family of functions from‘

r2U TrM onto uðUÞ � R
mð� R

2mÞ:
Now, we shall verify all the conditions 1–5 of Lemma 5.21:

1. ~u :
‘

r2U TrM ! uðUÞ � R
m is 1–1: For this purpose, let

~u p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
¼ ~u q;w1 o

ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 ! !
:

We have to show that

p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
¼ q;w1 o

ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 ! !
:

Here,

p1 � uð ÞðpÞ; . . .; pm � uð ÞðpÞ; v1; . . .; vm� � ¼ ~u p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !

¼ ~u q;w1 o
ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 ! !
¼ p1 � uð ÞðqÞ; . . .; pm � uð ÞðqÞ;w1; . . .;wm
� �

;
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and hence, for every i ¼ 1; . . .;m; ðpi � uÞðpÞ ¼ ðpi � uÞðqÞ; and vi ¼ wi: Since for
every i ¼ 1; . . .;m; ðpi � uÞðpÞ ¼ ðpi � uÞðqÞ; uðpÞ ¼ uðqÞ: Since uðpÞ ¼ uðqÞ;
and u is 1–1, p ¼ q: Since for every i ¼ 1; . . .;m; vi ¼ wi;

v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ w1 o

ox1

����
p

 !
þ � � � þ wm o

oxm

����
p

 !
:

Since

v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ w1 o

ox1

����
p

 !
þ � � � þ wm o

oxm

����
p

 !
; and p ¼ q;

so v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ w1 o

ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 !
:

It follows that

p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
¼ q;w1 o

ox1

����
q

 !
þ � � � þ wm o

oxm

����
q

 ! !
:

Thus, we have shown that ~u :
‘

r2U TrM ! uðUÞ � R
m is 1–1. Now, we want to

show that ~u :
‘

r2U TrM ! uðUÞ � R
m is onto. For this purpose, let us take any

ððp1 � uÞðpÞ; . . .; ðpm � uÞðpÞ; v1; . . .; vmÞ 2 uðUÞ � R
m; where p 2 U: Here, p 2 U;

and

v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
2 TpM;

so

v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
2
a
r2U

TrM:

Also,

~u v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
¼ p1 � uð ÞðpÞ; . . .; pm � uð ÞðpÞ; v1; . . .; vm� �

:

This shows that ~u :
‘

r2U TrM ! uðUÞ � R
m is a 1–1 onto mapping.

Now, we want to show that uðUÞ � R
m is open in R

2m: Since ðU;uÞ 2 A; and
A is a smooth structure of M; uðUÞ is open in R

m; and hence, uðUÞ � R
m is open

in R
m � R

mð¼ R
2mÞ:
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2. Let us take any ðU;uÞ 2 A; and ðV ;wÞ 2 A: We have to prove that
~uðð‘r2U TrMÞ \ ð‘r2V TrMÞÞ is open in R

2m: Here, ~uðð‘r2U TrMÞ\
ð‘r2V TrMÞÞ ¼ ~uð‘r2U \V TrMÞ: Here, ~u :

‘
r2U TrM ! uðUÞ � R

m is
defined as follows: For every

p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
2
a
r2U

TrM;

~u p; v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 ! !
� p1 � uð ÞðpÞ; . . .; pm � uð ÞðpÞ; v1; . . .; vm� �

It follows that ~uð‘r2U \V TrMÞ ¼ uðU \ VÞ � R
m; and hence, ~uðð‘r2U TrMÞ

\ð‘r2V TrMÞÞ ¼ uðU \ VÞ � R
m: Since ðU;uÞ 2 A; and ðV ;wÞ 2 A; uðU \ VÞ

is open in R
m; and hence, uðU \ VÞ � R

m is open in R
2m: This shows that

~uðð‘r2U TrMÞ \ð‘r2V TrMÞÞ is open in R
2m: Similarly, ~wðð‘r2U TrMÞ\

ð‘r2V TrMÞÞ is open in R
2m:

3. Let us take any ðU;uÞ 2 A; and ðV ;wÞ 2 A: Let ð‘r2U TrMÞ \ ð‘r2V TrMÞ 6¼
;: We have to prove that

~w � ~u�1 : ~u
a
r2U

TrM

 !
\

a
r2V

TrM

 ! !
! ~w

a
r2U

TrM

 !
\

a
r2V

TrM

 ! !

is smooth, that is,

~w � ~u�1 : ~u
a

r2U\V
TrM

 !
! ~w

a
r2U\V

TrM

 !

is smooth. For every p 2 U \ V ; let

o
ox1

����
p

;
o
ox2

����
p

; . . .;
o
oxm

����
p

 !

be the coordinate basis of TpM corresponding to ðU;uÞ; where

o
oxi

����
p

� d u�1� �
uðpÞ

� � o
oxi

����
uðpÞ

 !
;
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and let
o
o~x1

����
p

;
o
o~x2

����
p

; . . .;
o
o~xm

����
p

 !

be the coordinate basis of TpM corresponding to ðV ;wÞ; where
o
o~xi

����
p

� d w�1� �
wðpÞ

� � o
o~xi

����
wðpÞ

 !
:

Also,

o
ox j

����
p

¼ o~xi

ox j
uðpÞð Þ

� �
o
o~xi

����
p

 !
:

Here, for every ðx1; . . .; xm; v1; . . .; vmÞ 2 ~uð‘r2U\V TrMÞ; we have

~w � ~u�1
� �

x1; . . .; xm; v1; . . .; vm
� � ¼ ~w ~u�1 x1; . . .; xm; v1; . . .; vm

� �� �
¼ ~w u�1 x1; . . .; xm

� �
; v1

o
ox1

����
u�1 x1;...;xmð Þ

 ! 

þ � � � þ vm
o
oxm

����
u�1 x1;...;xmð Þ

 !!

¼ ~w u�1 x1; . . .; xm
� �

; vi
o
oxi

����
u�1 x1;...;xmð Þ

 ! !

¼ ~w u�1 x1; . . .; xm
� �

; vi
o~x j

oxi
x1; . . .; xm
� �� �

o
o~x j

����
u�1 x1;...;xmð Þ

 ! ! !

¼ ~w u�1 x1; . . .; xm
� �

; vi
o~x j

oxi
x1; . . .; xm
� �� �� �

o
o~x j

����
u�1 x1;...;xmð Þ

 ! !
¼ p1 � wð Þ u�1 x1; � � � ; xm� �� �

; . . .; pm � wð Þ u�1 x1; . . .; xm
� �� �

;
�
vi

o~x1

oxi
x1; . . .; xm
� �� �

; . . .; vi
o~xm

oxi
x1; . . .; xm
� �� ��

¼ p1 � w � u�1
� �� �

x1; . . .; xm
� �

; . . .; pm � w � u�1
� �� �

x1; . . .; xm
� �

;
�
vi

o~x1

oxi
x1; . . .; xm
� �� �

; . . .; vi
o~xm

oxi
x1; . . .; xm
� �� ��

¼ p1 � w � u�1� �� �
x1; . . .; xm
� �

; . . .; pm � w � u�1� �� �
x1; . . .; xm
� �

;
�
vi

o w � u�1ð Þ1
oxi

x1; . . .; xm
� � !

; . . .; vi
o w � u�1ð Þm

oxi
x1; . . .; xm
� �� �!

¼ w � u�1
� �1

x1; . . .; xm
� �

; . . .; w � u�1
� �m

x1; . . .; xm
� �

;
�
vi

o w � u�1ð Þ1
oxi

x1; . . .; xm
� � !

; . . .; vi
o w � u�1ð Þm

oxi
x1; . . .; xm
� �� �!

:
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Thus,

~w � ~u�1
� �

x1; . . .; xm; v1; . . .; vm
� � ¼ w � u�1� �1

x1; . . .; xm
� �

; . . .; w � u�1� �m
x1; . . .; xm
� �

;
�

vi
o w � u�1ð Þ1

oxi
x1; . . .; xm
� � !

; . . .; vi
o w � u�1ð Þm

oxi
x1; . . .; xm
� �� �

Þ:

Here, w � u�1 is smooth, so each of ðx1; . . .; xm; v1; . . .; vmÞ 7! ðw � u�1Þi
ðx1; . . .; xmÞ is smooth, and each of

x1; . . .; xm; v1; . . .; vm
� � 7! vi

o w � u�1ð Þ j
oxi

x1; . . .; xm
� � !

is smooth, and hence, ~w � ~u�1 is smooth.

4. Since fMg is an open cover of M, by the Lemma 4.52, there exists a countable
collection fðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; � � �g of admissible coordinate charts of
M such that fU1;U2;U3; � � �g covers M. Here, each ðUk;ukÞ is an admissible
coordinate charts of M, so each ðUk;ukÞ 2 A, and hence, f‘r2Uk

TrMgk2N is a
countable subcollection of f‘r2U TrMgðU;uÞ2A:

Now, we want to prove that f‘r2Uk
TrMgk2N covers

‘
r2M TrM: Since

fU1;U2;U3; . . .g covers M, M ¼ [1
k¼1 Uk; and hence, [1

k¼1ð
‘

q2Uk
TqMÞ ¼‘

q2[1
k¼1 Uk

TqM ¼‘q2M TqM ¼ ‘r2M TrM: It follows that f‘q2U1
TqM;

‘
q2U2

TqM;
‘

q2U3
TqM; . . .g covers

‘
r2M TrM:

5. Let ðp; vÞ 2 TM; ðq;wÞ 2‘r2M TrM; and ðp; vÞ 6¼ ðq;wÞ: Since ðp; vÞ 2‘
r2M TrM; v 2 TpM: Similarly, w 2 TqM:

Case I: when p ¼ q. Since p ¼ q; and ðp; vÞ 6¼ ðq;wÞ; v 6¼ w: Since p ¼ q; and
w 2 TqM; w 2 TpM: Since p 2 M; andM is an m-dimensional smooth manifold,
there exists ðV ;wÞ 2 A such that p 2 V : Since ðV ;wÞ 2 A;

‘
r2V TrM 2

f‘r2U TrMgðU;uÞ2A: Since p 2 V ; and v 2 TpM; ðp; vÞ 2‘r2V TrM: Since p 2
V ; and p ¼ q; q 2 V : Since q 2 V ; andw 2 TqM; ðq;wÞ 2‘r2V TrM:Thus, there
exists

‘
r2V TrM 2 f‘r2U TrMgðU;uÞ2A such that ðp; vÞ; ðq;wÞ 2‘r2V TrM:

Case II: when p 6¼ q. SinceM is anm-dimensional smooth manifold, its topology
is Hausdorff. Since the topology of M is Hausdorff, p 6¼ q; and p; q 2 M; there
exist an open neighborhood G1 of p and an open neighborhood G2 of q such that
G1 \ G2 ¼ ;: Since p 2 M; andM is a smooth manifold, there exists ðV ;wÞ 2 A
such that p 2 V : Since ðV ;wÞ 2 A; and p 2 V ; V is an open neighborhood of p.
Since V is an open neighborhood of p, and G1 is an open neighborhood of p,
G1 \ V is an open neighborhood of p. Since ðV ;wÞ 2 A; G1 \ V is an open
subset of V, and A is a smooth structure onM, ðG1 \ V ;wjG1\V Þ 2 A: Similarly,
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there exists ðW ; vÞ 2 A such that ðG2 \W ; vjG2\W Þ 2 A: Since ðG1 \ V ;
wjG1\V Þ 2 A;

‘
r2G1\V TrM 2 f‘r2U TrMgðU;uÞ2A: Similarly,

‘
r2G2\W TrM 2

f‘r2U TrMgðU;uÞ2A:Here,G1 \ V is an open neighborhood of p, so p 2 G1 \ V :
Since p 2 G1 \ V ; and v 2 TpM; ðp; vÞ 2 ‘r2G1\V TrM: Similarly, ðq;wÞ 2‘

r2G2\W TrM: Next, ð‘r2G1\V TrMÞ \ ð‘r2G2\W TrMÞ ¼‘r2ðG1\VÞ\ðG2\WÞ
TrM ¼‘r2ðG1\G2Þ\ðV\WÞ TrM ¼ ‘r2;\ðV\WÞ TrM ¼‘r2; TrM ¼ ;:
Hence, the condition 5 is satisfied.
Now, by Lemma 5.21, there exists a unique smooth differential structure B over‘
r2M TrM such that for each ðU;uÞ 2 A; ð‘r2U TrM; ~uÞ 2 B: Thus, ‘r2M TrM

becomes a 2m-dimensional smooth manifold. This 2m-dimensional smooth mani-
fold

‘
r2M TrM is called the tangent bundle of M. It is denoted by TM. Here,

corresponding to each admissible coordinate chart ðU;uÞ of M, ð‘r2U TrM; ~uÞ is
an admissible coordinate chart of TM.

Theorem 5.23 Let M be an m-dimensional smooth manifold. Let ðM;uÞ be an
admissible coordinate chart of M. Then, TM is diffeomorphic onto M � R

m:

Proof Since ðM;uÞ is an admissible coordinate chart of M, by the Note 5.22,
ð‘r2M TrM; ~uÞ is an admissible coordinate chart of TM, where ~u :

‘
r2M TrM !

uðMÞ � R
m: Now, since

‘
r2M TrM ¼ TM; ðTM; ~uÞ is an admissible coordinate

chart of TM, where ~u : TM ! uðMÞ � R
m: Since ðM;uÞ is an admissible coor-

dinate chart of M, φ is a diffeomorphism from M onto φ(M). Since φ is a diffeo-
morphism from M onto φ(M), M is diffeomorphic onto φ(M). Since ðTM; ~uÞ is an
admissible coordinate chart of TM; where ~u : TM ! uðMÞ � R

m; ~u : TM !
uðMÞ � R

m is a diffeomorphism, and hence, TM is diffeomorphic onto uðMÞ �
R

m: Since TM is diffeomorphic onto uðMÞ � R
m; and M is diffeomorphic onto

uðMÞ; TM is diffeomorphic onto M � R
m: h

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be smooth. The mapping dF : TM ! TN is
defined as follows: For every ðp; vÞ 2 TMð¼‘r2M TrMÞ; where p 2 M; and
v 2 TpM;

dFð Þ p; vð Þ � FðpÞ; dFp
� �ðvÞ� �

:

Here, dF is called the global differential of F (or, global tangent map of F).

Theorem 5.24 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be smooth. Then, dF : TM ! TN is
smooth.

Proof Let us take any ðp; vÞ 2 TMð¼ ‘r2M TrMÞ where p 2 M; and ðp; vÞ 2 TpM:

Let us take any admissible coordinate chart ðU;uÞ of M such that p 2 U: For every
q 2 U; let
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o
ox1

����
q

;
o
ox2

����
q

; . . .;
o
oxm

����
q

 !

be the coordinate basis of TqM corresponding to ðU;uÞ; where

o
oxi

����
q
� d u�1� �

uðqÞ
� � o

oxi

����
uðqÞ

 !
:

Here,
‘

r2U TrMð�‘r2M TrM ¼ TMÞ is an open neighborhood of ðp; vÞ in TM;

and uðUÞ � R
mð� R

m � R
m ¼ R

2mÞ is open in R
2m:

Let us define a function ~u :
‘

r2U TrM ! uðUÞ � R
m as follows: For every

q; v1
o
ox1

����
q

 !
þ � � � þ vm

o
oxm

����
q

 ! !
2
a
r2U

TrM;

~u q; v1
o
ox1

����
q

 !
þ � � � þ vm

o
oxm

����
q

 ! !
� p1 � uð ÞðqÞ; . . .; pm � uð ÞðqÞ; v1; . . .; vm� �

;

where pi : R
m ! R denotes the ith projection function of Rm:

We know that ð‘r2U TrM; ~uÞ is an admissible coordinate chart of TM. Here,
F : M ! N; and p 2 M; so FðpÞ 2 N: Let us take any admissible coordinate chart
ðV ;wÞ of N such that FðpÞ 2 V : For every r 2 V ; let

o
oy1

����
r

;
o
oy2

����
r

; . . .;
o
oyn

����
r

� �
be the coordinate basis of TrN corresponding to ðV ;wÞ; where

o
oyi

����
r
� d w�1� �

wðrÞ
� � o

oyi

����
wðrÞ

 !
:

Here,
‘

r2V TrNð�
‘

r2N TrN ¼ TNÞ is an open neighborhood of ðdFÞðp; vÞ
ð¼ ðFðpÞ; ðdFpÞðvÞÞÞ; and wðVÞ � R

nð� R
n � R

n ¼ R
2nÞ is open in R

2n: Let us

define a function ~w :
‘

r2V TrN ! wðVÞ � R
n as follows: For every

r;w1 o
oy1

����
r

� �
þ � � � þ wn o

oyn

����
r

� �� �
2
a
r2V

TrN;

~w r;w1 o
oy1

����
r

� �
þ � � � þ wn o

oyn

����
r

� �� �
� p01 � w
� �ðrÞ; . . .; p0n � w

� �ðrÞ;w1; . . .;wn
� �

;
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where p0i : R
n ! R denotes the ith projection function of R

n: We know that
ð‘r2V TrN; ~wÞ is an admissible coordinate chart of TN: We have to prove that
~w � F � ~u�1 : ~uðð‘r2U TrMÞÞ ! ~wðð‘r2V TrNÞÞ is smooth. Here, for every
ðx1; . . .; xm; v1; . . .; vmÞ 2 ~uð‘r2U\V TrMÞ; we have

~w � F � ~u�1
� �

x1; . . .; xm; v1; . . .; vm
� � ¼ ~w ~u�1 x1; . . .; xm; v1; . . .; vm

� �� �
¼ ~w � F
� �

u�1 x1; . . .; xm
� �

; v1
o
ox1

����
u�1 x1;...;xmð Þ

 !
þ � � � þ vm

o
oxm

����
u�1 x1;...;xmð Þ

 ! !

¼ ~w � F
� �

u�1 x1; . . .; xm
� �

; vi
o
oxi

����
u�1 x1;...;xmð Þ

 ! !

¼ ~w F u�1 x1; . . .; xm
� �

; vi
o
oxi

����
u�1 x1;...;xmð Þ

 ! ! !

¼ ~w F u�1 x1; . . .; xm
� �� �

; dFp
� �

vi
o
oxi

����
u�1 x1;...;xmð Þ

 ! ! !

¼ ~w F u�1 x1; . . .; xm
� �� �

; vi dFp
� � o

oxi

����
u�1 x1;...;xmð Þ

 ! ! !

¼ ~w F u�1 x1; . . .; xm
� �� �

; vi
o p0j � w � F � u�1ð Þ
� �

oxi
u u�1 x1; . . .; xm

� �� �� �0@ 1A o
oy j

����
F u�1 x1;...;xmð Þð Þ

 !0@ 1A0@ 1A
¼ ~w F u�1 x1; . . .; xm

� �� �
; vi

o p0j � w � F � u�1ð Þ
� �

oxi
x1; . . .; xm
� �0@ 1A o

oy j

����
F u�1 x1;...;xmð Þð Þ

 !0@ 1A0@ 1A
¼ ~w F u�1 x1; . . .; xm

� �� �
; vi

o p0j � w � F � u�1ð Þ
� �

oxi
x1; . . .; xm
� �0@ 1A0@ 1A o

oy j

����
F u�1 x1;...;xmð Þð Þ

 !0@ 1A
¼ p01 � w
� �

F u�1 x1; . . .; xm
� �� �� �

; . . .; p0n � w
� �

F u�1 x1; . . .; xm
� �� �� �

;
�
vi

o p01 � w � F�u�1ð Þ� �
oxi

x1; . . .; xm
� �� �

; . . .; vi
o p0n � w � F � u�1ð Þ� �

oxi
x1; . . .; xm
� �� ��

¼ p01 � w � F � u�1
� �

x1; . . .; xm
� �

; . . .; p0n � w � F � u�1
� �

x1; . . .; xm
� �

;
�
vi

o p01 � w � F � u�1
� �

oxi
x1; . . .; xm
� �� �

; . . .; vi
o p0n � w � F � u�1
� �

oxi
x1; . . .; xm
� �� ��

:

Thus,

~w � F � ~u�1
� �

x1; . . .; xm; v1; . . .; vm
� �

¼ p01 � w � F � u�1� �
x1; . . .; xm
� �

; . . .; p0n � w � F � u�1� �
x1; . . .; xm
� �

;
�
vi

o p01 � w � F � u�1
� �

oxi
x1; . . .; xm
� �� �

; . . .; vi
o p0n � w � F � u�1
� �

oxi
x1; . . .; xm
� �� ��

Since F : M ! N is smooth, ðU;uÞ is an admissible coordinate chart of
M such that p 2 U; ðV ;wÞ is an admissible coordinate chart of N such that FðpÞ
2 V ; w � F � u�1 is smooth. Since w � F � u�1 is smooth, each function
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ðx1; . . .; xm; v1; . . .; vmÞ ! ðp0j � w � F � u�1Þðx1; . . .; xmÞ is smooth, and each
function

ðx1; . . .; xm; v1; . . .; vmÞ 7! vi
o p0j � w � F � u�1
� �

oxi
x1; . . .; xm
� �0@ 1A

is smooth, and hence, ~w � F � ~u�1 is smooth. h

5.4 Smooth Immersion

Note 5.25 Let M;N;P be smooth manifolds. Let F : M ! N; and G : N ! P be
smooth maps. Since F : M ! N is smooth, by Theorem 5.24, dF : TM ! TN is
smooth. Similarly, dG : TN ! TP is smooth. Since dF : TM ! TN is smooth, and
dG : TN ! TP is smooth, ðdGÞ � ðdFÞ : TM ! TP is smooth. Since F : M ! N is
smooth, and G : N ! P is smooth, G � F : M ! P is smooth, and hence, by
Theorem 5.24, dðG � FÞ : TM ! TP is smooth. We shall try to show that
dðG � FÞ ¼ ðdGÞ � ðdFÞ; that is, for every ðp; vÞ 2 TMð¼‘r2M TrMÞ; where p 2
M; and v 2 TpM; ðdðG � FÞÞðp; vÞ ¼ ððdGÞ � ðdFÞÞðp; vÞ:

LHS ¼ d G � Fð Þð Þ p; vð Þ ¼ G � Fð ÞðpÞ; d G � Fð Þp
� �

ðvÞ
� �

¼ G FðpÞð Þ; d G � Fð Þp
� �

ðvÞ
� �

¼ G FðpÞð Þ; dGFðpÞ
� � � dFp

� �� �ðvÞ� � ¼ G FðpÞð Þ; dGFðpÞ
� �

dFp
� �ðvÞ� �� �

;

RHS ¼ dGð Þ � dFð Þð Þ p; vð Þ ¼ dGð Þ dFð Þ p; vð Þð Þ ¼ dGð Þ FðpÞ; dFp
� �ðvÞ� �

¼ G FðpÞð Þ; dGFðpÞ
� �

dFp
� �ðvÞ� �� �

:

Hence, LHS ¼ RHS: Thus, we have shown that dðG � FÞ ¼ ðdGÞ � ðdFÞ:
Note 5.26 Let M be a smooth manifold. Here, IdM : M ! M is given by IdMðxÞ ¼
x for every x in M. Clearly, IdM is a smooth function. Hence, by Theorem 5.24,
dðIdMÞ : TM ! TM is smooth. Here, IdTM : TM ! TM is a smooth function. We
shall try to show that dðIdMÞ ¼ IdTM ; that is, for every ðp; vÞ 2 TMð¼‘r2U TrMÞ;
where p 2 M; and v 2 TpM; ðdðIdMÞÞðp; vÞ ¼ ðIdTMÞðp; vÞ:

LHS ¼ d IdMð Þð Þ p; vð Þ ¼ IdMðpÞ; d IdMð Þp
� �

ðvÞ
� �

¼ p; d IdMð Þp
� �

ðvÞ
� �

¼ p; d IdMð Þp
� �

ðvÞ
� �

¼ p; IdTpM
� �ðvÞ� � ¼ p; vð Þ ¼ IdTMð Þ p; vð Þ ¼ RHS:

Thus, we have shown that dðIdMÞ ¼ IdTM :

Note 5.27 Let M, N be smooth manifolds. Let F : M ! N be a diffeomorphism.
Since F : M ! N is a diffeomorphism, F : M ! N is smooth, and hence, dF :
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TM ! TN is smooth. We want to prove that dF : TM ! TN is a diffeomorphism,
that is, dF is 1–1 onto, and ðdFÞ�1 is smooth.

dF : TM ! TN is 1–1: For this purpose, let ðdFÞðp; vÞ ¼ ðdFÞðq;wÞ; where p; q 2
M; and v;w 2 TpM: We have to show that ðp; vÞ ¼ ðq;wÞ; that is, p = q, and v = w.

Here, ðFðpÞ; ðdFpÞðvÞÞ ¼ ðdFÞðp; vÞ ¼ ðdFÞðq;wÞ ¼ ðFðqÞ; ðdFqÞðwÞÞ; so
FðpÞ ¼ FðqÞ; and ðdFpÞðvÞ ¼ ðdFqÞðwÞ: Since F : M ! N is a diffeomorphism,
F is 1–1. Since F is 1–1, and FðpÞ ¼ FðqÞ; p = q. Since p = q, and ðdFpÞðvÞ ¼
ðdFqÞðwÞ; ðdFpÞðvÞ ¼ ðdFpÞðwÞ: Since F : M ! N is a diffeomorphism, and p 2
M; dFp : TpM ! TFðpÞN is an isomorphism, and hence, dFp is 1–1. Since dFp is
1–1, and ðdFpÞðvÞ ¼ ðdFpÞðwÞ; v = w. Thus, dF : TM ! TN is 1–1.

dF : TM ! TN is onto: For this purpose, let us take any ðq;wÞ 2 TN; where
q 2 N; and w 2 TqN:

Since F : M ! N is a diffeomorphism, F : M ! N is onto. Since F : M ! N is
onto, and q 2 N; there exists p 2 M such that FðpÞ ¼ q: Since FðpÞ ¼ q; and
w 2 TqN; w 2 TFðpÞN: Since F : M ! N is a diffeomorphism, and p 2 M; dFp :

TpM ! TFðpÞN is an isomorphism, and hence, TpM ! TFðpÞN is onto. Since dFp :

TpM ! TFðpÞN is onto, and w 2 TFðpÞN; there exists v 2 TpM such that ðdFpÞðvÞ ¼
w: Since p 2 M; and v 2 TpM; ðp; vÞ 2 TM: Also, ðdFÞðp; vÞ ¼ ðFðpÞ; ðdFpÞðvÞÞ ¼
ðq; ðdFpÞðvÞÞ ¼ ðq;wÞ: This shows that dF : TM ! TN is onto.

ðdFÞ�1 : TN ! TM is smooth: Since F : M ! N is a diffeomorphism, F�1 :

N ! M is smooth, and hence, dðF�1Þ : TN ! TMis smooth.
Now, we shall try to show that ðdFÞ�1 ¼ dðF�1Þ; that is, for every ðq;wÞ 2 TN;

where q 2 N; and w 2 TqN; ðdFÞ�1ðq;wÞ ¼ ðdðF�1ÞÞðq;wÞ; that is, for every
ðq;wÞ 2 TN; where q 2 N; and w 2 TqN; ðq;wÞ ¼ ðdFÞððdðF�1ÞÞðq;wÞÞ: For this
purpose, let us take any ðq;wÞ 2 TN; where q 2 N; and w 2 TqN: Now, since
dF : TM ! TN is onto, there exists ðp; vÞ 2 TM such that ðFðpÞ; ðdFpÞðvÞÞ ¼
ðdFÞðp; vÞ ¼ ðq;wÞ: It follows that FðpÞ ¼ q; and ðdFpÞðvÞ ¼ w: Since F : M ! N
is a diffeomorphism, and p 2 M; dFp : TpM ! TFðpÞN is an isomorphism, and
hence, dFp : TpM ! TFðpÞN is 1–1 onto. Since dFp : TpM ! TFðpÞN is 1–1 onto,

and ðdFpÞðvÞ ¼ w; v ¼ ðdFpÞ�1ðwÞ: Since F : M ! N is a diffeomorphism, F :

M ! N is a 1–1 onto. Since F : M ! N is a 1–1 onto, and FðpÞ ¼ q; p ¼ F�1ðqÞ:
Now,

RHS ¼ dFð Þ d F�1� �� �
q;wð Þ� � ¼ dFð Þ F�1ðqÞ; d F�1� �

q

� �
ðwÞ

� �
¼ dFð Þ F�1ðqÞ; d F�1� �

q

� �
ðwÞ

� �
¼ dFð Þ F�1ðqÞ; d F�1� �

FðpÞ
� �

ðwÞ
� �

¼ dFð Þ F�1ðqÞ; dFp
� ��1
� �

ðwÞ
� �

¼ dFð Þ p; dFp
� ��1
� �

ðwÞ
� �

¼ dFð Þ p; vð Þ ¼ FðpÞ; dFp
� �ðvÞ� � ¼ q; dFp

� �ðvÞ� � ¼ q;wð Þ ¼ LHS:
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Thus, ðdFÞ�1 ¼ dðF�1Þ: Since ðdFÞ�1 ¼ dðF�1Þ; and dðF�1Þ : TN ! TM is
smooth, ðdFÞ�1 : TN ! TMis smooth.

This proves that if F : M ! N is a diffeomorphism, then dF : TM ! TN is a
diffeomorphism.

Note 5.28 Let M;N be smooth manifolds. Let F : M ! N be a diffeomorphism.
From the Note 5.27, dF : TM ! TN is a diffeomorphism. Since dF : TM ! TN is
a diffeomorphism, dF : TM ! TN is 1–1 onto, and hence, ðdFÞ�1 : TN ! TM:

Since F : M ! N is a diffeomorphism, F�1 : N ! M is a diffeomorphism, and
hence, by the Note 5.27, dðF�1Þ : TN ! TM is a diffeomorphism. Thus, ðdFÞ�1 :

TN ! TM; and dðF�1Þ : TN ! TM:

Now, we shall try to show that ðdFÞ�1 ¼ dðF�1Þ; that is, for every ðq;wÞ 2 TN;
where q 2 N; and w 2 TqN; ðdFÞ�1ðq;wÞ ¼ ðdðF�1ÞÞðq;wÞ; that is, for every
ðq;wÞ 2 TN; where q 2 N; and w 2 TqN; ðq;wÞ ¼ ðdFÞððdðF�1ÞÞðq;wÞÞ: For this
purpose, let us take any ðq;wÞ 2 TN; where q 2 N; and w 2 TqN: Now, since
dF : TM ! TN is onto, there exists ðp; vÞ 2 TM such that ðFðpÞ; ðdFpÞðvÞÞ ¼
ðdFÞðp; vÞ ¼ ðq;wÞ: It follows that FðpÞ ¼ q; and ðdFpÞðvÞ ¼ w: Since F : M ! N
is a diffeomorphism, and p 2 M; dFp : TpM ! TFðpÞN is an isomorphism, and
hence, dFp : TpM ! TFðpÞN is 1–1 onto. Since dFp : TpM ! TFðpÞN is 1–1 onto,

and ðdFpÞðvÞ ¼ w; v ¼ ðdFpÞ�1ðwÞ: Since F : M ! N is a diffeomorphism, F :

M ! N is a 1–1 onto. Since F : M ! N is a 1–1 onto, and FðpÞ ¼ q; p ¼ F�1ðqÞ:
Now,

RHS ¼ dFð Þ d F�1� �� �
q;wð Þ� � ¼ dFð Þ F�1ðqÞ; d F�1� �

q

� �
ðwÞ

� �
¼ dFð Þ F�1ðqÞ; d F�1� �

q

� �
ðwÞ

� �
¼ dFð Þ F�1ðqÞ; d F�1� �

FðpÞ
� �

ðwÞ
� �

¼ dFð Þ F�1ðqÞ; dFp
� ��1
� �

ðwÞ
� �

¼ dFð Þ p; dFp
� ��1
� �

ðwÞ
� �

¼ dFð Þ p; vð Þ ¼ FðpÞ; dFp
� �ðvÞ� � ¼ q; dFp

� �ðvÞ� � ¼ q;wð Þ ¼ LHS:

Thus, we have shown that if F : M ! N is a diffeomorphism, then
ðdFÞ�1 ¼ dðF�1Þ:
Definition Let t0 be a real number. Let e be any positive real number. Let M be an
m-dimensional smooth manifold. Let c : ðt0 � e; t0 þ eÞ ! M be a smooth map.
Observe that the open interval ðt0 � e; t0 þ eÞ is a one-dimensional smooth mani-
fold. Since c : ðt0 � e; t0 þ eÞ ! M is a smooth map, and t0 2 ðt0 � e; t0 þ eÞ; dct0 :
Tt0ðt0 � e; t0 þ eÞ ! Tcðt0ÞM: The standard coordinate basis vector of Tt0 R is

denoted by d
dt

���
t0
:
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Since Tt0ðt0 � e; t0 þ eÞ is the same as Tt0R; and
d
dt

���
t0
is the standard coordinate

basis vector of Tt0R;
d
dt

���
t0
is the standard coordinate basis vector of Tt0ðt0 � e; t0 þ eÞ:

Since d
dt

���
t0

is in Tt0ðt0 � e; t0 þ eÞ; and dct0 : Tt0ðt0 � e; t0 þ eÞ ! Tcðt0ÞM;

ðdct0Þðddt
���
t0
Þ 2 Tcðt0ÞM: Here, ðdct0Þðddt

���
t0
Þ is denoted by c0ðt0Þ; and is called the

velocity of c at t0: Since

c0 t0ð Þ ¼ dct0
� � d

dt

����
t0

 !
2 Tc t0ð ÞM; so c0 t0ð Þ 2 Tc t0ð ÞM:

Since c0ðt0Þ 2 Tcðt0ÞM; c0ðt0Þ is a function from C1ðMÞ to R: Hence, for every
f 2 C1ðMÞ; we have

f � cð Þ0 t0ð Þ ¼ d
dt

����
t0

 !
f � cð Þ ¼ dct0

� � d
dt

����
t0

 ! !
ðf Þ ¼ c0 t0ð Þð Þðf Þ:

Thus, for every f 2 C1ðMÞ; we have ðc0ðt0ÞÞðf Þ ¼ ðf � cÞ0ðt0Þ:
Here, cðt0Þ 2 M; and M is an m-dimensional smooth manifold, so there exists an

admissible coordinate chart ðU;uÞ of M such that cðt0Þ 2 U: Let

o
ox1

����
c t0ð Þ

; . . .;
o

oxm

����
c t0ð Þ

 !

be the coordinate basis of Tcðt0ÞM corresponding to ðU;uÞ; where

o
oxi

����
c t0ð Þ

� d u�1� �
u c t0ð Þð Þ

� � o
oxi

����
u c t0ð Þð Þ

 !
:

So the matrix representation of linear map dct0 is the following m� 1 matrix:

d p1� u�cð Þð Þ
dt t0ð Þ

d p2� u�cð Þð Þ
dt t0ð Þ

..

.

d pm� u�cð Þð Þ
dt t0ð Þ

2666664

3777775;
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where pi : R
m ! R denotes the ith projection function of Rm: It follows that

c0 t0ð Þ ¼ dct0
� � d

dt

����
t0

 !
¼ d p1 � u � cð Þð Þ

dt
t0ð Þ

� �
o
ox1

����
c t0ð Þ

 !

þ � � � þ d pm � u � cð Þð Þ
dt

t0ð Þ
� �

o
oxm

����
c t0ð Þ

 !

¼ d pi � u � cð Þð Þ
dt

t0ð Þ
� �

o
oxi

����
c t0ð Þ

 !
:

Thus,

c0 t0ð Þ ¼ d pi � u � cð Þð Þ
dt

t0ð Þ
� �

o
oxi

����
c t0ð Þ

 !
:

In the case of Euclidean space R
m for M, the above formula takes the form:

c0 t0ð Þ ¼ d pi � cð Þ
dt

t0ð Þ
� �

o
oxi

����
c t0ð Þ

 !
;

which is essentially the same as in the classical calculus.

Theorem 5.29 Let M be an m-dimensional smooth manifold. Let p 2 M: Let v 2
TpM: Then, there exist a positive real e and a smooth curve c : ð�e; eÞ ! M such
that cð0Þ ¼ p; and c0ð0Þ ¼ v:

Proof Since p 2 M; and M is an m-dimensional smooth manifold, there exists an
admissible coordinate chart ðU;uÞ of M such that p 2 U; and uðpÞ ¼ 0: For every
q 2 U; let

o
ox1

����
q

; . . .;
o

oxm

����
q

 !

be the coordinate basis of TqM corresponding to ðU;uÞ; where

o
oxi

����
q

� d u�1� �
uðqÞ

� � o
oxi

����
uðqÞ

 !
:

Here,

o
ox1

����
p
; . . .;

o
oxm

����
p

 !
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is the coordinate basis of TpM; and v 2 TpM; there exist real numbers v1; . . .; vm

such that

v ¼ v1
o
ox1

����
p

 !
þ � � � þ vm

o
oxm

����
p

 !
¼ vi

o
oxi

����
p

 !
:

Since ðU;uÞ is an admissible coordinate chart of M, u is a mapping from U onto
uðUÞ; where uðUÞ is an open neighborhood of uðpÞð¼ 0Þ in R

m: Since
t 7! ðtv1; . . .; tvmÞ is a continuous map from R to R

m; and uðUÞ is an open
neighborhood of uðpÞð¼ ð0; . . .; 0Þ ¼ ð0v1; . . .; 0vmÞÞ in R

m; there exists e[ 0
such that for every t 2 ð0� e; 0þ eÞ, we have ðtv1; . . .; tvmÞ 2 uðUÞ; and hence, for
every t 2 ð�e; eÞ, we have u�1ðtv1; . . .; tvmÞ 2 U: Now, let us define c : ð�e; eÞ !
Uð� MÞ as follows: For every t 2 ð�e; eÞ; cðtÞ � u�1ðtv1; . . .; tvmÞ: Here, cð0Þ ¼
u�1ð0v1; . . .; 0vmÞ ¼ u�1ð0Þ ¼ u�1ðuðpÞÞ ¼ p: Thus, cð0Þ ¼ p: We shall try to
show that c is smooth.

Since ðU;uÞ is an admissible coordinate chart of M; u is a diffeomorphism from
U onto uðUÞ; and hence, u�1 is smooth. Since u�1 is smooth, and
t 7! ðtv1; . . .; tvmÞ is smooth, their composite t 7!u�1ðtv1; . . .; tvmÞð¼ cðtÞÞ is
smooth, and hence, c is smooth. It follows that for every t 2 ð�e; eÞ we have

pi � u � cð Þð ÞðtÞ ¼ pi u cðtÞð Þð Þ ¼ pi u u�1 tv1; . . .; tvm
� �� �� �

¼ pi tv
1; . . .; tvm

� � ¼ tvi ¼ vit;

so

d pi � u � cð Þð Þ
dt

ð0Þ ¼ vi:

Now, we shall try to show that c0ð0Þ ¼ v: Here,

c0ð0Þ ¼ d pi � u � cð Þð Þ
dt

ð0Þ
� �

o
oxi

����
cð0Þ

 !
¼ vi

o
oxi

����
cð0Þ

 !
¼ vi

o
oxi

����
p

 !
¼ v:

Hence, c0ð0Þ ¼ v: h

Note 5.30 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. Let c : ðt0 � e; t0 þ eÞ ! M be
a smooth map.

Since c : ðt0 � e; t0 þ eÞ ! M is a smooth map, and F : M ! N is a smooth
map, their composite F � c : ðt0 � e; t0 þ eÞ ! N is a smooth map, and hence,
ðF � cÞ0ðt0Þ 2 TðF�cÞðt0ÞN ¼ TFðcðt0ÞÞN: Since c : ðt0 � e; t0 þ eÞ ! M is a smooth
map, c0ðt0Þ 2 Tcðt0ÞM: Since c : ðt0 � e; t0 þ eÞ ! M; cðt0Þ 2 M: Since cðt0Þ
2 M; and F : M ! N is smooth, dFcðt0Þ : Tcðt0ÞM ! TFðcðt0ÞÞN. Since dFcðt0Þ :
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Tcðt0ÞM ! TFðcðt0ÞÞN; and c0ðt0Þ 2 Tcðt0ÞM; ðdFcðt0ÞÞðc0ðt0ÞÞ 2 TFðcðt0ÞÞN: Thus,
ðdFcðt0ÞÞðc0ðt0ÞÞ and ðF � cÞ0ðt0Þ are elements of TFðcðt0ÞÞN:We shall try to show that
ðdFcðt0ÞÞðc0ðt0ÞÞ ¼ ðF � cÞ0ðt0Þ:

RHS ¼ F � cð Þ0 t0ð Þ ¼ d F � cð Þt0
� � d

dt

����
t0

 !
¼ dFc t0ð Þ
� � � dct0

� �� � d
dt

����
t0

 !

¼ dFc t0ð Þ
� �

dct0
� � d

dt

����
t0

 ! !
¼ dFc t0ð Þ
� �

c0 t0ð Þð Þ ¼ LHS:

Thus, we have shown that ðdFcðt0ÞÞðc0ðt0ÞÞ ¼ ðF � cÞ0ðt0Þ:
Note 5.31 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. Let p 2 M: Let v 2 TpM: Let
c : ð�e; eÞ ! M be a smooth curve on M; such that cð0Þ ¼ p; and c0ð0Þ ¼ v: (The
existence of such a c has been established in Theorem 5.29.)

Since F : M ! N is a smooth map, dFp : TpM ! TFðpÞN: Since dFp : TpM !
TFðpÞN; and v 2 TpM; ðdFpÞðvÞ 2 TFðpÞN: Here, c : ð�e; eÞ ! M is smooth, and F :

M ! N is smooth, so their composite F � c : ð�e; eÞ ! N is smooth, and hence,
ðF � cÞ0ð0Þ 2 TðF�cÞð0ÞN ¼ TFðcð0ÞÞN ¼ TFðpÞN: Thus, ðdFpÞðvÞ and ðF � cÞ0ð0Þ are
members of TFðpÞN: We shall try to show that ðdFpÞðvÞ ¼ ðF � cÞ0ð0Þ:

RHS ¼ F � cð Þ0ð0Þ ¼ dFcð0Þ
� �

c0ð0Þð Þ ¼ dFp
� �

c0ð0Þð Þ ¼ dFp
� �ðvÞ ¼ LHS:

This proves that ðdFpÞðvÞ ¼ ðF � cÞ0ð0Þ: In short, we write ðdFcð0ÞÞ
ðc0ð0ÞÞ ¼ ðF � cÞ0ð0Þ:
Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. Let p 2 M:

It follows that dFp : TpM ! TFðpÞN: We know that dFp is a linear map from real
linear space TpM to real linear space TFðpÞN: Here, ðdFpÞðTpMÞ is a linear subspace
of TFðpÞN: We know that dim TpM ¼ m; and dim TFðpÞN ¼ n: Since ðdFpÞðTpMÞ is
a linear subspace of TFðpÞN; dimððdFpÞðTpMÞÞ
 dim TFðpÞN ¼ n: Since dFp is a
linear map from real linear space TpM to real linear space TFðpÞN; dimððdFpÞ
ðTpMÞÞ
 dim TpM ¼ m: Since dimððdFpÞðTpMÞÞ
m; and dimððdFpÞðTpMÞÞ

 n; dimððdFpÞðTpMÞÞ
minfm; ng: Here, dimððdFpÞðTpMÞÞ is called the rank of
F at p.

It follows that the rank of F at p is r if and only if the matrix representation of
linear map dFp has rank r. Clearly, the rank of F at p is less than or equal to
minfm; ng: Observe that the linear map dFp : TpM ! TFðpÞN is onto if and only if
dimððdFpÞðTpMÞÞ ¼ dim TFðpÞNð¼ nÞ: Thus, the linear map dFp : TpM ! TFðpÞN
is onto if and only if the rank of F at p is n.
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Observe that the linear map dFp : TpM ! TFðpÞN is 1–1 if and only if
dimððdFpÞðTpMÞÞ ¼ dim TpMð¼ mÞ: Thus, the linear map dFp : TpM ! TFðpÞN is
1–1 if and only if the rank of F at p is m.

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. Let k be a positive integer. If
for every p 2 M; the rank of F at p is k, then we write rank F ¼ k; and say that
F has constant rank k. Let M be an m-dimensional smooth manifold, N be an n-
dimensional smooth manifold, and F : M ! N be a smooth map. Here, the linear
map dFp : TpM ! TFðpÞN is onto for every p 2 M if and only if the rank of F at p is
n for every p 2 M: Thus, the linear map dFp : TpM ! TFðpÞN is onto for every
p 2 M if and only if rank F ¼ n:

Note 5.32 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. Here, the linear map dFp :

TpM ! TFðpÞN is 1–1 for every p 2 M if and only if the rank of F at p is m for
every p 2 M: Thus, the linear map dFp : TpM ! TFðpÞN is 1–1 for every p 2 M if
and only if rank F ¼ m:

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. If for every p 2 M; the linear
map dFp : TpM ! TFðpÞN is onto, then we say that F is a smooth submersion. Thus,
F is a smooth submersion if and only if rank F ¼ n:

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. If for every p 2 M; the linear
map dFp : TpM ! TFðpÞN is 1–1, then we say that F is a smooth immersion. Thus,
F is a smooth immersion if and only if rank F ¼ m:

5.5 Inverse Function Theorem for Manifolds

Note 5.33 Let Mð2� 3;RÞ be the collection of all 2� 3 matrices with real entries,
that is,

M 2� 3;Rð Þ � a b c
d e f

� �
: a; b; c; d; e; f 2 R

	 

:

We define addition of matrices as follows:

a b c
d e f

� �
þ a1 b1 c1

d1 e1 f1

� �
� aþ a1 bþ b1 cþ c1

d þ d1 eþ e1 f þ f1

� �
:

Clearly, Mð2� 3;RÞ is a commutative group under addition as binary operation.
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We define scalar multiplication of matrix as follows:

t
a b c
d e f

� �
� ta tb tc

td te tf

� �
:

Clearly, Mð2� 3;RÞ becomes a real linear space of dimension ð2� 3Þ: Here, one
of the basis of Mð2� 3;RÞ is

1 0 0
0 0 0

� �
;

0 1 0
0 0 0

� �
;

0 0 1
0 0 0

� �
;

0 0 0
1 0 0

� �
;

0 0 0
0 1 0

� �
;

0 0 0
0 0 1

� �	 

:

Clearly, the real linear space R
2�3 is isomorphic to the real linear space

Mð2� 3;RÞ: Since R
2�3 is isomorphic to Mð2� 3;RÞ; we will not distinguish

between

a b c
d e f

� �
and a; b; c; d; e; fð Þ:

Now, since R2�3 is a ð2� 3Þ-dimensional smooth manifold, Mð2� 3;RÞ is also a
ð2� 3Þ-dimensional smooth manifold. Let M2ð2� 3;RÞ be the collection of all

a b c
d e f

� �
2 M 2� 3;Rð Þ

such that

rank
a b c
d e f

� �
¼ 2:

If

a b c
d e f

� �
2 M2 2� 3;Rð Þ;

then

rank
a b c
d e f

� �
¼ 2;

that is, if

a b c
d e f

� �
2 M2 2� 3;Rð Þ
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then

det
b c
e f

� �
6¼ 0 or det

a c
d f

� �
6¼ 0 or det

a b
d e

� �
6¼ 0

� �
:

We want to show that M2ð2� 3;RÞ is an open subset of Mð2� 3;RÞ: For this
purpose, let us fix any

a b c
d e f

� �
2 M2 2� 3;Rð Þ:

It follows that

det
b c
e f

� �
6¼ 0 or det

a c
d f

� �
6¼ 0 or det

a b
d e

� �
6¼ 0:

Case I: when

det
b c
e f

� �
6¼ 0

Here,

bf � ce ¼ det
b c
e f

� �
6¼ 0:

Since there exists e[ 0, the open interval

det
b c
e f

� �
� e; det

b c
e f

� �
þ e

� �
does not contain 0. Let us define a function f : R6 ! R as follows: For every
ðx1; x2; x3; x4; x5; x6Þ in R

6

f x1; x2; x3; x4; x5; x6ð Þ � x2x6 � x5x3 ¼ det
x2 x3
x5 x6

� �
:

Clearly, f is a continuous function. Also,

f a; b; c; d; e; fð Þ ¼ det
b c
e f

� �
:

Since f is a continuous at ða; b; c; d; e; f Þ; there exists an open neighborhood U
of ða; b; c; d; e; f Þ in R

6 such that for every ðx1; x2; x3; x4; x5; x6Þ 2 U;
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det
x2 x3
x5 x6

� �
¼ f x1; x2; x3; x4; x5; x6ð Þ 2 f a; b; c; d; e; fð Þ � e; f a; b; c; d; e; fð Þ þ eð Þ

¼ det
b c

e f

� �
� e; det

b c

e f

� �
þ e

� �
63 0:

Thus, for every ðx1; x2; x3; x4; x5; x6Þ 2 U; we have

det
x2 x3
x5 x6

� �
6¼ 0;

and hence,

rank
x1 x2 x3
x4 x5 x6

� �
¼ 2

for every ðx1; x2; x3; x4; x5; x6Þ 2 U: Since U is an open neighborhood of
ða; b; c; d; e; f Þ in R

6;

x1 x2 x3
x4 x5 x6

� �
: x1; x2; x3; x4; x5; x6ð Þ 2 U

	 

is an open neighborhood of

a b c
d e f

� �
in M 2� 3;Rð Þ:

Since

rank
x1 x2 x3
x4 x5 x6

� �
¼ 2

for every ðx1; x2; x3; x4; x5; x6Þ 2 U;

x1 x2 x3
x4 x5 x6

� �
: x1; x2; x3; x4; x5; x6ð Þ 2 U

	 

� M2 2� 3;Rð Þ:

Since

x1 x2 x3
x4 x5 x6

� �
: x1; x2; x3; x4; x5; x6ð Þ 2 U

	 

is an open neighborhood of

a b c
d e f

� �
in M 2� 3;Rð Þ;
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and

x1 x2 x3
x4 x5 x6

� �
: x1; x2; x3; x4; x5; x6ð Þ 2 U

	 

� M2 2� 3;Rð Þ;

a b c
d e f

� �
is an interior point of M2ð2� 3;RÞ:
Case II: when

det
a c
d f

� �
6¼ 0

This case is similar to the case I.
Case III: when

det
a b
d e

� �
6¼ 0

This case is similar to the case I. Hence, in all cases,

a b c
d e f

� �
is an interior point of M2ð2� 3;RÞ:

This proves that M2ð2� 3;RÞ is an open subset of Mð2� 3;RÞ: Since M2ð2�
3;RÞ is an open subset of Mð2� 3;RÞ; and Mð2� 3;RÞ is a ð2� 3Þ-dimensional
smooth manifold, M2ð2� 3;RÞ is also a ð2� 3Þ-dimensional smooth manifold.

Similarly, M2ð3� 2;RÞ is a ð3� 2Þ-dimensional smooth manifold. Its gener-
alization to higher dimensions can also be given. Such smooth manifolds are known
as the manifolds of matrices of full rank.

Theorem 5.34 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be a smooth map. Let p 2 M: If dFp :

TpM ! TFðpÞN is onto, then there exists an open neighborhood W of p such that for
every q 2 W ; the linear map dFq : TqM ! TFðqÞN is onto.

Proof Here, p 2 M; andM is an m-dimensional smooth manifold, so there exists an
admissible coordinate chart ðU;uÞ of M such that p 2 U: For every q 2 U; let

o
ox1

����
q

;
o
ox2

����
q

; . . .;
o
oxm

����
q

 !

be the coordinate basis of TqM corresponding to ðU;uÞ; where
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o
oxi

����
q

� d u�1
� �

uðqÞ
� � o

oxi

����
uðqÞ

 !
:

Here, p 2 M; and F : M ! N; so FðpÞ 2 N: Since FðpÞ 2 N; and N is an
n-dimensional smooth manifold, there exists an admissible coordinate chart ðV ;wÞ
of N such that FðpÞ 2 V : For every r 2 V ; let

o
oy1

����
r

;
o
oy2

����
r

; . . .;
o
oyn

����
r

� �
be the coordinate basis of TrN corresponding to ðV ;wÞ; where

o
oyi

����
r
� d w�1� �

wðrÞ
� � o

oyi

����
wðrÞ

 !
:

Here, the matrix representation of linear map dFp is the following n� m matrix:

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
:

Since the linear map dFp : TpM ! TFðpÞN is onto, and dim TFðpÞN ¼ n; the rank of
the matrix representation of linear map dFp is n; that is,

rank

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
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is n. Since the rank of F at p is less than or equal to minfm; ng; and the rank of F at
p is n, n
minfm; ng
m; and hence, n
m: Here, n
m; and

rank

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
is n, so

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
2 Mnðn� m;RÞ � Mðn� m;RÞ: Since Mnðn� m;RÞ is an open subset of
Mðn� m;RÞ: It follows that Mnðn� m;RÞ is an open neighborhood of

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
:
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Since F : M ! N is a smooth map, ðU;uÞ is an admissible coordinate chart of M
such that p 2 U; and ðV ;wÞ is an admissible coordinate chart of N such that
FðpÞ 2 V ; w � F � u�1 is smooth, and hence, each pi � ðw � F � u�1Þ is smooth.
Since each pi � ðw � F � u�1Þ is smooth, and u is smooth, each

q 7! o pi � w � F � u�1ð Þð Þ
ox j

uðqÞð Þ

is continuous, and hence,

q 7!

o p1 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

3777777775
is continuous. It follows that there exists an open neighborhood W of p in M such
that for every q 2 W ,

o p1 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

3777777775
2 Mn n� m;Rð Þ;

and hence, for every q 2 W , we have
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rank

o p1 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

3777777775
¼ n:

It follows that for every q 2 W ; the linear map dFq : TqM ! TFðqÞN is onto. h

Theorem 5.35 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be a smooth map. Let p 2 M: If dFp :

TpM ! TFðpÞN is 1–1, then there exists an open neighborhood W of p such that for
every q 2 W ; the linear map dFq : TqM ! TFðqÞN is 1–1.

Proof Here, p 2 M; andM is an m-dimensional smooth manifold, so there exists an
admissible coordinate chart ðU;uÞ of M such that p 2 U: For every q 2 U;

o
ox1

����
q

;
o
ox2

����
q

; . . .;
o
oxm

����
q

 !

is the coordinate basis of TqM corresponding to ðU;uÞ; where
o
oxi

����
q
� d u�1� �

uðqÞ
� � o

oxi

����
uðqÞ

 !
:

Here, p 2 M; and F : M ! N; so FðpÞ 2 N: Since FðpÞ 2 N; and N is an n-
dimensional smooth manifold, there exists an admissible coordinate chart ðV ;wÞ of
N such that FðpÞ 2 V : For every r 2 V ;

o
oy1

����
r
;
o
oy2

����
r
; . . .;

o
oyn

����
r

� �
is the coordinate basis of TrN corresponding to ðV ;wÞ; where

o
oyi

����
r

� d w�1� �
wðrÞ

� � o
oyi

����
wðrÞ

 !
:

Here, the matrix representation of linear map dFp is the following n� m matrix:
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o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
:

Since the linear map dFp : TpM ! TFðpÞN is 1–1, and dim TpM ¼ m; the rank of
the matrix representation of linear map dFp is m; that is,

rank

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
is m. Since the rank of F at p is less than or equal to minfm; ng; and the rank of F at
p is m, m
minfm; ng
 n; and hence, m
 n: Here, m
 n; and

rank

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
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is m, so

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
2 Mmðn� m;RÞ � Mðn� m;RÞ: Since Mmðn� m;RÞ is an open subset of
Mðn� m;RÞ; it follows that Mmðn� m;RÞ is an open neighborhood of

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
:

Since F : M ! N is a smooth map, ðU;uÞ is an admissible coordinate chart of M
such that p 2 U; and ðV ;wÞ is an admissible coordinate chart of N such that
FðpÞ 2 V ; w � F � u�1 is smooth, and hence, each pi � ðw � F � u�1Þ is smooth.
Since each pi � ðw � F � u�1Þ is smooth, and u is smooth, each
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q 7! o pi � w � F � u�1ð Þð Þ
ox j

uðqÞð Þ

is continuous, and hence,

q 7!

o p1 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

3777777775
is continuous. It follows that there exists an open neighborhood W of p in M such
that for every q 2 W ;

o p1 � w � F � u�1ð Þð Þ
1 uðqÞð Þ o p1 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

o p2 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p2 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ
. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

3777777775
2 Mm n;Rð Þ;

and hence, for every q 2 W , we have
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rank

o p1 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

3777777775
¼ m:

It follows that for every q 2 W ; the linear map dFq : TqM ! TFðqÞN is 1–1. h

Theorem 5.36 Let M be an m-dimensional smooth manifold, N be an m-dimen-
sional smooth manifold, and F : M ! N be a smooth map. Let p 2 M: If dFp :

TpM ! TFðpÞN is invertible (i.e., 1–1 and onto); then, there exists a connected open
neighborhood U0 of p, and a connected open neighborhood V0 of FðpÞ such that
FjU0

: U0 ! V0 is a diffeomorphism.

Proof Here, p 2 M; andM is an m-dimensional smooth manifold, so there exists an
admissible coordinate chart ðU;uÞ of M such that p 2 U: For every q 2 U; let

o
ox1

����
q

;
o
ox2

����
q

; . . .;
o
oxm

����
q

 !

be the coordinate basis of TqM corresponding to ðU;uÞ; where
o
oxi

����
q
� d u�1� �

uðqÞ
� � o

oxi

����
uðqÞ

 !
:

Here, p 2 M; and F : M ! N; so FðpÞ 2 N: Since FðpÞ 2 N; and N is an
m-dimensional smooth manifold, there exists an admissible coordinate chart ðV ;wÞ
of N such that FðpÞ 2 V ; and wðFðpÞÞ ¼ 0: For every r 2 V ; let

o
oy1

����
r
;
o
oy2

����
r
; . . .;

o
oym

����
r

� �
be the coordinate basis of TrN corresponding to ðV ;wÞ; where
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o
oyi

����
r

� d w�1� �
wðrÞ

� � o
oyi

����
wðrÞ

 !
:

Here, the matrix representation of linear map dFp is the following m� m matrix:

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pm � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pm � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pm � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
:

Since the linear map dFp : TpM ! TFðpÞN is 1–1 onto, and dim TpM ¼ m;

det

o p1 � w � F � u�1ð Þð Þ
ox1

uðpÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðpÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðpÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðpÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðpÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðpÞð Þ

3777777775
6¼ 0:

Since F : M ! N is a smooth map, ðU;uÞ is an admissible coordinate chart of
M such that p 2 U; and ðV ;wÞ is an admissible coordinate chart of N such that
FðpÞ 2 V ; w � F � u�1 : uðU \F�1ðvÞÞ ! wðVÞ is smooth. Also, ðw � F�
u�1ÞðuðpÞÞ ¼ wðFðpÞÞ ¼ 0: Clearly, uðU \F�1ðVÞÞ is an open neighborhood of
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uðpÞ in R
m: Further, wðVÞ is an open neighborhood of 0 in R

m: Now, by Theorem
4.1, there exists a connected open neighborhood Û of uðpÞ such that

1. Û is contained in uðU \ F�1ðVÞÞ;
2. ðw � F � u�1ÞðÛÞ is connected and is an open neighborhood of 0,
3. ðw � F � u�1Þ has a smooth inverse on ðw � F � u�1ÞðÛÞ:

Put U0 � u�1ðÛÞ; and V0 � ðF � u�1ÞðÛÞ: We want to prove that U0 is con-
nected and is an open neighborhood of p inM. Since Û is connected, Û is contained
in uðU \F�1ðVÞÞ; and u�1 is continuous, u�1ðÛÞð¼ U0Þ is connected, and hence,
U0 is connected. Since Û is open, Û contained in uðU \F�1ðVÞÞð� uðUÞÞ; and
uðUÞ is open, Û is open in uðUÞ; and hence, u�1ðÛÞ is open in U. Since u�1ðÛÞ is
open in U, and U is open in M, u�1ðÛÞð¼ U0Þ is open in M, and hence, U0 is open
in M. Since uðpÞ 2 Û; p 2 u�1ðÛÞð¼ U0Þ; and hence, p 2 U0:

Since u�1;F are continuous, F � u�1 is continuous. Since F � u�1 is continu-
ous, Û is connected, and Û contained in uðU \F�1ðVÞÞ; ðF � u�1ÞðÛÞð¼ V0Þ is
connected, and hence, V0 is connected. Since ðw � F � u�1Þ has a smooth inverse
on ðw � F � u�1ÞðÛÞ; u � F�1 � w�1 is continuous. Since u � F�1 � w�1 is con-
tinuous, and w is continuous, their composite u � F�1 is continuous. Since u � F�1

is continuous, and Û is open, ðu � F�1Þ�1ðÛÞð¼ ðF � u�1ÞðÛÞ ¼ V0Þ is open, and
hence, V0 is open. Since uðpÞ 2 Û; V0 ¼ ðF � u�1ÞðÛÞ3ðF � u�1ÞðuðpÞÞ ¼ FðpÞ:
Thus, V0 is a connected open neighborhood of FðpÞ:

Since the inverse of ðw � F � u�1Þ exists,w � F � u�1 is 1–1.Also,u;w�1 are 1–1.
Since w � F � u�1;u; w�1are 1–1, their composite F is 1–1. It remains to be proved
that ðFjU0

Þ�1 : V0 ! U0 is smooth, that is, ðF�1
��
V0
Þ is smooth. Sincew � F � u�1 has

a smooth inverse, u � F�1 � w�1 is smooth, and hence, F�1 is smooth on V0: h

Note 5.37 The Theorem 5.36 is known as the inverse function theorem for
manifolds.

Definition Let M and N be smooth manifolds. Let F : M ! N be any function. If
for every p inM, there exists an open neighborhood U of p such that F(U) is open in
N, and the restriction FjU : U ! FðUÞ is a diffeomorphism, then we say that F is a
local diffeomorphism.

5.6 Shrinking Lemma

Note 5.38 Let M and N be smooth manifolds. Let F : M ! N be a local diffeo-
morphism. We shall try to show that F is an open map. For this purpose, let us take
any nonempty open subset U of M.
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We have to show that F(U) is open in N, that is, each member of F(U) is an
interior point of F(U), that is, for every a in U, there exists an open neighborhood
V of F(a) such that V � FðUÞ.

For this purpose, let us take any a in U. Since F : M ! N is a local diffeo-
morphism, and a is in M, there exists an open neighborhood U1 of a such that
FðU1Þ is open in N, and the restriction FjU1

: U1 ! FðU1Þ is a diffeomorphism.
Since U;U1 are open neighborhoods of a, U \ U1 is an open neighborhood of a,
and hence, U \ U1 is open in U1. Since FjU1

: U1 ! FðU1Þ is a diffeomorphism,
FjU1

: U1 ! FðU1Þ is a homeomorphism. Since FjU1
: U1 ! FðU1Þ is a homeo-

morphism, and U \ U1 is open in U1, FjU1
ðU \ U1Þð¼ FðU \ U1ÞÞ is open in the

open set FðU1Þ, and hence, FðU \ U1Þ is open in the open set FðU1Þ. Since
FðU \ U1Þ is open in the open set FðU1Þ, FðU \ U1Þ is open in N. Since a is in
U \ U1, F(a) is in FðU \ U1Þ. Thus, FðU \ U1Þ is an open neighborhood of F(a).
Also, FðU \ U1Þ � FðUÞ.
Note 5.39 Let M, N, P be smooth manifolds. Let F : M ! N; and G : N ! P be
local diffeomorphisms. We shall try to show that their composite G � F : M ! P is
a local diffeomorphism.

Let us take any a 2 M. We have to find an open neighborhood U of a such that
ðG � FÞðUÞ is open in P, and the restriction ðG � FÞjU : U ! ðG � FÞðUÞ is a
diffeomorphism.

Since F : M ! N is a local diffeomorphism, and a 2 M, there exists an open
neighborhood U1 of a such that FðU1Þ is open in N, and the restriction FjU1

:

U1 ! FðU1Þ is a diffeomorphism. Since FðaÞ 2 N, and G : N ! P is a local dif-
feomorphism, there exists an open neighborhood V of F(a) such that G(V) is open
in P, and the restriction GjV : V ! GðVÞ is a diffeomorphism. Since FðU1Þ is an
open neighborhood of F(a), and V is an open neighborhood of F(a), FðU1Þ \ V is
an open neighborhood of F(a). Here, FðU1Þ \ V is an open neighborhood of F(a) in
FðU1Þ, and FjU1

: U1 ! FðU1Þ is a diffeomorphism, ðFjU1
Þ�1ðFðU1Þ \ VÞ is an

open neighborhood of a, and FjðFjU1 Þ�1ðFðU1Þ\VÞ: ðFjU1
Þ�1ðFðU1Þ \ VÞ ! FðU1Þ \

V is a diffeomorphism. Since FðU1Þ \ V is an open neighborhood of F(a) in N, and
GjV : V ! GðVÞ is a diffeomorphism, GðFðU1Þ \ VÞ is an open neighborhood of
GðFðaÞÞð¼ ðG � FÞðaÞÞ, and GjðFðU1Þ\VÞ: FðU1Þ \ V ! GðFðU1Þ \ VÞ is a diffe-

omorphism. Since FjðFjU1 Þ�1ðFðU1Þ\VÞ: ðFjU1
Þ�1ðFðU1Þ \ VÞ ! FðU1Þ \ V is a dif-

feomorphism, and GjðFðU1Þ\VÞ: FðU1Þ \ V ! GðFðU1Þ \ VÞ is a diffeomorphism,

their composite ðGjðFðU1Þ\VÞÞ � ðFjðFjU1 Þ�1ðFðU1Þ\VÞÞ : ðFjU1
Þ�1ðFðU1Þ \ VÞ !

GðFðU1Þ \ VÞ is a diffeomorphism. Clearly, ðGjðFðU1Þ\VÞÞ � ðFjðFjU1 Þ�1

ðFðU1Þ \ VÞÞ ¼ ðG � FÞjðFjU1 Þ�1ðFðU1Þ\VÞ. Thus, ðG � FÞjðFjU1 Þ�1ðFðU1Þ\VÞ: ðFjU1
Þ�1

ðFðU1Þ \ VÞ ! GðFðU1Þ \ VÞ is a diffeomorphism, ðFjU1
Þ�1ðFðU1Þ \ VÞ is an

open neighborhood of a, and
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G � Fð Þj
FjU1ð Þ�1

F U1ð Þ\Vð Þ

� �
FjU1

� ��1
F U1ð Þ \ Vð Þ

� �
¼ G � Fð Þ FjU1

� ��1
F U1ð Þ \ Vð Þ

� ��
¼ G F FjU1

� ��1
F U1ð Þ \Vð Þ

� �� �
¼ G F U1ð Þ \Vð Þ

�

is an open neighborhood of ðG � FÞðaÞ. It follows that G � F : M ! P is a local
diffeomorphism.

Note 5.40 Let M, N be smooth manifolds. Let F : M ! N be a local diffeomor-
phism. We shall try to show that F : M ! N is a local homeomorphism, that is,
F : M ! N is continuous, and for every a 2 M, there exists an open neighborhood
U of a such that F(U) is an open neighborhood of F(a) such that the restriction
FjU : U ! FðUÞ is a homeomorphism.

First of all, we shall try to show that F : M ! N is continuous. For this purpose,
let us take any a 2 M. Next, let us take any open neighborhood V of F(a). We have
to find an open neighborhood U of a such that FðUÞ � V :

Since a 2 M, and F : M ! N is a local homeomorphism, there exists an open
neighborhood U1 of a such that FðU1Þ is open in N, and the restriction FjU1

:

U1 ! FðU1Þ is a diffeomorphism. Here, FðU1Þ is an open neighborhood of F(a),
and V is an open neighborhood of F(a), so FðU1Þ \ V is an open neighborhood of F
(a), and hence, FðU1Þ \ V is open in FðU1Þ. Since FðU1Þ \ V is open in FðU1Þ,
and FjU1

: U1 ! FðU1Þ is a diffeomorphism, ðFjU1
Þ�1ðFðU1Þ \ VÞ is open in U1,

and hence, ðFjU1
Þ�1ðFðU1Þ \ VÞ is open in M. Since a 2 U1, ðFjU1

ÞðaÞ ¼
FðaÞ 2 FðU1Þ \ V , a 2 ðFjU1

Þ�1ðFðU1Þ \ VÞ, and hence, ðFjU1
Þ�1ðFðU1Þ \ VÞ is

an open neighborhood of a.
It remains to be proved that FððFjU1

Þ�1ðFðU1Þ \ VÞÞ � V . Here, FjU1
: U1 !

FðU1Þ is 1–1, so

F FjU1

� ��1
F U1ð Þ \ Vð Þ

� �
¼ F U1ð Þ \ V � V :

Thus, we have shown that F : M ! N is continuous.
Now, we shall try to show that for every a 2 M, there exists an open neigh-

borhood U of a, such that F(U) is an open neighborhood of F(a) and the restriction
FjU : U ! FðUÞ is a homeomorphism.

For this purpose, let us fix any a 2 M. Since a 2 M, and F : M ! N is a local
diffeomorphism, there exists an open neighborhood U of a such that F(U) is open in
N, and the restriction FjU : U ! FðUÞ is a diffeomorphism. Since FjU : U ! FðUÞ
is a diffeomorphism, FjU : U ! FðUÞ is a homeomorphism.
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Note 5.41 Let M, N be smooth manifolds. Let M1 be a nonempty open subset of
M. Let F : M ! N be a local diffeomorphism. We shall try to prove that FjM1

:

M1 ! N is a local diffeomorphism.
For this purpose, let us take any a 2 M1. We have to find an open neighborhood

U of a in M1 such that ðFjM1
ÞðUÞ is open in N, and the restriction ðFjM1

Þ��
U
: U !

ðFjM1
ÞðUÞ is a diffeomorphism.

Since a 2 M1 � M, a 2 M. Since a 2 M, and F : M ! N is a local diffeo-
morphism, there exists an open neighborhood U1 of a such that FðU1Þ is open in N,
and the restriction FjU1

: U1 ! FðU1Þ is a diffeomorphism. Since M1 is an open
neighborhood of a, M1 \ U1 is an open neighborhood of a in U1. Since M1 \ U1 is
an open neighborhood of a in U1, and FjU1

: U1 ! FðU1Þ is a diffeomorphism,
ðFjU1

ÞðM1 \ U1Þ is open in FðU1Þ, and hence, ðFjU1
ÞðM1 \ U1Þ is open in

N. Clearly, ðFjM1
ÞðM1 \ U1Þ is open in N.

(Reason: Here, ðFjU1
ÞðM1 \ U1Þ is open in N, and ðFjM1

ÞðM1 \ U1Þ ¼
ðFjM1\U1

ÞðM1 \ U1Þ ¼ ðFjU1
ÞðM1 \ U1Þ, so ðFjM1

ÞðM1 \ U1Þ is open in N.)

Now, it remains to be showed that ðFjM1
Þ��ðM1\U1Þ: ðM1 \ U1Þ ! ðFjM1

Þ ðM1 \ U1Þ
is a diffeomorphism, that is, FjðM1\U1Þ: ðM1 \ U1Þ ! ðFjM1

ÞðM1 \ U1Þ is a diffeo-
morphism. Since FjU1

: U1 ! FðU1Þ is a diffeomorphism, its restriction FjðM1\U1Þ:
ðM1 \ U1Þ ! ðFjM1

ÞðM1 \ U1Þ is a diffeomorphism.

Note 5.42 Let M be an m-dimensional smooth manifold and N be an n-dimensional
smooth manifold. Let F : M ! N be a diffeomorphism. We shall try to show that
F : M ! N is a local diffeomorphism. For this purpose, let us take any a 2 M. We
have to find an open neighborhood U of a in M such that F(U) is open in N, and the
restriction FjU : U ! FðUÞ is a diffeomorphism.

Since a 2 M, and M is a smooth manifold, there exists an admissible coordinate
chart ðU;uÞ of M such that a 2 U. Since F : M ! N is a diffeomorphism, F :
M ! N is 1–1. Since F is 1–1, so FjU : U ! FðUÞ is 1–1 onto. Since F : M ! N is
a diffeomorphism, F : M ! N is a homeomorphism. Since F : M ! N is a
homeomorphism, and U is an open neighborhood of a, F(U) is an open neigh-
borhood of F(a).

Now, it remains to be proved that:

1. FjU : U ! FðUÞ is smooth and
2. ðFjUÞ�1 : FðUÞ ! U is smooth.

For 1: Since F : M ! N is a diffeomorphism, F : M ! N is smooth. Since
F : M ! N is smooth, U is an open neighborhood of a, and F(U) is an open
neighborhood of F(a), the restriction FjU : U ! FðUÞ is smooth.

For 2: Observe that ðFjUÞ�1 ¼ ðF�1Þ��FðUÞ.
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(Reason: Let ðy; xÞ 2 LHS. So ðy; xÞ 2 ðFjUÞ�1. Since ðy; xÞ 2 ðFjUÞ�1,
ðx; yÞ 2 FjU . Since ðx; yÞ 2 FjU , x 2 U, and ðx; yÞ 2 F. Since ðx; yÞ 2 F, ðy; xÞ
2 F�1. Since ðx; yÞ 2 F, FðxÞ ¼ y. Since x 2 U, y ¼ FðxÞ 2 FðUÞ. Since ðy; xÞ 2
F�1, and y 2 FðUÞ, ðy; xÞ 2 ðF�1Þ��FðUÞ¼ RHS. Thus, LHS � RHS. Next, let

ðy; xÞ 2 RHS. So ðy; xÞ 2 ðF�1Þ��FðUÞ. Since ðy; xÞ 2 ðF�1Þ��FðUÞ, y 2 FðUÞ, and

ðy; xÞ 2 F�1. Since y 2 FðUÞ, there exists x1 2 U such that Fðx1Þ ¼ y. Since
ðy; xÞ 2 F�1, ðx; yÞ 2 F, and hence, FðxÞ ¼ y. Since FðxÞ ¼ y, and Fðx1Þ ¼ y,
FðxÞ ¼ Fðx1Þ. Since FðxÞ ¼ Fðx1Þ and F is 1–1, x ¼ x1. Since x ¼ x1, and x1 2 U,
x 2 U. Since x 2 U, and ðx; yÞ 2 F, ðx; yÞ 2 FjU , and hence, ðy; xÞ 2
ðFjUÞ�1 ¼ LHS. Thus, RHS � LHS. Hence, RHS � LHS:Þ

Since F : M ! N is a diffeomorphism, F�1 : N ! Mis smooth, and hence,
ðF�1Þ��FðUÞ: FðUÞ ! U is smooth. Since ðF�1Þ��FðUÞ: FðUÞ ! U is smooth, and

ðFjUÞ�1 ¼ ðF�1Þ��FðUÞ, ðFjUÞ
�1 : FðUÞ ! U is smooth.

Note 5.43 Let M be an m-dimensional smooth manifold and N be an n-dimensional
smooth manifold. Let F : M ! N be 1–1 onto. Let F : M ! N be a local diffeo-
morphism. We shall try to show that F : M ! Nis a diffeomorphism.

Since F : M ! N is a local diffeomorphism, by Note 5.40, F : M ! N is a local
homeomorphism, and hence, F : M ! N is continuous. Since F : M ! N is a local
diffeomorphism, by Note 5.38, F : M ! N is an open map. Since F : M ! N is
1–1 onto, F : M ! N is continuous, and F : M ! N is an open map, F : M ! N is
a homeomorphism.

Now, we want to show that

1. F : M ! N is smooth, and
2. F�1 : N ! M is smooth.

For 1: Let us fix any a 2 M. We have to find an admissible coordinate chart
ðU;uÞ of M satisfying a 2 U, and an admissible coordinate chart ðV ;wÞ of
N satisfying FðaÞ 2 V such that w � F � u�1 : uðU \ F�1ðVÞÞ ! wðVÞ is
smooth.

Since a 2 M, and F : M ! N is a local diffeomorphism, there exists an open
neighborhood U1 of a such that FðU1Þ is an open neighborhood of F(a) in N, and
the restriction FjU1

: U1 ! FðU1Þ is a diffeomorphism.
Since a 2 M, and M is an m-dimensional smooth manifold, there exists an

admissible coordinate chart ðU2;u2Þ of M such that a 2 U2. Since a 2 U2, and
F : M ! N, FðaÞ 2 N. Since FðaÞ 2 N, and N is a smooth manifold, there exists an
admissible coordinate chart ðV2;w2Þ of N such that FðaÞ 2 V2. Since U1 is an open
neighborhood of a, and U2 is an open neighborhood of a, U1 \ U2 is an open
neighborhood of a. Since ðU2;u2Þ is an admissible coordinate chart of M satisfying
a 2 U2, and U1 \ U2 is an open neighborhood of a, ðU1 \ U2;u2jU1\U2

Þ is an
admissible coordinate chart of M satisfying a 2 U1 \ U2. Since FjU1

: U1 ! FðU1Þ
is a diffeomorphism, the restriction FjU1\U2

: U1 \ U2 ! FðU1 \ U2Þ is a
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diffeomorphism. Since F : M ! N is a homeomorphism, and U1 \ U2 is an open
neighborhood of a, FðU1 \ U2Þ is an open neighborhood of F(a).

Since ðV2;w2Þ is an admissible coordinate chart of N such that V2 is an open
neighborhood of F(a), and FðU1 \ U2Þ is an open neighborhood of F(a), V2 \
FðU1 \ U2Þ is an open neighborhood of F(a). Since ðV2;w2Þ is an admissible
coordinate chart ðV2;w2Þ of N, and V2 \ FðU1 \ U2Þ is an open neighborhood of F
(a), ðV2 \ FðU1 \ U2Þ;w2jV2\FðU1\U2ÞÞ is an admissible coordinate chart of N such
that FðaÞ 2 V2 \ FðU1 \ U2Þ.

Now, it remains to be showed that ðw2jV2\FðU1\U2ÞÞ � F � ðu2jU1\U2
Þ�1 is smooth.

Since FjU1
: U1 ! FðU1Þ is a diffeomorphism, FjU1

: U1 ! FðU1Þ is smooth. Since
FjU1

: U1 ! FðU1Þ, ðU1 \ U2;u2jU1\U2
Þ is an admissible coordinate chart of M

satisfying a 2 U1 \ U2, and ðV2 \ FðU1 \ U2Þ;w2jV2\FðU1\U2ÞÞ is an admissible

coordinate chart of N such that FðaÞ 2 V2 \ FðU1 \ U2Þ, ðw2jV2\FðU1\U2ÞÞ �
FjU1

�ðu2jU1\U2
Þ�1ð¼ ðw2jV2\FðU1\U2ÞÞ � F � ðu2jU1\U2

Þ�1Þ is smooth, and hence,

ðw2jV2\FðU1\U2ÞÞ � F � ðu2jU1\U2
Þ�1 is smooth.

Thus, we have shown that F : M ! N is smooth.

For 2: Since F : M ! N is 1–1 onto, F�1 : N ! M is 1–1 onto. Now, since
F : M ! N is a local diffeomorphism, F�1 : N ! M is a local diffeomorphism.
Since F�1 : N ! M is 1–1 onto and local diffeomorphism, as in 1, F�1 : N !
M is a diffeomorphism.

Theorem 5.44 Let M be an m-dimensional smooth manifold and N be an
n-dimensional smooth manifold. Let F : M ! N be a local diffeomorphism. Then,
F is a smooth immersion and smooth submersion.

Proof We have to prove that rank F ¼ m, and rank F ¼ n, that is, for every p 2 M,
the rank of F at p is m and m = n. For this purpose, let us take any p 2 M. Since
p 2 M, and F : M ! N is a local diffeomorphism, there exists an open neighbor-
hood U of p in M such that F(U) is open in N and the restriction FjU : U ! FðUÞ is
a diffeomorphism. Since U is a nonempty open subset of M, and M is an
m-dimensional smooth manifold, U is an m-dimensional smooth manifold, and
hence, dim TpU ¼ dimU ¼ m. Since F(U) is open in N, and N is an n-dimensional
smooth manifold, F(U) is an n-dimensional smooth manifold, and hence
dim TFðpÞðFðUÞÞ ¼ dimðFðUÞÞ ¼ n. Since FjU : U ! FðUÞ is a diffeomorphism,
and p 2 U, the linear map dFp : TpU ! TFðpÞðFðUÞÞ is an isomorphism. Since
dFp : TpU ! TFðpÞðFðUÞÞ is an isomorphism, dFp : TpU ! TFðpÞðFðUÞÞ is 1–1,
and hence, rank of F at p is dim TpUð¼ mÞ.

Thus, for every p 2 M, the rank of F at p is m. Since dFp : TpU ! TFðpÞðFðUÞÞ
is an isomorphism, m ¼ dim TpU ¼ dim TFðpÞðFðUÞÞ ¼ n. h

Theorem 5.45 Let M be an m-dimensional smooth manifold and N be an n-
dimensional smooth manifold. Let F : M ! N be a smooth immersion and smooth
submersion map. Then, F : M ! N is a local diffeomorphism.
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Proof For this purpose, let us take any p 2 M. We have to find an open neigh-
borhood U of p in M such that F(U) is open in N, and the restriction FjU : U !
FðUÞ is a diffeomorphism.

Since p 2 M, and F : M ! N is a smooth immersion, the linear map dFp :

TpM ! TFðpÞN is 1–1. Since p 2 M, and F : M ! Nis a smooth submersion, the
linear map dFp : TpM ! TFðpÞN is onto. Since the linear map dFp : TpM ! TFðpÞN
is 1–1 onto, m ¼ dimM ¼ dim TpM ¼ dimðTFðpÞNÞ ¼ n.

Since m = n, and N is an n-dimensional smooth manifold, N is an m-dimensional
smooth manifold. SinceM, N are m-dimensional smooth manifolds, F : M ! N is a
smooth map, and dFp : TpM ! TFðpÞN is 1–1 onto, by Theorem 5.36, there exists
an open neighborhood U of p, and an open neighborhood V of F(p) such that
FjU : U ! V is a diffeomorphism. Since FjU : U ! V is a diffeomorphism, FjU :
U ! V is 1–1 onto, and hence, FðUÞ ¼ ðFjUÞðUÞ ¼ V . Since FðUÞ ¼ V , and V is
open, F(U) is open. Since FjU : U ! V is a diffeomorphism, and FðUÞ ¼ V , FjU :
U ! FðUÞ is a diffeomorphism. Thus, U is an open neighborhood of p, F(U) is
open in N, and FjU : U ! FðUÞ is a diffeomorphism. h

Theorem 5.46 Let M, N be m-dimensional smooth manifolds. Let F : M ! N be a
smooth immersion. Then, F : M ! N is a local diffeomorphism.

Proof We first try to show that F : M ! N is a smooth submersion. For this
purpose, let us take any p 2 M. We have to show that the linear map dFp : TpM !
TFðpÞN is onto.

Since p 2 M, and F : M ! N is a smooth immersion, the linear map dFp :

TpM ! TFðpÞN is 1–1. Since dim TpM ¼ dimM ¼ m ¼ dimN ¼ dimðTFðpÞNÞ,
dim TpM ¼ dimðTFðpÞNÞ. Since dim TpM ¼ dimðTFðpÞNÞ, and the linear map dFp :

TpM ! TFðpÞN is 1–1, dFp : TpM ! TFðpÞN is onto. Since F : M ! N is a smooth
immersion and smooth submersion, by Theorem 5.45, F : M ! N is a local
diffeomorphism. h

Theorem 5.47 Let M, N be m-dimensional smooth manifolds. Let F : M ! N be a
smooth submersion. Then, F : M ! N is a local diffeomorphism.

Proof We first try to show that F : M ! N is a smooth immersion. For this pur-
pose, let us take any p 2 M. We have to show that the linear map dFp : TpM !
TFðpÞN is 1–1.

Since p 2 M, and F : M ! N is a smooth submersion, the linear map dFp :

TpM ! TFðpÞN is onto. Since dim TpM ¼ dimM ¼ m ¼ dimN ¼ dimðTFðpÞNÞ,
dim TpM ¼ dimðTFðpÞNÞ. Since dim TpM ¼ dimðTFðpÞNÞ, and the linear map dFp :

TpM ! TFðpÞN is onto, dFp : TpM ! TFðpÞN is 1–1. Since F : M ! N is a smooth
submersion and smooth immersion, by Theorem 5.45, F : M ! N is a local dif-
feomorphism. h

Note 5.48 Before going ahead, let us recall the constant rank Theorem 4.9:

Let M be an m-dimensional smooth manifold, N be an n-dimensional smooth
manifold, F : M ! N be a smooth map, and r be the rank of F. Then, for every p in
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M, there exist admissible coordinate chart ðU;uÞ in M satisfying p 2 U and
admissible coordinate chart ðV ;wÞ in N satisfying FðpÞ 2 V , such that FðUÞ � V ,
and for every ðx1; . . .; xr; xrþ1; . . .; xmÞ in uðUÞ;

w � F � u�1� �
x1; . . .; xr; xrþ1; . . .; xmð Þ ¼ x1; . . .; xr; 0; . . .; 0|fflfflffl{zfflfflffl}

n�r

0@ 1A:

Theorem 5.49 Let M be a m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be smooth submersion (i.e., F is of constant rank
n). Then, for every p in M, there exist admissible coordinate chart ðU;uÞ in M
satisfying p 2 U and admissible coordinate chart ðV ;wÞ in N satisfying FðpÞ 2 V
such that FðUÞ � V, and for every ðx1; . . .; xn; xnþ1; . . .; xmÞ in uðUÞ;

w � F � u�1� �
x1; . . .; xmð Þ ¼ x1; . . .; xnð Þ:

Proof Its proof is clear. h

Theorem 5.50 Let M be a m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be smooth immersion (i.e., F is of
constant rank m).

Then, for every p in M, there exist admissible coordinate chart ðU;uÞ in
M satisfying p 2 U and admissible coordinate chart ðV ;wÞ in N satisfying FðpÞ 2 V
such that FðUÞ � V , and for every ðx1; . . .; xmÞ in uðUÞ,

w � F � u�1� �
x1; . . .; xmð Þ ¼ x1; . . .; xm; 0; . . .; 0|fflfflffl{zfflfflffl}

n�m

0@ 1A:

Proof Its proof is clear. h

Theorem 5.51 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, F : M ! N be smooth, and M be connected. Then, the
following statements are equivalent:

1. For every p 2 M, there exist an admissible coordinate chart ðU;uÞ in M satis-
fying p 2 U and an admissible coordinate chart ðV ;wÞ in N satisfying FðpÞ 2 V
such that w � F � u�1 behaves linearly, i.e., there exists a positive integer r such
that for every ðx1; . . .; xr; xrþ1; . . .; xmÞ in uðUÞ,

w � F � u�1� �
x1; . . .; xr; xrþ1; . . .; xmð Þ ¼ x1; . . .; xr; 0; . . .; 0|fflfflffl{zfflfflffl}

n�r

0@ 1A:

h
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2. F has constant rank.

Proof 1 ) 2: Let us fix any p 2 M. By the condition 1, there exist an admissible
coordinate chart ðU;uÞ in M satisfying p 2 U, an admissible coordinate chart
ðV ;wÞ in N satisfying FðpÞ 2 V , and a positive integer r such that for every
ðx1; . . .; xr; xrþ1; . . .; xmÞ in uðUÞ,

w � F � u�1� �
x1; . . .; xr; xrþ1; . . .; xmð Þ ¼ x1; . . .; xr; 0; . . .; 0|fflfflffl{zfflfflffl}

n�r

0@ 1A:

For every q 2 U,

o
ox1

����
q
;
o
ox2

����
q
; . . .;

o
oxm

����
q

 !

is the coordinate basis of TqM corresponding to ðU;uÞ, where
o
oxi

����
q

� d u�1� �
uðqÞ

� � o
oxi

����
uðqÞ

 !
:

For every r 2 V ,

o
oy1

����
r

;
o
oy2

����
r

; . . .;
o
oyn

����
r

� �
is the coordinate basis of TrN corresponding to ðV ;wÞ, where

o
oyi

����
r
� d w�1� �

wðrÞ
� � o

oyi

����
wðrÞ

 !
:

We know that for every q 2 U, the matrix representation of linear map dFq is the
following n� m matrix:

o p1 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p1 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ
o p2 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p2 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

. . . . . .
o pn � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o pn � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

2666666664
. . .

o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

. . .
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

. . . . . .

. . .
o pn � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

3777777775
:
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It follows that for every q 2 U, the rank of the matrix representation of the linear
map dFq is r. Since for every q 2 U, the rank of F at q is equal to the rank of the
matrix representation of the linear map dFq, and the rank of the matrix represen-
tation of the linear map dFq is r, the rank of F at q is r.

Thus, we have shown that, corresponding to each p 2 M, there exist a positive
integer r and an open neighborhood Up;r of p such that for every q 2 Up;r, the rank of
F at q is r. Observe that f[p2MUp;r : r ¼ 1; 2; . . .;minfm; ngg is a finite partition of
M into open sets. Since f[p2MUp;r : r ¼ 1; 2; . . .;minfm; ngg is a finite partition
of M into open sets, and M is connected, f[p2MUp;r : r ¼ 1; 2; . . .;minfm; ngg is a
singleton set. It follows that for every q 2 M, the rank of F at q is a constant. Thus,
F has constant rank.

2 ) 1: Let F has constant rank r. By the constant rank theorem, for every p in
M, there exist an admissible coordinate chart ðU;uÞ in M satisfying p 2 U and an
admissible coordinate chart ðV ;wÞ in N satisfying FðpÞ 2 V such that FðUÞ � V ,
and for every ðx1; . . .; xr; xrþ1; . . .; xmÞ in uðUÞ,

w � F � u�1
� �

x1; . . .; xr; xrþ1; . . .; xmð Þ ¼ x1; . . .; xr; 0; . . .; 0|fflfflffl{zfflfflffl}
n�r

0@ 1A:

h

Definition Let X be a topological space. If for every x 2 X, there exist an open
neighborhood Ux of x and a compact set C such that Ux � C, then we say that X is a
locally compact space. Clearly, every compact space is locally compact.

Note 5.52 Let M be an n-dimensional smooth manifold. We shall try to show that
M is locally compact space. For this purpose, let us take any p 2 M. By Lemma
4.49 of Chap. 4, there exists a countable collection fðU1;u1Þ; ðU2;u2Þ;
ðU3;u3Þ; . . .g of admissible coordinate charts of M such that

1. fU1;U2;U3; . . .g is a basis of M,
2. each uiðUiÞ is an open ball in R

n,
3. each closure U�

i of Ui is a compact subset of M.

Since fU1;U2;U3; . . .g is a basis of M, fU1;U2;U3; . . .g is a cover of M, and
hence, there exists a positive integer k such that p 2 Uk . By 3, U�

k is a compact
subset of M. Further, Uk � U�

k . Hence, M is locally compact.

Note 5.53 Let X be a Hausdorff topological space. Then, we shall try to show that
the following statements are equivalent:

1. X is locally compact.
2. For every x 2 X, there exists an open neighborhood Ux of x such that U�

x is
compact.

3. There exists a basis B of X such that for every U 2 B; U� is compact.

3 ) 2: Let B be a basis of X such that for every U 2 B; U� is compact. We
have to prove 2. For this purpose, let us take any x 2 X. Since x 2 X, and B is a

h
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basis of X, there exists an open neighborhood Ux of x such that Ux 2 B, and U�
x is

compact.
2 ) 1: Let us take any x 2 X. We have to find an open neighborhood Ux of

x and a compact set C such that Ux � C. Since x 2 X, so by 2, there exists an open
neighborhood Ux of x such that U�

x is compact. Also, Ux � U�
x .

1 ) 3: Let B be the collection of all open sets U for which U� is compact. We
shall try to show that B is a basis. For this purpose, let us take any open neigh-
borhood G of x. Since x 2 X, and X is locally compact, there exist an open
neighborhood Ux of x and a compact set C such that Ux � C. Since Ux and G are
open neighborhoods of x, Ux \ G is an open neighborhood of x. Clearly,
Ux \ G � C. Since C is compact, and X is Hausdorff, C is closed, and hence,
C� ¼ C. Since Ux \ G � C, ðUx \ GÞ� � C� ¼ C. Since ðUx \ GÞ� � C, C is
compact, and ðUx \ GÞ� is closed, ðUx \ GÞ� is compact. Since Ux \ G is open,
and ðUx \ GÞ� is compact, Ux \ G is in B. Also, Ux \ G is an open neighborhood
of x. This shows that B is a basis.

If V 2 B, then, by the definition of B;V� is compact.

Note 5.54 Let X be a locally compact Hausdorff space. Let G be a nonempty open
subset of X. Then, we shall try to show that G is locally compact Hausdorff. Since
the topology of X is Hausdorff, and G has subspace topology of X, the topology of
G is Hausdorff.

Now, we want to show that G is locally compact. For this purpose, let us take
any x in G. We have to find an open neighborhood Vx of x in G, and a compact
subset C1 of G such that Vx � C1.

Since x is in X, and X is locally compact, there exist an open neighborhood Ux of
x in X and a compact subset C of X such that Ux � C. Since Ux is an open
neighborhood of x in X, Ux \ G is an open neighborhood of x in G.

Now, we want to show that ðUx \ GÞ� \ G is compact in G. Since C is compact,
and X is Hausdorff, C is closed in X. Since C is closed in X, and Ux \ G � C,
ðUx \ GÞ� � C. Since ðUx \ GÞ� � C, C is compact, and ðUx \ GÞ� is closed,
ðUx \ GÞ� is compact in X. Since ðUx \ GÞ� is compact in X, and G is open in X,
ðUx \ GÞ� \ G is compact in G.

It remains to be showed that Ux \ G � ðUx \ GÞ� \ G. Since Ux \ G �
ðUx \ GÞ�, and Ux \ G � G, Ux \ G � ðUx \ GÞ� \ G.

Note 5.55 Let X be a locally compact Hausdorff space. Let F be a nonempty closed
subset of X. Then, we shall try to show that F is locally compact Hausdorff space.
Since the topology of X is Hausdorff, and F has subspace topology of X, the
topology of F is Hausdorff.

Now, we want to show that F is locally compact. For this purpose, let us take
any x in F. We have to find an open neighborhood Vx of x in F, and a compact
subset C1 of F such that Vx � C1.

Since x is in X, and X is locally compact, there exist an open neighborhood Ux of
x in X and a compact subset C of X such that Ux � C. Since Ux is an open
neighborhood of x in X, Ux \ F is an open neighborhood of x in F.
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Now, we want to show that ðUx \ FÞ� \ F is compact in F. Since Ux � C,
Ux \ F � C \ F � C. Since C is compact, and X is Hausdorff, C is closed in
X. Since C is closed in X, and Ux \ F � C, ðUx \ FÞ� � C. Since ðUx \ FÞ� and
F are closed in X, ðUx \ FÞ� \ F is closed in X. Since ðUx \ FÞ�\
F � ðUx \ FÞ� � C, C is compact, and ðUx \ FÞ� \ F is closed, ðUx \ FÞ� \ F is
compact in X. Since ðUx \ FÞ� \ F is compact in X, and ðUx \ FÞ� \ F � F,
ðUx \ FÞ� \ F is compact in F.

It remains to be showed that Ux \ F � ðUx \ FÞ� \ F. Since Ux \ F �
ðUx \ FÞ�, and Ux \ F � F, Ux \ F � ðUx \ FÞ� \ F.

Note 5.56 Let X be a locally compact Hausdorff space. Let x 2 X. Let G be an open
neighborhood of x. We shall try to show that there exists an open neighborhood Vx

of x such that V�
x � G, and V�

x is compact.
Since X is a locally compact Hausdorff space, and G is a nonempty open subset

of X, by Note 5.54, G is a locally compact Hausdorff space. Since G is a locally
compact Hausdorff space, and x 2 G, there exist an open neighborhood Vx of x in
G and a compact subset C of G such that Vx � C. Since Vx is open in G, and G is
open in X, Vx is open in X. Since Vx is open in X, and x 2 Vx, Vx is an open
neighborhood of x in G. Since C is a compact subset of G, and G � X, C is a
compact subset of X. Since C is a compact subset of X, and X is a Hausdorff space,
C is a closed subset of X. Since C is a closed subset of X, and Vx � C,
V�
x � C � G. Since V�

x � C; V�
x is closed, and C is a compact subset of X, V�

x is a
compact subset of X.

This result is known as the shrinking lemma.

Note 5.57 Let X be a compact space. Let fFng be a sequence of closed subsets of
X. Let each Fn be nonempty. Let F1 � F2 � F3 � � � �. We shall try to show thatT1

n¼1 Fn is nonempty. If not, otherwise, let
T1

n¼1 Fn ¼ ;. We have to arrive at a
contradiction.

Here, X ¼ ;c ¼ ðT1
n¼1 FnÞc ¼

T1
n¼1 ððFnÞcÞ. Further, since each Fn is closed,

each ðFnÞc is open. Since each ðFnÞc is open, and
S1

n¼1 ððFnÞcÞ ¼ X, fðFnÞcg is an
open cover of X. Since fðFnÞcg is an open cover of X, and X is compact, there exist
positive integers n1\n2\ � � �\nk such that

Sk
r¼1 ððFnrÞcÞ ¼ X.

Since F1 � F2 � F3 � � � �, ðF1Þc � ðF2Þc � ðF3Þc � � � �. Now, since n1\n2
\ � � �\nk , ðFn1Þc � ðFn2Þc � � � � � ðFnk Þc, and hence, X ¼ Sk

r¼1 ððFnr ÞcÞ ¼ ðFnk Þc.
Since ðFnk Þc ¼ X, Fnk is empty, which contradicts the assumption that each Fn is
nonempty.

Theorem 5.58 Let X be a locally compact Hausdorff space. Let fUng be a
sequence of subsets of X. Let each Un be open and dense. Then,

T1
n¼1 Un is dense.

Proof If not, otherwise, let
T1

n¼1 Un be not dense, that is, ðT1
n¼1 UnÞ� is a proper

subset of X. We have to arrive at a contradiction. Since ðT1
n¼1 UnÞ� is a proper

subset of X, there exists a 2 X such that a 62 ðT1
n¼1 UnÞ�. It follows that there exists

an open neighborhood Va of a such that Va \ ðT1
n¼1 UnÞ ¼ ;.
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Since Va is an open neighborhood of a, and U1 is open, Va \ U1 is open. Since
Va is an open neighborhood of a, and U1 is dense, Va \ U1 is nonempty. Since
Va \ U1 is a nonempty open subset of X, and X is a locally compact Hausdorff
space, there exists a nonempty open set W1 such that W�

1 � Va \ U1, and W�
1 is

compact. Here, W1 � W�
1 � Va \ U1.

Since W1 is a nonempty open subset of X, and U2 is open and dense, W1 \ U2 is
a nonempty open subset of X. Since W1 \ U2 is a nonempty open subset of X, and
X is a locally compact Hausdorff space, there exists a nonempty open set W2 such
that W�

2 � W1 \ U2, and W�
2 is compact. Clearly, W�

2 � W1 � W�
1 . Also,W

�
1 ;W

�
2

are nonempty closed sets. Here, W2 � W�
2 � W1 \ U2 � ðVa \ U1Þ \ U2 ¼ Va\

ðU1 \ U2Þ.
Since W2 is a nonempty open subset of X, and U3 is open and dense, W2 \ U3 is

a nonempty open subset of X. Since W2 \ U3 is a nonempty open subset of X, and
X is a locally compact Hausdorff space, there exists a nonempty open set W3 such
that W�

3 � W2 \ U3, and W�
3 is compact. Clearly, W�

3 � W2 � W�
2 . Also,

W�
1 ;W

�
2 ;W

�
3 are nonempty closed sets. Here, W3 � W�

3 � W2 \ U3 � ðVa\
ðU1 \ U2ÞÞ \ U3 ¼ Va \ ðU1 \ U2 \ U3Þ, etc.

Thus, we get a decreasing sequence fW�
n g of nonempty closed subsets of a

compact set W�
1 . Hence, by Note 5.57,

T1
n¼1 ðW�

n Þ is nonempty. Since W�
1 � Va\

U1;W�
2 � Va \ ðU1 \ U2Þ;W�

3 � Va \ ðU1 \ U2 \ U3Þ, etc., ; � T1
n¼1 ðW�

n Þ �
Va\ ðT1

n¼1 UnÞ ¼ ;. It follows that T1
n¼1 ðW�

n Þ is empty, a contradiction. h

Definition Let X be a topological space. Let A be any subset of X. If A� contains no
nonempty open set, then we say that A is nowhere dense.

Theorem 5.59 Let X be a locally compact Hausdorff space. Let fAng be a
sequence of nowhere dense subsets of X. Then,

S1
n¼1 An has no interior point.

Proof For every n, An is nowhere dense, so ; ¼ ððAnÞ�Þo ¼ ððððAnÞ�ÞcÞ�Þc, and
hence, ðððAnÞ�ÞcÞ� ¼ X. It follows that ððAnÞ�Þc is an open dense set. So, by Theorem
5.58,

T1
n¼1 ððAnÞ�Þcð¼ ðS1

n¼1 ðAnÞ�ÞcÞ is dense, and hence, X ¼ ððS1
n¼1 ðAnÞ�ÞcÞ�.

It follows that ; ¼ ðððS1
n¼1 ðAnÞ�ÞcÞ�Þc ¼ ðS1

n¼1 ðAnÞ�Þo. h

This theorem is known as Baire category theorem.

Theorem 5.60 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be smooth. Let F has constant rank r. Let
F : M ! N be onto. Then, F is a smooth submersion.

Proof We have to prove that rank F ¼ n. If not, otherwise, let r � rank F\n. We
have to arrive at a contradiction. Here, r � rank F\n, so n − r is a positive integer.
Let us take any p 2 M.

By the constant rank theorem, there exist an admissible coordinate chart ðUp;upÞ
in M satisfying p 2 Up and an admissible coordinate chart ðVFðpÞ;wFðpÞÞ in
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N satisfying FðpÞ 2 VFðpÞ, such that FðUpÞ � VFðpÞ, and for every ðx1; . . .; xr;
xrþ1; . . .; xmÞ in upðUpÞ,

wFðpÞ � F � u�1
p

� �
x1; . . .; xr; xrþ1; . . .; xmð Þ ¼ x1; . . .; xr; 0; . . .; 0|fflfflffl{zfflfflffl}

1
ð Þn�r

0B@
1CA

2 wFðpÞ VFðpÞ
� �

:

By Lemma 4.47, there exists an open neighborhood Wp of p such that
Wp � ðWpÞ� � Up, and ðWpÞ� is compact. We shall try to show that FððWpÞ�Þ is a
nowhere dense subset of N.

Since F : M ! N is smooth, F : M ! N is continuous. Since F : M ! N is
continuous, and ðWpÞ� is compact, FððWpÞ�Þ is a compact subset of N. Since
FððWpÞ�Þ is a compact subset of N, and the topology of N is Hausdorff, FððWpÞ�Þ
is a closed subset of N. Since FððWpÞ�Þ is a closed subset of N,
ðFððWpÞ�ÞÞ� ¼ FððWpÞ�Þ. It remains to be showed that FððWpÞ�Þ has no interior
point.

Let us take any q 2 ðWpÞ�. Since q 2 ðWpÞ�ð� UpÞ, q 2 Up, and hence,
upðqÞ 2 upðUpÞ. Put upðqÞ � ðy1; . . .; yr; yrþ1; . . .; ymÞ. So

wFðpÞ FðqÞð Þ ¼ wFðpÞ � F � u�1
p

� �
upðqÞ
� �

¼ wFðpÞ � F � u�1
p

� �
y1; . . .; yr; yrþ1; . . .; ymð Þ y1; . . .; yr; 0; . . .; 0|fflfflffl{zfflfflffl}

1
ð Þn�r

0B@
1CA

2 R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

:

Since q 2 Up, FðqÞ 2 FðUpÞ � VFðpÞ. Since FðqÞ 2 VFðpÞ, and

FðqÞ 2 w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA;

FðqÞ 2 VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA:
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It follows that

F Wp
� ��� � � VFðpÞ \ w�1

FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA:

Clearly,

VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

has no interior point. (Reason: Here,

wFðpÞ VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

0B@
1CA

¼ wFðpÞ VFðpÞ
� � \ wFðpÞ w�1

FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

0B@
1CA

� wFðpÞ VFðpÞ
� � \ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA � R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA;

and

R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

have no interior point, so

wFðpÞ VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

0B@
1CA

has no interior point. Since ðVFðpÞ;wFðpÞÞ is an admissible coordinate chart of N,
wFðpÞ is a homeomorphism from VFðpÞ onto wFðpÞðVFðpÞÞ. Since wFðpÞ is a homeo-
morphism from VFðpÞ onto
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wFðpÞ VFðpÞ
� �

; VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

0B@
1CA � VFðpÞ;

and

wFðpÞ VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

0B@
1CA

has no interior point,

VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

has no interior point in VFðpÞ. Since

VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

has no interior point in VFðpÞ, and VFðpÞ is open in N,

VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

has no interior point in N.) Since

VFðpÞ \ w�1
FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA

has no interior point in N, and

F Wp
� ��� � � VFðpÞ \ w�1

FðpÞ R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
r

� 0f g � � � � � 0f g|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þn�r

0B@
1CA;

FððWpÞ�Þ has no interior point. Thus, FððWpÞ�Þ is a nowhere dense subset of N.
Here, fWp : p 2 Mg is an open cover of M. Since M is a smooth manifold, the

topology of M is second countable. Since M is a second countable space, and
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fWp : p 2 Mg is an open cover of M, there exist p1; p2; p3; . . . in M such that
fWpn : n 2 Ng is an open cover of M. Since fWpn : n 2 Ng is a cover of M, and
F : M ! N is onto, fFðWpnÞ : n 2 Ng is a cover of N. Since Wpn � ðWpnÞ�,
FðWpnÞ � FððWpnÞ�Þ. Since, for every n 2 N;FðWpnÞ � FððWpnÞ�Þ, and
fFððWpnÞ�Þ : n 2 Ng is a cover of N, N ¼ S1

n¼1 FððWpnÞ�Þ. Since N is a smooth
manifold, N is a Hausdorff locally compact space. Since N is a Hausdorff locally
compact space, and for every n 2 N;FððWpÞ�Þ is a nowhere dense subset of N, by
Baire category theorem,

S1
n¼1 FððWpnÞ�Þð¼ NÞ has no interior point, and hence,

N has no interior point. This is a contradiction. h

Theorem 5.61 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be smooth. Let F has constant rank r. Let
F : M ! N be 1–1. Then, F is a smooth immersion.

Proof We have to prove that rank F ¼ m. If not, otherwise, let r � rank F\m. We
have to arrive at a contradiction. Here, r � rank F\m, so m − r is a positive
integer. Let us take any p 2 M.

By the constant rank theorem, there exist an admissible coordinate chart ðU;uÞ
in M satisfying p 2 U and an admissible coordinate chart ðV ;wÞ in N satisfying
FðpÞ 2 V such that FðUÞ � V , and for every ðx1; . . .; xr; xrþ1; . . .; xmÞ in uðUÞ,

w � F � u�1� �
x1; . . .; xr; xrþ1; . . .; xm|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

1
ð Þm�r

0B@
1CA ¼ x1; . . .; xr; 0; . . .; 0|fflfflffl{zfflfflffl}

0
ð Þn�r

0B@
1CA 2 wðVÞ:

Since F : M ! N is 1–1, u�1 is 1–1, and w is 1–1, their composite w � F � u�1

from uðUÞ to V is 1–1. Put

uðpÞ � a1; . . .; ar; arþ1; . . .; am|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
1
ð Þm�r

0B@
1CA:

Since

a1; . . .; ar; arþ1; . . .; am|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
1
ð Þm�r

0B@
1CA ¼ uðpÞ 2 uðUÞ;

and uðUÞ is an open subset of Rm, there exists e[ 0 such that

a1 � e; a1 þ eð Þ � � � � � ar � e; ar þ eð Þ � arþ1 � e; arþ1 þ eð Þ
� � � � � am � e; am þ eð Þ � uðUÞ:
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Since

a1; . . .; ar; arþ1; . . .; am � e
2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

1
ð Þm�r

0BB@
1CCA; a1; . . .; ar; arþ1; . . .; am þ e

2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þm�r

0BB@
1CCA

2 a1 � e; a1 þ eð Þ � � � � � ar � e; ar þ eð Þ � arþ1 � e; arþ1 þ eð Þ
� � � � � am � e; am þ eð Þ � uðUÞ;

w � F � u�1� �
a1; . . .; ar; arþ1; . . .; am � e

2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þm�r

0BB@
1CCA ¼ a1; . . .; ar; 0; . . .; 0|fflfflffl{zfflfflffl}

n�r

0@ 1A

¼ w � F � u�1� �
a1; . . .; ar; arþ1; . . .; am þ e

2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þm�r

0BB@
1CCA:

Since

w � F � u�1� �
a1; . . .; ar; arþ1; . . .; am � e

2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þm�r

0BB@
1CCA

¼ w � F � u�1� �
a1; . . .; ar; arþ1; . . .; am þ e

2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þm�r

0BB@
1CCA

and w � F � u�1 is 1� 1;

a1; . . .; ar; arþ1; . . .; am � e
2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

1
ð Þm�r

0BB@
1CCA ¼ a1; . . .; ar; arþ1; . . .; am þ e

2|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
1
ð Þm�r

0BB@
1CCA;

which is a contradiction. h

5.6 Shrinking Lemma 381



5.7 Global Rank Theorem

Theorem 5.62 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be smooth. Let F has constant rank. Let
F : M ! N be 1–1 and onto. Then, F is a diffeomorphism.

Proof Since F : M ! N is onto, by Theorem 5.60, F is a smooth submersion.
Since F : M ! N is 1–1, by Theorem 5.61, F is a smooth immersion. Since F :
M ! N is submersion, and immersion, by Theorem 5.45, F : M ! N is a local
diffeomorphism. Since F : M ! N is a local diffeomorphism, 1–1, and onto, by
Note 5.43, F : M ! N is a diffeomorphism. h

Note 5.63 Theorems 5.60, 5.61, and 5.62 together are known as the global rank
theorem.

Definition Let X, Y be topological spaces. Let F : X ! Y be a mapping. If F is 1–1
and continuous map, and F is a homeomorphism from X onto F(X), where F(X) has
the subspace topology of Y, then we say that F is a topological embedding.

Note 5.64 Let X, Y be topological spaces. Let F : X ! Y be a mapping. Let F be
1–1 and continuous. Let F be an open mapping, that is, for every open subset U of
X, F(U) is open in Y. We shall try to show that F : X ! Y is a topological
embedding.

Here, let us take any open subset U of X. It remains to be proved that F(U) is
open in F(X). Since U is open in X, and F is an open mapping, F(U) is open in
Y. Since F(U) is open in Y, FðUÞ \ FðXÞ is open in F(X). Since FðUÞ � FðXÞ,
FðUÞ \ FðXÞ ¼ FðUÞ. Since FðUÞ \ FðXÞ ¼ FðUÞ, and FðUÞ \ FðXÞ is open in F
(X), F(U) is open in F(X).

Note 5.65 Let X, Y be topological spaces. Let F : X ! Y be a mapping. Let F be
1–1 and continuous. Let F be a closed mapping, that is, for every closed subset A of
X, F(A) is closed in Y. We shall try to show that F : X ! Y is a topological
embedding.

Here, let us take any open subset U of X. It remains to be proved that F(U) is
open in F(X). Since U is open in X, the complement Uc of U is closed in X. Since
Uc is closed in X, and F is a closed mapping, FðUcÞ is closed in Y. Since FðUcÞ is
closed in Y, and FðUcÞ � FðXÞ, FðUcÞ \ FðXÞð¼ FðUcÞÞ is closed in F(X), and
hence, FðUcÞ is closed in F(X). Since FðUcÞ is closed in F(X), FðXÞ � FðUcÞ is
open in F(X). Since F : X ! Y is 1–1, FðXÞ � FðUcÞ ¼ FðX � UcÞ ¼ FðUÞ. Since
FðXÞ � FðUcÞ ¼ FðUÞ, and FðXÞ � FðUcÞ is open in F(X), F(U) is open in F(X).

Note 5.66 Let X be a compact space and Y be a Hausdorff space. Let F : X ! Y be
a continuous mapping and F be 1–1. We shall try to show that F : X ! Y is a
topological embedding.

First of all, we shall try to show that F : X ! Y is a closed map. For this
purpose, let us take any closed subset A of X. We have to show that F(A) is closed
in Y. Since A is closed in the compact set X, A is compact. Since A is compact, and
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F : X ! Y is continuous, F(A) is compact. Since F(A) is a compact subset of Y, and
Y is Hausdorff, F(A) is a closed subset of Y.

Thus, F : X ! Y is a closed map. Since F : X ! Y is 1–1, continuous, and
closed, by the above note, F : X ! Y is a topological embedding.

This result is known as closed map lemma.

Definition Let X, Y be topological spaces. Let F : X ! Y be a mapping. If for
every compact subset C of Y, F�1ðCÞ is compact in X, then we say that F : X ! Y
is a proper map.

Note 5.67 Let X be a Hausdorff topological space and Y be a Hausdorff locally
compact space. Let F : X ! Y be a continuous mapping. Let F be a proper map.
We shall try to show that F is a closed mapping. For this purpose, let us take any
closed subset A of X. We have to show that F(A) is closed in Y. If not, otherwise, let
F(A) be not closed. We have to arrive at a contradiction.

Since F(A) is not closed, there exists b 2 Y such that b is a limit point of F(A),
and b 62 FðAÞ. Since b 2 Y , and Y is a Hausdorff locally compact space, there exists
an open neighborhood Ub of b such that U�

b is compact. Clearly, b is a limiting
point of FðAÞ \ ðU�

b Þ:
(Reason: Let us take any open neighborhood Vb of b. It follows that Vb \ Ub is

an open neighborhood of b. Since Vb \ Ub is an open neighborhood of b, and b is a
limit point of F(A), there exists a point c 2 Vb \ Ub, and c 2 FðAÞ. Here,
c 2 Vb \ Ub, so c 2 Ubð� ðU�

b ÞÞ, and hence, c 2 ðU�
b Þ. Since c 2 ðU�

b Þ, and
c 2 FðAÞ, c 2 FðAÞ \ ðU�

b Þ. Also, since c 2 Vb \ Ub, c 2 Vb. Since c 2 FðAÞ, and
b 62 FðAÞ, c 6¼ b. This shows that b is a limiting point of FðAÞ \ ðU�

b Þ.)
Since F : X ! Y is a continuous mapping, F is a proper map, and U�

b is a
compact subset of Y, F�1ðU�

b Þ is a compact subset of X. Since F�1ðU�
b Þ is a

compact subset of X, and the topology of X is Hausdorff, F�1ðU�
b Þ is a closed

subset of X. Since F�1ðU�
b Þ is a closed subset of X, and A is a closed subset of X,

F�1ðU�
b Þ \ A is a closed subset of X. Since F�1ðU�

b Þ \ A is a closed subset of
compact set F�1ðU�

b Þ, F�1ðU�
b Þ \ A is compact. Since F�1ðU�

b Þ \ A is a compact
subset of X, and F : X ! Y is a continuous mapping, FðF�1ðU�

b Þ \ AÞ is compact.
Clearly, FðF�1ðU�

b Þ \ AÞ ¼ FðAÞ \ ðU�
b Þ:

(Reason: LHS ¼ FðF�1ðU�
b Þ \ AÞ � FðF�1ðU�

b ÞÞ \ FðAÞ � ðU�
b Þ \ FðAÞ ¼

FðAÞ\ ðU�
b Þ ¼ RHS. Next, let us take any y 2 FðAÞ \ ðU�

b Þ. We have to show that
y 2 FðF�1ðU�

b Þ \ AÞ. Since y 2 FðAÞ \ ðU�
b Þ, y 2 ðU�

b Þ, and there exists x 2 A
such that FðxÞ ¼ y. Since FðxÞ ¼ y 2 ðU�

b Þ, x 2 F�1ðU�
b Þ. Since x 2 F�1ðU�

b Þ,
and x 2 A, x 2 F�1ðU�

b Þ \ A. Therefore, y ¼ FðxÞ 2 FðF�1ðU�
b Þ \ AÞ.)

Since FðF�1ðU�
b Þ \ AÞ ¼ FðAÞ \ ðU�

b Þ, and FðF�1ðU�
b Þ \ AÞ is compact,

FðAÞ \ ðU�
b Þ is compact. Since FðAÞ \ ðU�

b Þ is a compact subset of Y, and the
topology of Y is Hausdorff, FðAÞ \ ðU�

b Þ is closed. Since FðAÞ \ ðU�
b Þ is closed,

and b is a limiting point of FðAÞ \ ðU�
b Þ, b 2 FðAÞ \ ðU�

b Þð� FðAÞÞ, and hence,
b 2 FðAÞ. This is a contradiction.
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Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be smooth. If F is a smooth immersion, and
F : M ! N is a topological embedding, then we say that F is a smooth embedding
of M into N.

Note 5.68 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, P be a p-dimensional smooth manifold, F : M ! N be a smooth
embedding, and G : N ! P be a smooth embedding. We shall try to show that the
composite map G � F : M ! P is a smooth embedding, that is,

1. G � F : M ! P is a smooth immersion, and
2. G � F : M ! P is a topological embedding.

For 1: We have to show that G � F : M ! P is a smooth immersion. For this
purpose, let us take any a 2 M:We have to show that the linear map dðG � FÞa :
TaM ! TðG�FÞðaÞP is 1–1.

Since F : M ! N is a smooth embedding, F : M ! N is a smooth immersion.
Since F : M ! N is a smooth immersion, and a 2 M; the linear map dFa : TaM !
TFðaÞN is 1–1. Since G : N ! P is a smooth embedding, G : N ! P is a smooth
immersion. Since G : N ! P is a smooth immersion, and FðaÞ 2 N; the linear map
dGFðaÞ : TFðaÞN ! TGðFðaÞÞP is 1–1. Since dGFðaÞ : TFðaÞN ! TGðFðaÞÞP is 1–1, and
dFa : TaM ! TFðaÞN is 1–1, their composite ðdGFðaÞÞ � ðdFaÞð¼ dðG � FÞaÞ is 1–1,
and hence, dðG � FÞa is 1–1.

For 2: Here, we have to prove that G � F : M ! P is a topological embedding,
that is,

(a) G � F : M ! P is 1–1.
(b) G � F : M ! P is continuous.
(c) G � F is a homeomorphism from M onto ðG � FÞðMÞ; where the topology of

ðG � FÞðMÞ is the subspace topology of P.

For a: Since F : M ! N is a smooth embedding, F : M ! N is a topological
embedding, and hence, F : M ! N is 1–1. Similarly, G : N ! P is 1–1. Since
F : M ! N is 1–1, andG : N ! P is 1–1, their compositeG � F : M ! P is 1–1.
For b: Since F : M ! N is a smooth embedding, F : M ! N is a topological
embedding, and hence, F : M ! N is continuous. Similarly, G : N ! P is
continuous. Since F : M ! N is continuous, and G : N ! P is continuous, their
composite G � F : M ! P is continuous.
For c: Since F : M ! N is a smooth embedding, F : M ! N is a topological
embedding, and hence, F is a homeomorphism from M onto F(M), where F
(M) has the subspace topology of N. Since G : N ! P is a smooth embedding,
G : N ! P is a topological embedding, and hence, G is a homeomorphism from
N onto G(N), where G(N) has the subspace topology of P. Since G is a
homeomorphism from N onto G(N), the restriction G|F(M) is a homeomorphism
from F(M) onto G(F(M)), where the topology of F(M) is the subspace topology
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of N, and the topology of GðFðMÞÞ is the subspace topology of G(N). Since the
topology of GðFðMÞÞ is the subspace topology of GðNÞ; and the topology of G
(N) is the subspace topology of P, the topology of GðFðMÞÞ as the subspace
topology of G(N) and the topology of G(F(M)) as the subspace topology of
P are the same. It follows that G|F(M) is a homeomorphism from F(M) onto G(F
(M)), where the topology of F(M) is the subspace topology of N, and the
topology of G(F(M)) is the subspace topology of P. Since F is a homeomor-
phism from M onto F(M), where F(M) has the subspace topology of N, and
GjFðMÞ is a homeomorphism from F(M) onto G(F(M)), where the topology of F
(M) is the subspace topology of N, and the topology of G(F(M)) is the subspace
topology of P, the composite ðGjFðMÞÞ � F is a homeomorphism from M onto
GðFðMÞÞð¼ ðG � FÞðMÞÞ; where the topology of ðG � FÞðMÞ is the subspace
topology of P. Further, since ðGjFðMÞÞ � F ¼ G � F; G � F is a homeomorphism
from M onto (G � F)(M), where the topology of (G � F)(M) is the subspace
topology of P.

Note 5.69 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a 1–1 smooth immersion. Let F be an open
map. We shall try to show that F : M ! N is a smooth embedding, that is, F is a
smooth immersion, and F : M ! N is a topological embedding. Since F : M ! N is
a smooth immersion, it suffices to show that F : M ! N is a topological embedding.

Since F : M ! N is a smooth map, so F : M ! N is continuous. Since F is 1–1,
continuous, and open, by Note 5.64, F : M ! N is a topological embedding.

Note 5.70 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a 1–1 smooth immersion. Let F be a closed
map. We shall try to show that F : M ! N is a smooth embedding, that is, F is a
smooth immersion, and F : M ! N is a topological embedding. Since F : M ! N is
a smooth immersion, it suffices to show that F : M ! N is a topological embedding.

Since F : M ! N is a smooth map, F : M ! N is continuous. Since F is 1–1,
continuous, and closed, by Note 5.65, F : M ! N is a topological embedding.

Note 5.71 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a 1–1 smooth immersion. Let F be a proper
map. We shall try to show that F : M ! N is a smooth embedding.

SinceM is an m-dimensional smooth manifold,M is a Hausdorff locally compact
space. Similarly, N is a Hausdorff locally compact space. Since F : M ! N is a
smooth map, F : M ! N is continuous. Further, since F is a proper map, by Note
5.67, F is a closed mapping.

Since F : M ! N is a 1–1 smooth immersion, and F is a closed map, by Note
5.70, F : M ! N is a smooth embedding.
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Note 5.72 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a 1–1 smooth immersion. Let M be compact.
We shall try to show that F : M ! N is a smooth embedding. We first try to show
that F : M ! N is proper map.

For this purpose, let us take any compact subset C of N. We have to show that
F�1ðCÞ is compact in M. Since C is compact in N, and the topology of N is
Hausdorff, C is closed. Since F : M ! N is smooth, F : M ! N is continuous.
Since F : M ! N is continuous, and C is a closed subset of N, F�1ðCÞ is closed in
M. Since F�1ðCÞ is closed in M, and M is compact, F�1ðCÞ is compact in M.

This shows that F : M ! N is proper map. Since F : M ! N is a 1–1 smooth
immersion, and F : M ! N is proper map, by Note 5.71, F : M ! N is a smooth
embedding.

Note 5.73 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, F : M ! N be a 1–1 smooth immersion, and m ¼ n: We shall try
to show that F : M ! N is a smooth embedding.

By Theorem 5.46, F : M ! N is a local diffeomorphism, and hence, by Note
5.40, F is an open map. Since F : M ! N is a 1–1 smooth immersion, and F is an
open map, by Note 5.69, F : M ! N is a smooth embedding.

Theorem 5.74 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be smooth. Suppose that for every p 2 M,
there exists an open neighborhood U of p such that the restriction FjU : U ! N is a
smooth embedding. Then, F : M ! N is a smooth immersion.

Proof We have to show that F : M ! N is a smooth immersion, that is, rank F ¼
m; that is, for every p 2 M; the rank of F at p is m.

For this purpose, let us take any p 2 M: By the given condition, there exists an
open neighborhood U of p such that the restriction FjU : U ! N is a smooth
embedding. Since FjU : U ! N is a smooth embedding, FjU : U ! N is a smooth
immersion. Since FjU : U ! N is a smooth immersion, and p 2 U, the linear map
dðFjUÞp : TpU ! TðFjUÞðpÞN is 1–1, that is, dðFjUÞp : TpU ! TFðpÞN is 1–1. Since
U is an open neighborhood of p in M, by Note 5.16, TpU and TpM are essentially
the same. Since TpU and TpM are essentially the same, and dðFjUÞp : TpU !
TFðpÞN is 1–1, dFp : TpM ! TFðpÞN is 1–1. Since dFp : TpM !FðpÞ N is 1–1,
ðrank of F at pÞ ¼ dimððdFpÞðTpMÞÞ ¼ dimðTpMÞ ¼ dimM ¼ m: h

Theorem 5.75 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and F : M ! N be a smooth immersion. Let p 2 M: Then,
there exists an open neighborhood U of p such that the restriction FjU : U ! N is a
smooth embedding.
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Proof By Theorem 5.50, there exist an admissible coordinate chart ðU1;uÞ in
M satisfying p 2 U1; an admissible coordinate chart ðV ;wÞ in N satisfying FðpÞ 2
V such that FðU1Þ � V ; and for every ðx1; . . .; xmÞ in uðU1Þ;

w � F � u�1� �
x1; . . .; xmð Þ ¼ x1; . . .; xm; 0; . . .; 0|fflfflffl{zfflfflffl}

n�m

0@ 1A:

Here, ðU1;uÞ is an admissible coordinate chart ðU1;uÞ in M satisfying p 2 U1; so
U1 is an open neighborhood of p in M. Since for every ðx1; . . .; xmÞ in uðU1Þ;

w � F � u�1� �
x1; . . .; xmð Þ ¼ x1; . . .; xm; 0; . . .; 0|fflfflffl{zfflfflffl}

n�m

0@ 1A;

and FðU1Þ � V ; ðw � F � u�1Þ : uðU1Þ ! wðVÞ and is 1–1. Since
ðw � F � u�1Þ;u;w�1 are 1–1, their composite w�1 � ðw � F � u�1Þ � uð¼ FjU1

Þ is
a 1–1 mapping from U1 to Vð� NÞ: It follows that FjU1

: U1 ! N is 1–1. Since U1

is an open neighborhood of p in M, and M is an m-dimensional smooth manifold,
there exists an open neighborhood U of p such that U � U� � U1; and U− is
compact. Here, U is a nonempty open subset of M and M is an m-dimensional
smooth manifold, U is also an m-dimensional smooth manifold. Now, since F :
M ! N is a smooth mapping, FjU : U ! N is a smooth map.

Now, it remains to be proved that FjU : U ! N is a smooth embedding, that is,

1. FjU : U ! N is a smooth immersion and
2. FjU : U ! N is a topological embedding.

For 1: Clearly, FjU : U ! N is a smooth immersion, that is, for every q 2 U; the
rank of F|U at q is m.

(Reason: For this purpose, let us take any q 2 U: Since F : M ! N is a smooth
immersion, and q 2 M, the linear map dFq : TqM ! TFðqÞN is 1–1. Since U is an
open neighborhood of q in M, TqU and TqM are essentially the same. Since TqU
and TqM are essentially the same, and dFq : TqM ! TFðqÞN is 1–1, dðFjUÞq :
TqU ! TFðqÞN is 1–1. Since the linear map dðFjUÞq : TqU ! TFðqÞN is 1–1,
ðrank of FjU at qÞ ¼ dimððdðFjUÞqÞðTqUÞÞ ¼ dimðTqUÞ ¼ dimðTqMÞ ¼ dimM ¼
m: Hence, rank of FjU at q is m.)

For 2: First of all, we shall try to show that FjU� : U� ! N is a topological
embedding. Since FjU1

: U1 ! N is 1–1, and U� � U1, FjU� : U� ! N is 1–1.
Since F : M ! N is smooth, F : M ! N is continuous, and hence, the
restriction FjU� : U� ! N is continuous. Further, since U� is compact, and N is
a Hausdorff space, by closed map Lemma 5.66, FjU� : U� ! N is a topological
embedding. Since FjU� : U� ! N is a topological embedding, and U � U�; the
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restriction ðFjU�Þ
��
U : U ! N is a topological embedding. Since ðFjU�Þ

��
U : U !

N is a topological embedding, and ðFjU�Þ
��
U¼ FjU ; FjU : U ! N is a topological

embedding. h

Theorem 5.76 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and p : M ! N be a smooth submersion. Let p 2 M: Then,
there exist an open neighborhood V� of pðpÞ in N and a smooth map r : V� ! M
such that p � r ¼ IdV� ; and rðpðpÞÞ ¼ p:

Proof Since p : M ! N is a smooth submersion, and p 2 M, by Theorem 5.49,
there exist admissible coordinate chart ðU;uÞ in M satisfying p 2 U; admissible
coordinate chart ðV ;wÞ in N satisfying pðpÞ 2 V such that pðUÞ � V ; and for every
ðx1; . . .; xn; xnþ1; . . .; xmÞ in uðUÞ;

w � p � u�1
� �

x1; . . .; xn; xnþ1; . . .; xmð Þ ¼ x1; . . .; xnð Þ:

Here, p 2 U; and ðU;uÞ is an admissible coordinate chart in M, so uðpÞ is an
element of the open subset uðUÞ of R

m: Put uðpÞ � ða1; . . .; an; anþ1; . . .; amÞ:
Here, ða1; . . .; an; anþ1; . . .; amÞ is an element of the open subset uðUÞ of Rm; so
there exists e[ 0 such that

a1 � e; a1 þ eð Þ � � � � � an � e; an þ eð Þ � anþ1 � e; anþ1 þ eð Þ
� � � � � am � e; am þ eð Þ � uðUÞ:

For every ðx1; . . .; xn; xnþ1; . . .; xmÞ 2 ða1 � e; a1 þ eÞ � � � � � ðan � e; an þ eÞ�
ðanþ1 � e; anþ1 þ eÞ � � � � � ðam � e; am þ eÞ; we have ðw � p � u�1Þðx1; . . .; xn;
xnþ1; . . .; xmÞ ¼ ðx1; . . .; xnÞ 2 wðVÞ: It follows that

w p u�1 ða1 � e; a1 þ eÞ � � � � � ðan � e; an þ eÞð��
�ðanþ1 � e; anþ1 þ eÞ � � � � � ðam � e; am þ eÞÞÞÞ
¼ w � p � u�1
� � ða1 � e; a1 þ eÞ � � � � � ðan � e; an þ eÞð

�ðanþ1 � e; anþ1 þ eÞ � � � � � ðam � e; am þ eÞÞ
¼ ða1 � e; a1 þ eÞ � � � � � ðan � e; an þ eÞ 3 ða1; . . .; anÞ:

Hence,

a1; . . .; anð Þ ¼ w � p � u�1� �
a1; . . .; an; anþ1; . . .; amð Þ�

¼ w � p � u�1� �
uðpÞð Þ ¼ w pðpÞð Þ�

is an interior point of

w p u�1 a1 � e; a1 þ eð Þ � � � � � an � e; an þ eð Þð��
� anþ1 � e; anþ1 þ eð Þ � � � � � am � e; am þ eð ÞÞÞÞ:
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Since wðpðpÞÞ is an interior point of

w p u�1ð a1 � e; a1 þ eð Þ � � � � � an � e; an þ eð Þ��
� anþ1 � e; anþ1 þ eð Þ � � � � � am � e; am þ eð ÞÞÞÞ;

w p u�1 a1 � e; a1 þ eð Þ � � � � � an � e; an þ eð Þð��
� anþ1 � e; anþ1 þ eð Þ � � � � � am � e; am þ eð ÞÞÞÞ

is an open neighborhood of wðpðpÞÞ: Since

w p u�1 a1 � e; a1 þ eð Þ � � � � � an � e; an þ eð Þð��
� anþ1 � e; anþ1 þ eð Þ � � � � � am � e; am þ eð ÞÞÞÞ

is an open neighborhood of wðpðpÞÞ; and w is a homeomorphism from V onto
wðVÞ,

p u�1 a1 � e; a1 þ eð Þ � � � � � an � e; an þ eð Þð�
� anþ1 � e; anþ1 þ eð Þ � � � � � am � e; am þ eð ÞÞÞ

is an open neighborhood of pðpÞ. Put

V� � p u�1 a1 � e; a1 þ eð Þ � � � � � an � e; an þ eð Þð�
� anþ1 � e; anþ1 þ eð Þ � � � � � am � e; am þ eð ÞÞÞ:

Here, V� is an open neighborhood of pðpÞ: Let us define r : V� ! M as follows:
For every q in V�;

rðqÞ � u�1 p1 wðqÞð Þ; . . .; pn wðqÞð Þ; anþ1; . . .; amð Þ:

Since w;u�1; and all projection maps pi are smooth, r is smooth. Here, we want to
prove that p � r ¼ IdV� ; that is;for every q 2 V�; pðrðqÞÞ ¼ q.

LHS ¼ p rðqÞð Þ ¼ p u�1 p1 wðqÞð Þ; . . .; pn wðqÞð Þ; anþ1; . . .; amð Þ� �
¼ p � u�1� �

p1 wðqÞð Þ; . . .; pn wðqÞð Þ; anþ1; . . .; amð Þ
¼ w�1 w � p � u�1� �

p1 wðqÞð Þ; . . .; pn wðqÞð Þ; anþ1; . . .; amð Þ� �
¼ w�1 p1 wðqÞð Þ; . . .; pn wðqÞð Þð Þ ¼ w�1 wðqÞð Þ ¼ q ¼ RHS:

5.7 Global Rank Theorem 389



It remains to be proved that rðpðpÞÞ ¼ p:

LHS ¼ r pðpÞð Þ
¼ u�1 p1 w � p � u�1� �

uðpÞð Þ� �
; . . .; pn w � p � u�1� �

uðpÞð Þ� �
; anþ1; . . .; am

� �
¼ u�1 p1 w � p � u�1� �

a1; . . .; an; anþ1; . . .; amð Þ� �
; . . .; pn w � p � u�1� ���

a1; . . .; an; anþ1; . . .; amð ÞÞ; anþ1; . . .; amÞ
¼ u�1 p1 a1; . . .; anð Þ; . . .; pn a1; . . .; anð Þ; anþ1; . . .; amð Þ
¼ u�1 a1; . . .; an; anþ1; . . .; amð Þ ¼ u�1 uðpÞð Þ ¼ p ¼ RHS: h

Theorem 5.77 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and p : M ! N be a smooth map. If for every p 2 M; there
exist an open neighborhood V of pðpÞ in N and a smooth map r : V ! M such that
p � r ¼ IdV ; and rðpðpÞÞ ¼ p; then p : M ! N is a smooth submersion.

Proof We have to prove that p : M ! N is a smooth submersion, that is, for every
p 2 M; the linear map dpp : TpM ! TpðpÞN is onto. For this purpose, let us take any
p 2 M: By the given condition, there exist an open neighborhood V of pðpÞ in N a
smooth map r : V ! M such that p � r ¼ IdV ; and rðpðpÞÞ ¼ p: Since V is an
open neighborhood of pðpÞ in N, TpðpÞV and TpðpÞN are essentially the same. Now,
since p; r are smooth maps,

IdTpðpÞN ¼ IdTpðpÞV ¼ d IdVð ÞpðpÞ¼ d p � rð ÞpðpÞ
¼ dpr pðpÞð Þ
� � � drpðpÞ

� � ¼ dpp
� � � drpðpÞ

� �
:

Since

dpp
� � � drpðpÞ

� � ¼ IdTpðpÞN ; so dpp : TpM ! TpðpÞN

is onto. h

Note 5.78 If we combine the Theorems 5.76, and 5.77, then we get the result: Let
M be an m-dimensional smooth manifold, N be an n-dimensional smooth manifold,
and p : M ! N be a smooth map.

p : M ! N is a smooth submersion if and only if for every p 2 M, there exist an
open neighborhood V of π(p) in N and a smooth map r : V ! M such that p � r ¼
IdV and rðpðpÞÞ ¼ p.

Theorem 5.79 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and p : M ! N be a smooth submersion. Then, p : M !
N is an open map.

Proof Let G be a nonempty open subset of M. We have to show that π(G) is open
in N.

For this purpose, let us take any pðpÞ 2 pðGÞ; where p 2 G: Since p 2 M; and
p : M ! N is a smooth submersion, by Theorem 5.76, there exist an open
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neighborhood V of π(p) in N and a smooth map r : V ! M such that p � r ¼ IdV ;
and rðpðpÞÞ ¼ p: Since r : V ! M is smooth, r : V ! M is continuous. Since
r : V ! M is continuous, and G is an open neighborhood of pð¼ rðpðpÞÞÞ in M,
r�1ðGÞ is an open neighborhood of pðpÞ in V. Since r�1ðGÞ is an open neigh-
borhood of π(p) in V, and V is open, r�1ðGÞ is an open neighborhood of π(p) in N.

Now, it suffices to show that r�1ðGÞ � pðGÞ: For this purpose, let us take any
q 2 r�1ðGÞ: Since q 2 r�1ðGÞ � V ; q ∊ V. Since q ∊ V, q ¼ IdV ðqÞ ¼
ðp � rÞðqÞ ¼ pðrðqÞÞ: Since q 2 r�1ðGÞ; rðqÞ 2 G: Since rðqÞ 2 G; pðrðqÞÞ 2
pðGÞ: Since pðrðqÞÞ 2 pðGÞ; and pðrðqÞÞ ¼ q; q 2 pðGÞ: Thus, we have shown
that r�1ðGÞ � pðGÞ: h

Definition Let X be a topological space and Y be a nonempty set. Let F : X ! Y be
any onto map. Let O be the collection of all subsets G of Y such that F�1ðGÞ is
open in X. We shall try to show that O is a topology over Y.

1. Since F�1ð;Þ ¼ ;; and ; is open in X, ; 2 O: Since F�1ðYÞ ¼ X; and X is open
in X, Y 2 O:

2. Let G1;G2 2 O: We have to show that G1 \ G2 2 O; that is, F�1ðG1 \ G2Þ is
open in X. Since G1 2 O; F�1ðG1Þ is open in X. Similarly, F�1ðG2Þ is open in
X. It follows that F�1ðG1Þ \ F�1ðG2Þð¼ F�1ðG1 \ G2ÞÞ is open in X, and
hence, F�1ðG1 \ G2Þ is open in X.

3. Let Gi 2 O for every i 2 I: We have to show that [i2I Gi 2 O; that is,
F�1ð[i2I GiÞ is open in X. Since, for every i 2 I; Gi 2 O; F�1ðGiÞ is open in
X. It follows that [i2IðF�1ðGiÞÞð¼ F�1ð[i2I GiÞÞ is open in X, and hence,
F�1ð[i2I GiÞ is open in X.

Thus, we have shown that O is a topology over Y. The topology O is called the
quotient topology on Y determined by F.

Definition Let X; Y be topological spaces. Let F : X ! Y be any continuous, onto
mapping. If the quotient topology on Y determined by F is the topology of Y, then
we say that F is a quotient map.

Theorem 5.80 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and p : M ! N be a smooth submersion. Let p : M ! N
be onto. Then, p : M ! N is a quotient map.

Proof For this purpose, let G be any nonempty subset of N such that p�1ðGÞ is
open in M. It suffices to show that G is open in N.

Since p : M ! N is a smooth submersion, by Theorem 5.79, p : M ! N is an
open map. Since p : M ! N is an onto map, and G is a subset of N, pðp�1ðGÞÞ ¼
G: Since p : M ! N is an open map, and π-1(G) is open in M, pðp�1ðGÞÞð¼ GÞ is
open in N, and hence, G is open in N. h

5.7 Global Rank Theorem 391



Theorem 5.81 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and P be a p-dimensional smooth manifold. Let p : M !
N be a smooth submersion. Let p : M ! N be onto. Let F : N ! P be any map
such that F � p : M ! P is smooth. Then, F : N ! P is smooth.

Proof We have to prove that F : N ! P is smooth, that is, for every q in N, there
exists an open neighborhood Vq of q in N such that FjVq

: Vq ! P is smooth.

For this purpose, let us take any q in N. Since q is in N, and π : M ! N is onto,
there exists p 2 M such that pðpÞ ¼ q: Since p : M ! N is a smooth submersion,
and p 2 M; by Theorem 5.76, there exist an open neighborhood Vq of pðpÞ in N and
a smooth map r : Vq ! M such that p � r ¼ IdVq ; and rðpðpÞÞ ¼ p: Since r :

Vq ! M is smooth, and F � p : M ! P is smooth, their composite ðF � pÞ � r :
Vq ! P is smooth. Here, ðF � pÞ � r ¼ F � ðp � rÞ ¼ F � IdVq ¼ FjVq

: Since FjVq
¼

ðF � pÞ � r; and ðF � pÞ � r is smooth, FjVq
is smooth. h

5.8 Properly Embedded

Definition Let X; Y be any nonempty sets. Let F : X ! Y be any mapping. Let
b 2 Y : The set F�1ðbÞ is called the fiber of F over b. Clearly, X is partitioned into
fibers of F.

Theorem 5.82 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and P be a p-dimensional smooth manifold. Let p : M !
N be a smooth submersion. Let π : M ! N be onto. Let F : M ! P be any smooth
map. Let F be constant on fibers of π, that is, if pðxÞ ¼ pðyÞ, then FðxÞ ¼ FðyÞ:
Then, there exists a unique smooth map F̂ : N ! P such that F̂ � p ¼ F:

Proof Existence: We first try to show that F � p�1 is a function. For this purpose,
let ðx; yÞ 2 F � p�1; and ðx; zÞ 2 F � p�1: We have to show that y ¼ z:

Since ðx; yÞ 2 F � p�1; there exists u such that ðx; uÞ 2 p�1; and ðu; yÞ 2 F:
Since ðx; uÞ 2 p�1; ðu; xÞ 2 p: Since ðx; zÞ 2 F � p�1; there exists v such that
ðx; vÞ 2 p�1; and ðv; zÞ 2 F: Since ðx; vÞ 2 p�1; ðv; xÞ 2 p: Since ðv; xÞ 2 p; pðvÞ ¼
x: Similarly, pðuÞ ¼ x: It follows that pðuÞ ¼ pðvÞ: Since pðuÞ ¼ pðvÞ; and F is
constant on fibers of π, FðuÞ ¼ FðvÞ: Since ðv; zÞ 2 F; FðvÞ ¼ z: Since ðu; yÞ 2 F;
FðuÞ ¼ y: Since FðuÞ ¼ y; FðvÞ ¼ z; and FðuÞ ¼ FðvÞ; y ¼ z: This proves that
F � p�1 is a function.

Since π : M ! N is onto, and F : M ! P; dom ðF � p�1Þ ¼ N; and
ran ðF � p�1Þ � P: Since F � p�1 is a function, dom ðF � p�1Þ ¼ N; and
ran ðF � p�1Þ � P; we can write F � p�1 : N ! P:

Put F̂ � F � p�1: Since F̂ ¼ F � p�1; and F � p�1 : N ! P; F̂ : N ! P: Now,
F̂ � p ¼ ðF � p�1Þ � p ¼ F � ðp�1 � pÞ: Clearly, F � ðp�1 � pÞ ¼ F:

392 5 Immersions, Submersions, and Embeddings



(Reason: Let ðx; yÞ 2 LHS ¼ F � ðp�1 � pÞ: So there exist u, v such that
ðx; uÞ 2 p; ðu; vÞ 2 p�1; and ðv; yÞ 2 F: Since ðu; vÞ 2 p�1; ðv; uÞ 2 p: It follows
that pðvÞ ¼ u; pðxÞ ¼ u; and hence, pðxÞ ¼ pðvÞ: Since pðxÞ ¼ pðvÞ; and F is
constant on fibers of π, FðxÞ ¼ FðvÞ: Since ðv; yÞ 2 F; FðvÞ ¼ y: Since FðvÞ ¼ y;
and FðxÞ ¼ FðvÞ; FðxÞ ¼ y; and hence, ðx; yÞ 2 F ¼ RHS: Hence, LHS � RHS:
Next, let ðx; yÞ 2 RHS ¼ F: Since ðx; yÞ 2 F; and F : M ! P; x 2 M; and y 2 P:
Since x 2 M; and p : M ! N; there exists u 2 N such that ðx; uÞ 2 p: Since ðx; uÞ 2
p; ðu; xÞ 2 p�1: Since ðx; uÞ 2 p; ðu; xÞ 2 p�1; and ðx; yÞ 2 F; ðx; yÞ 2
F � ðp�1 � pÞ ¼ LHS: Hence, RHS � LHS: Since LHS � RHS; and RHS �
LHS; LHS ¼ RHS:) Thus, F̂ � p ¼ F:

Since F � p�1 : N ! P; and F̂ ¼ F � p�1; F̂ : N ! P: It remains to be showed
that F̂ is smooth. Since F̂ � p ¼ F; and F is a smooth map, F̂ � p is smooth. Since
F̂ : N ! P is a map, and F̂ � p is smooth, by Theorem 5.81, F̂ is smooth.

This completes the proof of existence part.
Uniqueness: Let F1 : N ! P be a smooth mapping such that F1 � p ¼ F; and let

F2 : N ! P be a smooth mapping such that F2 � p ¼ F: We have to show that
F1 ¼ F2:

Since p : M ! N is onto, p � p�1 ¼ IdN : Since F1 � p ¼ F; F � p�1 ¼
ðF1 � pÞ � p�1 ¼ F1 � ðp � p�1Þ ¼ F1 � IdN ¼ F1: Thus, F1 ¼ F � p�1: Similarly,
F2 ¼ F � p�1: It follows that F1 ¼ F2: This proves the uniqueness part. h

Theorem 5.83 Let M be an m-dimensional smooth manifold, N be an n-dimen-
sional smooth manifold, and P be a p-dimensional smooth manifold. Let p1 : M !
N be a smooth submersion onto map. Let p2 : M ! P be a smooth submersion onto
map. Let p1 be constant on fibers of p2; and p2 be constant on fibers of p1: Then,
there exists a unique diffeomorphism F : N ! P such that F � p1 ¼ p2:

Proof Existence: We first try to show that p2 � p�1
1 is a function. For this purpose,

let ðx; yÞ 2 p2 � p�1
1 ; and ðx; zÞ 2 p2 � p�1

1 : We have to show that y ¼ z:
Since ðx; yÞ 2 p2 � p�1

1 ; there exists z such that ðx; zÞ 2 p�1
1 ; and ðz; yÞ 2 p2:

Since ðx; zÞ 2 p�1
1 ; ðz; xÞ 2 p1: Since ðx; zÞ 2 p2 � p�1

1 ; there exists w such that
ðx;wÞ 2 p�1

1 ; and ðw; zÞ 2 p2: Since ðx;wÞ 2 p�1
1 ; ðw; xÞ 2 p1: Since ðw; zÞ 2 p2;

p2ðwÞ ¼ z: Similarly, p2ðzÞ ¼ y; p1ðwÞ ¼ x; and p1ðzÞ ¼ x: Since p1ðwÞ ¼ x ¼
p1ðzÞ; and p2 is constant on fibers of p1; p2ðwÞ ¼ p2ðzÞ: Since z ¼ p2ðwÞ ¼
p2ðzÞ ¼ y; y ¼ z: This proves that p2 � p�1

1 is a function.
Since p1 : M ! N is onto, and p2 : M ! P is onto, dom ðp2 � p�1

1 Þ ¼ N; and
ran ðp2 � p�1

1 Þ � P: Since p2 � p�1
1 is a function, dom ðp2 � p�1

1 Þ ¼ N; and
ran ðp2 � p�1

1 Þ � P; we can write p2 � p�1
1 : N ! P:

Put F � p2 � p�1
1 : Since F ¼ p2 � p�1

1 ; and p2 � p�1
1 : N ! P; F : N ! P:

Now, F � p1 ¼ ðp2 � p�1
1 Þ � p1 ¼ p2 � ðp�1

1 � p1Þ: Clearly, p2 � ðp�1
1 � p1Þ ¼ p2:

(Reason: Let ðx; yÞ 2 LHS ¼ p2 � ðp�1
1 � p1Þ: So there exist u; v such that

ðx; uÞ 2 p1; ðu; vÞ 2 p�1
1 ; and ðv; yÞ 2 p2: Since ðu; vÞ 2 p�1

1 ; ðv; uÞ 2 p1: It follows
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that p1ðvÞ ¼ u; and p1ðxÞ ¼ u; and hence, p1ðvÞ ¼ p1ðxÞ: Since p1ðvÞ ¼ p1ðxÞ; and
p2 is constant on fibers of p1; p2ðvÞ ¼ p2ðxÞ: Since ðv; yÞ 2 p2; p2ðvÞ ¼ y: Since
p2ðvÞ ¼ y; and p2ðvÞ ¼ p2ðxÞ; p2ðxÞ ¼ y; and hence, ðx; yÞ 2 p2 ¼ RHS: Hence,
LHS � RHS: Next, let ðx; yÞ 2 RHS ¼ p2: Since ðx; yÞ 2 p2 and p2 : M ! P;
x 2 M; and y 2 P: Since x 2 M; and p1 : M ! N; there exists u 2 N such that
ðx; uÞ 2 p1: Since ðx; uÞ 2 p1; ðu; xÞ 2 p�1

1 : Since ðx; uÞ 2 p1; ðu; xÞ 2 p�1
1 ; and

ðx; yÞ 2 p2; ðx; yÞ 2 p2 � ðp�1
1 � p1Þ ¼ LHS: Hence, RHS � LHS: Since LHS �

RHS; and RHS � LHS; LHS ¼ RHS:) Thus, F � p1 ¼ p2:
Since p2 � p�1

1 : N ! P; and F ¼ p2 � p�1
1 ; F : N ! P: Now, we want to show

that F is 1–1, that is, p2 � p�1
1 is 1–1, that is, if ðx; zÞ 2 p2 � p�1

1 ; and
ðy; zÞ 2 p2 � p�1

1 , then x ¼ y: For this purpose, let ðx; zÞ 2 p2 � p�1
1 ; and ðy; zÞ 2

p2 � p�1
1 : We have to show that x ¼ y:

Since ðx; zÞ 2 p2 � p�1
1 ; there exists u such that ðx; uÞ 2 p�1

1 ; and ðu; zÞ 2 p2:
Since ðx; uÞ 2 p�1

1 ; ðu; xÞ 2 p1: Since ðy; zÞ 2 p2 � p�1
1 ; there exists v such that

ðy; vÞ 2 p�1
1 ; and ðv; zÞ 2 p2: Since ðy; vÞ 2 p�1

1 ; ðv; yÞ 2 p1: Since ðv; yÞ 2 p1;
p1ðvÞ ¼ y: Similarly, p1ðuÞ ¼ x; p2ðuÞ ¼ z; and p2ðvÞ ¼ z: Since p2ðuÞ ¼ z ¼
p2ðvÞ; and p1 is constant on fibers of p2; p1ðuÞ ¼ p1ðvÞ: Since x ¼ p1ðuÞ ¼
p1ðvÞ ¼ y; x ¼ y: Thus, we have shown that F : N ! P is 1–1.

Now, we want to show that F : N ! P is onto. For this purpose, let us take any
c 2 P: We have to find y 2 N such that ðy; cÞ 2 Fð¼ p2 � p�1

1 Þ:
Since p2 : M ! P is onto, and c 2 P; there exists z 2 M such that ðz; cÞ 2 p2:

Since z 2 M; and p1 : M ! N; there exists y 2 N such that ðz; yÞ 2 p1; and hence,
ðy; zÞ 2 p�1

1 : Since ðy; zÞ 2 p�1
1 ; and ðz; cÞ 2 p2; ðy; cÞ 2 p2 � p�1

1 : Thus, we have
shown that F : N ! P is onto.

Now, we want to show that F : N ! P is smooth. Since F � p1 ¼ p2; and p2 is
smooth, F � p1 is smooth. Since p1 : M ! N is a smooth submersion onto map,
and F � p1 is smooth, by Theorem 25, F is smooth.

Lastly, we have to show that F�1 : P ! N is smooth. Since F � p1 ¼ p2; and
F is 1–1 onto, F�1 � p2 ¼ p1: Since F�1 � p2 ¼ p1; and p1 is smooth, F�1 � p2 is
smooth. Since p2 : M ! P is a smooth submersion onto map, and F�1 � p2
is smooth, by Theorem 5.81, F�1 is smooth. Thus, we have shown that F : N ! P
is a diffeomorphism such that F � p1 ¼ p2:

This completes the proof of existence part.
Uniqueness: Let F1 : N ! P be a smooth mapping such that F1 � p1 ¼ p2; and

let F2 : N ! P be a smooth mapping such that F2 � p1 ¼ p2: We have to show that
F1 ¼ F2:

Since p1 : M ! N is onto, p1 � p�1
1 ¼ IdN : Since F1 � p1 ¼ p2; p2 � p�1

1 ¼
ðF1 � p1Þ � p�1

1 ¼ F1 � ðp1 � p�1
1 Þ ¼ F1 � IdN ¼ F1: Thus, F1 ¼ p2 � p�1

1 : Simi-
larly, F2 ¼ p2 � p�1

1 : It follows that F1 ¼ F2: This proves the uniqueness part. h
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Note 5.84 Before going ahead, let us recall the definition of open submanifold ofM:

Let M be an m-dimensional smooth manifold, whose topology is O; and differential
structure is A: Let G be a nonempty open subset of M. Let O1 be the subspace
topology over G inherited from M, that is, O1 ¼ fG1 : G1 � G; and G1 2 Og:

Since M is an m-dimensional smooth manifold, M is a Hausdorff space. Since
M is a Hausdorff space, and G is a subspace ofM, G with the subspace topology is a
Hausdorff space. Since M is an m-dimensional smooth manifold, M is a second
countable space. Since M is a second countable space, and G is a subspace of M,
G with the subspace topology is a second countable space. Put

AG � U;uð Þ : U;uð Þ 2 A; and U � Gf g:

Now, we shall try to show that AG is an atlas on G, that is,

1. [fU : ðU;uUÞ is in AGg ¼ G;
2. all pairs of members in AG are C1 compatible.

For (1): By the definition of AG; it is clear that [fU : ðU;uÞ is in AGg � G:
So, it remains to be proved that G � [fU : ðU;uÞ is in AGg: For this purpose,
let us take any p in G. Since p is in G, and G is a subset of M, p is in M. Since
p is in M, and M is an m-dimensional smooth manifold, there exists ðU;uÞ in A
such that p is in U.

Since ðU;uÞ is in A; U is an open subset of M. Since U is open, and G is open,
U \G is open. Thus, U \ G is an open neighborhood of p:We shall try to show that
ðU \ G;ujðU\GÞÞ is in AG; that is, ðU \ G;ujðU\GÞÞ 2 A; and U \ G � G: Since
U \ G � G; it remains to be showed that ðU \ G;ujðU\GÞÞ 2 A:

Since ðU;uÞ is in A; ðU;uUÞ is an admissible coordinate chart of M. Now,
since U \ G is a nonempty open subset of U, by the Lemma 1, ðU \ G;ujðU\GÞÞ is
an admissible coordinate chart of M, and hence, ðU \ G;ujðU\GÞÞ 2 A:

For (2): Let us take any ðU;uÞ; ðV ;wÞ 2 AG: We have to show that ðU;uÞ
andðV ;wÞ are C1 compatible.

Since ðU;uÞ 2 AG, by the definition of AG; ðU;uÞ 2 A: Similarly, ðV ;wÞ 2 A:
Since ðU;uÞ 2 A; ðV ;wÞ 2 A; and A is a differential structure, ðU;uÞ and ðV ;wÞ
are C1 compatible. Thus, we have shown that AG is an atlas on G. Hence, AG

determines a unique smooth structure on G. Thus, the open subset G of smooth
manifold M becomes an m-dimensional smooth manifold. Here, G is called an open
submanifold of M:

Note 5.85 Let M be an m-dimensional smooth manifold with smooth structure A:
Let G be a nonempty open subset of M. In the open submanifold G of M; the
smooth structure of G is determined by the atlas fðU;uÞ : ðU;uÞ 2 A; and U � Gg
of G. Thus, G becomes an m-dimensional smooth manifold.
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We shall try to show that the inclusion map i : G ! M (that is, for every x in G,
iðxÞ � x) is a smooth embedding.

Since i : G ! M is the identity mapping IdG; and IdG is smooth, i : G ! M is
smooth.

Now, we want to show that i : G ! M is a smooth immersion, that is, for every
p 2 G; the linear map dip : TpG ! TiðpÞM is 1–1. For this purpose, let us fix any
p 2 G: We have to show that the linear map dip : TpG ! TiðpÞM is 1–1. Clearly,
TpG ¼ TpM; and TiðpÞM ¼ TpM: So we have to show that the linear map dip :
TpM ! TpM is 1–1. Here, i ¼ IdG; so we have to show that the linear map
dðIdGÞp : TpM ! TpM is 1–1.

Since dðIdGÞp ¼ IdTpG ¼ IdTpM ; and IdTpM : TpM ! TpM is 1–1, dðIdGÞp :
TpM ! TpM is 1–1. Thus, we have shown that i : G ! M is a smooth immersion.
Also, clearly i : G ! M is 1–1.

Since G is open in M, i : G ! M is an open map. Since i : G ! M is a 1–1
immersion, and open, by Note 5.69, i : G ! M is a smooth embedding.

Conclusion: Let M be an m-dimensional smooth manifold. Let G be a nonempty
subset of M.

If G is open inM, then there exists an m-dimensional smooth structure on G such
that the inclusion map i : G ! M is a smooth embedding. Now, we want to prove
its converse part:

Let M be an m-dimensional smooth manifold. Let G be a nonempty subset of
M. Let G be endowed with the subspace topology of M.

Suppose there exists an m-dimensional smooth structure A on G such that the
inclusion map i : G ! M is a smooth embedding. We shall try to show that G is
open in M.

Since i : G ! M is a smooth embedding, i : G ! M is a smooth immersion.
Since G;M are m-dimensional smooth manifolds, and i : G ! M is a smooth
immersion, by Theorem 5.46, i : G ! M is a local diffeomorphism. Since i : G !
M is a local diffeomorphism, by Note 5.38, i : G ! M is an open map. Since
i : G ! M is an open map, Gð¼ iðGÞÞ is an open subset of M.

Definition Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be endowed with the subspace topology of M. Let k be a
nonnegative integer.

If there exists an (m − k)-dimensional smooth structure A on S; such that the
inclusion map i : S ! M is a smooth embedding, then we say that S is an embedded
submanifold of M with codimension k. Here, we also say that M is an ambient
manifold for S.

From the Note 5.85, we can write:
Let M be an m-dimensional smooth manifold. Let S be a nonempty subset of

M. Let S be endowed with the subspace topology of M. S is open in M if and only if
S is an embedded submanifold of M with codimension 0. In this sense, we say that
the open submanifolds of M are exactly the embedded submanifolds of M with
codimension 0.
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Note 5.86 Let M be an m-dimensional smooth manifold with smooth structure A,
N be an n-dimensional smooth manifold with smooth structure B, and F : N ! M
be a smooth embedding. Let FðNÞð� MÞ be endowed with the subspace topology
of M.

Since F : N ! M is a smooth embedding, F : N ! M is a topological embed-
ding, and hence, F : N ! FðNÞ is a homeomorphism. Since F : N ! FðNÞ is a
homeomorphism, N is homeomorphic to F(N). Since N is an n-dimensional smooth
manifold, N is an n-dimensional topological manifold. Since N is an n-dimensional
topological manifold, and N is homeomorphic to F(N), F(N) is an n-dimensional
topological manifold.

Let us take any ðU;uÞ 2 B: We shall try to show that ðFðUÞ;u � ðF�1ÞÞ is a
coordinate chart of F(N). Clearly, F(U) is open in F(N). (Reason: Since ðU;uÞ 2 B;
and B is a smooth structure on N, U is open in N. Since F : N ! FðNÞ is a
homeomorphism, and U is open in N, F(U) is open in F(N).) Here, ðU;uÞ 2 B; and
B is a smooth structure on N, uðUÞ is open in R

n:

Since u : U ! uðUÞ; U � N; and F : N ! M is 1–1, u � ðF�1Þ is a function
whose domain is FðUÞ: Since u : U ! uðUÞ is onto, U � N; and F : N ! M is
1–1, the range of u � ðF�1Þ is uðUÞ: Since u : U ! uðUÞ is 1–1, U � N; and
F : N ! M is 1–1, u � ðF�1Þ : FðUÞ ! uðUÞ is 1–1.

Thus, we see that u � ðF�1Þ is a 1–1 mapping from open subset FðUÞ of FðNÞ
onto open subset uðUÞ of Rn: Now, we shall try to show that u � ðF�1Þ : FðUÞ !
uðUÞ is continuous.

Since F : N ! M is a topological embedding, F is a homeomorphism from
N onto F(N), and hence, F�1 : FðNÞ ! N is continuous and 1–1. Since F�1 :

FðNÞ ! N is continuous and 1–1, its restriction ðF�1Þ��FðUÞ: FðUÞ ! U is contin-

uous. Since F : N ! M is 1–1, ðF�1Þ��FðUÞ¼ ðFjUÞ�1: Since ðF�1Þ��FðUÞ¼ ðFjUÞ�1;

and ðF�1Þ��FðUÞ: FðUÞ ! U is continuous, ðFjUÞ�1 : FðUÞ ! U is continuous.

Since ðFjUÞ�1 : FðUÞ ! U is continuous, and u : U ! uðUÞ is continuous, their
composite u � ððFjUÞ�1Þ : FðUÞ ! uðUÞ is continuous. Further, since u �
ððFjUÞ�1Þ ¼ u � ðF�1Þ; u � ðF�1Þ : FðUÞ ! uðUÞ is continuous.

Now, we shall try to show that F � ðu�1Þ : uðUÞ ! FðUÞ is continuous. Since
ðU;uÞ 2 B; and B is a smooth structure on N; u�1 : uðUÞ ! U is continuous and
1–1. Since F : N ! M is a smooth embedding, F : N ! M is continuous. Since
F : N ! M is continuous, and u�1 : uðUÞ ! U is continuous and 1–1, F � ðu�1Þ :
uðUÞ ! FðUÞ is continuous. Also, ðu � ðF�1ÞÞ�1 ¼ F � ðu�1Þ: It follows that
ðu � ðF�1ÞÞ�1 : uðUÞ ! FðUÞ is continuous.

Thus, we have shown that ðFðUÞ;u � ðF�1ÞÞ is a coordinate chart of F(N).
Conclusion: Let M be an m-dimensional smooth manifold with smooth structure

A, N be an n-dimensional smooth manifold with smooth structure B, and F : N !
M be a smooth embedding. Let FðNÞð� MÞ be endowed with the subspace topology
of M. If ðU;uÞ 2 B; then ðFðUÞ;u � ðF�1ÞÞ is a coordinate chart of FðNÞ:
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Note 5.87 Let M be an m-dimensional smooth manifold with smooth structure A,
N be an n-dimensional smooth manifold with smooth structure B, and F : N ! M
be a smooth embedding. Let FðNÞð� MÞ be endowed with the subspace topology
of M.

Since M is an m-dimensional smooth manifold, M is a Hausdorff space. Since
M is a Hausdorff space, and F(N) is a subspace of M, F(N) with the subspace
topology is a Hausdorff space. Since M is an m-dimensional smooth manifold, M is
a second countable space. Since M is a second countable space, and F(N) is a
subspace of M, F(N) with the subspace topology is a second countable space. Put

AF � FðUÞ;u � F�1
� �� �

: U;uð Þ 2 B� �
:

From the Note 5.86, we see that AF is a collection of coordinate charts of F(N).
Now, we shall try to show that AF is an n-dimensional atlas on F(N), that is,

1. [fFðUÞ : ðU;uÞ 2 Bg ¼ FðNÞ;
2. all pairs of members in AF are C1 compatible.

For 1: Let us take any ðU;uÞ 2 B: Since ðU;uÞ 2 B; and B is a smooth
structure of N; U � N: Since U � N; and F : N ! M; FðUÞ � FðNÞ: Hence,
[fFðUÞ : ðU;uÞ 2 Bg � FðNÞ:
Now, it remains to be showed that FðNÞ � [fFðUÞ : ðU;uÞ 2 Bg: For this

purpose, let us take any FðpÞ 2 FðNÞ; where p 2 N: Since p 2 N; and N is an n-
dimensional smooth manifold with smooth structure B, there exists ðV ;wÞ 2 B such
that p 2 V : Since p 2 V ; FðpÞ 2 FðVÞ � [fFðUÞ : ðU;uÞ 2 Bg: Hence,
FðNÞ � [fFðUÞ : ðU;uÞ 2 Bg:

For 2: Let ðFðUÞ;u � ðF�1ÞÞ 2 AF ; and ðFðVÞ;w � ðF�1ÞÞ 2 AF ; where
ðU;uÞ 2 B; and ðV ;wÞ 2 B: Let FðUÞ \FðVÞ 6¼ ;: We have to show that
ðw � ðF�1ÞÞ � ðu � ðF�1ÞÞ�1 is smooth. Here,

w � F�1� �� � � u � F�1� �� ��1 ¼ w � F�1� �� � � F � u�1� �
¼ w � F�1� � � F� � � u�1

¼ w � IdN � u�1 ¼ w � u�1:

Since F : N ! M is 1–1, FðU \ VÞ ¼ FðUÞ \ FðVÞ 6¼ ;; and hence, U \ V 6¼
;: Since U \ V 6¼ ;; ðU;uÞ 2 B; ðV ;wÞ 2 B; and B is a smooth structure on N;
w � u�1ð¼ ðw � ðF�1ÞÞ � ðu � ðF�1ÞÞ�1Þ is smooth, and hence, ðw � ðF�1ÞÞ �
ðu � ðF�1ÞÞ�1 is smooth.

Thus, we have shown that AF is an n-dimensional atlas on FðNÞ; and hence, F
(N) is an n-dimensional smooth manifold, whose differential structure is determined
by the atlas AF :
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Note 5.88 Let M be an m-dimensional smooth manifold with smooth structure A,
N be an n-dimensional smooth manifold with smooth structure B, and F : N ! M
be a smooth embedding. Let FðNÞð� MÞ be endowed with the subspace topology
of M:

From the Note 5.87, FðNÞ is an n-dimensional smooth manifold, whose dif-
ferential structure is determined by the atlas AF � fðFðUÞ;u � ðF�1ÞÞ :
ðU;uÞ 2 Bg:

Now, we want to show that F : N ! FðNÞ is a diffeomorphism, that is,

1. F : N ! FðNÞ is a homeomorphism,
2. F : N ! FðNÞ is smooth, and F�1 : FðNÞ ! N is smooth.

For 1: Since F : N ! M is a smooth embedding, F : N ! M is a
homeomorphism.
For 2: Let us take any p 2 N: Let ðU;uÞ 2 B; where p 2 U: Let
ðFðVÞ;w � ðF�1ÞÞ 2 AF ; where ðV ;wÞ 2 B; and FðpÞ 2 FðVÞ: We have to
show that ðw � ðF�1ÞÞ � F � u�1 and u � F�1 � ðw � ðF�1ÞÞ�1 are smooth.

Here, ðw � ðF�1ÞÞ � F � u�1 ¼ w � ððF�1Þ � FÞ � u�1 ¼ w � IdN � u�1 ¼ w � u�1; and
u � F�1 � ðw � ðF�1ÞÞ�1 ¼ u � F�1 � ðF � w�1Þ ¼ u � ðF�1 � FÞ �w�1 ¼ u � IdN
�w�1 ¼ u � w�1: Since FðpÞ 2 FðVÞ; there exists q 2 V such that FðpÞ ¼ FðqÞ:
Since FðpÞ ¼ FðqÞ; and F is 1–1, p ¼ qð2 VÞ; and hence, p 2 U [ V : Since p 2
U [ V ; U [ V 6¼ ;: Since U [ V 6¼ ;; ðU;uÞ 2 B; ðV ;wÞ 2 B; and B is a smooth
structure on N, w � u�1ð¼ ðw � ðF�1ÞÞ � F � u�1Þ; and u � w�1ð¼ u � F�1�
ðw � ðF�1ÞÞ�1Þ are smooth, and hence ðw � ðF�1ÞÞ � F � u�1; and u � F�1 � ðw�
ðF�1ÞÞ�1 are smooth.

Thus, we have shown that F : N ! FðNÞ is a diffeomorphism.

Note 5.89 Let M be an m-dimensional smooth manifold with smooth structure A,
N be an n-dimensional smooth manifold with smooth structure B, and F : N ! M
be a smooth embedding. Let FðNÞð� MÞ be endowed with the subspace topology
of M.

From Note 5.87, F(N) is an n-dimensional smooth manifold, whose differential
structure is determined by the atlas AF � fðFðUÞ;u � ðF�1ÞÞ : ðU;uÞ 2 Bg: Also,
by Note 5.88, F : N ! FðNÞ is a diffeomorphism.

Now, we want to show that the n-dimensional smooth manifold FðNÞ; with atlas
AFð¼ fðFðUÞ;u � ðF�1ÞÞ : ðU;uÞ 2 BgÞ; is an embedded submanifold of M, that
is, the inclusion map i : FðNÞ ! M is a smooth embedding.

Clearly, i ¼ F � F�1: From the Note 5.88, F : N ! FðNÞ is a diffeomorphism,
so F�1 : FðNÞ ! N is a diffeomorphism. Since F�1 is a diffeomorphism, and
F : N ! M is a smooth embedding, their composition F � F�1ð¼ iÞ is a smooth
embedding, and hence, ι is a smooth embedding.

Thus, we have shown that F(N) is an embedded submanifold of M with codi-
mension m − n.

5.8 Properly Embedded 399



Note 5.90 Let M be an m-dimensional smooth manifold with smooth structure A;
and N be an n-dimensional smooth manifold with smooth structure B: Here, the
collection

U � V ; uU � wVð Þð Þ : U;uUð Þ 2 A; V ;wVð Þ 2 Bf g

is an atlas of the ðmþ nÞ-dimensional product manifold M � N: Let us fix any
p 2 N:

Now, consider the mapping F : M ! M � N defined as follows: For every x 2
M; FðxÞ � ðx; pÞ: We shall try to show that F : M ! M � N is a smooth embed-
ding. For this purpose, it suffices to show that

1. F is 1–1,
2. F is a closed map, and
3. F is a smooth immersion.

For 1: It is clear that F is 1–1.
For 2: Let A be a closed subset of M. We have to show that F(A) is closed in
M × N. Here, FðAÞ ¼ A� fpg ¼ ðM � NÞ � ððAc � NÞ [ ðM � fpgcÞÞ: Since
A is a closed subset of M, Ac is open in M, and hence, Ac × N is open in
M × N. Since N is an n-dimensional smooth manifold, the topology of N is
Hausdorff. Since the topology of N is Hausdorff, and p 2 N; fpg is a closed
subset of N, and hence, fpgc is open in N. It follows that M � fpgc is open in
M � N: Since M � fpgc is open in M � N; and Ac � N is open in M � N;
ðAc � NÞ [ ðM � fpgcÞ is open in M × N, and hence, ðM � NÞ �
ððAc � NÞ [ ðM � fpgcÞÞð¼ FðAÞÞ is closed in M × N. Thus, F(A) is closed in
M × N.
For 3: We have to show that F : M ! M � N is an immersion, that is, for every
q 2 M; the linear map dFq : TqM ! TFðqÞðM � NÞ is 1–1.
For this purpose, let us fix any q 2 M: We have to show that the linear map

dFq : TqM ! TFðqÞðM � NÞ is 1–1. Since q 2 M; and M is an m-dimensional
smooth manifold, there exists an admissible coordinate chart ðU;uÞ of M such that
q 2 U: Since p 2 N; and N is an n-dimensional smooth manifold, there exists an
admissible coordinate chart ðV ;wÞ of N such that p 2 V :

For every r 2 U;

o
ox1

����
r
;
o
ox2

����
r
; . . .;

o
oxm

����
r

� �
is the coordinate basis of TrM corresponding to ðU;uÞ; where

o
oxi

����
r

� d u�1
� �

uðrÞ
� � o

oxi

����
uðrÞ

 !
:
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Here, ðU � V ; ðu� wÞÞ is an admissible coordinate chart of M � N such that
FðqÞ ¼ ðq; pÞ 2 U � V : For every ðs; tÞ 2 U � V ;

o
oy1

����
s;tð Þ
;
o
oy2

����
s;tð Þ
; . . .;

o
oym

����
s;tð Þ
;

o
oymþ1

����
s;tð Þ
; . . .;

o
oymþn

����
s;tð Þ

 !

is the coordinate basis of Tðs;tÞðM � NÞ corresponding to ðU � V ; ðu� wÞÞ; where

o
oyi

����
s;tð Þ
� d u� wð Þ�1

� �
u�wð Þ s;tð Þ

� �
o
oyi

����
u�wð Þ s;tð Þ

 !
:

Observe that for every u 2 U;

u� wð Þ � F � u�1� �
uðuÞð Þ ¼ u� wð Þ � Fð ÞðuÞ

¼ u� wð Þ FðuÞð Þ ¼ u� wð Þ u; pð Þ
¼ uðuÞ;wðpÞð Þ:

Hence, the matrix representation of linear map dFq is the following ðmþ nÞ � m
matrix:

1 0 0 � � � 0
0 1 0 � � � 0

..

.

0 0 0 � � � 1
0 0 0 � � � 0
0 0 0 � � � 0

..

.

0 0 0 � � � 0

2666666666664

3777777777775
:

Clearly,

rank

1 0 0 � � � 0
0 1 0 � � � 0

..

.

0 0 0 � � � 1
0 0 0 � � � 0
0 0 0 � � � 0

..

.

0 0 0 � � � 0

2666666666664

3777777777775
¼ m;

Hence, dFq : TqM ! TFðqÞðM � NÞ is 1–1. Thus, F is a smooth immersion.
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Since F : M ! M � N is a smooth embedding, by Note 5.89, FðNÞð¼ M �fpgÞ
is an embedded submanifold of M × N with codimension ðmþ nÞ � n ð¼ mÞ; and F
(N) is diffeomorphic to M. Thus, we have shown that M � fpg is an embedded
submanifold of M × N with codimension m, and M � fpg is diffeomorphic to M. In
words, we say that a “slice” of a product manifold M × N is an embedded sub-
manifold of M × N, and each slice is diffeomorphic to M.

Note 5.91 Let M be an m-dimensional smooth manifold with smooth structure A;
and N be an n-dimensional smooth manifold with smooth structure B: Here, the
collection

U � V ; u� wð Þð Þ : U;uð Þ 2 A; V ;wð Þ 2 Bf g

is an atlas of the ðmþ nÞ-dimensional product manifold M � N:

Let G be an open subset of M, and f : G ! N be a smooth map. Put Cðf Þ �
fðx; f ðxÞÞ : x 2 Gg (called the graph of f). Now, consider the mapping F : G !
M � N defined as follows: For every x 2 G; FðxÞ � ðx; f ðxÞÞ: Clearly, FðGÞ ¼
Cðf Þ: We shall try to show that F : G ! M � N is a smooth embedding. For this
purpose, it suffices to show that

1. F is 1–1,
2. F�1 : Cðf Þ ! G is continuous,
3. F : G ! M � N is a smooth map, and
4. F is a smooth immersion.

For 1: It is clear that F is 1–1.
For 2: Clearly, F�1 ¼ p1

��
Cðf Þ; where p

1 : M � N ! M is defined by p1ðx; yÞ �
x; for every ðx; yÞ 2 M � N: Since p1 : M � N ! M is continuous, its restric-
tion p1

��
Cðf Þð¼ F�1Þ is continuous, and hence, F�1 : Cðf Þ ! G is continuous.

For 3: Let us take any p 2 G: Since p 2 G; and G is an open submanifold of
manifold M, there exists ðU;uÞ 2 A satisfying p 2 U � G: Here, p 2 G; and
f : G ! N; so f ðpÞ 2 N: Since f ðpÞ 2 N; and N is an n-dimensional smooth
manifold with smooth structure B; there exists ðV ;wÞ 2 B satisfying f ðpÞ 2 V :
Thus, ðU � V ; ðu� wÞÞ is an admissible coordinate chart of ðmþ nÞ-dimen-
sional product manifold M � N satisfying FðpÞ ¼ ðp; f ðpÞÞ 2 U � V : We have
to show that ðu� wÞ � F � u�1 is smooth. Let us observe that, for every q 2 U;

ððu� wÞ � F � u�1ÞðuðqÞÞ ¼ ðu� wÞðFðqÞÞ ¼ ðu� wÞðq; f ðqÞÞ ¼ ðuðqÞ;wðf ðqÞÞÞ ¼
ðuðqÞ; ðw � f ÞðqÞÞ ¼ ðuðqÞ; ðw � f � u�1ÞðuðqÞÞÞ: Thus, for every q 2 U;

ððu� wÞ � F � u�1ÞðuðqÞÞ ¼ ðuðqÞ; ðw � f � u�1ÞðuðqÞÞÞ: Now, since f :
G ! N is a smooth map, w � f � u�1 is smooth, and hence, ðu� wÞ � F � u�1

is smooth.
For 4: We have to show that F : G ! M � N is an immersion, that is, for every
q 2 G; the linear map dFq : TqM ! TFðqÞðM � NÞ is 1–1.
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For this purpose, let us fix any q 2 G: We have to show that the linear map
dFq : TqM ! TFðqÞðM � NÞ is 1–1. Since q 2 Gð� MÞ; and M is an m-dimensional
smooth manifold, there exists an admissible coordinate chart ðU;uÞ of M such that
q 2 U: Since q 2 U; f ðqÞ 2 N: Since f ðqÞ 2 N; and N is an n-dimensional smooth
manifold, there exists an admissible coordinate chart ðV ;wÞ of N such that f ðqÞ 2
V : For every r 2 U;

o
ox1

����
r
;
o
ox2

����
r
; . . .;

o
oxm

����
r

� �
is the coordinate basis of TrM corresponding to ðU;uÞ; where

o
oxi

����
r

� d u�1� �
uðrÞ

� � o
oxi

����
uðrÞ

 !
:

Here, ðU � V ; ðu� wÞÞ is an admissible coordinate chart of M � N such that
FðqÞ ¼ ðq; f ðqÞÞ 2 U � V : For every ðs; tÞ 2 U � V ;

o
oy1

����
s;tð Þ
;
o
oy2

����
s;tð Þ
; . . .;

o
oym

����
s;tð Þ
;

o
oymþ1

����
s;tð Þ
; . . .;

o
oymþn

����
s;tð Þ

 !

is the coordinate basis of Tðs;tÞðM � NÞ corresponding to ðU � V ; ðu� wÞÞ; where

o
oyi

����
s;tð Þ
� d u� wð Þ�1

� �
u�wð Þ s;tð Þ

� �
o
oyi

����
u�wð Þ s;tð Þ

 !
:

Observe that for every u 2 U;

u� wð Þ � F � u�1� �
uðuÞð Þ ¼ u� wð Þ � Fð ÞðuÞ ¼ u� wð Þ FðuÞð Þ

¼ u� wð Þ u;FðuÞð Þ ¼ uðuÞ;w FðuÞð Þð Þ
¼ uðuÞ; w � F � u�1� �

uðuÞð Þ� �
:

Hence, the matrix representation of linear map dFq is the following ðmþ nÞ � m
matrix:

1 0

0 1

..

. ..
.

0 0
o p1 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p1 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

o p2 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p2 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ

..

. ..
.

o pn � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o pn � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ

2666666666666666666664

0

0

..

.

1

. . .
o p1 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

o p2 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

..

.

o pn � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

3777777777777777777775

:
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Clearly,

rank

1 0

0 1

..

. ..
.

0 0
o p1 � w � F � u�1ð Þð Þ

ox1
uðqÞð Þ o p1 � w � F � u�1ð Þð Þ

ox2
uðqÞð Þ

o p2 � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o p2 � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ

..

. ..
.

o pn � w � F � u�1ð Þð Þ
ox1

uðqÞð Þ o pn � w � F � u�1ð Þð Þ
ox2

uðqÞð Þ

2666666666666666666664

0

0

..

.

1

� � � o p1 � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ
o p2 � w � F � u�1ð Þð Þ

oxm
uðqÞð Þ

..

.

o pn � w � F � u�1ð Þð Þ
oxm

uðqÞð Þ

3777777777777777777775

¼ m;

Hence, dFq : TqM ! TFðqÞðM � NÞ is 1–1. Thus, F is a smooth immersion.
Thus, we have shown that F : G ! M � N is a smooth embedding. Since F :

G ! M � N is a smooth embedding, by Note 5.90, FðGÞð¼ Cðf ÞÞ is an embedded
submanifold of M � N with codimension ðmþ nÞ � mð¼ nÞ; and F(N) is diffeo-
morphic to M.

Thus, we have shown that Cðf Þ is an embedded submanifold of M × N with
codimension n, and Cðf Þ is diffeomorphic to G.

Definition Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be endowed with the subspace topology of M. Let k be a
nonnegative integer. Let S be an embedded submanifold of M with codimension
k. If the inclusion map i : S ! M is a proper map, then we say that S is properly
embedded.

Note 5.92 LetM be anm-dimensional smooth manifold. Let S be a nonempty subset
ofM. Let S be properly embedded.We shall try to show that S is a closed subset ofM.

Since M is an m-dimensional smooth manifold, M is a Hausdorff locally compact
space. Since S is a nonempty subset of M, and the topology of M is Hausdorff, the
subspace topologyofS isHausdorff.SinceS isproperlyembedded, i : S ! M is a proper
map. Since S is a Hausdorff topological space,M is a Hausdorff locally compact space,
i : S ! M is a continuousmapping, and ι is a propermap, byNote 5.67, i : S ! M is a
closed mapping, and hence, iðSÞð¼ SÞ is closed inM. Thus, S is closed inM.

Note 5.93 Let M be an m-dimensional smooth manifold. Let S be a nonempty
closed subset of M. Let S be an embedded submanifold of M. We shall try to show
that S is properly embedded, that is, the inclusion map i : S ! M is a proper map,
that is, for every compact subset C of M, i�1ðCÞð¼ C \ SÞ is compact in S.

For this purpose, let us take any compact subset C of M. We have to show that
C \ S is compact in S. Let fGigi2I be any open cover of C \ S: Here each Gi is open
in S; there exists an open subset Hi ofM such that Gi ¼ Hi \ S: Since for each i 2 I;
Gi ¼ Hi \ S; and S is a closed subset ofM, fHigi2I [ fScg is an open cover ofC inM.
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Since fHigi2I [ fScg is an open cover of C in M, and C is a compact subset of M,
there exist i1; . . .; ik 2 I such that C � Hi1 [ � � � [ Hik [ Sc; and hence, C \ S �
ðHi1 [ � � � [ Hik [ ScÞ \ S ¼ ðHi1 \ SÞ [ � � � [ ðHik \ SÞ [ðSc \ SÞ ¼ ðHi1 \ SÞ [ � � �
[ðHik \ SÞ ¼ Gi1 [ � � � [ Gik : This shows that C \ S is compact in S.

Thus, we have shown that S is properly embedded.

Note 5.94 Let M be an m-dimensional smooth manifold. Let S be a nonempty
compact subset of M. Let S be an embedded submanifold of M. We shall try to
show that S is properly embedded.

Since M is an m-dimensional smooth manifold, the topology of M is Hausdorff.
Since the topology of M is Hausdorff, and S is a nonempty compact subset of M,
S is closed in M. Since S is closed in M, by the Note 5.92, S is properly embedded.

Note 5.95 Let M be an m-dimensional smooth manifold with smooth structure A;
and N be an n-dimensional smooth manifold with smooth structure B: Here, the
collection

U � V ; u� wð Þð Þ : U;uð Þ 2 A; V ;wð Þ 2 Bf g

is an atlas of the ðmþ nÞ-dimensional product manifold M � N:
Let f : M ! N be a smooth map. Here, the graph of f is given by Cðf Þ �

fðx; f ðxÞÞ : x 2 Mg: By Note 5.91, Cðf Þ is an embedded submanifold of M � N
with codimension n; and Cðf Þ is diffeomorphic to M. Now, we want to show that
Cðf Þ is a closed subset of M � N; that is ðCðf ÞÞc is open in M � N:

For this purpose, let us take any point ðx; yÞ 2 ðCðf ÞÞc: Since ðx; yÞ 2 ðCðf ÞÞc;
ðx; yÞ 62 Cðf Þ ¼ fðx; f ðxÞÞ : x 2 Mg: It follows that y 6¼ f ðxÞ: Here, y; f ðxÞ are
distinct points of N, and in the topology of N, there exist an open neighborhood V1

of y, and an open neighborhood V of f(x) such that V1 and V are disjoint. Since
f : M ! N is a smooth map, f : M ! N is a continuous map. Since f : M ! N is a
continuous map, and V is an open neighborhood of f(x), there exists an open
neighborhood U of x such that f ðUÞ � V : Here, U is an open neighborhood of x,
and V1 is an open neighborhood of y, U × V1 is an open neighborhood of (x, y) in
M × N. Clearly, U × V1 is disjoint with Cðf Þ: (Reason: If not, otherwise, let
ða; bÞ 2 U � V1; and ða; bÞ 2 Cðf Þ: Since ða; bÞ 2 Cðf Þ; f ðaÞ ¼ b: Since ða; bÞ 2
U � V1; a 2 U; and b 2 V1: Since f ðaÞ ¼ b 2 V1; f ðaÞ 2 V1: Since a 2 U; f ðaÞ 2
f ðUÞ � V ; and hence, f ðaÞ 2 V : Since f ðaÞ 2 V1; and f ðaÞ 2 V ; V1 and V are not
disjoint, a contradiction.) Since U × V1 is disjoint with Cðf Þ; the open neighborhood
U × V1 of (x, y) contained in ðCðf ÞÞc: Thus, (x, y) is an interior point of ðCðf ÞÞc:
Hence, ðCðf ÞÞc is open in M × N.

Thus, Cðf Þ is a closed subset of M × N. Since Cðf Þ is an embedded submanifold
of M × N, and Cðf Þ is a closed subset of M × N, by Note 5.93, Cðf Þ is properly
embedded.

Conclusion: Let M;N be smooth manifolds. Let f : M ! N be a smooth map.
Then, Cðf Þ is properly embedded in M � N:
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5.9 Regular Level Sets

Definition Let M be a five-dimensional smooth manifold, and let ðU;uÞ be an

admissible coordinate chart ofM. Any set among the following 10 ¼ 5
2

� �� �
types:

u�1 x1; x2; x3; x4; x5ð Þ 2 uðUÞ : x3 ¼ const; x4 ¼ const; x5 ¼ constf gð Þ;
u�1 x1; x2; x3; x4; x5ð Þ 2 uðUÞ : x2 ¼ const; x4 ¼ const; x5 ¼ constf gð Þ;
u�1 x1; x2; x3; x4; x5ð Þ 2 uðUÞ : x2 ¼ const; x3 ¼ const; x5 ¼ constf gð Þ; etc.

is called a two-slice of U. Observe that

u�1 x1; x2; x3; x4; x5ð Þ 2 uðUÞ : x3 ¼ const; x4 ¼ const; x5 ¼ constf gð Þ
6¼ u�1 x1; x2; x3; x4; x5ð Þ 2 uðUÞ : x2 ¼ const; x4 ¼ const; x5 ¼ constf gð Þ:

(Reason: Since uðUÞ is a nonempty open subset of R
5; fðx1; x2; x3; x4; x5Þ 2 u

ðUÞ : x3 ¼ const; x4 ¼ const; x5 ¼ constg 6¼ fðx1; x2; x3; x4; x5Þ 2 uðUÞ : x2 ¼
const; x4 ¼ const; x5 ¼ constg: Now, since φ is 1–1, u�1ðfðx1; x2; x3; x4; x5Þ 2
uðUÞ : x3 ¼ const; x4 ¼ const; x5 ¼ constgÞ 6¼ u�1ðfðx1; x2; x3; x4; x5Þ 2 uðUÞ :
x2 ¼ const; x4 ¼ const; x5 ¼ constgÞ:)

Also, if ðc3; c4; c5Þ 6¼ ðd3; d4; d5Þ; then fðx1; x2; x3; x4; x5Þ 2 uðUÞ : x3 ¼ c3; x4 ¼
c4; x5 ¼ c5g 6¼ fðx1; x2; x3; x4; x5Þ 2 uðUÞ : x3 ¼ d3; x4 ¼ d4; x5 ¼ d5g: Now, since
u is 1–1, u�1ðfðx1; x2; x3; x4; x5Þ 2 uðUÞ : x3 ¼ c3; x4 ¼ c4; x5 ¼ c5gÞ 6¼ u�1ðfðx1;
x2; x3; x4; x5Þ 2 uðUÞ : x3 ¼ d3; x4 ¼ d4; x5 ¼ d5gÞ; etc.
Definition Let M be a five-dimensional smooth manifold, and let S be a nonempty
subset ofM. If for every p in S, there exists an admissible coordinate chart ðU;uÞ of
M such that p 2 U; and U \ Sð� UÞ is equal to a two-slice of U, then we say that
S satisfies local two-slice condition (see Fig. 5.2).

Fig. 5.2 Admissible coordinate chart
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Note 5.96 Let M be a five-dimensional smooth manifold. Let S be a nonempty
subset of M. Suppose that S satisfies local two-slice condition. Let S has the sub-
space topology inherited from M. We shall try to show that S is a two-dimensional
topological manifold.

Since M is a smooth manifold, its topology is Hausdorff. Since the topology of
M is Hausdorff, and S has the subspace topology inherited from M, the topology of
S is Hausdorff. Since M is a smooth manifold, its topology is second countable.
Since the topology of M is second countable, and S has the subspace topology
inherited from M, the topology of S is second countable.

Next, let us take any p ∊ S. Since S satisfies local two-slice condition, there exists
an admissible coordinate chart ðU;uÞ of M satisfying p 2 U; and U \ S is a two-
slice of U. Since ðU;uÞ is an admissible coordinate chart of M, U is open in M, and
hence, U \ S is open in S. Since ðU;uÞ is an admissible coordinate chart of five-
dimensional smooth manifold M; uðUÞ is an open subset of R5: Since U \ S is a
two-slice of U, for definiteness, let U \ S ¼ u�1ðfðx1; x2; x3; x4; x5Þ 2 uðUÞ : x3 ¼
a3; x4 ¼ a4; x5 ¼ a5gÞ; where a3; a4; a5 are constants. It follows that uðU \ SÞ ¼
fðx1; x2; x3; x4; x5Þ 2 uðUÞ : x3 ¼ a3; x4 ¼ a4; x5 ¼ a5g:

Let us define p : R5 ! R
2 � fa3g � fa4g � fa5g as follows: For every

ðx1; x2; x3; x4; x5Þ 2 R
5;pðx1; x2; x3; x4; x5Þ � ðx1; x2; a3; a4; a5Þ:Clearly,p is an open

mapping. Since uðUÞ is an open subset of R5; and p : R5 ! R
2 � fa3g � fa4g �

fa5g is open, pðuðUÞÞð¼ fpðx1; x2; x3; x4; x5Þ : ðx1; x2; x3; x4; x5Þ 2 uðUÞg ¼
fðx1; x2; x3; x4; x5Þ 2 uðUÞ : x3 ¼ a3; x4 ¼ a4; x5 ¼ a5g ¼ uðU \ SÞÞ is open in
R

2 � fa3g � fa4g � fa5g; and hence, uðU \ SÞ is open in R
2 � fa3g � fa4g �

fa5g: Let us define a function j : R2 � fa3g � fa4g � fa5g ! R
2 as follows: For

every ðx1; x2; a3; a4; a5Þ 2 R
2 � fa3g � fa4g � fa5g; jðx1; x2; a3; a4; a5Þ � ðx1; x2Þ:

Clearly, j is a diffeomorphism. Since j : R2 � fa3g � fa4g � fa5g ! R
2 is a diffe-

omorphism, j : R2 � fa3g � fa4g � fa5g ! R
2 is a homeomorphism. Since j :

R
2 � fa3g � fa4g � fa5g ! R

2 is a homeomorphism, and uðU \ SÞ is open in
R

2 � fa3g � fa4g � fa5g; jðuðU \ SÞÞð¼ ðj � uÞðU \ SÞÞ is open inR2; and hence,
ðj � uÞðU \ SÞ is open in R

2: Clearly, ðj � uÞðU \ SÞ ¼ fðx1; x2Þ : ðx1; x2; a3;
a4; a5Þ 2 uðUÞg: (Reason: ðj � uÞðU \ SÞ ¼ jðuðU \ SÞÞ ¼ jðfðx1; x2; x3; x4; x5Þ 2
uðUÞ : x3 ¼ a3; x4 ¼ a4; x5 ¼ a5gÞ ¼ jðfðx1; x2; a3; a4; a5Þ : ðx1; x2; a3; a4; a5Þ 2
uðUÞg ¼ fjðx1; x2; a3; a4; a5Þ : ðx1; x2; a3; a4; a5Þ 2 uðUÞgÞ ¼ fðx1; x2Þ :ðx1; x2; a3;
a4; a5Þ 2 uðUÞg:)

Now, we shall try to show that j � ðujU\SÞ is a homeomorphism from U \ S onto
ðj � uÞðU \ SÞ; that is,
1. j � ðujU\SÞ is 1–1
2. ðj � ðujU\SÞÞðU \ SÞ ¼ ðj � uÞðU \ SÞ;
3. ðj � ðujU\SÞÞ : U \ S ! ðj � uÞðU \ SÞ is continuous,
4. ðj � ðujU\SÞÞ : U \ S ! ðj � uÞðU \ SÞ is an open mapping.
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For 1: Since j is a homeomorphism, j is 1–1. Since ðU;uÞ is an admissible
coordinate chart of M; u : U ! uðUÞ is 1–1, and hence, ujU\S is 1–1. Since
ujU\S is 1–1, and j is 1–1, their composite j � ðujU\SÞ is 1–1.
For 2: Here,

LHS ¼ j � ujU\S
� �� �

U \ Sð Þ ¼ j ujU\S
� �

U \ Sð Þ� �
¼ j u U \ Sð Þð Þ ¼ j � uð Þ U \ Sð Þ ¼ RHS:

For 3: Since j is a homeomorphism, j is continuous. Since ðU;uÞ is an
admissible coordinate chart of M, u : U ! uðUÞ is continuous, and hence,
ujU\S is continuous. Since ujU \ S is continuous, and j is continuous, their
composite ðj � ðujU\SÞÞ is continuous.
For 4: Since j is a homeomorphism, j is open. Since ðU;uÞ is an admissible
coordinate chart of M, u : U ! uðUÞ is open, and hence, ujU\S is open. Since
ujU\S is open, and j is open, their composite ðj � ðujU\SÞÞ is open.
Thus, the ordered pair ðU \ S; j � ðujU\SÞÞ is a coordinate chart of S. Also, p 2

U \ S: Hence, S is a two-dimensional topological manifold. Put

A � U \ S; j � ujU\S
� �� �

: U;uð Þ is an admissible coordinate chart of M
� �

:

We want to show that A is an atlas for S.
For this purpose, let us take any ðU \ S; ðj1 � uÞjU\SÞ; ðV \ S; ðj2 � wÞjV\SÞ 2 A;

where ðU;uÞ; ðV ;wÞ are admissible coordinate charts of M, and
ðU \ SÞ \ ðV \ SÞ 6¼ ;: We have to prove that

j2 � wjV\S
� �� � � j1 � ujU\S

� �� ��1
: j1 � ujU\S

� �� �
U \ Sð Þ \ V \ Sð Þð Þ

! j2 � wjV\S
� �� �

U \ Sð Þ \ V \ Sð Þð Þ

is smooth, that is,

j2 � wjV\S
� �� � � j1 � ujU\S

� �� ��1
: j1 � ujU\S

� �� �
U \ Vð Þ \ Sð Þ

! j2 � wjV\S
� �� �

U \ Vð Þ \ Sð Þ

is smooth, that is,

j2 � wjV\S
� �� � � j1 � ujU\S

� �� ��1
: j1 � uð Þ U \ Vð Þ \ Sð Þ

! j2 � wð Þ U \ Vð Þ \ Sð Þ

is smooth, that is,

j2 � wjV\S
� �� � � ujU\S

� ��1� j1ð Þ�1
� �

: j1 � uð Þ U \ Vð Þ \ Sð Þ
! j2 � wð Þ U \ Vð Þ \ Sð Þ
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is smooth, that is,

j2 � wjV\S
� � � ujU\S

� ��1
� �

� j1ð Þ�1
� �

: j1 � uð Þ U \ Vð Þ \ Sð Þ
! j2 � wð Þ U \ Vð Þ \ Sð Þ

is smooth, that is,

j2 � w � u�1
� ���

u U\Vð Þ\Sð Þ
� �

� j1ð Þ�1
� �

: j1 � uð Þ U \ Vð Þ \ Sð Þ
! j2 � wð Þ U \ Vð Þ \ Sð Þ

is smooth. Here, ; 6¼ ðU \ SÞ \ ðV \ SÞ � U \ V ; so U \ V 6¼ ;: Since U \ V 6¼
;; and ðU;uÞ; ðV ;wÞ are admissible coordinate charts of M, w � u�1 : uðU \ VÞ !
wðU \ VÞ is smooth, and hence, the restriction ðw � u�1Þ��

uððU\VÞ\SÞ is smooth.

Since j2; ðw � u�1Þ��
uððU\VÞ\SÞ; ðj1Þ

�1 are smooth, their composite

j2 � w � u�1� ���
u U\Vð Þ\Sð Þ

� �
� j1ð Þ�1

� �
: j1 � uð Þ U \ Vð Þ \ Sð Þ

! j2 � wð Þ U \ Vð Þ \ Sð Þ

is smooth. Thus, we have shown that A is an atlas for S. Let i : S ! M be the
inclusion map of S.

We want to show that i : S ! M is a smooth embedding, that is,

(a) i : S ! M is smooth,
(b) i : S ! M is a topological embedding, and
(c) i : S ! M is a smooth immersion.

For a: Let us take any p 2 S: So there exists ðU \ S; j � ðujU\SÞÞ 2 A; where
ðU;uÞ is an admissible coordinate chart of M, and p 2 U \ S: Since p ¼ iðpÞ 2
M; there exists an admissible coordinate chart ðV ;wÞ of M satisfying p ¼
iðpÞ 2 V : We have to show that

w � i � j � ujU \ S

� �� ��1 ¼ w � j � ujU \ S

� �� ��1¼ w � ujU \ S

� ��1 � j�1
� ��

¼ w � ujU \ S

� ��1
� �

� j�1 ¼ w � ujU \ S

� ��1
� �

� j�1

¼ w � u�1� ���
u U \Vð Þ \ Sð Þ � j�1

�
is smooth, that is, ðw � u�1Þ��

uððU\VÞ\SÞ�j�1 is smooth. Here, U \ V 6¼ ;: Since
U \ V 6¼ ;; and ðU;uÞ; ðV ;wÞ are admissible coordinate charts of M; w � u�1 :
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uðU \ VÞ ! wðU \ VÞ is smooth, and hence, its restriction ðw � u�1Þ��
uððU\VÞ\SÞ

is smooth. Since ðw � u�1Þ��
uððU\VÞ\SÞ is smooth, and j�1 is smooth, their

composite ðw � u�1Þ��
uððU\VÞ\SÞ� j�1 is smooth.

For b: Since S has the subspace topology inherited from M; i : S ! M is a
topological embedding.
For c: Let us take any p 2 S: We have to show that the linear map dip : TpS !
TiðpÞM is 1–1, that is, the linear map dip : TpS ! TpM is 1–1.

Since p 2 S; there exists ðU \ S; j � ðujU\SÞÞ 2 A; where ðU;uÞ is an admis-
sible coordinate chart of M, and p 2 U \ S: Here, ðU;uÞ is an admissible coordi-
nate chart of M satisfying iðpÞ 2 U: For every q 2 U \ S;

o
ox1

����
q

;
o
ox2

����
q

 !

is the coordinate basis of TqS corresponding to ðU \ S; j � ðujU\SÞÞ; where

o
oxi

����
q
� d j � ujU\S

� �� ��1
� �

j� ujU\Sð Þð ÞðqÞ
� �

o
oxi

����
j� ujU\Sð Þð ÞðqÞ

 !
:

For every r 2 U;

o
oy1

����
r

;
o
oy2

����
r

;
o
oy3

����
r

;
o
oy4

����
r

;
o
oy5

����
r

� �
is the coordinate basis of TrM corresponding to ðU;uÞ; where

o
oyi

����
r

� d u�1� �
uðrÞ

� � o
oyi

����
uðrÞ

 !
:

Observe that for every q 2 U \ S;

u � i � j � ujU\S
� �� ��1

� �
j � ujU\S
� �� �ðqÞ� � ¼ u iðqÞð Þ ¼ uðqÞ

¼ ujU\S
� �ðqÞ ¼ j�1 j � ujU\S

� �� �ðqÞ� �
:

Also clearly, j�1 : R2 ! R
2 � fa3g � fa4g � fa5g is such that for every ðx1; x2Þ in

R
2; j�1ðx1; x2Þ ¼ ðx1; x2; a3; a4; a5Þ: Hence, for every q 2 U \ S; the matrix rep-

resentation of linear map diq is the following 5 × 2 matrix:
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1 0
0 1
0 0
0 0
0 0

266664
377775:

Since the

rank

1 0
0 1
0 0
0 0
0 0

266664
377775

is 2, the linear map dip : TpS ! TpM is 1–1. Thus, we have shown that i : S ! M is
a smooth embedding. Hence, S is an embedded submanifold of M.

Since for every q 2 U \ S; the matrix representation of linear map diq is the
matrix

1 0
0 1
0 0
0 0
0 0

266664
377775;

diq
� � o

ox1

����
q

 !
¼ 1

o
oy1

����
iðqÞ

 !
þ 0

o
oy2

����
iðqÞ

 !
þ 0

o
oy3

����
iðqÞ

 !

þ 0
o
oy4

����
iðqÞ

 !
þ 0

o
oy5

����
iðqÞ

 !
¼ o

oy1

����
iðqÞ

¼ o
oy1

����
q

:

Thus, for every q 2 U \ S;

diq
� � o

ox1

����
q

 !
¼ o

oy1

����
q

:

Similarly, for every q 2 U \ S;

diq
� � o

ox2

����
q

 !
¼ o

oy2

����
q

:
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Now, since

diq
� � o

ox1

����
q

 !
; diq
� � o

ox2

����
q

 ! !

is a basis of the real linear subspace ðdiqÞðTqSÞ of TqM;

o
oy1

����
q

;
o
oy2

����
q

 !

is a basis of ðdiqÞðTqSÞ; while

o
oy1

����
q
;
o
oy2

����
q
;
o
oy3

����
q
;
o
oy4

����
q
;
o
oy5

����
q

 !

is the coordinate basis of TqM: Conclusion: For every q 2 U \ S; if

o
oy1

����
q

;
o
oy2

����
q

;
o
oy3

����
q

;
o
oy4

����
q

;
o
oy5

����
q

 !

is the coordinate basis of TqM; then

o
oy1

����
q
;
o
oy2

����
q

 !

is a basis of ðdiqÞðTqSÞ:
Note 5.97 As in Note 5.96, we can prove the following result:

Let M be an m-dimensional smooth manifold. Let S be a nonempty subset of
M. Suppose that S satisfies local k-slice condition. Let S has the subspace topology
inherited from M. Then, S is a k-dimensional topological manifold. Also, there
exists a smooth structure on S such that M becomes a k-dimensional embedded
submanifold of M.

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a map. Any set of the form U�1ðcÞ; where
c 2 N; is called a level set of U:

Note 5.98 Let M be a three-dimensional smooth manifold, N be a four-dimensional
smoothmanifold, andU : M ! N be a smoothmap. Let 2 be the rank ofU:Let c 2 N:
We shall try to show that the level set U�1ðcÞ satisfies local two-slice condition.
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By the constant rank Theorem 5.48, for every p 2 U�1ðcÞðthat is;UðpÞ ¼ cÞ
there exist admissible coordinate chart ðU;uÞ in M satisfying p 2 U; and admis-
sible coordinate chart ðV ;wÞ in N satisfying UðpÞ 2 V ; such that UðUÞ � V ; and
for every ðx1; x2; x3Þ in uðUÞ;

w � U � u�1� �
x1; x2; x3ð Þ ¼ x1; x2; 0; 0ð Þ:

Now, we shall try to show that

U�1ðcÞ \ U ¼ u�1 x1; x2; x3ð Þ 2 uðUÞ : x1 ¼ p1 � wð ÞðcÞ; x2 ¼ p2 � wð ÞðcÞf gð Þ;

that is,

u U�1ðcÞ \ U
� � ¼ x1; x2; x3ð Þ 2 uðUÞ : x1 ¼ p1 � wð ÞðcÞ; x2 ¼ p2 � wð ÞðcÞf g:

Let q 2 U�1ðcÞ \ U: It follows that UðqÞ ¼ c; and q 2 U: Since q 2 U; uðqÞ 2
uðUÞ: Put uðqÞ � ðx1; x2; x3Þ: Hence, ðx1; x2; x3Þ ¼ uðqÞ 2 uðUÞ: Also,

x1; x2; 0; 0ð Þ ¼ w � U � u�1� �
x1; x2; x3ð Þ

¼ w � U � u�1� �
uðqÞð Þ ¼ w UðqÞð Þ ¼ wðcÞ

¼ p1 � wð ÞðcÞ; p2 � wð ÞðcÞ; p3 � wð ÞðcÞ; p4 � wð ÞðcÞð Þ:

Hence, x1 ¼ ðp1 � wÞðcÞ; and x2 ¼ ðp2 � wÞðcÞ: Thus, U�1ðcÞ \U � u�1ðfðx1;
x2; x3Þ 2 uðUÞ : x1 ¼ ðp1 � wÞðcÞ; x2 ¼ ðp2 � wÞðcÞgÞ: Next, let q 2 u�1ðfðx1; x2;
x3Þ 2 uðUÞ : x1 ¼ ðp1 � wÞðcÞ; x2 ¼ ðp2 � wÞðcÞgÞ: We have to show that q 2 U�1

ðcÞ \U; that is, UðqÞ ¼ c; and q 2 U: Since q 2 u�1ðfðx1; x2; x3Þ 2 uðUÞ : x1 ¼
ðp1 � wÞðcÞ; x2 ¼ ðp2 � wÞðcÞgÞ � U; q 2 U:

Since uðqÞ 2 uðUÞ; ððp1 � wÞðcÞ; ðp2 � wÞðcÞ; ðp3 � wÞðcÞ; ðp4 � wÞðcÞÞ ¼ wðcÞ
¼ wðUðqÞÞ ¼ ðw � U � u�1ÞðuðqÞÞ ¼ ððp1 � uÞðqÞ; ðp2 � uÞðqÞ; 0; 0Þ; and hence,
ðp3 � wÞðcÞ ¼ 0 ¼ ðp4 � wÞðcÞ: Since q 2 u�1ðfðx1; x2; x3Þ 2 uðUÞ : x1 ¼ ðp1 � wÞ
ðcÞ; x2 ¼ ðp2 � wÞðcÞgÞ; uðqÞ 2 fðx1; x2; x3Þ 2 uðUÞ : x1 ¼ ðp1 � wÞðcÞ; x2 ¼ ðp2�
wÞðcÞg; and hence, ðp1 � uÞðqÞ ¼ ðp1 � wÞðcÞ; and ðp2 � uÞðqÞ ¼ ðp2 � wÞðcÞ:
Since ðp1 � uÞðqÞ ¼ ðp1 � wÞðcÞ; ðp2 � uÞðqÞ ¼ ðp2 � wÞðcÞ; ðp3 � wÞ ðcÞ ¼ 0 ¼
ðp4 � wÞðcÞ; and wðUðqÞÞ ¼ ððp1 � uÞðqÞ; ðp2 � uÞðqÞ; 0; 0Þ; wðUðqÞÞ ¼ ððp1 � wÞ
ðcÞ; ðp2 � wÞ ðcÞ; 0; 0Þ ¼ ððp1 � wÞðcÞ; ðp2 � wÞðcÞ; ðp3 � wÞ ðcÞ; ðp4 � wÞðcÞÞ ¼
wðcÞ: Since wðUðqÞÞ ¼ wðcÞ; UðqÞ ¼ c:

Thus, uðU�1ðcÞ \UÞ ¼ fðx1; x2; x3Þ 2 uðUÞ : x1 ¼ ðp1 � wÞðcÞ; x2 ¼ ðp2 � wÞ
ðcÞg: Hence, the level set U�1ðcÞ satisfies the local 2-slice condition. Now, by Note
5.97, if U�1ðcÞ has the subspace topology inherited from M; then U�1ðcÞ is an
embedded submanifold of M. Since U : M ! N is a smooth map, U : M ! N is
continuous. Since U : M ! N is continuous, and fcg is a closed subset of N;
U�1ðcÞ is a closed subset of M. Since U�1ðcÞ is a closed subset of M, and U�1ðcÞ is
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an embedded submanifold of M, by Note 5.93, U�1ðcÞ is a properly embedded
submanifold of M, and its codimension is 2.

Note 5.99 The following result can be proved as in Note 5.98:
Let M be an m-dimensional smooth manifold, N be an n-dimensional smooth

manifold, and U : M ! N be a smooth map. Let r be the rank of U: Let c 2 N:
Then, the level set U�1ðcÞ is a properly embedded submanifold of M, and its
codimension is r.

Note 5.100 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a smooth submersion. Let c 2 N:We shall try
to show that the level set U�1ðcÞ is a properly embedded submanifold of M, and its
codimension is n.

Since U : M ! N is a smooth submersion, U : M ! N is a smooth map, and
rankU ¼ n: Since U : M ! N is a smooth map, and rankU ¼ n; by Note 5.99, the
level set U�1ðcÞ is a properly embedded submanifold ofM, and its codimension is n.

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a smooth map. Let p 2 M:

If dUp : TpM ! TUðpÞN is onto (that is, the rank of U at p is n), then we say that
p is a regular point of U: If p is not a regular point of U; then we say that p is a
critical point of U:

Note 5.101 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a smooth map. Clearly, U is a smooth sub-
mersion if and only if every point of M is a regular point of U:

Note 5.102 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a smooth map. Let m < n. We shall try to
show that every point of M is a critical point of U:

If not, otherwise, let there exists p ∊M such that p is not a critical point ofU: Since
p is not a critical point of U; p is a regular point of U; and hence, the linear map
dUp : TpM ! TUðpÞN is onto. Since the linear map dUp : TpM ! TUðpÞN is onto,
n ¼ dimN ¼ dim TUðpÞN
 dim TpM ¼ dimM ¼ m: Thus, m¥n; a contradiction.

Thus, every point of M is a critical point of U:

Note 5.103 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a smooth map. Let G be the set of all regular
points of U: We shall try to show that G is an open subset of M.

For this purpose, let us take any p ∊ G. Since p ∊ G, p is a regular point of U:
Since p is a regular point of U; the linear map dUp : TpM ! TUðpÞN is onto. Since
the linear map dUp : TpM ! TUðpÞN is onto, by Theorem 4.7, there exists an open
neighborhoodW of p such that for every q ∊W, the linear map dFq : TqM ! TFðqÞN
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is onto, and hence, the open neighborhood W of p is contained in G. It follows that
p is an interior point of G.

Thus, we have shown that G is an open subset of M.

Definition Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a smooth map. Let G be the set of all regular
points of U: Let c 2 N:

If U�1ðcÞ � G; then we say that c is a regular value of U; and U�1ðcÞ is a
regular value set. If c is not a regular value of U; then we say that c is a critical
value of U: If c is a regular value of U; then U�1ðcÞ is called a regular level set.

Clearly, if U�1ðcÞ ¼ ;; then c is a regular value of U:

Note 5.104 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and U : M ! N be a smooth map. Letc 2 N: Let U�1ðcÞ be a
nonempty regular level set. We shall try to show that U�1ðcÞ is a properly
embedded submanifold of M, and its codimension is n.

Let G be the set of all regular points of U: We know that G is an open subset of
M. Let O1 be the subspace topology over G inherited from M, that is, O1 ¼
fG1 : G1 � G; and G1 2 Og: Let A be the differential structure of M. Put

AG � U;uð Þ : U;uð Þ 2 A; and U � Gf g:

We know that AG is an atlas on G. Thus, G becomes an m-dimensional smooth
manifold (called open submanifold of M). Also, G is an embedded submanifold of
M with codimension 0. Since U : M ! N is a smooth map, and G is an open
submanifold of M, UjG: G ! N is a smooth map.

Let us take any p 2 G: We want to show that the linear map dðUjGÞp : TpG !
TðUjGÞðpÞN is onto. Since p 2 G; p is a regular point of M, and hence, the linear map
dUp : TpM ! TUðpÞN is onto. Since p ∊ G, and G is an open submanifold of M,
TpM is equal to TpG. Also, ðUjGÞðpÞ ¼ UðpÞ: It follows that the linear map
dðUjGÞp : TpG ! TðUjGÞðpÞN is onto.

Now, we want to show that U�1ðcÞ is an embedded submanifold of M. Since for
every p 2 G; the linear map dðUjGÞp : TpG ! TðUjGÞðpÞN is onto, UjG: G ! N is a
smooth submersion. Since UjG: G ! N is a smooth submersion, and c 2 N; by

Note 5.100, the level set ðUjGÞ�1ðcÞ is a properly embedded submanifold of G, and

its codimension is n. Clearly, ðUjGÞ�1ðcÞ ¼ U�1ðcÞ:
(Reason: Let p 2 ðUjGÞ�1ðcÞ: So p 2 G; and ðUjGÞðpÞ ¼ c: Since p 2 G; c ¼

ðUjGÞðpÞ ¼ UðpÞ; and hence, p 2 U�1ðcÞ: Thus, ðUjGÞ�1ðcÞ � U�1ðcÞ: Next, let
p 2 U�1ðcÞ: Since p 2 U�1ðcÞ; UðpÞ ¼ c: Since U�1ðcÞ is a regular value set,
U�1ðcÞ � G: Since p 2 U�1ðcÞ � G; p 2 G; and hence, ðUjGÞðpÞ ¼ UðpÞ ¼ c: It

follows that p 2 ðUjGÞ�1ðcÞ: Thus, U�1ðcÞ � ðUjGÞ�1ðcÞ:)
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Since ðUjGÞ�1ðcÞ ¼ U�1ðcÞ; and the level set ðUjGÞ�1ðcÞ is a properly embed-
ded submanifold of G with its codimension n, U�1ðcÞ is a properly embedded
submanifold of G with its codimension n. Since U�1ðcÞ is an embedded subman-
ifold of G, the inclusion map i1 : U�1ðcÞ ! G is a smooth embedding. Since G is
an embedded submanifold of M, the inclusion map i2 : G ! M is a smooth
embedding. Since i1 : U�1ðcÞ ! G is a smooth embedding, and i2 : G ! M is a
smooth embedding, their composite i2 � i1 : U�1ðcÞ ! M is a smooth embedding.
Since i2 � i1 ¼ i; where idenotes the inclusion map from U�1ðcÞ to M; and i2 � i1 :
U�1ðcÞ ! M is a smooth embedding, the inclusion map i : U�1ðcÞ ! M is a
smooth embedding. This shows that U�1ðcÞ is an embedded submanifold of M.

Now, we want to show that U�1ðcÞ is a properly embedded submanifold of
M. For this purpose, let us take any compact set K in M. We have to show that
ði2 � i1Þ�1ðKÞ is compact in U�1ðcÞ: Here, ði2 � i1Þ�1ðKÞ ¼ ðði1Þ�1 � ði2Þ�1ÞðKÞ ¼
ði1Þ�1ðK \ GÞ ¼ ðK \ GÞ \ U�1ðcÞ ¼ K \ U�1ðcÞ: Since K is compact in M, and
U�1ðcÞ is closed in M, K \ U�1ðcÞ is compact in M. Since K \ U�1ðcÞ is compact
in M, and K \ U�1ðcÞ � U�1ðcÞ; K \ U�1ðcÞð¼ ði2 � i1Þ�1ðKÞÞ is compact in
U�1ðcÞ; and hence ði2 � i1Þ�1ðKÞ is compact in U�1ðcÞ:

Thus, U�1ðcÞ is a properly embedded submanifold of M with codimension n.

5.10 Smooth Submanifolds

Definition Let M be an m-dimensional smooth manifold and S be a nonempty
subset of M. If there exists a topology O over S with respect to which S becomes an
n-dimensional topological manifold, and there exists a smooth structure on S with
respect to which the topological manifold S becomes an n-dimensional smooth
manifold such that the inclusion map i : S ! M is smooth immersion, then we say
that S is an immersed submanifold (or smooth submanifold) of M with codimension
m − n.

Note 5.105 Let M be an m-dimensional smooth manifold and S be a nonempty
subset of M. Let k 2 f0; 1; . . .;m� 1g: Let S be an embedded submanifold of
M with codimension k. We shall try to show that S is an immersed submanifold of
M with codimension k.

Put O � fG \ S : G is open in Mg: We know that O (called the subspace
topology of S) is a topology over S. Since S is an embedded submanifold of M with
codimension k, O is a topology over S with respect to which S becomes a (m − k)-
dimensional topological manifold. Also, there exists a smooth structure A on S,
with respect to which the topological manifold S becomes an (m − k)-dimensional
smooth manifold such that the inclusion map i : S ! M is a smooth embedding,
and hence, i : S ! M is a smooth immersion.
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Hence, S is an immersed submanifold ofM with codimension kð¼ m� ðm� kÞÞ:
This completes the proof. In short, every embedded submanifold is a smooth
submanifold.

Note 5.106 Let M be an m-dimensional smooth manifold with smooth structure A,
N be an n-dimensional smooth manifold with smooth structure B, and F : N ! M
be a 1–1 smooth immersion. Put

O � FðVÞ : V is open in Nf g:

Clearly, O is a topology over FðNÞ; and F is a homeomorphism from N onto F(N).
Since F is a homeomorphism from N onto F(N), N is homeomorphic onto F(N).
Since N is an n-dimensional smooth manifold, N is an n-dimensional topological
manifold. Since N is an n-dimensional topological manifold, and N is homeo-
morphic onto F(N), F(N) is an n-dimensional topological manifold. Since N is an n-
dimensional smooth manifold with smooth structure B; and F is a homeomorphism
from N onto F(N), fðFðVÞ;w � ðF�1

��
FðVÞÞÞ : ðV ;wÞ 2 Bg is a smooth structure on

F(N). Thus, F(N) becomes an n-dimensional smooth manifold, and F is a diffeo-
morphism from N onto F(N). It is clear that w � ðF�1

��
FðVÞÞ ¼ w � ðF�1Þ: It follows

that the smooth structure on F(N) is fðFðVÞ;w � ðF�1ÞÞ : ðV ;wÞ 2 Bg:
Now, we want to prove that the inclusion map i : FðNÞ ! M is a smooth map.

Clearly, i ¼ F � F�1: Since F : N ! FðNÞ is a diffeomorphism, F�1 : FðNÞ ! N
is a diffeomorphism. Since F�1 is a diffeomorphism, and F : N ! M is a 1–1
smooth immersion, their composition F � F�1ð¼ iÞ is a 1–1 smooth immersion,
and hence, i is a smooth immersion. It follows that F(N) is a smooth submanifold of
M with codimension m − n.

Conclusion: Let M be an m-dimensional smooth manifold with smooth structure
A, N be an n-dimensional smooth manifold with smooth structure B, and F : N !
M be a 1–1 smooth immersion. Then, F(N) is a smooth submanifold of M with
codimension m − n.

Note 5.107 Let M be an m-dimensional smooth manifold and S be a nonempty
subset of M. Let S be a smooth submanifold of M with codimension 0. We shall try
to show that S is an embedded submanifold of M with codimension 0.

Since S is a smooth submanifold of M with codimension 0, by its definition,
there exists a topology O over S with respect to which S becomes an m-dimensional
topological manifold, and there exists a smooth structure on S with respect to which
the topological manifold S becomes an m-dimensional smooth manifold such that
the inclusion map i : S ! M is a smooth immersion. Here, S is an m-dimensional
smooth manifold, M is an m-dimensional smooth manifold, and the inclusion map
i : S ! M is a 1–1 smooth immersion, so by Note 5.73, i : S ! M is a smooth
embedding. Since i : S ! M is a smooth embedding, the inclusion map i : S ! M
is a topological embedding, and hence, i is a homeomorphism from S onto
iðSÞð¼ SÞ; where iðSÞ has the subspace topology inherited from M. It follows that
O is equal to the subspace topology of S inherited from M. Since S is endowed with
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the subspace topology inherited from M, and the inclusion map i : S ! M is a
smooth embedding, and the smooth structure on S is m-dimensional, by the defi-
nition of embedded submanifold, S is an embedded submanifold of M with codi-
mension 0.

Note 5.108 Let M be an m-dimensional smooth manifold and S be a nonempty
subset of M. Let S be a smooth submanifold of M with codimension k. Let the
inclusion map i : S ! M be proper.

We shall try to show that S is an embedded submanifold ofMwith codimension k.
Since S is a smooth submanifold of M with codimension k; by its definition,

there exists a topology O over S with respect to which S becomes an (m − k)-
dimensional topological manifold, and there exists a smooth structure on S with
respect to which the topological manifold S becomes an ðm� kÞ-dimensional
smooth manifold such that the inclusion map i : S ! M is a smooth immersion.
Here, S is an (m − k)-dimensional smooth manifold, M is an m-dimensional smooth
manifold, the inclusion map i : S ! M is a 1–1 smooth immersion, and the
inclusion map i : S ! M is proper, so by Note 5.71, i : S ! M is smooth
embedding. Since i : S ! M is a smooth embedding, the inclusion map i : S ! M
is a topological embedding, and hence, i is a homeomorphism from S onto
iðSÞð¼ SÞ; where ι(S) has the subspace topology inherited from M. It follows that O
is equal to the subspace topology of S inherited from M. Since S is endowed with
the subspace topology inherited from M, the inclusion map i : S ! M is a smooth
embedding, and the smooth structure on S is (m − k)-dimensional, by the definition
of embedded submanifold, S is an embedded submanifold ofM with codimension k.

Note 5.109 Let M be an m-dimensional smooth manifold and S be a nonempty
subset of M. Let S be a smooth submanifold of M with codimension k. Let S be
compact. We shall try to show that S is an embedded submanifold of M with
codimension k.

Since S is a smooth submanifold of M with codimension k, by its definition,
there exists a topology O over S with respect to which S becomes an (m − k)-
dimensional topological manifold, and there exists a smooth structure on S with
respect to which the topological manifold S becomes an (m − k)-dimensional
smooth manifold such that the inclusion map i : S ! M is a smooth immersion.
Here, S is an (m − k)-dimensional smooth manifold, M is an m-dimensional smooth
manifold, the inclusion map i : S ! M is a 1–1 smooth immersion, and S is
compact, so by Note 5.72, i : S ! M is a smooth embedding. Since i : S ! M is a
smooth embedding, the inclusion map i : S ! M is a topological embedding, and
hence, ι is a homeomorphism from S onto iðSÞð¼ SÞ; where ι(S) has the subspace
topology inherited from M. It follows that O is equal to the subspace topology of
S inherited from M. Since S is endowed with the subspace topology inherited from
M, the inclusion map i : S ! M is a smooth embedding, and the smooth structure
on S is (m − k)-dimensional, by the definition of embedded submanifold, S is an
embedded submanifold of M with codimension k.
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Note 5.110 Let M be an m-dimensional smooth manifold and S be a nonempty
subset of M. Let S be a smooth submanifold of M with codimension k. Let p ∊ S.

We shall try to show that there exists an open neighborhood U of p in S such that
U is an embedded submanifold of M with codimension k.

Since S is a smooth submanifold of M with codimension k, there exists a
topology O over S with respect to which S becomes a (m − k)-dimensional topo-
logical manifold, and there exists a smooth structure on S with respect to which the
topological manifold S becomes a (m − k)-dimensional smooth manifold such that
the inclusion map i : S ! M is a smooth immersion. Since i : S ! M is a smooth
immersion, and p ∊ S, by Theorem 5.75, there exists an open neighborhood U of p in
S such that the restriction ijU : U ! M is a smooth embedding. Since ijU : U ! M is
a smooth embedding, ijU : U ! M is a topological embedding, and hence, ι|U is a
homeomorphism from U onto ðijUÞðUÞð¼ UÞ; where (ι|U)(U) has the subspace
topology inherited from M. It follows that the topology over U is the subspace
topology inherited from M. Here, S is a (m − k)-dimensional smooth manifold, and
U is an open neighborhood of p, so U is a (m − k)-dimensional smooth manifold.
Since U is a (m − k)-dimensional smooth manifold, the topology over U is the
subspace topology inherited fromM, and the inclusion map ijU : U ! M is a smooth
embedding, U is an embedded submanifold of M with codimension k.

Note 5.111 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and F : M ! N be a smooth map. Let S be a nonempty subset of
M. Let S be a smooth submanifold of M. We shall try to show that the restriction
FjS: S ! N is smooth.

Let the codimension of S be k. Since S is a smooth submanifold of M, there
exists a topology O over S with respect to which S becomes an (m − k)-dimensional
topological manifold, and there exists a smooth structure A on S with respect to
which the topological manifold S becomes an (m − k)-dimensional smooth mani-
fold such that the inclusion map i : S ! M is a smooth immersion. Since i : S ! M
is a smooth immersion, i : S ! M is smooth. Since i : S ! M is smooth, and
F : M ! N is a smooth map, their composite F � i : S ! N is smooth. Since F � i :
S ! N is smooth, and FjS¼ F � i; FjS: S ! N is smooth.

Note 5.112 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and S be a nonempty subset of M. Let S be a smooth submanifold
of M with codimension k. Let F : N ! M be a smooth map, and FðNÞ � S: Let
F : N ! S be continuous. We shall try to show F : N ! S is smooth.

Let us fix any p 2 N: Since p 2 N; FðpÞ 2 FðNÞ � S; and hence, FðpÞ 2 S:
Since S is a smooth submanifold ofM, there exists a topology O over S with respect
to which S becomes an ðm� kÞ-dimensional topological manifold, and there exists
a smooth structure A on S with respect to which the topological manifold
S becomes an (m − k)-dimensional smooth manifold such that the inclusion map
i : S ! M is a smooth immersion. Since the inclusion map i : S ! M is a smooth
immersion, by Theorem 5.46, i : S ! M is a local diffeomorphism. Since i : S !
M is a local diffeomorphism, and FðpÞ 2 S; there exists an open neighborhood U of
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F(p) in S such that ι(U) is open in M, and the restriction ijU : U ! iðUÞ is a

diffeomorphism, and hence, ðijUÞ�1 : iðUÞ ! U is smooth. Since U is an open
neighborhood of F(p) in S, and F : N ! S is continuous, there exists an open
neighborhood V of p in N such that F(V) ⊂ U. Since V is open in N, V is an open
submanifold of N, and hence, V is an embedded submanifold of N. Since V is an
embedded submanifold of N, V is a smooth submanifold of N. Since V is a smooth
submanifold of N, and F : N ! M is a smooth map, by Note 5.111, FjV : V ! M is
a smooth map. Since FjV : V ! M is a smooth map, ðijUÞ�1 : iðUÞ ! U is smooth,

and ðFjV ÞðVÞ ¼ FðVÞ � U ¼ iðUÞ; their composite ððijUÞ�1Þ � ðFjVÞ : V ! U is

smooth. Since ððijUÞ�1Þ � ðFjV Þ : V ! U is smooth, and ððijUÞ�1Þ � ðFjV Þ ¼ FjV ;
FjV : V ! U is smooth. Since FjV : V ! U is smooth, and V is an open neigh-
borhood of p in N, F : N ! S is smooth at the point p. It follows that F : N ! S is
smooth.

Note 5.113 Let M be an m-dimensional smooth manifold, N be an n-dimensional
smooth manifold, and S be a nonempty subset of M. Let S be an embedded sub-
manifold of M with codimension k. Let F : N ! M be a smooth map, and FðNÞ �
S: Let F : N ! S be continuous. We shall try to show F : N ! S is smooth.

Since S is an embedded submanifold of M with codimension k, by Note 5.105,
S is a smooth submanifold of M with codimension k. Since F : N ! M is a smooth
map, F : N ! M is continuous. Since S is an embedded submanifold of M, the
topology over S is the subspace topology inherited from M. Since F : N ! M is
continuous, FðNÞ � S � M; and the topology over S is the subspace topology
inherited from M, F : N ! S is continuous. It follows, from Note 5.112, that F :
N ! S is smooth.

Note 5.114 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Suppose that S satisfies local k-slice condition.

Since S satisfies local k-slice condition, by Note 5.97, S is an embedded sub-
manifold of M. Since S is an embedded submanifold of M, the topology over S is
the subspace topology inherited from M, and there exists a smooth structure A on
S with respect to which S becomes a k-dimensional smooth manifold such that the
inclusion map i : S ! M is a smooth embedding.

Now, we want to show that such a differential structure A is unique. For this
purpose, let A1 be a smooth structure on S with respect to which S becomes a k-
dimensional smooth manifold such that the inclusion map i : S ! M is a smooth
embedding. Next, let A2 be a smooth structure on S with respect to which
S becomes a k-dimensional smooth manifold such that the inclusion map i : S ! M
is a smooth embedding. We have to prove that A1 ¼ A2:

Let O be the topology over M; and let B be the smooth structure of M: Since the
inclusion map i : S ! M is a smooth embedding from smooth manifold ðS;A1Þ to
ðM;BÞ; the inclusion map i : S ! M is a smooth map from smooth manifold
ðS;A1Þ to ðM;BÞ: Since the inclusion map i : S ! M is a smooth map from smooth
manifold ðS;A1Þ to ðM;BÞ; ðS;A2Þ is an embedded submanifold of M; and i :
S ! S is continuous, by Lemma 5.113, i : ðS;A1Þ ! ðS;A2Þ is smooth. Similarly,
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i : ðS;A2Þ ! ðS;A1Þ is smooth. Since i : ðS;A1Þ ! ðS;A2Þ is smooth, and
ði�1 ¼Þi : ðS;A2Þ ! ðS;A1Þ is smooth, i : ðS;A1Þ ! ðS;A2Þ is a diffeomorphism.
Hence, A1 ¼ A2:

Note 5.115 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Suppose that S is a smooth submanifold of M.

Since S is a smooth submanifold of M, there exists a topology O over S, and a
smooth structure A on S with respect to which S becomes a k-dimensional smooth
manifold such that the inclusion map i : S ! M is a smooth immersion.

Now, we want to show that for fixed O; the differential structure A is unique. Let
us fix the topology O over S. Next, let A1 be a smooth structure on S with respect to
which S becomes a k-dimensional smooth manifold such that the inclusion map
i : S ! M is a smooth immersion. Next, let A2 be a smooth structure on S with
respect to which S becomes a k-dimensional smooth manifold such that the
inclusion map i : S ! M is a smooth immersion. We have to prove that A1 ¼ A2:

Let O� be the topology overM, and let B be the smooth structure ofM: Since the
inclusion map i : S ! M is a smooth immersion from smooth manifold ðS;A1Þ to
ðM;BÞ; the inclusion map i : S ! M is a smooth map from smooth manifold ðS;A1Þ
to ðM;BÞ: Since the inclusion map i : S ! M is a smooth map from smooth manifold
ðS;A1Þ to ðM;BÞ; ðS;A2Þ is a smooth submanifold ofM; and i : S ! S is continuous,
by Lemma 5.113, i : ðS;A1Þ ! ðS;A2Þ is smooth. Similarly, i : ðS;A2Þ ! ðS;A1Þ
is smooth. Since i : ðS;A1Þ ! ðS;A2Þ is smooth, and ði�1 ¼Þi : ðS;A2Þ ! ðS;A1Þ
is smooth, i : ðS;A1Þ ! ðS;A2Þ is a diffeomorphism. Hence, A1 ¼ A2:

5.11 Tangent Space to a Submanifold

Note 5.116 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be an embedded submanifold of M.

Since S is an embedded submanifold of M, the inclusion map i : S ! M is a
smooth embedding, and hence, i : S ! M is a smooth immersion. Since i : S ! M
is a smooth immersion, for every p 2 S, the linear map dip : TpS ! TiðpÞM is 1–1.
Now, since iðpÞ ¼ p, for every p 2 S, the linear map dip : TpS ! TpM is 1–1, and
hence, the image set ðdipÞðTpSÞ is a subspace of the real linear space TpM. Also,
since dip : TpS ! TpM is 1–1, dimððdipÞðTpSÞÞ ¼ dimðTpSÞ ¼ dimðSÞ. That is
why, we adopt the convention of not to distinguish between ðdipÞðTpSÞ and TpS.

Lemma 5.117 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be an embedded submanifold of M. Let p 2 S. Let v 2 TpM. If
there exists a smooth curve c : ð�e; eÞ ! M whose image is contained in S, which
is also smooth as a map into S, such that cð0Þ ¼ p, and c0ð0Þ ¼ v, then v 2 TpS.
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Proof Let c : ð�e; eÞ ! M be a smooth curve whose image is contained in S, which
is also smooth as a map into S, such that cð0Þ ¼ p, and c0ð0Þ ¼ v. We have to show
that v 2 TpS.

Since c : ð�e; eÞ ! S is a smooth map from one-dimensional smooth manifold
ð�e; eÞ into smoothmanifold S, and 0 2 ð�e; eÞ, dc0 : T0ð�e; eÞ ! Tcð0ÞS. Now, since

Tcð0ÞS ¼ TpS, dc0 : T0ð�e; eÞ ! TpS, and hence, v ¼ c0ð0Þ ¼ ðdc0Þð
d
dt

����
0
Þ 2 TpS. h

Lemma 5.118 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be an embedded submanifold of M. Let p 2 S. Let v 2 TpM. If
v 2 TpS, then there exists a smooth curve c : ð�e; eÞ ! M whose image is con-
tained in S, which is also smooth as a map into S, such that cð0Þ ¼ p, and
c0ð0Þ ¼ v.

Proof Let v 2 TpS. Here, S is an embedded submanifold of M, so S is a smooth
manifold. Let k be the dimension of smooth manifold S. Since p 2 S, and S is a
smooth manifold, there exists an admissible coordinate chart ðU;uÞ of S such that
p 2 U, and uðpÞ ¼ 0 2 R

k . For every q 2 U; let

o
ox1

����
q

; . . .;
o
oxk

����
q

 !

be the coordinate basis of TqS corresponding to ðU;uÞ, where

o
oxi

����
q
� d u�1� �

uðqÞ
� � o

oxi

����
uðqÞ

 !
:

Here,

o
ox1

����
p

; . . .;
o
oxk

����
p

 !

is the coordinate basis of TpS, and v 2 TpS, so there exist real numbers v1; . . .; vk

such that

v ¼ v1
o
ox1

����
p

 !
þ � � � þ vk

o
oxk

����
p

 !
¼ vi

o
oxi

����
p

 !
:

Since ðU;uÞ is an admissible coordinate chart of S, φ is a mapping from U onto
uðUÞ, where uðUÞ is an open neighborhood of uðpÞð¼ 0Þ in R

k . Since
t 7! ðtv1; . . .; tvkÞ is a continuous map from R to R

k, and uðUÞ is an open neigh-
borhood of uðpÞð¼ ð0; . . .; 0Þ ¼ ð0v1; . . .; 0vkÞÞ in R

k , there exists e[ 0 such that

422 5 Immersions, Submersions, and Embeddings



for every t 2 ð0� e; 0þ eÞ, we have ðtv1; . . .; tvkÞ 2 uðUÞ, and hence, for every
t 2 ð�e; eÞ, we have u�1ðtv1; . . .; tvkÞ 2 U. Now, let us define c : ð�e; eÞ !
Uð� S � MÞ as follows: For every t 2 ð�e; eÞ; cðtÞ � u�1ðtv1; . . .; tvkÞ.

Here, ðU;uÞ is an admissible coordinate chart of S, so U is open in S. Here,
cð0Þ ¼ u�1ð0v1; . . .; 0vkÞ ¼ u�1ð0Þ ¼ u�1ðuðpÞÞ ¼ p. Thus, cð0Þ ¼ p. We shall
try to show that γ as a function from ð�e; eÞ to smooth manifold S is smooth.

Since ðU;uÞ is an admissible coordinate chart of S, φ is a diffeomorphism from
U onto uðUÞ, and hence, u�1 is smooth. Since u�1 is smooth, and t 7! ðtv1; . . .; tvkÞ
is smooth, their composite t 7!u�1ðtv1; . . .; tvkÞð¼ cðtÞÞ is smooth, and hence, γ as
a mapping from ð�e; eÞ to S is smooth.

Now, we want to show that γ is smooth as a map from smooth manifold ð�e; eÞ
to smooth manifold M. For this purpose, let us take any t0 2 ð�e; eÞ. Here,
cðt0Þ ¼ u�1ðt0v1; . . .; t0vkÞ 2 U.

Since S is an embedded submanifold of M, there exists a smooth structure A on
S such that the inclusion map i : S ! M is a smooth embedding (i.e., i : S ! M is
smooth, and smooth immersion.). Let ðW ;wÞ be any admissible coordinate chart of
M such that cðt0Þ 2 W . We have to show that w � c � ðIdð�e;eÞÞ�1 is smooth.

Since i : S ! M is smooth, ðU;uÞ is an admissible coordinate chart of S satis-
fying cðt0Þ 2 U, and ðW ;wÞ is any admissible coordinate chart of M such that
ðiðcðt0ÞÞ ¼Þcðt0Þ 2 W , w � u�1 is smooth. Further, since t 7! ðtv1; . . .; tvkÞ is
smooth, t 7! ðw � u�1Þðtv1; . . .; tvkÞ is smooth. For every t 2 ð�e; eÞ,

w � c � Id �e;eð Þ
� ��1

� �
ðtÞ ¼ w � cð Þ Id �e;eð Þ

� ��1ðtÞ
� �

¼ w � cð ÞðtÞ ¼ w cðtÞð Þ
¼ w u�1 tv1; . . .; tvk

� �� � ¼ w � u�1� �
tv1; . . .; tvk
� �

;

and t 7! ðw � u�1Þðtv1; . . .; tvkÞ is smooth, so w � c � ðIdð�e;eÞÞ�1 is smooth. For
every t 2 ð�e; eÞ, we have

pi � u � cð Þð ÞðtÞ ¼ pi u cðtÞð Þð Þ ¼ pi u u�1 tv1; . . .; tvm
� �� �� �

¼ pi tv
1; . . .; tvm

� � ¼ tvi ¼ vit;

so

d pi � u � cð Þð Þ
dt

ð0Þ ¼ vi:

Now, we shall try to show that c0ð0Þ ¼ v: Here,

c0ð0Þ ¼ d pi � u � cð Þð Þ
dt

ð0Þ
� �

o
oxi

����
cð0Þ

 !
¼ vi

o
oxi

����
cð0Þ

 !
¼ vi

o
oxi

����
p

 !
¼ v:

Hence, c0ð0Þ ¼ v. h
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Lemma 5.119 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be an embedded submanifold of M. Let p 2 S. Let v 2 TpS. Let
f 2 C1ðMÞ satisfying f jS¼ 0. Then, vðf Þ ¼ 0.

Proof Since f 2 C1ðMÞ, f jS2 C1ðSÞ. (Reason: Since f 2 C1ðMÞ, f : M ! R is
smooth. Here, S is an embedded submanifold of M, so the inclusion map i : S ! M
is smooth. Since i : S ! M is smooth, and f : M ! R is smooth, their composite
ð f jS¼Þf � i : S ! R is smooth, and hence, f jS2 C1ðSÞ.) Since, by Note 5.116,
we do not distinguish between ðdipÞðTpSÞ and TpS, and v 2 TpS, v 2 ðdipÞðTpSÞ,
and hence, there exists w 2 TpS such that ðdipÞðwÞ ¼ v. Now, vðf Þ ¼
ððdipÞðwÞÞðf Þ ¼ wðf � iÞ ¼ wð f jSÞ ¼ wð0Þ ¼ 0. h

Lemma 5.120 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be an embedded k-dimensional submanifold of M. Then, S
satisfies the local k-slice condition.

Proof Let us take any p in S. Since S is an embedded submanifold of M, there
exists a smooth structure A on S such that the inclusion map i : S ! M is a smooth
embedding (i.e., i : S ! M is smooth, and smooth immersion). Since i : S ! M is a
smooth immersion, and p 2 S, by Theorem 4.13, there exist admissible coordinate
chart ðU;uÞ in S satisfying p 2 U and admissible coordinate chart ðV ;wÞ in
M satisfying ðp ¼ÞiðpÞ 2 V such that uðpÞ ¼ 0; ðwðpÞ ¼ÞwðiðpÞÞ ¼ 0, and for
every ðx1; . . .; xkÞ in uðUÞ,

w � u�1� �
x1; . . .; xkð Þ ¼ w � i � u�1� �

x1; . . .; xkð Þ ¼ x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A:

Further, we may assume uðUÞ ¼ Ck
e ð0Þ, and wðVÞ ¼ Cm

e ð0Þ for some e[ 0. Since
ðU;uÞ is an admissible coordinate chart in S satisfying p 2 U, U is an open
neighborhood of p in S, and hence, there exists an open neighborhood W of p in
M such that W \ S ¼ U. Since W is an open neighborhood of p in M, and V is an
open neighborhood of p in M, their intersection V \W is an open neighborhood of
p in M. Since V \Wð� VÞ is an open neighborhood of p in M, and ðV ;wÞ is an
admissible coordinate chart inM satisfying p 2 V , ðV \W ;wjV\WÞ is an admissible
coordinate chart in M satisfying p 2 V \W . It suffices to show that

V \Wð Þ \ S ¼ wjV \W

� ��1
x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}

m�k

0@ 1A: x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A8<:
0@

2 wjV \W

� �
V \Wð Þ��;
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that is,

wjV \W

� �
V \Wð Þ \ Sð Þ ¼ x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}

m�k

0@ 1A: x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A8<:
2 wjV \W

� �
V \Wð Þ�;

that is,

w V \Wð Þ \ Sð Þ ¼ x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A : x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A 2 w V \Wð Þ
8<:

9=;;

that is,

w U \ Vð Þ ¼ x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A : x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A 2 w V \Wð Þ
8<:

9=;:

Let wðqÞ 2 LHS, where q 2 U \ V . Since q 2 U \ V , q 2 U, and hence,
uðqÞ 2 uðUÞ. Put uðqÞ � ðy1; . . .; ykÞ. Thus, ðy1; . . .; ykÞ 2 uðUÞ, and hence,

wðqÞ ¼ w u�1 y1; . . .; ykð Þ� � ¼ w � u�1� �
y1; . . .; ykð Þ ¼ y1; . . .; yk; 0; . . .; 0|fflfflffl{zfflfflffl}

m�k

0@ 1A:

Since q 2 U \ V , q 2 V . Since q 2 U, and W \ S ¼ U, q 2 W . Since q 2 W , and
q 2 V , q 2 V \W , and hence,

y1; . . .; yk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A ¼ wðqÞ 2 w V \Wð Þ:

Thus,

LHS ¼ w qð Þ ¼ y1; . . .; yk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A 2 x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A :

8<:
x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}

m�k

0@ 1A 2 w V \Wð Þ
9=; ¼ RHS:
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Thus, LHS � RHS. Next, let

LHS ¼ wðqÞ � y1; . . .; yk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A 2 RHS;

where q 2 V \W . We have to show that wðqÞ 2 wðU \ VÞ. It suffices to show that
q 2 U. Here, q 2 V \W , so

y1; . . .; yk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A ¼ wðqÞ 2 wðVÞ ¼ Cm
e ð0Þ

¼ �e; eð Þ � � � � � �e; eð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k

� �e; eð Þ � � � � � �e; eð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�k

;

and hence,

y1; . . .; ykð Þ 2 �e; eð Þ � � � � � �e; eð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k

¼ Ck
e ð0Þ ¼ uðUÞ:

Since ðy1; . . .; ykÞ 2 uðUÞ, u�1ðy1; . . .; ykÞ 2 U, and

w u�1 y1; . . .; ykð Þ� � ¼ w � u�1� �
y1; . . .; ykð Þ ¼ y1; . . .; yk; 0; . . .; 0|fflfflffl{zfflfflffl}

m�k

0@ 1A ¼ wðqÞ:

Now, since ψ is 1–1, q ¼ u�1ðy1; . . .; ykÞ 2 U. h

Lemma 5.121 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be an embedded k-dimensional submanifold of M. There exists a
unique smooth structure over S with respect to which S is an embedded k-dimen-
sional submanifold of M.

Proof Since S is an embedded submanifold of M, the topology over S is the
subspace topology inherited from M, and there exists a smooth structure A on
S with respect to which S becomes a k-dimensional smooth manifold such that the
inclusion map i : S ! M is a smooth embedding.

By Lemma 5.120, S satisfies the local k-slice condition. Since S satisfies the local
k-slice condition, by Note 5.114, the smooth structure A is unique. h

Lemma 5.122 Let M be an m-dimensional smooth manifold. Let S be a nonempty
subset of M. Let S be an embedded k-dimensional submanifold of M. Let p 2 S. Let
v 2 TpM. Let ðf 2 C1ðMÞ satisfying f jS¼ 0Þ implies vðf Þ ¼ 0. Then, v 2 TpS.

Proof By Lemma 5.121, there exists a unique smooth structure A over S with
respect to which S is an embedded k-dimensional submanifold of M. Thus, the
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topology of S is the subspace topology of M, and ðS;AÞ is a k-dimensional smooth
manifold. Since S is an embedded k-dimensional submanifold of M, by Lemma
5.120, S satisfies the local k-slice condition. Since S satisfies the local k-slice
condition, and p 2 S, there exists an admissible coordinate chart ðV ;wÞ of M such
that p 2 V , and V \ Sð� VÞ is equal to a k-slice of V. For definiteness, let

V \ S ¼ w�1 x1; . . .; xk; xkþ1; . . .; xmð Þ 2 wðVÞ : xkþ1 ¼ 0; . . .; xm ¼ 0f gð Þ;

that is,

w V \ Sð Þ ¼ x1; . . .; xk; xkþ1; . . .; xmð Þ 2 wðVÞ : xkþ1 ¼ 0; . . .; xm ¼ 0f g;

that is,

w V \ Sð Þ ¼ x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A : x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A 2 wðVÞ
8<:

9=;:

Since ðV ;wÞ is an admissible coordinate chart of M such that p 2 V , for every
q 2 V ,

o
oy1

����
q
; . . .;

o
oyk

����
q
;

o
oykþ1

����
q
; . . .

o
oym

����
q

 !

is the coordinate basis of TqM corresponding to ðV ;wÞ, where

o
oyi

����
q

� d w�1� �
wðqÞ

� � o
oyi

����
wðqÞ

 !
:

By Note 5.96, there exists a smooth structure B on S such that S becomes a k-
dimensional embedded submanifold of M, and

o
oy1

����
q

; . . .;
o
oyk

����
q

 !

is a basis of ðdiqÞðTqSÞ, where i : S ! M denotes the inclusion map of S. Now,
since A is unique, A ¼ B. Since p 2 V ,

o
oy1

����
p

; . . .;
o
oyk

����
p

;
o

oykþ1

����
p

; . . .
o
oym

����
p

 !
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is a basis of the real linear space TpM. Now, since v 2 TpM, there exist real
numbers v1; . . .; vk; vkþ1; . . .; vm such that

v ¼ v1
o
oy1

����
p

 !
þ � � � þ vk

o
oyk

����
p

 !
þ vkþ1 o

oykþ1

����
p

 !
þ � � � þ vm

o
oym

����
p

 !
:

We shall try to show that vkþ1 ¼ 0. Here, w : V ! wðVÞð� R
mÞ is smooth, so

the ðk þ 1Þth projection map pkþ1 � w : V ! R of ψ is smooth. Here, V is an open
neighborhood of p in M, and M is a smooth manifold, there exists an open
neighborhood W of p such that p 2 W � W� � V . By Lemma 4.58, there exists a
smooth function v : M ! ½0; 1	 such that

1. for every x in W�; vðxÞ ¼ 1,
2. supp v � V .

If x 2 ðM � ðsupp vÞÞ \ V , then x 2 ðM � ðsupp vÞÞ, and hence, by the defi-
nition of support, vðxÞ ¼ 0. It follows that if x 2 ðM � ðsupp vÞÞ \ V , then
ðvðxÞÞððpkþ1 � wÞðxÞÞ ¼ ð0Þððpkþ1 � wÞðxÞÞ ¼ 0. This shows that the following
function f : M ! R defined as follows: For every x 2 M,

f ðxÞ � vðxÞð Þ pkþ1 � wð ÞðxÞð Þ if x 2 V
0 if M � supp vð Þ;

	
is well defined. Since V is open, x 7! vðxÞ is smooth, and x 7! ðpkþ1 � wÞðxÞ is
smooth, their product x 7! ðvðxÞÞððpkþ1 � wÞðxÞÞ is smooth on V. Also, the constant
function x 7! 0 is smooth on the open setM � ðsupp vÞ. Now, from the definition of
f : M ! R; f is smooth, that is, f 2 C1ðMÞ. From the definition of f : M ! R, we
can write: For every x 2 M,

f ðxÞ � vðxÞð Þ pkþ1 � wð ÞðxÞð Þ if x 2 V
0 if x 62 V :

	
Clearly, f jS¼ 0. (Reason: Let us take any x 2 S. We have to show that f ðxÞ ¼ 0.
For this purpose, it suffices to show that ðpkþ1 � wÞðxÞ ¼ 0 whenever x 2 V . For
this purpose, let x 2 V . Since x 2 V , and x 2 S, x 2 V \ S. Since x 2 V \ S,

wðxÞ 2 w V \ Sð Þ ¼ x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A: x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A 2 wðVÞ
8<:

9=;;

and hence, there exist real numbers x1; . . .; xk , such that

wðxÞ ¼ x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A 2 wðVÞ:
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It follows that

pkþ1 � wð ÞðxÞ ¼ pkþ1 wðxÞð Þ ¼ pkþ1 x1; . . .; xk; 0; . . .; 0|fflfflffl{zfflfflffl}
m�k

0@ 1A ¼ 0:

Thus, ðpkþ1 � wÞðxÞ ¼ 0.) Since f 2 C1ðMÞ, and f jS¼ 0, by the assumption,
vðf Þ ¼ 0.

Since W � V , for every x 2 W , we have x 2 V , and vðxÞ ¼ 1. Hence, for every
x 2 W , f ðxÞ ¼ ðvðxÞÞððpkþ1 � wÞðxÞÞ ¼ ð1Þððpkþ1 � wÞðxÞÞ ¼ ðpkþ1 � wÞðxÞ. Thus,
f jW¼ ðpkþ1 � wÞjW . Now, since W is an open neighborhood of p,

0 ¼ 0ðpÞ ¼ v fð Þð ÞðpÞ

¼ v1
o
oy1

����
p

 !
þ � � � þ vk

o
oyk

����
p

 !
þ vkþ1 o

oykþ1

����
p

 !  

þ � � � þ vm
o
oym

����
p

 !!
fð Þ
!
ðpÞ ¼ v1

o
oy1

����
p

 !
fð Þ

 !  

þ � � � þ vk
o
oyk

����
p

 !
fð Þ

 !
þ vkþ1 o

oykþ1

����
p

 !
fð Þ

 !

þ � � � þ vm
o
oym

����
p

 !
fð Þ

 !!!
ðpÞ ¼ v1

o
oy1

����
p

 !
f jW
� � !  

þ � � � þ vk
o
oyk

����
p

 !
f jW
� � !

þ vkþ1 o
oykþ1

����
p

 !
f jW
� � !

þ � � � þ vm
o
oym

����
p

 !
f jW
� � !!!

ðpÞ ¼ v1
o
oy1

����
p

 !
pkþ1 � wð ÞjW

� � !  

þ � � � þ vk
o
oyk

����
p

 !
pkþ1 � wð ÞjW

� � !
þ vkþ1 o

oykþ1

����
p

 !
pkþ1 � wð ÞjW

� � !

þ � � � þ vm
o
oym

����
p

 !
pkþ1 � wð ÞjW

� � !!!
ðpÞ:
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Now, since

o
oyi

����
p

 !
pkþ1 � wð ÞjW

� � ¼ d w�1� �
wðpÞ

� � o
oyi

����
wðpÞ

 ! !
pkþ1 � wð ÞjW

� �
¼ o

oyi

����
wðpÞ

 !
pkþ1 � wð ÞjW

� � � w�1� � ¼ o
oyi

����
wðpÞ

 !
pkþ1ð Þ

¼ 0 if i 6¼ k þ 1

1 if i ¼ k þ 1;

	

0 ¼ v1ð0Þ þ � � � þ vkð0Þ þ vkþ1ð1Þ þ � � � þ vmð0Þ� �� �ðpÞ ¼ vkþ1 1ðpÞð Þ ¼ vkþ1 � 1
¼ vkþ1:

Thus, vkþ1 ¼ 0.
Similarly, vkþ2 ¼ 0; � � � ; vm ¼ 0. Hence,

v ¼ v1
o
oy1

����
p

 !
þ � � � þ vk

o
oyk

����
p

 !
þ 0

o
oykþ1

����
p

 !
þ � � � þ 0

o
oym

����
p

 !

¼ v1
o
oy1

����
p

 !
þ � � � þ vk

o
oyk

����
p

 !
2 span

o
oy1

����
p
; . . .;

o
oyk

����
p

 !
¼ dip
� �

TpS
� �

:

Thus, v 2 ðdipÞðTpSÞ. Now, since we do not distinguish between ðdipÞðTpSÞ and
TpS, we can write v 2 TpS. h
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Chapter 6
Sard’s Theorem

The root of Sard’s theorem lies in real analysis. It is one of the deep results in real
analysis. How this result can be generalized into the realm of smooth manifold
theory is only a later development. Its importance in manifold theory is for a
definite reason. Upon applying Sard’s theorem, Whitney was able to prove a
startling property about smooth manifolds: For every smooth manifold, ambient
space can be constructed, etc. For pedagogical reasons, we have given its proof in
step-by-step manner using Taylor’s inequality. Largely, this chapter is self-
contained.

6.1 Measure Zero in Manifolds

Lemma 6.1 Let A be any nonempty compact subset of R4: For every k ¼ 1; 2; 3; 4;
let lk denote the k-dimensional (Lebesgue) measure over Rk.

If for every real c; l3ðfðy; z;wÞ : ðc; y; z;wÞ 2 AgÞ ¼ 0, then l4ðAÞ ¼ 0.

Proof Since A is compact in R
4, by the Henie-Borel theorem, A is bounded and

closed. Since A is bounded, there exist real numbers a; b; a2; b2; a3; b3; a4; b4 such
that a\b; a2\b2; a3\b3; a4\b4, and A � ½a; b� � ½a2; b2� � ½a3; b3� � ½a4; b4� �
½a; b� � R� R� R ¼ ½a; b� � R

3: Thus, A � ½a; b� � R
3.

Let us fix any d1 [ 0: Put d � d1
2ðb�aÞ ð[ 0Þ: It suffices to find a finite collection

of four-dimensional rectangles that covers A; and sum of their l4-measures is less
than d1:

Next let us fix any real c 2 ½a; b�:
Clearly, fðy; z;wÞ : ðc; y; z;wÞ 2 Ag is a compact subset of R3.
(Reason: Let us define a function f : R4 ! R

3 as follows: For every ðx; y; z;wÞ
in R

4; f ðx; y; z;wÞ � ðy; z;wÞ: Clearly, f : R4 ! R
3 is continuous. It is clear that

fcg � R
3 is a closed subset of R4: Since fcg � R

3 is a closed subset of R4; and A is
a closed subset of R

4; their intersection A \ ðfcg � R
3Þ is a closed subset of

the compact set A; and hence, A \ ðfcg � R
3Þ is compact. Since A \ ðfcg � R

3Þ is
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compact, and f : R4 ! R
3 is continuous, the f -image set f ðA \ ðfcg � R

3ÞÞ
ð¼ ff ðc; y; z;wÞ : ðc; y; z;wÞ 2 Ag ¼ fðy; z;wÞ : ðc; y; z;wÞ 2 AgÞ is compact in R

3;

and hence, fðy; z;wÞ : ðc; y; z;wÞ 2 Ag is compact in R
3).

Since the three-dimensional measure l3fðy; z;wÞ : ðc; y; z;wÞ 2 Ag ¼ 0, and
d[ 0; by the definition of measure, there exists a countable collection
fC1;C2;C3; . . .g of open cubes in R

3 such that fðy; z;wÞ : ðc; y; z;wÞ 2 Ag � C1[
C2 [ C3 [ � � � ; and l3ðC1Þ þ l3ðC2Þ þ l3ðC3Þ þ � � �\d: Since fðy; z;wÞ :
ðc; y; z;wÞ 2 Ag is a compact subset of R3; and fC1;C2;C3; . . .g is an open cover of
fðy; z;wÞ : ðc; y; z;wÞ 2 Ag; there exists a positive integer kc such that fðy; z;wÞ :
ðc; y; z;wÞ 2 Ag � C1 [ C2 [ � � � [ Ckc ; and l3ðC1Þ þ l3ðC2Þ þ � � � þ l3ðCkcÞ�
l3ðC1Þ þ l3ðC2Þ þ l3ðC3Þ þ � � �\d:

We claim that there exists a positive integer n such that A \ ððc� 1
n ; cþ 1

nÞ
�R

3Þ � ðc� 1
n ; cþ 1

nÞ � ðC1 [ C2 [ � � � [ CkcÞ:
If not, otherwise, let for every positive integer n; A \ ððc� 1

n ; cþ 1
nÞ � R

3Þ 6�
ðc� 1

n ; cþ 1
nÞ � ðC1 [ C2 [ � � � [ CkcÞ: We have to arrive at a contradiction.

Thus, for every positive integer n; there exists ðxn; yn; zn;wnÞ 2 A \
ððc� 1

n ; cþ 1
nÞ � R

3Þð� AÞ and ðxn; yn; zn;wnÞ 62 ðc� 1
n ; cþ 1

nÞ � ðC1 [ C2 [ � � �
[ CkcÞ:Since fðx1; y1; z1;w1Þ; ðx2; y2; z2;w2Þ; ðx3; y3; z3;w3Þ; . . .g is a sequence in the
compact set A; there exists a subsequence fðxn1 ; yn1 ; zn1wn1Þ; ðxn2 ; yn2 ; zn2 ;wn2Þ;
ðxn3 ; yn3 ; zn3 ;wn3Þ; . . .g of fðx1; y1; z1;w1Þ; ðx2; y2; z2;w2Þ; ðx3; y3; z3;w3Þ; . . .g such
that fðxn1 ; yn1 ; zn1wn1Þ; ðxn2 ; yn2 ; zn2 ;wn2Þ; ðxn3 ; yn3 ; zn3 ;wn3Þ; . . .g is convergent, and
hence, there exist real numbers a1; a2; a3; a4 such that limi!1ðxni ; yni ; zniwniÞ ¼
ða1; a2; a3; a4Þ: It follows that limi!1 xni ¼ a1; limi!1 yni ¼ a2, limi!1 zni ¼ a3,
limi!1 wni ¼ a4. Since each ðxn; yn; zn;wnÞ 2 A \ ððc� 1

n ; cþ 1
nÞ � R

3Þ; each xn 2
ðc� 1

n ; cþ 1
nÞ; and hence, limn!1 xn ¼ c: Since limn!1 xn ¼ c; a1 ¼ limi!1 xni ¼ c:

Since a1 ¼ c; and limi!1ðxni ; yni ; zni ;wniÞ ¼ ða1; a2; a3; a4Þ; limi!1ðxni ; yni ; zni ;wniÞ ¼
ðc; a2; a3; a4Þ: Since ðxn; yn; zn;wnÞ 62 ðc� 1

n
; cþ 1

n
Þ � ðC1 [ C2 [ � � � [ CkcÞ; and xn 2

ðc� 1
n ; cþ 1

nÞ; ðyn; zn;wnÞ 62 ðC1 [ C2 [ � � � [ CkcÞ: Since limi!1ðxni ; yni ; zniwniÞ ¼
ðc; a2; a3; a4Þ; limi!1ðyni ; zniwniÞ ¼ ða2; a3; a4Þ: Since each ðyni ; zniwniÞ is in the
closed set ðC1 [ C2 [ � � � [ CkcÞc; ða2; a3; a4Þ ¼ ðlimi!1ðyni ; zniwniÞÞ 2 ðC1 [ C2 [ � � �
[ CkcÞc; and hence, ða2; a3; a4Þ 62 ðC1 [ C2 [ � � � [ CkcÞð	 fðy; z;wÞ : ðc; y; z;wÞ 2 AgÞ: It
follows that ða2; a3; a4Þ 62 fðy; z;wÞ : ðc; y; z;wÞ 2 Ag; and hence, ðc; a2; a3; a4Þ 62 A.
Since limi!1ðxni ; yni ; zniwniÞ ¼ ðc; a2; a3; a4Þ; and each ðxni ; yni ; zniwniÞ is in the
closed set A; ðc; a2; a3; a4Þ ¼ ðlimi!1ðxni ; yni ; zniwniÞÞ 2 A;which is a contradiction.
So our claim is true.

Thus, for every c 2 ½a; b�; there exist a positive integer nc and an open subset
Gcð� C1 [ C2 [ � � � [ CkcÞ of R

3 such that A \ ððc� 1
nc
; cþ 1

nc
Þ � R

3Þ �
ðc� 1

nc
; cþ 1

nc
Þ � Gc: If we shrink ðc� 1

nc
; cþ 1

nc
Þ into another open interval J; that

is, J � ðc� 1
nc
; cþ 1

nc
Þ; then clearly A \ ðJ � R

3Þ � J � Gc. (Reason: Let

ðx; y; z;wÞ 2 LHS ¼ A \ ðJ � R
3Þ. It follows that x 2 J and ðx; y; z;wÞ 2 A: Since

x 2 J � ðc� 1
nc
; cþ 1

nc
Þ; x 2 ðc� 1

nc
; cþ 1

nc
Þ: Since x 2 ðc� 1

nc
; cþ 1

nc
Þ; and

432 6 Sard’s Theorem



ðx; y; z;wÞ 2 A; ðx; y; z;wÞ 2 A \ ððc� 1
nc
; cþ 1

nc
Þ � R

3Þ � ðc� 1
nc
; cþ 1

nc
Þ � Gc;

and hence, ðy; z;wÞ 2 Gc: Since x 2 J; and ðy; z;wÞ 2 Gc; ðx; y; z;wÞ 2 J � Gc ¼
RHS: Thus, LHS � RHS).

Here, l3ðGc1Þ ¼ l3ðC1 [ � � � [ Ckc1
Þ� l3ðC1Þ þ � � � þ l3ðCkc1

Þ\d: Thus,
l3ðGc1Þ\d: Similarly, l3ðGc1Þ\d; etc.

Since ½a; b� is compact, and fðc� 1
nc
; cþ 1

nc
Þ : c 2 ½a; b�g is an open cover of

½a; b�; there exist finite many c1; . . .; cl in ½a; b� such that ½a; b� �
ðc1 � 1

nc1
; c1 þ 1

nc1
Þ [ � � � [ ðcl � 1

ncl
; cl þ 1

ncl
Þ: From the above observation, there

exist open intervals J1; . . .; Jl such that J1 � ðc1 � 1
nc1

; c1 þ 1
nc1
Þ; . . .; Jl �

ðcl � 1
ncl
; cl þ 1

ncl
Þ; ½a; b� � J1 [ � � � [ Jl; and l1ðJ1Þ þ � � � þ l1ðJlÞ� 2ðb� aÞ:

Further, since A � ½a; b� � R
3, so

A ¼ A \ ½a; b� � R
3� � � A \ J1 [ � � � [ Jlð Þ � R

3� � ¼ A \ J1 � R
3� � [ � � � [ Jl � R

3� �� �
¼ A \ J1 � R

3� �� � [ � � � [ A \ Jl � R
3� �� � � J1 � Gc1ð Þ [ � � � [ Jl � Gclð Þ:

Further, since J1 � Gc1 ¼ J1 � ðC1 [ � � � [ Ckc1
Þ ¼ ðJ1 � C1Þ [ � � � [ ðJ1 � Ckc1

Þ and
J1 � C1; . . .; J1 � Ckc1

are rectangles in R
4; J1 � Gc1 is a finite union of rectangles.

Similarly, J1 � Gc2 is a finite union of rectangles, etc. Now, since A �
ðJ1 � Gc1Þ [ � � � [ðJl � GclÞ; A is covered by a finite collection of rectangles in
R

4: Here, l4ðJ1 � Gc1Þ þ � � � þ l4ðJl � GclÞ ¼ l1ðJ1Þ � l3ðGc1Þ þ � � � þ l1ðJlÞ � l3ðGclÞ
\l1ðJ1Þ � dþ � � � þ l1ðJlÞ � d ¼ ðl1ðJ1Þ þ � � � þ l1ðJlÞÞd� 2ðb� aÞ � d ¼ 2ðb� aÞ �
d1

2ðb�aÞ ¼ d1: h

Note 6.2 The Lemma 6.1 can be generalized as follows:
Let A be any nonempty compact subset of Rn: For every k ¼ 1; . . .; n; let lk

denote the k-dimensional measure over Rk:
If for every real c; ln�1ðfðx2; . . .; xnÞ : ðc; x2; . . .; xnÞ 2 AgÞ ¼ 0, then lnðAÞ ¼ 0:

Lemma 6.3 Let A be a nonempty compact subset of R: Let f : A ! R be contin-
uous. For every k ¼ 1; 2; let lk denote the k-dimensional measure over Rk:

Then, l2ðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0:
In short, the graph of a continuous function has measure 0 in R

2:

Proof A is a compact subset of R
1ð¼ RÞ: We have to prove that

l2ðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0:
We want to apply the result of 6.2. Clearly, fðx; f ðxÞÞ : x 2 Ag is a compact

subset of R2:
(Reason: First of all, we shall try to show that fðx; f ðxÞÞ : x 2 Ag is a closed

subset of R2: For this purpose, let us take a convergent sequence fðxn; f ðxnÞÞg in
fðx; f ðxÞÞ : x 2 Ag: Let limn!1ðxn; f ðxnÞÞ ¼ ða; bÞ: We have to show that ða; bÞ 2
fðx; f ðxÞÞ : x 2 Ag; that is, a 2 A and f ðaÞ ¼ b: Since limn!1ðxn; f ðxnÞÞ ¼ ða; bÞ;
limn!1 xn ¼ a; and limn!1 f ðxnÞ ¼ b: Since fðxn; f ðxnÞÞg is in fðx; f ðxÞÞ : x 2 Ag;
for each positive integer n; xn 2 A: Since A is compact, A is closed. Since A is
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closed, for each positive integer n; xn 2 A; and limn!1 xn ¼ a; a ¼ ðlimn!1 xnÞ 2
A; and hence, a 2 A: Since fxng is a convergent sequence in A; limn!1 xn ¼ a 2
A; and f : A ! R is continuous, b ¼ limn!1 f ðxnÞ ¼ f ðaÞ: Thus, we have shown
that fðx; f ðxÞÞ : x 2 Ag is a closed subset of R

2: Clearly, fðx; f ðxÞÞ : x 2 Ag �
A� f ðAÞ: Since A is compact, and f : A ! R is continuous, f ðAÞ is compact. Since
A is compact, and f ðAÞ is compact, their Cartesian product A� f ðAÞ is compact.
Thus, fðx; f ðxÞÞ : x 2 Ag is a closed subset of the compact set A� f ðAÞ; and hence,
fðx; f ðxÞÞ : x 2 Ag is compact.)

For every real c; fx2 : ðc; x2Þ 2 fðx; f ðxÞÞ : x 2 Agg ¼ ; or ff ðcÞg; so l1ðfx2 :
ðc; x2Þ 2 fðx; f ðxÞÞ : x 2 AggÞ ¼ l1ð;Þð¼ 0Þ or l1ðff ðcÞgÞð¼ 0Þ; and hence, l1ðfx2 :
ðc; x2Þ 2 fðx; f ðxÞÞ : x 2 AggÞ ¼ 0. Now, we can apply Lemma 6.1. It follows that
l2ðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0: h

Lemma 6.4 Let A be a nonempty compact subset of R2: Let f : A ! R be con-
tinuous. For every k ¼ 1; 2; 3; let lk denote the k-dimensional measure over Rk:

Then, l3ðfðx; y; f ðx; yÞÞ : ðx; yÞ 2 AgÞ ¼ 0:

Proof We have to prove that l3ðfðx; y; f ðx; yÞÞ : ðx; yÞ 2 AgÞ ¼ 0 (see Fig. 6.1).
Clearly, fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag is a compact subset of R3:
(Reason: First of all, we shall try to show that fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag is a

closed subset of R
3: For this purpose, let us take any convergent sequence

fðxn; yn; f ðxn; ynÞÞg in fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag: Let limn!1ðxn; yn; f ðxn; ynÞÞ ¼
ða; b; cÞ: We have to show that ða; b; cÞ 2 fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag; that is,
ða; bÞ 2 A: Since limn!1ðxn; yn; f ðxn; ynÞÞ ¼ ða; b; cÞ; limn!1 xn ¼ a; limn!1 yn ¼
b; and limn!1 f ðxn; ynÞ ¼ c: Here, fðxn; yn; f ðxn; ynÞÞg is a sequence in
fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag; so each ðxn; yn; f ðxn; ynÞÞ 2 fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag;
and hence, each ðxn; ynÞ 2 A: Since A is compact, A is closed. Since limn!1 xn ¼ a;
and limn!1 yn ¼ b; limn!1ðxn; ynÞ ¼ ða; bÞ: Since each ðxn; ynÞ 2 A; limn!1
ðxn; ynÞ ¼ ða; bÞ; andA is closed, ða; bÞ ¼ ðlimn!1ðxn; ynÞÞ 2 A; and hence, ða; bÞ 2
A: Since each ðxn; ynÞ 2 A; limn!1ðxn; ynÞ ¼ ða; bÞ 2 A; and f : A ! R is continu-
ous, c ¼ limn!1 f ðxn; ynÞ ¼ f ða; bÞ: Since ða; bÞ 2 A; ða; b; cÞ ¼ ða; b; f ða; bÞÞ 2
fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag: Thus, we have shown that fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag is
closed. Here, fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag � A� f ðAÞ: Since f : A ! R is continu-
ous, and A is compact, f ðAÞ is compact. Since A is compact, and f ðAÞ is compact,

Fig. 6.1 fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag is a compact subset of R3
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A� f ðAÞ is compact in R
3: Since fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag is a closed subset of

the compact set A� f ðAÞ; fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag is compact.)
Now, by 6.2, it suffices to show that for every real c;

l2ðfðs; tÞ : ðc; s; tÞ 2 fðx; y; f ðx; yÞÞ : ðx; yÞ 2 AggÞ ¼ 0:

For this purpose, let us fix any real c. Since A is a nonempty compact subset of
R

2; clearly fs : ðc; sÞ 2 Ag is a compact subset of R: (See the proof of Lemma 6.1)
Let us define a function fc : fs : ðc; sÞ 2 Ag ! R as follows: for every s 2
fs : ðc; sÞ 2 Ag; fcðsÞ � f ðc; sÞ: Since fc is the composite of continuous function
s 7! ðc; sÞ; and continuous function f : A ! R; fc : fs : ðc; sÞ 2 Ag ! R is a con-
tinuous function. Also, the domain of fc; that is, fs : ðc; sÞ 2 Ag is compact. It
follows, by Lemma 6.3, that l2ðfðx; fcðxÞÞ : x 2 fs : ðc; sÞ 2 AggÞ ¼ 0: Now, it
suffices to show that fðs; tÞ : ðc; s; tÞ 2 fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Agg ¼ fðx; fcðxÞÞ :
x 2 fs : ðc; sÞ 2 Agg:

Let us take any ðg; 1Þ 2 LHS. It follows that ðc; g; 1Þ 2 fðx; y; f ðx; yÞÞ : ðx; yÞ
2 Ag; and hence, ðc; gÞ 2 A; and 1 ¼ f ðc; gÞ ¼ fcðgÞ: Since ðc; gÞ 2 A; g 2
fs : ðc; sÞ 2 Ag; and hence, ðg; 1Þ ¼ ðg; fcðgÞÞ 2 RHS: Thus, LHS � RHS: Next,
let us take any ðg; 1Þ 2 RHS: It follows that there exists a real x such that ðg; 1Þ ¼
ðx; fcðxÞÞ: Since ðg; 1Þ ¼ ðx; fcðxÞÞ; g ¼ x; and 1 ¼ fcðxÞ ¼ f ðc; xÞ: Since 1 ¼ f ðc; xÞ;
and f : A ! R; ðc; xÞ 2 A; and hence, ðc; g; 1Þ ¼ ðc; x; 1Þ ¼ ðc; x; f ðc; xÞÞ 2
fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag: Since ðc; g; 1Þ 2 fðx; y; f ðx; yÞÞ : ðx; yÞ 2 Ag; ðg; 1Þ 2
LHS: Thus, RHS � LHS: Since RHS � LHS; and LHS � RHS; LHS ¼ RHS: h

Note 6.5 The Lemma 6.4 can be generalized as follows:
Let n 2 f2; 3; 4; . . .g: Let A be a nonempty compact subset of R

n�1: Let f :
A ! R be continuous. For every k ¼ 1; . . .; n; let lk denote the k-dimensional
measure over Rk: Then, lnðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0.

Lemma 6.6 Let X be a second countable, locally compact Hausdorff space. Then,
there exists a sequence fKng of compact subsets of X such that

1. fKng is a cover of X;
2. K1 � ðK2Þo � K2 � ðK3Þo � K3 � ðK4Þo � K4 � � � � :

Proof Since X is a locally compact Hausdorff space, there exists a basis B of X
such that if U 2 B then U� is compact. Since B is a basis of X, B is an open cover
of X. Since B is an open cover of X; and X is a second countable space, there exists
a countable collection fU1;U2;U3; . . .g of members of B which also covers X.
Since fU1;U2;U3; . . .g covers X; and for each positive integer n; Un � ðUnÞ�,
fðU1Þ�; ðU2Þ�; ðU3Þ�; . . .g also covers X: Put K1 � ðU1Þ�: Since U1 2 B,
ðU1Þ�ð¼ K1Þ is compact, and hence, K1 is compact. Since K1 is compact, and
fU1;U2;U3; . . .g is an open cover of K1, there exists a positive integer n1 [ 1 such
that K1 � U1 [ � � � [ Un1 . Here, ðU1 [ � � � [ Un1Þ� ¼ ðU1Þ� [ � � � [ ðUn1Þ�. Since
ðU1Þ�; . . .; ðUn1Þ� are compact, ðU1Þ� [ � � � [ ðUn1Þ�ð¼ ðU1 [ � � � [ Un1Þ�Þ is
compact, and hence, ðU1 [ � � � [ Un1Þ� is compact. Put K2 � ðU1 [ � � � [ Un1Þ�.
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Since ðU1 [ � � � [ Un1Þ�ð¼ K2Þ is compact,K2 is compact. SinceU1 [ � � � [ Un1 is an
open set, and ðU1 [ � � � [ Un1Þ � ðU1 [ � � � [ Un1Þ� ¼ K2, K1 � ðU1 [ � � � [ Un1Þ
� ðK2Þo � K2. Thus, K1;K2 are compact sets satisfying K1 � ðK2Þo � K2. Since K2

is compact, and fU1;U2;U3; . . .g is an open cover ofK2, there exists a positive integer
n2 [ n1 such that K2 � U1 [ � � � [ Un1 [ � � � [ Un2 . Here, ðU1 [ � � � [ Un2Þ� ¼
ðU1Þ� [ � � � [ ðUn2Þ�. Since ðU1Þ�; . . .; ðUn2Þ� are compact, ðU1Þ� [ � � � [
ðUn2Þ�ð¼ ðU1 [ � � � [ Un2Þ�Þ is compact, and hence, ðU1 [ � � � [ Un2Þ� is compact.
Put K3 � ðU1 [ � � � [ Un2Þ�. Since ðU1 [ � � � [ Un2Þ�ð¼ K3Þ is compact, K3 is
compact. Since U1 [ � � � [ Un2 is an open set, and ðU1 [ � � � [ Un2Þ � ðU1 [ � � �
[Un2Þ� ¼ K3, K2 � ðU1 [ � � � [ Un2Þ � ðK3Þo � K3. Thus, K1;K2;K3 are compact
sets satisfying K1 � ðK2Þo � K2 � ðK3Þo � K3, etc. This proves 2. Since
1\n1\n2\n3\ � � �,U1 � K1,U1 [ � � � [ Un1 � K2;U1 [ � � � [Un2 � K3, etc., and
fU1;U2;U3; . . .g covers X, fK1;K2;K3; . . .g is a cover of X: This proves 1. h

Lemma 6.7 Let n 2 f2; 3; 4; . . .g. Let A be a nonempty open subset of Rn�1. Let
f : A ! R be continuous. For every k ¼ 1; . . .; n; let lk denote the k-dimensional
measure over Rk. Then, lnðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0.

Proof Since Rn�1 is a second countable space, and A is a nonempty subset of Rn�1,
A is a second countable space. Since Rn�1 is locally compact Hausdorff space, and
A is a nonempty open subset of R

n�1; by Note 5.54, A is a locally compact
Hausdorff. Since A is a second countable, locally compact Hausdorff space, by
Lemma 6.6, there exists a sequence fKng of compact subsets of X such that fKng is
a cover of X. Hence, by Note 6.5,

0� ln x; f xð Þð Þ : x 2 Af gð Þ� ln x; f xð Þð Þ : x 2
[1
n¼1

Kn

( ) !

¼ ln
[1
n¼1

x; f xð Þð Þ : x 2 Knf g
 !

�
X1
n¼1

ln x; f xð Þð Þ : x 2 Knf gð Þ

¼
X1
n¼1

ln x; f jKn

� �
xð Þ

� �
: x 2 Kn

n o� �
¼
X1
n¼1

0 ¼ 0:

Hence, lnðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0: h

Lemma 6.8 Let n 2 f2; 3; 4; . . .g: Let A be a nonempty closed subset of Rn�1: Let
f : A ! R be continuous. For every k ¼ 1; . . .; n; let lk denote the k-dimensional
measure over Rk: Then, lnðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0:

Proof Since Rn�1 is a second countable space, and A is a nonempty subset of Rn�1;

A is a second countable space. Since Rn�1 is locally compact Hausdorff space, and
A is a nonempty closed subset of R

n�1; by Note 5.55, A is a locally compact
Hausdorff. Since A is a second countable, locally compact Hausdorff space, by
Lemma 6.6, there exists a sequence fKng of compact subsets of X such that fKng is
a cover of X: Hence, by Note 6.5,
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0� ln x; f xð Þð Þ : x 2 Af gð Þ� ln x; f xð Þð Þ : x 2
[1
n¼1

Kn

( ) !

¼ ln
[1
n¼1

x; f xð Þð Þ : x 2 Knf g
 !

�
X1
n¼1

ln x; f xð Þð Þ : x 2 Knf gð Þ

¼
X1
n¼1

ln x; f jKn

� �
xð Þ

� �
: x 2 Kn

n o� �
¼
X1
n¼1

0 ¼ 0:

Hence, lnðfðx; f ðxÞÞ : x 2 AgÞ ¼ 0: h

Definition Let V be any n-dimensional real linear space. Any subset of V of the
form aþ S; where S is a linear subspace of V ; and a 2 V ; is called an affine
subspace of V parallel to S and passing through a:

Note 6.9 In real linear space R3; let aþ S be an affine subspace of R3 parallel to S
and passing through a: Let the dimension of the subspace S be 2. We want to show
that l3ðaþ SÞ ¼ 0: Since the dimension of the subspace S is 2, there exist
ðb1; b2; b3Þ; ðc1; c2; c3Þ 2 R

3 such that S ¼ fsðb1; b2; b3Þ þ tðc1; c2; c3Þ : s; t 2 Rg.
Let a � ða1; a2; a3Þ: Hence,

aþ S ¼ a1; a2; a3ð Þ þ s b1; b2; b3ð Þ þ t c1; c2; c3ð Þ : s; t 2 Rf g
¼ a1; a2; a3ð Þ þ s b1; b2; b3ð Þ þ t c1; c2; c3ð Þ : s; t 2 Rf g
¼ x; y; zð Þ : x ¼ b1sþ c1t þ a1; y ¼ b2sþ c2t þ a2; z ¼ b3sþ c3t þ a3f g:

If ðx; y; zÞ 2 aþ S; then there exist real numbers s; t such that

b1sþ c1t ¼ x� a1
b2sþ c2t ¼ y� a2
b3sþ c3t ¼ z� a3:

8<:
From the first two equations, we have

b1
b2

c1
c2

���� ����s ¼ x� a1
y� a2

c1
c2

���� ���� and
b1
b2

c1
c2

���� ����t ¼ b1
b2

x� a1
y� a2

���� ����:
Now, from the third equation,

b3
x� a1
y� a2

c1
c2

���� ����þ c3
b1
b2

x� a1
y� a2

���� ���� ¼ z� a3ð Þ b1
b2

c1
c2

���� ����:
Clearly, this takes the form A1xþ A2yþ A3z ¼ A4; and not all A1;A2;A3 are

zero. For definiteness, let A3 6¼ 0: It follows that
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aþ S ¼ x; y;
A4

A1
� A1

A3
x� A2

A3
y

� �
: x; yð Þ 2 R

2
	 


:

Now, we can apply Lemma 6.8. It follows that

l3 aþ Sð Þ ¼ l3 x; y;
A4

A1
� A1

A3
x� A2

A3
y

� �
: x; yð Þ 2 R

2
� �

¼ 0: h

We can easily generalize the above result as the following:

Lemma 6.10 Let n 2 f2; 3; 4; . . .g: Let A be an affine subspace of Rn such that
A 6¼ R

n: For every k ¼ 1; . . .; n; let lk denote the k-dimensional measure over R
k:

Then, lnðAÞ ¼ 0:

Proof Its proof is similar to the proof given in the Note 6.9. h

Definition Let M be an m-dimensional smooth manifold, and N be an n-dimen-
sional smooth manifold. Let A be a nonempty subset of M: Let F : A ! N be any
map. If for every p 2 A; there exist an open neighborhood W of p in M; and a
function ~F : W ! N such that for every x 2 W \A; ~FðxÞ ¼ FðxÞ; and ~F : W ! N
is a smooth function, then we say that F : A ! N is smooth on A:

Lemma 6.11 Let A be a nonempty subset of R3: For every k ¼ 1; 2; 3; let lk denote
the k-dimensional measure over Rk: Let l3ðAÞ ¼ 0: Let F : A ! R

3 be smooth on
A: Then, l3ðFðAÞÞ ¼ 0:

Proof Let us take any p � ðp1; p2; p3Þ 2 A: Since F : A ! R
3 is smooth on A; and

p 2 A; there exist an open neighborhood Wp � ðp1 � ep; p1 þ epÞ �
ðp2 � ep; p2 þ epÞ � ðp3 � ep; p3 þ epÞ of p in R

3; and a function Fp : Wp ! R
3

such that for every x 2 Wp \A; FpðxÞ ¼ FðxÞ; and Fp : Wp ! R
3 is a smooth

function. Since A is a nonempty subset of R3; and R3 is a second countable space, A
is a second countable space. Since A is a second countable space, and

p1 � 1
2
ep; p1 þ 1

2
ep

� �
� p2 � 1

2
ep; p2 þ 1

2
ep

� �	
� p3 � 1

2
ep; p3 þ 1

2
ep

� �
: p � p1; p2; p3ð Þ 2 A



is an open cover of A; there exists a countable collection of points

p nð Þ � p nð Þ
1 ; p nð Þ

2 ; p nð Þ
3

� �
2 A n ¼ 1; 2; 3; . . .ð Þ

such that
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p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� �	
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� �
: n ¼ 1; 2; 3; . . .



is an open cover of A: It follows that

A � [1
n¼1

p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ��
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ��
;

and hence,

A ¼ A \ [1
n¼1

�
p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ��
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ���
¼ [1

n¼1
A \ p nð Þ

1 � 1
2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ���
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ���
:

Hence,

FðAÞ ¼ F [1
n¼1

A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ����
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ����
¼ [1

n¼1
F A \ p nð Þ

1 � 1
2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ���
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ���
:
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It follows that

0� l3 FðAÞð Þ ¼ l3 [1
n¼1

F A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� ����
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� �
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ����
�
X1
n¼1

l3 F A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� ����
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� �
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ����
¼
X1
n¼1

l3 F A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� ����
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� �
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ����

Hence, it suffices to show that for every n ¼ 1; 2; 3; . . .,

l3 Fp nð Þ A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ����
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ����
¼ 0:

For this purpose, let us take any d[ 0.
Since

Fp nð Þ : p nð Þ
1 � ep nð Þ ; p nð Þ

1 þ ep nð Þ

� �
� p nð Þ

2 � ep nð Þ ; p nð Þ
2 þ ep nð Þ

� �
� p nð Þ

3 � ep nð Þ ; p nð Þ
3 þ ep nð Þ

� �
! R

3

is a smooth function, by a result similar to Theorem 3.33,

Fp nð Þ
� �0

: p nð Þ
1 � ep nð Þ ; p nð Þ

1 þ ep nð Þ

� �
� p nð Þ

2 � ep nð Þ ; p nð Þ
2 þ ep nð Þ

� �
� p nð Þ

3 � ep nð Þ ; p nð Þ
3 þ ep nð Þ

� �
! L R

3;R3� �
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is continuous. Since

p nð Þ
1 � 3

4
ep nð Þ ; p nð Þ

1 þ 3
4
ep nð Þ

� �
� p nð Þ

2 � 3
4
ep nð Þ ; p nð Þ

2 þ 3
4
ep nð Þ

� �
� p nð Þ

3 � 3
4
ep nð Þ ; p nð Þ

3 þ 3
4
ep nð Þ

� �
is a compact subset of the domain of the continuous function ðFpðnÞ Þ0, its image

under ðFpðnÞ Þ0 is compact in the metric space LðR3;R3Þ and hence is bounded. Thus,
there exists a positive real number C such that

sup Fp nð Þ
� �0

xð Þ



 


n�

: x 2 p nð Þ
1 � 3

4
ep nð Þ ; p nð Þ

1 þ 3
4
ep nð Þ

� �
� p nð Þ

2 � 3
4
ep nð Þ ; p nð Þ

2 þ 3
4
ep nð Þ

� �
� p nð Þ

3 � 3
4
ep nð Þ ; p nð Þ

3 þ 3
4
ep nð Þ

� �
�
�C:

Since

Fp nð Þ : p nð Þ
1 � 3

4
ep nð Þ ; p nð Þ

1 þ 3
4
ep nð Þ

� �
� p nð Þ

2 � 3
4
ep nð Þ ; p nð Þ

2 þ 3
4
ep nð Þ

� �
� p nð Þ

3 � 3
4
ep nð Þ ; p nð Þ

3 þ 3
4
ep nð Þ

� �
! R

3

is a smooth function, by a result similar to Theorem 3.28, for every x; y in

p nð Þ
1 � 3

4
ep nð Þ ; p nð Þ

1 þ 3
4
ep nð Þ

� �
� p nð Þ

2 � 3
4
ep nð Þ ; p nð Þ

2 þ 3
4
ep nð Þ

� �
� p nð Þ

3 � 3
4
ep nð Þ ; p nð Þ

3 þ 3
4
ep nð Þ

� �
; Fp nð Þ
� �

yð Þ � Fp nð Þ
� �

xð Þ�� ��� y� xj jC:

Since

A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ��
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ��
� A;

and

0� l3 A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ���
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ���
� l3ðAÞ ¼ 0;
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so

l3 A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ���
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ���
¼ 0:

Since

l3 A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ���
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ���
¼ 0;

there exists a countable collection of open cubes Bdkðk ¼ 1; 2; 3; . . .Þ of side length
dkð[ 0Þ such that

A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ��
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ��
� [1

k¼1
Bdk ;

and

X1
k¼1

l3 Bdkð Þ\ d

2
ffiffiffi
3

p
C

� �3 :
Here, for every k ¼ 1; 2; 3; . . .,

diam Fp nð Þ
� �

Bdkð Þ� � ¼ sup s� tj j : s; t 2 Fp nð Þ
� �

Bdkð Þ� �
¼ sup Fp nð Þ

� �
yð Þ � Fp nð Þ

� �
xð Þ�� �� : x; y 2 Bdk

� �
� sup y� xj jC : x; y 2 Bdkf g
¼ C � sup y� xj j : x; y 2 Bdkf g ¼ C � diam Bdk ¼ C �

ffiffiffi
3

p
dk

� �
;

so,

l3 Fp nð Þ
� �

Bdkð Þ� �� 2 � diam Fp nð Þ
� �

Bdkð Þ� �� �3
� 2C �

ffiffiffi
3

p
dk

� �� �3
¼ 2

ffiffiffi
3

p
C

� �3
dkð Þ3¼ 2

ffiffiffi
3

p
C

� �3
�l3 Bdkð Þ:
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It follows that

0� l3 Fp nð Þ
� �

A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ����
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ����
� l3 Fp nð Þ

� � [1
k¼1

Bdk

� �� �
¼ l3 [1

k¼1
Fp nð Þ
� �

Bdkð Þ� �� �
�
X1
k¼1

l3 Fp nð Þ
� �

Bdkð Þ� �� X1
k¼1

2
ffiffiffi
3

p
C

� �3
�l3 Bdkð Þ

� �
¼ 2

ffiffiffi
3

p
C

� �3X1
k¼1

l3 Bdkð Þ\d:

It follows that

l3 Fp nð Þ A \ p nð Þ
1 � 1

2
ep nð Þ ; p nð Þ

1 þ 1
2
ep nð Þ

� �
� p nð Þ

2 � 1
2
ep nð Þ ; p nð Þ

2 þ 1
2
ep nð Þ

� ����
� p nð Þ

3 � 1
2
ep nð Þ ; p nð Þ

3 þ 1
2
ep nð Þ

� ����
¼ 0: h

We can easily generalize the above result as the following:

Lemma 6.12 Let A be a nonempty subset of Rn: For every k ¼ 1; . . .; n; let lk
denote the k-dimensional measure over R

k: Let lnðAÞ ¼ 0: Let F : A ! R
n be

smooth on A: Then, lnðFðAÞÞ ¼ 0:

Proof Its proof is similar to the proof given in Lemma 6.11. h

Definition Let M be an n-dimensional smooth manifold. Let A be a nonempty
subset of M: For every k ¼ 1; . . .; n; let lk denote the k-dimensional measure over
R

k: If for every admissible coordinate chart ðU;uÞ for M; lnðuðA \ UÞÞ ¼ 0; then
we say that A has measure zero in M:

Lemma 6.13 Let M be an m-dimensional smooth manifold. Let A be a nonempty
subset of M: For every k ¼ 1; . . .;m; let lk denote the k-dimensional measure over
R

k: Let fðUi;uiÞ : i 2 Ig be a collection of admissible coordinate charts for M such
that A � Si2I Ui; and for every i 2 I; lmðuiðA \ UiÞÞ ¼ 0: Then, A has measure
zero in M:

Proof Let us take any admissible coordinate chart ðU;uÞ for M: We have to prove
that lmðuðA \ UÞÞ ¼ 0: Since M is an m-dimensional smooth manifold, M is a
second countable space. Since M is a second countable space, and A is a nonempty
subset of M; A is a second countable space. Since A is a second countable space,
and fUi : i 2 Ig is an open cover of A; there exists a countable subcollection
fUn : n ¼ 1; 2; 3; . . .g of fUi : i 2 Ig such that A � S1

n¼1 Un; and hence, A ¼
A \ ðS1

n¼1 UnÞ ¼
S1

n¼1ðA \ UnÞ: It follows that uðA \ UÞ ¼ uððS1
n¼1ðA \ UnÞÞ\

UÞ ¼ uðS1
n¼1ðA \ Un \ UÞÞ ¼ S1

n¼1ðuðA \ Un \ UÞÞ; and hence, 0� lmðuðA\

6.1 Measure Zero in Manifolds 443



UÞÞ ¼ lmð
S1

n¼1ðuðA \ Un \ UÞÞÞ� P1
n¼1 lmðuðA \ Un \ UÞÞ: Now, it suffices to

show that for each positive integer n; lmðuðA \ Un \ UÞÞ ¼ 0:
If not, otherwise, let there exists a positive integer n such that 0\lmðuðA\ Un \

UÞÞ: We have to arrive at a contradiction. Since 0\lmðuðA \ Un \ UÞÞ;
uðA \ Un \ UÞ 6¼ ;; and hence, A \ Un \ U 6¼ ;: It follows that Un \ U 6¼ ;: Since
Un \ U 6¼ ; and ðUn;unÞ; ðU;uÞ are admissible coordinate charts for M; u 

ððunÞ�1Þ : unðUn \ UÞ ! uðUn \ UÞ is smooth. Here, A \ Un \ U 6¼ ;; so
unðA \ Un \ UÞ is a nonempty subset ofunðUn \ UÞð� R

mÞ: SinceunðA \ Un \ UÞ
is a nonempty subset of unðUn \ UÞ; and u 
 ððunÞ�1Þ : unðUn \ UÞ ! uðUn \ UÞ
is smooth, the restriction ðu 
 ððunÞ�1ÞÞjunðA\Un \UÞ is smooth. Since ðUn;unÞ 2
fðUi;uiÞ : i 2 Ig, 0� lmðunðA \ Un \ UÞÞ� lmðunðA \ UnÞÞ ¼ 0, and hence
lmðunðA \ Un \ UÞÞ ¼ 0. Now, we can apply Lemma 6.12. It follows that

lm u A \ Un \ Uð Þð Þ ¼ lm u 
 unð Þ�1
� �� ����

un A\Un\Uð Þ

� �
un A \ Un \ Uð Þð Þ

� �
¼ 0;

which is a contradiction. h

Lemma 6.14 Let M be an m-dimensional smooth manifold. Let fAng be a col-
lection of nonempty subsets of M: For every k ¼ 1; . . .;m; let lk denote the k-
dimensional measure over Rk: Let each An has measure zero in M: Then,

S1
n¼1 An

has measure zero in M:

Proof For this purpose, let us take any admissible coordinate chart ðU;uÞ for M:
We have to prove that lmðuðð

S1
n¼1 AnÞ \ UÞÞ ¼ 0: Here, 0� lmðuðð

S1
n¼1 AnÞ

\UÞÞ ¼ lmðuð
S1

n¼1ðAn \ UÞÞÞ ¼ lmð
S1

n¼1ðuðAn \ UÞÞÞ� P1
n¼1 lmðuðAn \ UÞÞ;

so it suffices to show that for each positive integer n; lmðuðAn \ UÞÞ ¼ 0: If not,
otherwise, let there exists a positive integer n such that 0\lmðuðAn \ UÞÞ: We
have to arrive at a contradiction. Since An has measure zero in M; and ðU;uÞ is an
admissible coordinate chart for M, lmðuðAn \ UÞÞ ¼ 0; a contradiction. h

Lemma 6.15 Let M be an m-dimensional smooth manifold. Let A be a nonempty
subset of M: For every k ¼ 1; . . .;m; let lk denote the k-dimensional measure over
R

k: Let A has measure zero in M: Then, Acð� M � AÞ is a dense subset of M:

Proof We have to show that Ac is dense in M; that is, ðAcÞ� ¼ M; that is,
ððAcÞ�Þcð¼ AoÞ ¼ ;: If not, otherwise, let Ao 6¼ ;: We have to arrive at a contra-
diction. Since Ao 6¼ ;; there exists a point p 2 A such that p is an interior point of A:
Since p is an interior point of A; there exists an open neighborhood G of p in M
such that p 2 G � A: Since p 2 A � M; and M is an m-dimensional smooth
manifold, there exists an admissible coordinate chart ðU;uÞ for M such that p 2 U:
Clearly, U \ Gð� UÞ is an open neighborhood of p: Since U \ Gð� UÞ is an open
neighborhood of p; and ðU;uÞ is an admissible coordinate chart for M;
ðU \ G;ujU\GÞ is an admissible coordinate chart for M: Here, uðpÞ is an interior
point of the subset ðujU\GÞðU \ GÞð¼ uðU \ GÞÞ of R

m; and hence, lmðu
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ðU \ GÞÞ[ 0: Since ðU \ G;ujU\GÞ is an admissible coordinate chart forM; and A
has measure zero in M;

0 ¼ lm ujU\G
� �

A \ U \ Gð Þð Þ� � ¼ lm u A \ U \ Gð Þð Þð Þ
¼ lm u U \ A \ Gð Þð Þð Þ ¼ lm u U \ Gð Þð Þ:

This is a contradiction. h

Lemma 6.16 Let M be an n-dimensional smooth manifold, N be an n-dimensional
smooth manifold, F : M ! N be a smooth map, and A be a nonempty subset of M:
Let A has measure zero in M: Then, FðAÞ has measure zero in N:

Proof We have to prove that FðAÞ has measure zero in N: For this purpose, let us
take an admissible coordinate chart ðV ;wÞ for N such that ðFðAÞÞ \ V 6¼ ;: We
have to show that lnðwððFðAÞÞ \ VÞÞ ¼ 0; where ln denotes the n-dimensional
measure over Rn: Clearly, FðA \ F�1ðVÞÞ ¼ ðFðAÞÞ \ V :

(Reason: LHS ¼ FðA \ F�1ðVÞÞ � ðFðAÞÞ \ ðFðF�1ðVÞÞÞ � ðFðAÞÞ \ V ¼
RHS: So, LHS � RHS:Next, let us take any q 2 RHS ¼ ðFðAÞÞ \ V : It follows that
there exists p 2 A such that FðpÞ ¼ q 2 V : Since FðpÞ 2 V ; p 2 F�1ðVÞ: Since
p 2 F�1ðVÞ; and p 2 A; p 2 A \ F�1ðVÞ; and hence, q ¼ FðpÞ 2 FðA \ F�1ðVÞÞ ¼
LHS: Hence, RHS � LHS).

Since M is an n-dimensional smooth manifold, by Lemma 4.47, there exists a
countable collection fðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; . . .g of admissible coordinate
charts for M such that fU1;U2;U3; . . .g is a basis of M:

Let us take any p 2 A \ F�1ðVÞ: Since p 2 A \ F�1ðVÞ; p 2 F�1ðVÞ; and hence,
FðpÞ 2 V : Thus, V is an open neighborhood of FðpÞ in N: Since F : M ! N is a
smooth map, F : M ! N is continuous. Since F : M ! N is continuous, and V is an
open neighborhood ofFðpÞ;F�1ðVÞ is an open neighborhood of p inM:SinceF�1ðVÞ
is an open neighborhood of p inM; and fU1;U2;U3; . . .g is a basis ofM; there exists a
positive integer kðpÞ such that p 2 UkðpÞ � F�1ðVÞ; and hence, A \ UkðpÞ � A \
F�1ðVÞ: Since p 2 A \ F�1ðVÞ; p 2 A: Since p 2 A; and p 2 UkðpÞ; p 2 A \ UkðpÞ: It
follows that for every p 2 A \ F�1ðVÞ; there exists a positive integer kðpÞ such that
p 2 A \ UkðpÞ � A \ F�1ðVÞ, and hence, A \ F�1ðVÞ ¼ [fA \ UkðpÞ : p 2 A\
F�1ðVÞg: Now, ðFðAÞÞ \ V ¼ FðA \ F�1ðVÞÞ ¼ Fð[fA \ UkðpÞ : p 2 A \ F�1ðVÞgÞ ¼
[fFðA \ UkðpÞÞ : p 2 A \ F�1ðVÞg; and hence wððFðAÞÞ \ VÞ ¼ wð[fFðA \ UkðpÞÞ :
p 2 A \ F�1ðVÞgÞ ¼ [fwðFðA \ UkðpÞÞÞ : p 2 A \ F�1ðVÞg ¼ [fðw 
 FÞðA [ U
kðpÞÞ : p 2 A \ F�1ðVÞg. Thus, wððFðAÞÞ \ VÞ is the union of countable many sets
ðw 
 FÞðA \ UkðpÞÞ; where p 2 A \ F�1ðVÞ: Here, fkðpÞ : p 2 A \ F�1ðVÞg �
f1; 2; 3; . . .g; so fkðpÞ : p 2 A \ F�1ðVÞg can be written as fk1; k2; k3; . . .g: It fol-
lows that

Uk pð Þ : p 2 A \ F�1 Vð Þ� � ¼ Uk1 ;Uk2 ;Uk3 ; . . .f g;
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and hence,

[ w 
 Fð Þ A \ Uk pð Þ
� �

: p 2 A \ F�1 Vð Þ� � ¼
[1
j¼1

w 
 Fð Þ A \ Ukj

� �� �
:

It follows that

ln w FðAÞð Þ \ Vð Þð Þ ¼ ln [ w 
 Fð Þ A \ Uk pð Þ
� �

: p 2 A \ F�1 Vð Þ� �� �
¼ ln

[1
j¼1

w 
 Fð Þ A \ Ukj

� �� � !
�
X1
j¼1

ln w 
 Fð Þ A \ Ukj

� �� �
¼
X1
j¼1

ln w 
 F 
 ukj

� ��1
� �

ukj

� �
A \ Ukj

� �� �� �
:

Now, it suffices to show that each

ln w 
 F 
 ukj

� ��1
� �

ukj

� �
A \ Ukj

� �� �� �
is 0:

Since F : M ! N is a smooth map, w 
 F 
 ðukjÞ�1 is smooth. Also, since A has
measure zero in M; lnððukjÞðA \ UkjÞÞ ¼ 0: Now, we can apply Lemma 6.12. It
follows that

ln w 
 F 
 ukj

� ��1
� �

ukj

� �
A \ Ukj

� �� �� �
¼ 0: h

Note 6.17 In the following discussion, if a � ða1; . . .; anÞ 2 R
n; and e[ 0; then

a1 � 1
2
e; a1 þ 1

2
e

� �
� � � � � an � 1

2
e; an þ 1

2
e

� �
will be denoted by CeðaÞ; and

a1 � 1
2
e; a1 þ 1

2
e

� �
� � � � � an � 1

2
e; an þ 1

2
e

� �
will be denoted by Ce½a�: Here, CeðaÞ will be called an open cube of side length e;
and Ce½a� will be called a closed cube of side length e:

Let G be a nonempty open subset of Rn: Let 0\e: We shall try to show that
there exists a countable collection fUng of open cubes such that

S1
n¼1 Un ¼

G;
S1

n¼1ðUnÞ� ¼ G; and side length of each Un is strictly less than e:
Let us take any a � ða1; . . .; anÞ 2 G: Since a 2 G; and G is open in R

n; there
exists a positive rational number r such that CrðaÞ � G; and r\e: Now, since the
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collection fs : s 2 R
n; and all coordinates of s are rational numbersg is dense in R

n;

there exists s � ðs1; . . .; snÞ 2 R
n such that s 2 Cr

2
ðaÞ; and all coordinates of s are

rational numbers. Since s 2 Cr
2
ðaÞ; for every i ¼ 1; . . .; n;

ai � si
�� �� ¼ si � ai

�� ��\ r
4
;

and hence, a 2 Cr
2
ðsÞ: Now, clearly Cr

2
½s� � CrðAÞ: (Reason: Let us take any x �

ðx1; . . .; xnÞ 2 Cr
2
½s�: It follows that for every i ¼ 1; . . .; n; jxi � sij � r

4 : Now, for
every i ¼ 1; . . .; n;

xi � ai
�� ��� xi � si

�� ��þ si � ai
�� ��� r

4
þ si � ai
�� ��\ r

4
þ r
4
¼ r

2
;

and hence, x 2 CrðaÞ:Þ Thus, for every a 2 G; there exist a positive rational number
r; and s 2 R

n such that all coordinates of s are rational numbers, and

a 2 Cr
2
sð Þ � Cr

2
sð Þ

� ��
¼ Cr

2
s½ � � CrðAÞ � G:

Now, since the collection of all open cubes of the form Cr
2
ðsÞ;where r is a positive

rational number, and all coordinates of sð2 R
nÞ are rational numbers, is a countable

set, there exists a countable collection fUng of open cubes such that
S1

n¼1 Un ¼
G;
S1

n¼1ðUnÞ� ¼ G; and side length of eachUn is strictly less than e: h

Note 6.18 Let G be a nonempty open subset of Rn: Let 0\e: We shall try to show
that there exist a countable collection fUng of open cubes, and a countable col-
lection fVng of open cubes such that

S1
n¼1 Un ¼ G,

S1
n¼1ðUnÞ� ¼ G,S1

n¼1 Vn ¼ G, Un � ðUnÞ� � Vnðn ¼ 1; 2; 3; . . .Þ, and side length of each Vn is
strictly less than e:

Let us take any a � ða1; . . .; anÞ 2 G: Since a 2 G; and G is open in R
n; there

exists a positive rational number r such that CrðaÞ � G; and r\e: Now, since the
collection fs : s 2 R

n; and all coordinates of s are rational numbersg is dense in
R

n; there exists s � ðs1; . . .; snÞ 2 R
n such that s 2 Cr

4
ðaÞ; and all coordinates of s

are rational numbers. Since s 2 Cr
4
ðaÞ; for every i ¼ 1; . . .; n;

ai � si
�� �� ¼ si � ai

�� ��\ r
8
;

and hence, a 2 Cr
4
ðsÞ: Now, clearly Cr

4
½s� � Cr

2
ðaÞ: (Reason: Let us take any x �

ðx1; . . .; xnÞ 2 Cr
4
½s�: It follows that for every i ¼ 1; . . .; n; jxi � sij � r

8 : Now, for
every i ¼ 1; . . .; n;

xi � ai
�� ��� xi � si

�� ��þ si � ai
�� ��� r

8
þ si � ai
�� ��\ r

8
þ r
8
¼ r

4
;

and hence, x 2 Cr
2
ðAÞ:) Also, it is clear that Cr

2
½s� � CrðAÞ: (Reason: Let us take any

x � ðx1; . . .; xnÞ 2 Cr
2
½s�: It follows that for every i ¼ 1; . . .; n; jxi � sij � r

4 : Now,
for every i ¼ 1; . . .; n;
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xi � ai
�� ��� xi � si

�� ��þ si � ai
�� ��� r

4
þ si � ai
�� ��\ r

4
þ r
8
\

r
2
;

and hence, x 2 CrðAÞ:) Thus, for every a 2 G; there exist a positive rational number
r; and s 2 R

n such that all coordinates of s are rational numbers, and

a 2 Cr
4
sð Þ � Cr

4
sð Þ

� ��
¼ Cr

4
s½ � � Cr

2
s½ � � CrðAÞ � G:

Now, since the collection of all open cubes of the form Cr
4
ðsÞ; where r is a positive

rational number, and all coordinates of sð2 R
nÞ are rational numbers, is a countable

set, there exist a countable collection fUng of open cubes, and a countable col-
lection fVng of open cubes such that

S1
n¼1 Un ¼ G;

S1
n¼1ðUnÞ� ¼ G,

S1
n¼1 Vn ¼

G, Un � ðUnÞ� � Vnðn ¼ 1; 2; 3; . . .Þ, and side length of each Vn is strictly less
than e: h

6.2 Taylor’s Inequality

Note 6.19 We want to prove the following result:
Let p 2 U � R

2:LetU be an open set. Let S � U; and S be star shapedwith respect
to point p � ðp1; p2Þ 2 S. Let f : U ! R be C1 on U: Let x � ðx1; x2Þ 2 S: Then,

f xð Þ ¼ f pð Þ þ x1 � p1
� � Z1

0

of
ox1

1� tð Þpþ txð Þ
� �

dt

 !

þ x2 � p2
� � Z1

0

of
ox2

1� tð Þpþ txð Þ
� �

dt

 !

¼ f pð Þ þ 1
1!

X
i2 1;2f g

xi � pi
� �

Difð Þ pð Þð Þ
0@ 1A

þ 1
1!

X
i;jð Þ2 1;2f g� 1;2f g

xi � pi
� �

x j � p j
� � Z1

0

1� tð ÞDij 1� tð Þpþ txð Þ� �
dt

0@ 1A
¼ f pð Þ þ 1

1!

X
i2 1;2f g

xi � pi
� �

Difð Þ pð Þð Þ
0@ 1A

þ 1
2!

X
i;jð Þ2 1;2f g2

xi � pi
� �

x j � p j
� �

Dijf
� �

pð Þ� �0@ 1A
þ 1
3!

X
i;j;kð Þ2 1;2f g3

xi � pi
� �

x j � p j
� �

xk � pk
� � Z1

0

1� tð Þ2Dijk 1� tð Þpþ txð Þ
� �

dt

0@ 1A
¼ � � �
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Proof Let us take any t satisfying 0� t� 1: Now, since S is star shaped with
respect to point p; and x 2 S; ð1� tÞpþ tx is in S; and hence, f ðð1� tÞpþ txÞ is a
real number. Here,

d
dt
f 1� tð Þpþ txð Þ ¼ d

dt
f p1 þ t x1 � p1

� �
; p2 þ t x2 � p2

� �� �
¼ of

ox1
1� tð Þpþ txð Þ

� �
d
dt

p1 þ t x1 � p1
� �� �� �

þ of
ox2

1� tð Þpþ txð Þ
� �

d
dt

p2 þ t x2 � p2
� �� �� �

¼ of
ox1

1� tð Þpþ txð Þ
� �

x1 � p1
� �

þ of
ox2

1� tð Þpþ txð Þ
� �

x2 � p2
� �

;

Hence,

x1 � p1
� � Z1

0

of
ox1

1� tð Þpþ txð Þ
� �

dt þ x2 � p2
� � Z1

0

of
ox2

1� tð Þpþ txð Þ
� �

dt

¼ Z1
0

of
ox1

1� tð Þpþ txð Þ
� �

x1 � p1
� �þ of

ox2
1� tð Þpþ txð Þ

� �
x2 � p2
� �� �

dt

¼ f 1� tð Þpþ txð Þjt¼1
t¼0¼ f xð Þ � f pð Þ:

Now,

f xð Þ ¼ f pð Þ þ x1 � p1
� � Z1

0

of
ox1

1� tð Þpþ txð Þ
� �

dt

 !

þ x2 � p2
� � Z1

0

of
ox2

1� tð Þpþ txð Þ
� �

dt

 !
:

On applying integration by parts, we get

f xð Þ ¼ f pð Þ þ x1 � p1
� � Z1

0

D1fð Þ 1� tð Þpþ txð Þð Þdt
 !

þ x2 � p2
� � Z1

0

D2fð Þ 1� tð Þpþ txð Þð Þdt
 !

¼ f pð Þ þ x1 � p1
� �

t D1fð Þ 1� tð Þpþ txð Þð Þð Þjt¼1
t¼0

�
� Z1

0

t D11fð Þ 1� tð Þpþ txð Þð Þ d
dt

1� tð Þp1 þ tx1
� ��
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þ D12fð Þ 1� tð Þpþ txð Þð Þ d
dt

1� tð Þp2 þ tx2
� ��

dt
�

þ x2 � p2
� �

t D2fð Þ 1� tð Þpþ txð Þð Þð Þjt¼1
t¼0dt

�
� Z1

0

t D21fð Þ 1� tð Þpþ txð Þð Þ d
dt

1� tð Þp1 þ tx1
� ��

þ D22fð Þ 1� tð Þpþ txð Þð Þ d
dt

1� tð Þp2 þ tx2
� ��

dt
�

¼ f pð Þ þ x1 � p1
� �

D1fð Þ xð Þð � Z1
0

t D11fð Þ 1� tð Þpþ txð Þð Þ x1 � p1
� ��

þ D12fð Þ 1� tð Þpþ txð Þð Þ x2 � p2
� ��

dt
�

þ x2 � p2
� �

D2fð Þ xð Þð � Z1
0

t D21fð Þ 1� tð Þpþ txð Þð Þ x1 � p1
� ��

þ D22fð Þ 1� tð Þpþ txð Þð Þ x2 � p2
� ��

dt
�

¼ f pð Þ þ x1 � p1
� �

D1fð Þ xð Þð Þ þ x2 � p2
� �

D2fð Þ xð Þð Þ� �
� x1 � p1
� �2Z1

0

t D11fð Þ 1� tð Þpþ txð Þð Þð Þdt

� 2 x1 � p1
� �

x2 � p2
� � Z1

0

t D12fð Þ 1� tð Þpþ txð Þð Þdt

� x2 � p2
� �2Z1

0

t D22fð Þ 1� tð Þpþ txð Þð Þð Þdt

¼ f pð Þ þ x1 � p1
� �

D1fð Þ pð Þ þ x1 � p1
� � Z1

0

D11fð Þ 1� tð Þpþ txð Þdt
  

þ x2 � p2
� � Z1

0

D12fð Þ 1� tð Þpþ txð Þdt
!

þ x2 � p2
� �

D2fð Þ pð Þ þ x1 � p1
� � Z1

0

D21fð Þ 1� tð Þpþ txð Þdt
 

þ x2 � p2
� � Z1

0

D22fð Þ 1� tð Þpþ txð Þdt
!!

� x1 � p1
� �2Z1

0

t D11fð Þ 1� tð Þpþ txð Þð Þð Þdt

� 2 x1 � p1
� �

x2 � p2
� � Z1

0

t D12fð Þ 1� tð Þpþ txð Þð Þdt

� x2 � p2
� �2Z1

0

t D22fð Þ 1� tð Þpþ txð Þð Þð Þdt
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¼ f pð Þ þ x1 � p1
� �

D1fð Þ pð Þ þ x2 � p2
� �

D2fð Þ pð Þ� �
þ x1 � p1
� �2Z1

0

D11fð Þ 1� tð Þpþ txð Þ � t D11fð Þ 1� tð Þpþ txð Þð Þð Þð Þdt

þ 2 x1 � p1
� �

x2 � p2
� � Z1

0

D12fð Þ 1� tð Þpþ txð Þ � t D12fð Þ 1� tð Þpþ txð Þð Þð Þdt

þ x2 � p2
� �2Z1

0

D22fð Þ 1� tð Þpþ txð Þ � t D22fð Þ 1� tð Þpþ txð Þð Þð Þð Þdt

¼ f pð Þ þ 1
1!

x1 � p1
� � of

ox1
pð Þ þ x2 � p2

� � of
ox2

pð Þ
� �
þ 1
1!

x1 � p1
� �2Z1

0

1� tð Þ o2f

o x1ð Þ2 1� tð Þpþ txð Þ
 !

dt

 

þ 2 x1 � p1
� �

x2 � p2
� � Z1

0

1� tð Þ o2f
ox1ox2

1� tð Þpþ txð Þ
� �

dt

þ x2 � p2
� �2Z1

0

1� tð Þ o2f

o x2ð Þ2 1� tð Þpþ txð Þ
 !

dt

!

¼ f pð Þ þ 1
1!

X
i2 1;2f g

xi � pi
� �

Difð Þ pð Þð Þ
0@ 1A
þ 1
1!

X
i;jð Þ2 1;2f g� 1;2f g

xi � pi
� �

x j � p j
� � Z1

0

1� tð ÞDij 1� tð Þpþ txð Þ� �
dt

0@ 1A:

Similarly,

f xð Þ ¼ f pð Þ þ 1
1!

X
i2 1;2f g

xi � pi
� �

Difð Þ pð Þð Þ
0@ 1A

þ 1
2!

X
i;jð Þ2 1;2f g2

xi � pi
� �

x j � p j
� �

Dijf
� �

pð Þ� �0@ 1A
þ 1
2!

X
i;j;kð Þ2 1;2f g3

xi � pi
� �

x j � p j
� �

xk � pk
� � Z1

0

1� tð Þ2Dijk 1� tð Þpþ txð Þ
� �

dt

0@ 1A
¼ � � �

This result can be generalized in R
n; and is known as Taylor’s theorem.
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Note 6.20 Let p 2 U � R
n: Let U be an open set. Let S � U; and S be star shaped

with respect to point p � ðp1; . . .; pnÞ 2 S. Let f : U ! R be C1 on U: Let x �
ðx1; . . .; xnÞ 2 S: Let all the third-order partial derivatives of f be bounded in
absolute value by a constant M on S: Then,

f xð Þ � f pð Þ þ 1
1!

X
i2 1;...;nf g

xi � pi
� �

Difð Þ pð Þð Þ
0@ 1A8<:

������
þ 1
2!

X
i;jð Þ2 1;...;nf g2

xi � pi
� �

x j � p j
� �

Dijf
� �

pð Þ� �0@ 1A9=;
������

¼ 1
2!

X
i;j;kð Þ2 1;...;nf g3

xi � pi
� �

x j � p j
� �

xk � pk
� � Z1

0

1� tð Þ2Dijk 1� tð Þpþ txð Þ
� �

dt

0@ 1A������
������

� 1
2!

X
i;j;kð Þ2 1;...;nf g3

xi � pi
� �

x j � p j
� �

xk � pk
� � Z1

0

1� tð Þ2Dijk 1� tð Þpþ txð Þ
� �

dt

�����
�����

¼ 1
2!

X
i;j;kð Þ2 1;...;nf g3

xi � pi
�� �� x j � p j

�� �� xk � pk
�� �� Z1

0

1� tð Þ2Dijk 1� tð Þpþ txð Þ
� �

dt

�����
�����

� 1
2!

X
i;j;kð Þ2 1;...;nf g3

xi � pi
�� �� x j � p j

�� �� xk � pk
�� �� Z1

0

1� tj j2 Dijk 1� tð Þpþ txð Þ�� ��dt
� 1

2!

X
i;j;kð Þ2 1;...;nf g3

xi � pi
�� �� x j � p j

�� �� xk � pk
�� �� Z1

0

1 Dijk 1� tð Þpþ txð Þ�� ��dt
� 1

2!

X
i;j;kð Þ2 1;...;nf g3

xi � pi
�� �� x j � p j

�� �� xk � pk
�� �� Z1

0

Mdt

¼ 1
2!

X
i;j;kð Þ2 1;...;nf g3

xi � pi
�� �� x j � p j

�� �� xk � pk
�� ��M

� 1
2!

X
i;j;kð Þ2 1;...;nf g3

x� pj j x� pj j x� pj jM

¼ 1
2!

X
i;j;kð Þ2 1;...;nf g3

M x� pj j3¼ 1
3!

n� n� nð Þ M x� pj j3
� �

¼ 1
2!
n3M x� pj j3:
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Thus

f xð Þ � f pð Þ þ 1
1!

X
i2 1;...;nf g

xi � pi
� �

Difð Þ pð Þð Þ
0@ 1A8<:

������
þ 1
2!

X
i;jð Þ2 1;...;nf g2

xi � pi
� �

x j � p j
� �

Dijf
� �

pð Þ� �0@ 1A9=;
������

� 1
2!
n3 x� pj j3M;

etc.

Conclusion: Let p 2 U � R
n: Let U be an open set. Let S � U; and S be star

shaped with respect to point p � ðp1; . . .; pnÞ 2 S. Let f : U ! R be C1 on U: Let
x � ðx1; . . .; xnÞ 2 S: Let all the third-order partial derivatives of f be bounded in
absolute value by a constant M on S: Then,

f xð Þ � f pð Þ þ 1
1!

X
i2 1;...;nf g

xi � pi
� �

Difð Þ pð Þð Þ
0@ 1A8<:

������
þ 1
2!

X
i;jð Þ2 1;...;nf g2

xi � pi
� �

x j � p j
� �

Dijf
� �

pð Þ� �0@ 1A9=;
������

� 1
2!
n3 x� pj j3M:

In the following discussion, we shall use this inequality.

6.3 Sard’s Theorem on R
n

Lemma 6.21 Let G be an open subset of Rð¼ R
1Þ: Let F : G ! R

3 be a smooth
function. Let F � ðF1;F2;F3Þ: For every k ¼ 1; 2; 3; let lk denote the k-dimen-
sional measure over Rk: Then,

l3 F x : x 2 G; and rank
D1F1ð Þ xð Þ
D1F2ð Þ xð Þ
D1F3ð Þ xð Þ

24 35 ¼ 0

8<:
9=;

0@ 1A0@ 1A ¼ 0:

Proof Put

C � x : x 2 G; and rank
D1F1ð Þ xð Þ
D1F2ð Þ xð Þ
D1F3ð Þ xð Þ

24 35 ¼ 0

8<:
9=;:
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We have to show that l3ðFðCÞÞ ¼ 0: Here,

C ¼ x : x 2 G; and rank

D1F1ð Þ xð Þ
D1F2ð Þ xð Þ
D1F3ð Þ xð Þ

264
375 ¼ 0

8><>:
9>=>;

¼ x : x 2 G; and D1F1ð Þ xð Þ ¼ 0; D1F2ð Þ xð Þ ¼ 0; D1F3ð Þ xð Þ ¼ 0f g
¼ x : x 2 G; and D1F1ð Þ xð Þ ¼ 0f g \ x : x 2 G; and D1F2ð Þ xð Þ ¼ 0f g
\ x : x 2 G; and D1F3ð Þ xð Þ ¼ 0f g

¼ D1F1ð Þ�1 0f gð Þ \ D1F2ð Þ�1 0f gð Þ \ D1F3ð Þ�1 0f gð Þ:

Since F : G ! R
3 is a smooth function, D1F1 : G ! R is continuous. Since D1

F1 : G ! R is continuous, and f0g is closed, ðD1F1Þ�1ðf0gÞ is closed in G: Simi-
larly, ðD1F2Þ�1ðf0gÞ; ðD1F3Þ�1ðf0gÞ are closed in G: It follows that ðD1F1Þ�1

ðf0gÞ \ ðD1F2Þ�1ðf0gÞ \ ðD1F3Þ�1ðf0gÞð¼ CÞ is closed in G; and hence, C is
closed in G: Put

C1 � x : x 2 G; and 0 ¼ D1F1ð Þ xð Þ ¼ D1F2ð Þ xð Þ ¼ D1F3ð Þ xð Þf g:

Clearly, C1 ¼ C; and C1 is closed in G: Put

C2 � x : x 2 G; and 0 ¼ D1F1ð Þ xð Þ ¼ D1F2ð Þ xð Þ ¼ D1F3ð Þ xð Þ ¼ D11F1ð Þ xð Þf
¼ D11F2ð Þ xð Þ ¼ D11F3ð Þ xð Þg:

Clearly, C2 � C1; and C2 is closed in G: Similarly, we define C3 � fx : x 2 G;
and 0 ¼ ðD1FiÞðxÞ ¼ ðD11FiÞðxÞ ¼ ðD111FiÞðxÞfor every i ¼ 1; 2; 3g; etc. Clearly,
� � � � C4 � C3 � C2 � C1 ¼ C; and each Ci is closed in G.

Now,we shall try to show thatl3ðFðC1ÞÞ ¼ 0:SinceG is an open subset ofR; there
exists a countable collection fUng of open bounded intervals such that

S1
n¼1 Un ¼ G;

and
S1

n¼1ðUnÞ� ¼ G: Now, FðC1Þ ¼ Fðfx : x 2 G; and 0 ¼ ðD1F1ÞðxÞ ¼ ðD1F2Þ
ðxÞ ¼ ðD1F3ÞðxÞgÞ ¼ Fðfx : x 2 S1

n¼1ðUnÞ�; and 0 ¼ ðD1F1ÞðxÞ ¼ ðD1F2ÞðxÞ ¼
ðD1F3ÞðxÞgÞ ¼ FðS1

n¼1fx : x 2 ðUnÞ�; and 0 ¼ ðD1F1ÞðxÞ ¼ ðD1F2ÞðxÞ ¼ ðD1F3Þ
ðxÞgÞ ¼ S1

n¼1 Fðfx : x 2 ðUnÞ�; and 0 ¼ ðD1F1ÞðxÞ ¼ ðD1F2ÞðxÞ ¼ ðD1F3ÞðxÞgÞ
¼ S1

n¼1 FðC1 \ ððUnÞ�ÞÞ; so 0� l3ðFðC1ÞÞ ¼ l3ð
S1

n¼1 FðC1 \ ððUnÞ�ÞÞÞ�
P1

n¼1
l3ðFðC1 \ ððUnÞ�ÞÞÞ:Hence, it suffices to show that eachl3ðFðC1 \ ððUnÞ�ÞÞÞ ¼ 0:
Let us first try to show that l3ðFðC1 \ ððU1Þ�ÞÞÞ ¼ 0:

Since D11F1 : G ! R is continuous, and ðU1Þ� is compact, ðD11F1ÞððU1Þ�Þ is
compact, and hence, ðD11F1ÞððU1Þ�Þ is bounded. Similarly, ðD11F2ÞððU1Þ�Þ;
ðD11F3ÞððU1Þ�Þ are bounded. It follows that ðD11F1ÞððU1Þ�Þ [ ðD11F2ÞððU1Þ�Þ [
ðD11F3ÞððU1Þ�Þ is bounded, and hence, there exists a positive number K such that
ðD11F1ÞððU1Þ�Þ [ ðD11F2ÞððU1Þ�Þ [ ðD11F3ÞððU1Þ�Þ is contained in ½�K;K�:

Case I: when C1 \ ððU1Þ�Þ ¼ ;: In this case,
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l3 F C1 \ U1ð Þ�ð Þð Þð Þ ¼ l3 F ;ð Þð Þ ¼ l3 ;ð Þ ¼ 0:

Thus, l3ðFðC1 \ ððU1Þ�ÞÞÞ ¼ 0:
Case II: whenC1 \ ððU1Þ�Þ 6¼ ;. Now, letR be the length of closed interval ðU1Þ�:

Let usfix any positive integerN[ 1:Let us subdivide the closed interval ðU1Þ� intoN
closed intervals E1;E2; . . .;EN such that each Ei is of length R

N : Thus, ðU1Þ� ¼
E1 [ E2 [ � � � [ EN : It follows that C1 \ ððU1Þ�Þ ¼ C1 \ ðE1 [ E2 [ � � � [ ENÞ ¼
ðC1 \ E1Þ [ ðC1 \ E2Þ [ � � � [ ðC1 \ ENÞ ¼

SfC1 \ Ek : C1 \ Ek 6¼ ;g: Hence, F
ðC1 \ ððU1Þ�ÞÞ ¼ FðSfC1 \ Ek : C1 \ Ek 6¼ ;gÞ ¼ SfFðC1 \ EkÞ : C1 \ Ek 6¼ ;g;
and hence, 0� l3ðFðC1 \ ððU1Þ�ÞÞÞ ¼ l3ð

SfFðC1 \ EkÞ : C1 \ Ek 6¼ ;gÞ� P
fl3ðFðC1 \ EkÞÞ : C1 \ Ek 6¼ ;g: Now, it suffices to show that if C1 \ Ek 6¼ ;; then
l3ðFðC1 \ EkÞÞ ¼ 0: For this purpose, let C1 \ Ek 6¼ ;: Since C1 \ Ek 6¼ ;; there
exists a 2 C1 \ Ek: Since a 2 C1 \ Ek; a 2 Ek:

Now, by Taylor’s theorem, for every x 2 Ek;

F1 xð Þ � F1ðaÞj j ¼ F1 xð Þ � F1ðaÞ þ 0f gj j

¼ F1 xð Þ � F1ðaÞ þ D1F1ð ÞðaÞf gj j � 1
1!

K
R
N

� �2
 !

:

Thus, for every x 2 Ek;

F1 xð Þ � F1ðaÞj j � 1
1!

K
R
N

� �2
 !

:

Similarly, for every x 2 Ek;

F2 xð Þ � F2ðaÞj j � 1
1!

K
R
N

� �2
 !

and F3 xð Þ � F3ðaÞj j � 1
1!

K
R
N

� �2
 !

:

It follows that for every x 2 Ek;

F xð Þ � FðaÞj j ¼ F1 xð Þ;F2 xð Þ;F3 xð Þð Þ � F1ðaÞ;F2ðaÞ;F3ðaÞð Þj j
¼ F1 xð Þ � F1ðaÞ;F2 xð Þ � F2ðaÞ;F3 xð Þ � F3ðaÞð Þj j
� F1 xð Þ � F1ðaÞj j þ F2 xð Þ � F2ðaÞj j þ F3 xð Þ � F3ðaÞj j

� 1
1!

K
R
N

� �2
 !

þ 1
1!

K
R
N

� �2
 !

þ 1
1!

K
R
N

� �2
 !

¼ 3
1
1!

K
R
N

� �2
 ! !

:
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Hence, for every x 2 Ek;

F xð Þ � FðaÞj j � 3
1
1!

K
R
N

� �2
 ! !

:

Thus,

F C1 \ Ekð Þ � F Ekð Þ � B
3 1

1! K R
Nð Þ2

� �� � FðaÞð Þ;

and hence,

0� l3 F C1 \ Ekð Þð Þ� l3 B
3 1

1! K R
Nð Þ2

� �� � FðaÞð Þ
� �

� 2 3
1
1!

K
R
N

� �2
 ! ! ! !3

! 0 asN ! 1:

This shows that l3ðFðC1 \ EkÞÞ ¼ 0: Hence, l3ðFðC1 \ ððU1Þ�ÞÞÞ ¼ 0:
Thus, in all cases, l3ðFðC1 \ ððU1Þ�ÞÞÞ ¼ 0: Similarly, l3ðFðC1 \ ððU2Þ�ÞÞÞ ¼

0; l3ðFðC1 \ ððU3Þ�ÞÞÞ ¼ 0; etc. Thus, l3ðFðCÞÞ ¼ l3ðFðC1ÞÞ ¼ 0: h

Note 6.22 Similar to Lemma 6.21, we can prove the following result:
Let G be an open subset of Rð¼ R

1Þ: Let F : G ! R
n be a smooth function. Let

F � ðF1; . . .;FnÞ: For every k ¼ 1; . . .; n; let lk denote the k-dimensional measure
over Rk: Then,

ln F x : x 2 G; and rank

D1F1ð Þ xð Þ
..
.

D1Fnð Þ xð Þ

264
375 ¼ 0

8><>:
9>=>;

0B@
1CA

0B@
1CA ¼ 0:

Lemma 6.23 Let m; n be positive integers satisfying m� n: Let G be a nonempty
open subset of Rm: Let f : G ! R

n be a smooth function, and f � ðf1; . . .fnÞ: Let l
denote the Lebesgue measure over Rn: Let C be the collection of all critical points
of f ; that is,

C � x : x 2 G; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ
. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

264
375\n

8><>:
9>=>;:

Then, lðf ðCÞÞ ¼ 0:

Proof Since G is a nonempty open subset of Rm; there exists a countable collection
fCng of open cubes in R

m such that
S1

n¼1 Cn ¼ G,
S1

n¼1ðCnÞ� ¼ G; and for each
n ¼ 1; 2; 3; . . .; the side length Rn of Cn is \1: Now,
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f Cð Þ ¼ f x : x 2 G; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ

. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

2664
3775\n

8>><>>:
9>>=>>;

0BB@
1CCA

¼ f x : x 2
[1
n¼1

Cnð Þ�; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ

. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

2664
3775\n

8>><>>:
9>>=>>;

0BB@
1CCA

¼ f
[1
n¼1

x : x 2 Cnð Þ�; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ

. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

2664
3775\n

8>><>>:
9>>=>>;

0BB@
1CCA

¼
[1
n¼1

f x : x 2 Cnð Þ�; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ

. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

2664
3775\n

8>><>>:
9>>=>>;

0BB@
1CCA

¼
[1
n¼1

f C\ Cnð Þ�ð Þ:

Since f ðCÞ ¼ S1
n¼1 f ðC \ ðCnÞ�Þ;

0� l f Cð Þð Þ ¼ l
[1
n¼1

f C \ Cnð Þ�ð Þ
 !

�
X1
n¼1

l f C \ Cnð Þ�ð Þð Þ:

Hence, it suffices to show that each lðf ðC \ ðCnÞ�ÞÞ ¼ 0:
We first try to show that lðf ðC \ ðC1Þ�ÞÞ ¼ 0: Since f : G ! R

n is a smooth
function, each ðDijfkÞ : G ! R is a smooth function, and hence, each ðDijfkÞ : G !
R is continuous. Since ðDijfkÞ : G ! R is continuous, and ðC1Þ� is a compact
subset of G; ðDijfkÞððC1Þ�Þ is compact, and hence, ðDijfkÞððC1Þ�Þ is bounded. Since
ðDijfkÞððC1Þ�Þ is bounded, there exists a real Mijk [ 0 such that for every
z 2 ðC1Þ�, jðDijfkÞðzÞj �Mijk:

Put M � maxfMijk : 1� i�m; 1� j�m; 1� k� ng: Since f : G ! R is a
smooth function, each Difj : G ! R is a smooth function, and hence, each Difj :
G ! R is continuous. Since Difj : G ! R is continuous, and ðC1Þ� is a compact
subset of G; ðDifjÞððC1Þ�Þ is compact, and hence, ðDifjÞððC1Þ�Þ is bounded. Since
ðDifjÞððC1Þ�Þ is bounded, there exists a real Mij [ 0 such that for every z 2 ðC1Þ�;
jðDifjÞðzÞj �Mij:

Put M0 � maxfMij : 1� i�m; 1� j� ng: Let us fix any positive integer N[ 1:
Let us subdivide the closed cube ðC1Þ� into Nm closed cubes E1;E2; . . .;ENm such
that each Ei is of length R1

N : Thus, ðC1Þ� ¼ E1 [ E2 [ � � � [ ENm : It follows that C \
ðC1Þ� ¼ C \ ðE1 [ E2 [ � � � [ ENmÞ ¼ ðC \ E1Þ [ ðC \ E2Þ [ � � � [ ðC \ ENmÞ ¼SfC \ Ek : C \ Ek 6¼ ;; 1� k�Nmg: Hence, f ðC \ ðC1Þ�Þ ¼ f ðSfC \ Ek : C \
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Ek 6¼ ;; 1� k�NmgÞ ¼ Sff ðC \ EkÞ : C \ Ek 6¼ ;; 1� k�Nmg, and hence, 0� l
ðf ðC \ ðC1Þ�ÞÞ ¼ lðSff ðC \ EkÞ : C \ Ek 6¼ ;; 1� k�NmgÞ� Pflðf ðC \ EkÞÞ
: C \ Ek 6¼ ;; 1� k�Nmg.

Let us take any positive integer k satisfying 1� k�Nm; and C \ Ek 6¼ ;. Now,
by Taylor’s theorem, for every x � ðx1; . . .; xmÞ 2 Ek , and y � ðy1; . . .; ymÞ 2 Ek;

f yð Þ � f xð Þ þ f 0 xð Þð Þ y� xð Þð Þj j

¼
f1 yð Þ
..
.

fn yð Þ

2664
3775�

f1 xð Þ
..
.

fn xð Þ

2664
3775þ

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ

. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

2664
3775

y1 � x1

..

.

ym � xm

2664
3775

0BB@
1CCA

��������
��������

¼
f1 yð Þ
..
.

fn yð Þ

2664
3775�

f1 xð Þ
..
.

fn xð Þ

2664
3775þ

D1f1ð Þ xð Þð Þ y1 � x1ð Þ þ � � � þ Dmf1ð Þ xð Þð Þ ym � xmð Þ
..
.

D1fnð Þ xð Þð Þ y1 � x1ð Þ þ � � � þ Dmfnð Þ xð Þð Þ ym � xmð Þ

2664
3775

0BB@
1CCA

��������
��������

¼
f1 yð Þ � f1 xð Þ þ D1f1ð Þ xð Þð Þ y1 � x1ð Þ þ � � � þ Dmf1ð Þ xð Þð Þ ym � xmð Þð Þ
..
.

fn yð Þ � fn xð Þ þ D1fnð Þ xð Þð Þ y1 � x1ð Þ þ � � � þ Dmfnð Þ xð Þð Þ ym � xmð Þð Þð Þ

2664
3775

��������
��������

� f1 yð Þ � f1 xð Þ þ D1f1ð Þ xð Þð Þ y1 � x1ð Þ þ � � � þ Dmf1ð Þ xð Þð Þ ym � xmð Þð Þj j þ � � �
þ fn yð Þ � fn xð Þ þ D1fnð Þ xð Þð Þ y1 � x1ð Þ þ � � � þ Dmfnð Þ xð Þð Þ ym � xmð Þð Þð Þj j

� 1
1!
m2 ffiffiffiffi

m
p R1

N

� �2

M þ � � � þ 1
1!
m2 ffiffiffiffi

m
p R1

N

� �2

M|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n

¼ n
1
1!
m2 ffiffiffiffi

m
p R1

N

� �2

M

 !

¼ nm3M
1
N2 R1ð Þ2

\ nm3M
� � 1

N2 :

Thus, for every x; y 2 Ek;

f yð Þ � f xð Þ þ f 0 xð Þð Þ y� xð Þð Þj j\ nm3M
� � 1

N2 :

Since C \ Ek 6¼ ;; there exists a 2 C \ Ek 6¼ ;; and hence, for every y 2 C \ Ek,

f yð Þ � f ðAÞ þ f 0ðAÞð Þ y� að Þð Þj j\ nm3M
� � 1

N2 :

Again, by Taylor’s theorem, for every x � ðx1; . . .; xmÞ; y � ðy1; . . .; ymÞ 2 Ek;
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f yð Þ � f xð Þj j ¼
f1 yð Þ
..
.

fn yð Þ

2664
3775�

f1 xð Þ
..
.

fn xð Þ

2664
3775

��������
�������� ¼

f1 yð Þ � f1 xð Þ
..
.

fn yð Þ � fn xð Þ

2664
3775

��������
��������

� f1 yð Þ � f1 xð Þj j þ � � � þ fn yð Þ � fn xð Þj j

� 1
0!
m1 ffiffiffiffi

m
p R1

N

� �1

M0 þ � � � þ 1
0!
m1 ffiffiffiffi

m
p R1

N

� �1

M0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n

¼ nm3=2M0
1
N
R1\nm3=2M0

1
N
:

Hence, for every y 2 C \ Ek, jf ðyÞ � f ðaÞj\nm3=2M0
1
N : It follows that

f ðC \ EkÞ is contained in an open ball of radius nm3=2M0
1
N with center f ðaÞ: Since

a 2 C \Ek; so a 2 C; and hence,

rank

D1f1ð ÞðaÞ
..
.

D1fnð ÞðaÞ
. .
.

Dmf1ð ÞðaÞ
..
.

Dmfnð ÞðaÞ

264
375\n:

So, the range space of f 0ðaÞ : Rm ! R
n is contained in an ðn� 1Þ-dimensional

subspace, say V ; of Rn: It follows that for every y 2 C \ Ek, f ðaÞ þ ðf 0ðaÞÞðy� aÞ
contained in f ðaÞ þ V : Since for every y 2 C \ Ek ,

f yð Þ � f ðaÞ þ f 0ðaÞð Þ y� að Þð Þj j\ nm3 M
� � 1

N2 ;

so all points of f ðC \ EkÞ is at most ðnm3MÞ 1
N2 distance “above” or “below” the

affine hyperplane f ðaÞ þ V : Thus, f ðC \ EkÞ contained in a “box” whose height is

2 nm3M
� � 1

N2

� �
;

and ðn� 1Þ-dimensional base area is

2 nm3=2M0
1
N

� �� �n�1

;

and hence,

l f C \ Ekð Þð Þ� 2 nm3=2M0
1
N

� �� �n�1
 !

2 nm3M
� � 1

N2

� �� �
¼ 2nnnm

3 nþ1ð Þ
2 M0ð Þn�1M

� � 1
Nnþ1 :
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It follows that

l f C \ C1ð Þ�ð Þð Þ�
X

l f C \ Ekð Þð Þ : C \ Ek 6¼ ;; 1� k�Nmf g

� 2nnnm
3 nþ1ð Þ

2 M0ð Þn�1M
� � 1

Nnþ1 N
m ! 0 asN ! 1;

because m� n: Thus, lðf ðC \ ðC1Þ�ÞÞ ¼ 0: Similarly, lðf ðC \ ðC2Þ�ÞÞ ¼ 0; etc.
Thus, lðf ðCÞÞ ¼ 0: h

Lemma 6.24 Let m; n be any positive integers. Let G be a nonempty open subset of
R

m: Let f : G ! R
n be a smooth function, and f � ðf1; . . .fnÞ: Let C be the col-

lection of all critical points of f ; that is,

C � x : x 2 G; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ
. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

264
375\n

8><>:
9>=>;:

Let for every i ¼ 1; 2; 3; . . .;

Ci � x: x 2 G; and all 1st; 2nd; . . .; ith order partial derivatives of f at x are zerof g:

Then,

1. � � � � C4 � C3 � C2 � C1 � C � G;.
2. each Ci and C are closed in G:

Proof

1. This is clear from the definitions of Ci and C:
2. Since f : G ! R

n is smooth, each Djfi : G ! R is continuous. Since each Djfi :

G ! R is continuous, and f0g is closed in R; each ðDjfiÞ�1ðf0gÞ is closed in G:
It follows that\
j 2 1; . . .; kf g
i 2 1; . . .; nf g

Djfi
� ��1

0f gð Þ ¼ x : x 2 G; and 0 ¼ Djfi
� �

xð Þ for every j 2 1; . . .; kf g;��

and for every i 2 1; . . .; nf gg ¼ C1Þ

is closed inG; and hence, C1 is closed inG: Similarly, C2;C3; . . . are closed inG:
Here,
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C ¼ x : x 2 G; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ

. .
.

Dkf1ð Þ xð Þ
..
.

Dkfnð Þ xð Þ

2664
3775\n

8>><>>:
9>>=>>;

¼
\

i1; . . .; in 2 1; . . .; kf g;
i1; . . .; in are distinct

x : x 2 G; and det

Di1 f1ð Þ xð Þ
..
.

Di1 fnð Þ xð Þ

. .
.

Din f1ð Þ xð Þ
..
.

Din fnð Þ xð Þ

2664
3775 ¼ 0

8>><>>:
9>>=>>;:

Now, since each Djfi : G ! R is continuous, each

x : x 2 G; and det

Di1 f1ð Þ xð Þ
..
.

Di1 fnð Þ xð Þ
. .
.

Din f1ð Þ xð Þ
..
.

Din fnð Þ xð Þ

264
375 ¼ 0

8><>:
9>=>;

is closed in G; and hence,

\
i1; . . .; in 2 1; . . .; kf g;
i1; . . .; in are distinct

x : x 2 G; and det

Di1 f1ð Þ xð Þ
..
.

Di1 fnð Þ xð Þ
. .
.

Din f1ð Þ xð Þ
..
.

Din fnð Þ xð Þ

264
375 ¼ 0

8><>:
9>=>;

is closed in G: This shows that C is closed in G: h

Lemma 6.25 Let m; n be any positive integers. For every k ¼ 1; . . .; n; let lk
denote the k-dimensional measure over R

k: Let G be a nonempty open subset of
R

m: Let f : G ! R
n be a smooth function, and f � ðf1; . . .; fnÞ: Let C be the col-

lection of all critical points of f ; that is,

C � x : x 2 G; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ
. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

264
375\n

8><>:
9>=>;:

Let, for every i ¼ 1; 2; 3; . . .;

Ci � x : x 2 G; and all 1st; 2nd; . . .; ith order partial derivatives of f at x are zerof g:

Then,

ln f C m
n½ �

� �� �
¼ 0;

where ½mn� denotes the greatest integer less than or equal to m
n :
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Proof Since G is a nonempty open subset of Rm; there exists a countable collection
fUlg of open cubes such that

S1
l¼1 Ul ¼ G,

S1
l¼1ðUlÞ� ¼ G; and side length of each

Ul is strictly less than 1: It follows that

C m
n½ � ¼ C m

n½ � \ G ¼ C m
n½ � \ [1

l¼1
Ulð Þ�

� �
¼ [1

l¼1
C m

n½ � \ Ulð Þ�
� �

;

and hence,

f C m
n½ �

� �
¼ f

[1
l¼1

C m
n½ � \ Ulð Þ�

� � !
¼
[1
l¼1

f C m
n½ � \ Ulð Þ�

� �
:

Thus,

0� ln f C m
n½ �

� �� �
¼ ln

[1
l¼1

f C m
n½ � \ Ulð Þ�

� � !
�
X1
l¼1

ln f C m
n½ � \ Ulð Þ�

� �� �
;

and therefore, it suffices to show that each

ln f C m
n½ � \ Ulð Þ�

� �� �
is zero:

For this purpose, let us fix a positive integer l: We have to show that

ln f C m
n½ � \ Ulð Þ�

� �� �
¼ 0:

Let us fix any positive integer N[ 1: Let us subdivide the closed cube ðUlÞ�
into Nm closed cubes E1;E2; . . .;ENm such that each Ei is of length
1
N ðside length of UlÞ: For simplicity, let the side length of Ul be 1. Thus, ðUlÞ� ¼
E1 [ E2 [ � � � [ ENm : It follows that

C m
n½ � \ Ulð Þ� ¼ C m

n½ � \ E1 [ E2 [ � � � [ ENmð Þ

¼ C m
n½ � \ E1

� �
[ C m

n½ � \ E2

� �
[ � � � [ C m

n½ � \ ENm

� �
¼
[

C m
n½ � \ Ek : C m

n½ � \ Ek 6¼ ;; 1� k�Nm
n o

:

Hence,

f C m
n½ � \ Ulð Þ�

� �
¼ f

[
C m

n½ � \ Ek : C m
n½ � \ Ek 6¼ ;; 1� k�Nm

n o� �
¼
[

f C m
n½ � \ Ek

� �
: C m

n½ � \ Ek 6¼ ;; 1� k�Nm
n o

;
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and hence,

0� ln f C m
n½ � \ Ulð Þ�

� �� �
¼ ln

[
f C m

n½ � \ Ek

� �
: C m

n½ � \ Ek 6¼ ;; 1� k�Nm
n o� �

�
X

ln f C m
n½ � \ Ek

� �� �
: C m

n½ � \ Ek 6¼ ;; 1� k�Nm
n o

:

Let us take any positive integer k satisfying 1� k�Nm; and C½mn� \ Ek 6¼ ;:
Let all the ð½mn� þ 1Þ th order partial derivatives of f be bounded in absolute value by
a constant M on the compact set ðUlÞ�:

Now, by Taylor’s theorem, for every x � ðx1; . . .; xmÞ 2 C½mn � \ Ek; and
y � ðy1; . . .; ymÞ 2 C½mn � \ Ek;

f xð Þ � f yð Þj j ¼ f1 xð Þ; . . .; fn xð Þð Þ � f1 yð Þ; . . .; fn yð Þð Þj j
¼ f1 xð Þ � f1 yð Þ; . . .; fn xð Þ � fn yð Þð Þj j
� f1 xð Þ � f1 yð Þj j þ � � � þ fn xð Þ � fn yð Þj j

¼ f1 xð Þ � f1 yð Þ þ 1
1!

0ð Þ þ 1
2!

0ð Þ þ � � � þ 1
m
n

� �
!
0ð Þ

( )�����
�����þ � � �

þ fn xð Þ � fn yð Þ þ 1
1!

0ð Þ þ 1
2!

0ð Þ þ � � � þ 1
m
n

� �
!
0ð Þ

( )�����
�����

� 1
m
n

� �
!
m

m
n½ �þ1 x� yj j m

n½ �þ1M þ � � � þ 1
m
n

� �
!
m

m
n½ �þ1 x� yj j m

n½ �þ1M|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n

¼ n
1
m
n

� �
!
m

m
n½ �þ1 x� yj j m

n½ �þ1M

 !

� n
1
m
n

� �
!
m

m
n½ �þ1 ffiffiffiffi

m
p 1

N

� � m
n½ �þ1

M

 !
:

It follows that f ðC½mn� \EkÞ is contained in a closed ball of radius

n
1
m
n

� �
!
m

m
n½ �þ1 ffiffiffiffi

m
p 1

N

� � m
n½ �þ1

M

 !
;

and hence,

ln f C m
n½ � \ Ek

� �� �
� 2 n

1
m
n

� �
!
m

m
n½ �þ1 ffiffiffiffi

m
p 1

N

� � m
n½ �þ1

M

 ! ! !n

:
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Thus,

0� ln f C m
n½ � \ Ulð Þ�

� �� �
�Nm 2 n

1
m
n

� �
!
m

m
n½ �þ1 ffiffiffiffi

m
p 1

N

� � m
n½ �þ1

M

 ! ! !n !
! 0 as N ! 1;

because

m\
m
n

h i
þ 1

� �
n that is;

m
n
\

m
n

h i
þ 1

� �
:

Thus,

ln f C m
n½ � \ Ulð Þ�

� �� �
¼ 0: h

Lemma 6.26 Let m; n be any positive integers. For every k ¼ 1; . . .; n; let lk
denote the k-dimensional measure over R

k: Let G be a nonempty open subset of
R

m: Let f : G ! R
n be a smooth function, and f � ðf1; . . .; fnÞ: Let C be the col-

lection of all critical points of f ; that is,

C � x : x 2 G; and rank

D1f1ð Þ xð Þ
..
.

D1fnð Þ xð Þ
. .
.

Dmf1ð Þ xð Þ
..
.

Dmfnð Þ xð Þ

264
375\n

8><>:
9>=>;:

Then, lnðf ðCÞÞ ¼ 0:

Proof (Induction on m): By Lemma 6.23, the theorem is true for m ¼ 1:
Case I: when m� n. By Lemma 6.23, lnðf ðCÞÞ ¼ 0:
Case II: when n\m: For i ¼ 1; 2; 3; . . .; put

Ci � x : x 2 G; and all partial derivatives of f at x upto ith order are zerof g;

and C0 � C: By Lemma 6.24, � � � � C4 � C3 � C2 � C1 � C � G: It follows that

C ¼ C � C1ð Þ [ C1 � C2ð Þ [ C2 � C3ð Þ [ � � � [ C m
n½ ��1 � C m

n½ �
� �

[ C m
n½ �;

and hence,

f Cð Þ ¼ f C � C1ð Þ [ C1 � C2ð Þ [ C2 � C3ð Þ [ � � � [ C m
n½ ��1 � C m

n½ �
� �

[ C m
n½ �

� �
¼ f C � C1ð Þ [ f C1 � C2ð Þ [ f C2 � C3ð Þ [ � � � [ f C m

n½ ��1 � C m
n½ �

� �
[ f C m

n½ �
� �

:
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It follows that

0� ln f ðCÞ ¼ ln f C � C1ð Þ [ f C1 � C2ð Þ [ f C2 � C3ð Þðð
[ � � � [ f C m

n½ ��1 � C m
n½ �

� �
[ f C m

n½ �
� ��

� ln f C � C1ð Þð Þ þ ln f C1 � C2ð Þð Þ þ ln f C2 � C3ð Þð Þ
þ � � � þ ln f C m

n½ ��1 � C m
n½ �

� �� �
þ ln f C m

n½ �
� �� �

:

Since, by Lemma 6.25, lnðf ðC½mn �ÞÞ ¼ 0; it suffices to show that

1. 0 ¼ lnðf ðC1 � C2ÞÞ ¼ lnðf ðC2 � C3ÞÞ ¼ � � � ¼ lnðf ðC½mn��1 � C½mn�ÞÞ;
2. lnðf ðC � C1ÞÞ ¼ 0:

For 1: For simplicity of discussion, here we shall assume 3 for n: Since Rm is
a second countable space, there exists a countable basis B of Rm: SinceC2 is
closed in the open set G; G� C2 is open in R

m: Since C2 � C1 � G,
C1 � C2 � G� C2 � G:

Let us take any a 2 C1 � C2: It follows that a 2 C1; and a 62 C2: Since a 2 C1;
for every i 2 f1; . . .;mg; and for every j 2 f1; 2; 3g, ðDifjÞðaÞ ¼ 0: Further, since
a 62 C2; there exist i1; i2 2 f1; . . .;mg; and j1 2 f1; 2; 3g such that ðDi1i2 fj1ÞðaÞ 6¼ 0:
For simplicity, let ðD11f1ÞðaÞ 6¼ 0; that is, ðD1ðD1f1ÞÞðaÞ 6¼ 0: Observe that D1f1 :
G ! R is a smooth function.

Let us define a function ðF1;F2; . . .;FmÞ � F : G� C2 ! R
m as follows: For

every x � ðx1; x2; . . .; xmÞ 2 G� C2;

F1 x1; x2; . . .; xm
� �

;F2 x1; x2; . . .; xm
� �

; . . .;Fm x1; x2; . . .; xm
� �� � ¼ F x1; x2; . . .; xm

� �
� D1f1ð Þ x1; . . .; xm

� �
; x2; . . .; xm

� �
:

Clearly, FðC1 � C2Þ � f0g � R
m�1: (Reason: For every x � ðx1; x2; . . .; xmÞ 2

C1 � C2ð� G� C2 � GÞ; we have x 2 C1; and hence, FðxÞ ¼ ððD1f1ÞðxÞ; x2;
. . .; xmÞ ¼ ð0; x2; . . .; xmÞ 2 f0g � R

m�1:) Since ðD1f1Þ : G ! R is a smooth func-
tion, F : ðG� C2Þ ! R

m is smooth. Here,

det F0ðaÞð Þ ¼ det

D1 D1f1ð Þð ÞðaÞ
0
..
.

0

D2 D1f1ð Þð ÞðaÞ
1
..
.

0

. .
.

Dm D1f1ð Þð ÞðaÞ
0
..
.

1

2664
3775
m�m

¼ D1 D1f1ð Þð ÞðaÞ;

which is nonzero. So, by Theorem 4.1, there exists an open neighborhood Ua of a
such that Ua is contained in G� C2; FðUaÞ is open in R

m; and F has a smooth
inverse on FðUaÞ: Thus, F : Ua ! FðUaÞ is a diffeomorphism, and F�1 : FðUaÞ !
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Ua is a diffeomorphism. Since F�1 : FðUaÞ ! Ua is a diffeomorphism, Ua �
G� C2 � G; and f : G ! R

3 is smooth, their composite f 
 ðF�1Þ : FðUaÞ ! R
3

is a smooth function.
Since Ua is an open neighborhood of a in R

m, there exists an open set Va 2 B
such that a 2 Va � ðVaÞ� � Ua, and ðVaÞ� is compact. Since ðVaÞ� � Ua �
G� C2; C2 \ ðVaÞ� ¼ ;:

Let us observe that ðC1 � C2Þ \ ðVaÞ� is compact.
(Reason: SinceC1 � G; C1 is closed inG; andG is open inRm;C1 [ ðGcÞ is closed

in R
m: Since C1 [ ðGcÞ is closed in R

m; and ðVaÞ�ð� Ua � GÞ is compact, their
intersection ðC1 [ ðGcÞÞ \ ððVaÞ�Þð¼ C1 \ ððVaÞ�ÞÞ is compact, and hence, C1 \
ðVaÞ� is compact. Since C1 \ ðVaÞ� is compact, and ðC1 � C2Þ \ ðVaÞ� ¼ ðC1\
ðVaÞ�Þ � ðC2 \ ðVaÞ�Þ ¼ ðC1 \ ðVaÞ�Þ � ; ¼ C1 \ ðVaÞ�; ðC1 � C2Þ \ ðVaÞ� is
compact).

Since f : G ! R
3 is a continuous function, and ðC1 � C2Þ \ ðVaÞ� is compact,

f ððC1 � C2Þ \ ðVaÞ�Þ is compact. We shall try to show that l3ðf ððC1� C2Þ \
ðVaÞ�ÞÞ ¼ 0: Now, since f ððC1 � C2Þ \ ðVaÞ�Þ is compact, by Lemma 6.1, for
every real c; l2ðfðy1; y2Þ : ðc; y1; y2Þ 2 f ððC1 � C2Þ \ ðVaÞ�ÞgÞ ¼ 0. For this pur-
pose, let us fix any real c. We have to show that l2ðfðy1; y2Þ : ðc; y1; y2Þ 2
f ððC1 � C2Þ \ ðVaÞ�ÞgÞ ¼ 0; that is, l2ðfðf2ðx1; . . .; xmÞ; f3ðx1; . . .; xmÞÞ : ðx1; . . .;
xmÞ 2 ðC1 � C2Þ\ ðVaÞ�; andf1ðx1; . . .; xmÞ ¼ cgÞ ¼ 0.

Let us take any u � ðu1; u2; . . .; umÞ 2 FðUaÞ: Since F�1 : FðUaÞ ! Ua is a
diffeomorphism, the rank of ðF�1Þ0ðyÞ for every y 2 FðUaÞ is m. Now, since u 2
FðUaÞ; the rank of ðF�1Þ0ðuÞ is m. Since the rank of ðF�1Þ0ðuÞ is m, and

D1f1; f2; f3ð Þ 
 F�1� �� �0
uð Þ ¼ D1f1; f2; f3ð Þ0 F�1� �

uð Þ� �� �
F�1� �0

uð Þ
� �

;

rank D1f1; f2; f3ð Þ 
 F�1� �� �0
uð Þ

� �
¼ rank D1f1; f2; f3ð Þ0 F�1� �

uð Þ� �� �
:

Since u 2 FðUaÞ; and F is 1–1 over Ua; there exists a unique x � ðx1; x2;
. . .; xmÞ 2 Ua such that FðxÞ ¼ u; and hence, F�1ðuÞ ¼ x: Also, since ððD1f1Þðx1;
x2; . . .; xmÞ; x2; . . .; xmÞ ¼ Fðx1; x2; . . .; xmÞ ¼ FðxÞ ¼ u ¼ ðu1; u2; . . .; umÞ; ðD1f1ÞðxÞ
¼ ðD1f1Þðx1; x2; . . .; xmÞ ¼ u1; x2 ¼ u2; . . .; xm ¼ um: Now,

D1f1; f2; f3ð Þ 
 F�1� �� �
u1; u2; . . .; um
� � ¼ D1f1; f2; f3ð Þ F�1 u1; u2; . . .; um

� �� �
¼ D1f1; f2; f3ð Þ F�1 uð Þ� � ¼ D1f1; f2; f3ð Þ xð Þ
¼ D1f1ð Þ xð Þ; f2 xð Þ; f3 xð Þð Þ ¼ u1; f2 xð Þ; f3 xð Þ� �
¼ u1; f2 F�1 uð Þ� �

; f3 F�1 uð Þ� �� �
¼ u1; f2 
 F�1� �� �

uð Þ; f3 
 F�1� �� �
uð Þ� �

¼ u1; f2 
 F�1
� �� �

u1; u2; . . .; um
� �

; f3 
 F�1
� �� �

u1; u2; . . .; um
� �� �

:

Hence, for every ðu1; u2; . . .; umÞ 2 FðUaÞ;
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D1f1; f2; f3ð Þ 
 F�1� �� �
u1; u2; . . .; um
� �

¼ u1; f2 
 F�1� �� �
u1; u2; . . .; um
� �

; f3 
 F�1� �� �
u1; u2; . . .; um
� �� �

:

It follows that for every u � ðu1; u2; . . .; umÞ 2 FðUaÞ;

rank D1f1; f2; f3ð Þ0 F�1� �
uð Þ� �� � ¼ rank D1f1; f2; f3ð Þ 
 F�1� �� �0

uð Þ
� �

¼ rank

1

D1 f2 
 F�1ð Þð Þð Þ uð Þ
D1 f3 
 F�1ð Þð Þð Þ uð Þ

0

D2 f2 
 F�1ð Þð Þð Þ uð Þ
D2 f3 
 F�1ð Þð Þð Þ uð Þ

. .
.

0

Dm f2 
 F�1ð Þð Þð Þ uð Þ
Dm f3 
 F�1ð Þð Þð Þ uð Þ

264
375:

Now, let x � ðx1; x2; . . .; xmÞ 2 ðC1 � C2Þ \ Ua: It follows that x 2 ðC1 � C2Þ \
Ua � ðC1 � C2Þ; and hence, FðxÞ 2 FððC1 � C2Þ \ UaÞ � FðUaÞ: Thus,

3[ 1� rank

D1 D1f1ð Þð Þ xð Þ
0

0

. .
.

Dm D1f1ð Þð Þ xð Þ
0

0

264
375
3�m

¼ rank

D1 D1f1ð Þð Þ xð Þ
D1f2ð Þ xð Þ
D1f3ð Þ xð Þ

. .
.

Dm D1f1ð Þð Þ xð Þ
Dmf2ð Þ xð Þ
Dmf3ð Þ xð Þ

264
375
3�m

¼ rank D1f1; f2; f3ð Þ0 xð Þ� �
¼ rank D1f1; f2; f3ð Þ0 F�1� �

F xð Þð Þ� �� �
¼ rank

1

D1 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D1 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

. .
.

0

Dm f2 
 F�1ð Þð Þð Þ F xð Þð Þ
Dm f3 
 F�1ð Þð Þð Þ F xð Þð Þ

264
375:

It follows that

0 ¼ det

1

D1 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D1 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D3 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D3 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

264
375

¼ det
D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

D3 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D3 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

� �
;

0 ¼ det

1

D1 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D1 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D4 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D4 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

264
375

¼ det
D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

D4 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D4 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

� �
;

etc. Hence, for every x � ðx1; x2; . . .; xmÞ 2 ðC1 � C2Þ \ Ua;

6.3 Sard’s Theorem on R
n 467



rank D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

D3 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D3 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

. .
. Dm f2 
 F�1ð Þð Þð Þ F xð Þð Þ

Dm f3 
 F�1ð Þð Þð Þ F xð Þð Þ
� �

\2:

Thus, for every u � ðu1; u2; . . .; umÞ 2 FððC1 � C2Þ \UaÞ;

rank D2 f2 
 F�1ð Þð Þð Þ uð Þ
D2 f3 
 F�1ð Þð Þð Þ uð Þ

D3 f2 
 F�1ð Þð Þð Þ uð Þ
D3 f3 
 F�1ð Þð Þð Þ uð Þ

. .
. Dm f2 
 F�1ð Þð Þð Þ uð Þ

Dm f3 
 F�1ð Þð Þð Þ uð Þ
� �

\2:

Since FðUaÞ is open in R
m; fðy2; . . .; ymÞ : ð0; y2; . . .; ymÞ 2 FðUaÞg is open in

R
m�1:

Let us define a function fc : fðy2; . . .; ymÞ : ð0; y2; . . .; ymÞ 2 FðUaÞg ! R
2 as

follows: For every ðy2; . . .; ymÞ satisfying ð0; y2; . . .; ymÞ 2 FðUaÞ;

fc y2; . . .; ym
� � ¼ f2 
 F�1� �� �

0; y2; . . .; ym
� �

; f3 
 F�1� �� �
0; y2; . . .; ym
� �� �

:

Since ðy2; . . .; ymÞ 7! ð0; y2; . . .; ymÞ is smooth, and ðf2 
 ðF�1ÞÞ : FðUaÞ ! R is
smooth, their composite ðy2; . . .; ymÞ 7! ðf2 
 ðF�1ÞÞð0; y2; . . .; ymÞ is smooth. Simi-
larly, ðy2; . . .; ymÞ 7! ðf3 
 ðF�1ÞÞð0; y2; . . .; ymÞ is smooth. It follows that fc :
fðy2; . . .; ymÞ : ð0; y2; . . .; ymÞ 2 FðUaÞg ! R

2 is smooth.
For every u � ðu2; . . .; umÞ satisfying ð0; u2; . . .; umÞ 2 FðUaÞ; we have ðD1

ðfcÞ1Þðu2; . . .; umÞ ¼ ðD2ðf2 
 ðF�1ÞÞÞð0; u2; . . .; umÞ; ðD2ðfcÞ1Þðu2; . . .; umÞ ¼ ðD3

ðf2 
 ðF�1ÞÞÞð0; u2; . . .; umÞ; etc., and hence,

fcð Þ0 uð Þ ¼ fcð Þ0 u2; . . .; um� � ¼ D1 fcð Þ1
� �

uð Þ
D1 fcð Þ2
� �

uð Þ
D2 fcð Þ1
� �

uð Þ
D2 fcð Þ2
� �

uð Þ
. .
. Dm�1 fcð Þ1
� �

uð Þ
Dm�1 fcð Þ2
� �

uð Þ

" #

¼ D2 f2 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ
D2 f3 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

D3 f2 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ
D3 f3 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

�
. .
. Dm f2 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

Dm f3 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

�
:

Clearly, every point of fðy2; . . .; ymÞ : ð0; y2; . . .; ymÞ 2 FððC1 � C2Þ \ UaÞg is a
critical point of fc: (Reason: Take any u � ðu2; . . .; umÞ 2 fðy2; . . .; ymÞ : ð0; y2; . . .;
ymÞ 2 FððC1 � C2Þ \ UaÞg: It follows that ð0; y2; . . .; ymÞ 2 FððC1 � C2Þ \ UaÞ �
FðUaÞ; and

rank fcð Þ0 uð Þ� � ¼ rank
D2 f2 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ
D2 f3 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

D3 f2 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ
D3 f3 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

�
. .
. Dm f2 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

Dm f3 
 F�1ð Þð Þð Þ 0; u2; . . .; umð Þ

�
\2:
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Now, by induction hypothesis, l2ðfcðfðy2; . . .; ymÞ : ð0; y2; . . .; ymÞ 2 FððC1�
C2Þ \UaÞgÞÞ ¼ 0: Now, since ðVaÞ� � Ua;

0� l2 f2 
 F�1� �� �
0; y2; . . .; ym
� �

; f3 
 F�1� �� �
0; y2; . . .; ym
� �� ���

: 0; y2; . . .; ym
� � 2 F C1 � C2ð Þ \ Vað Þ�ð Þ��

� l2 f2 
 F�1� �� �
0; y2; . . .; ym
� �

; f3 
 F�1� �� �
0; y2; . . .; ym
� �� ���

: 0; y2; . . .; ym
� � 2 F C1 � C2ð Þ \ Uað Þ��

¼ l2 fc y2; . . .; ym
� �

: 0; y2; . . .; ym
� � 2 F C1 � C2ð Þ \ Uað Þ� �� �� � ¼ 0;

and hence,

l2 f2 
 F�1� �� �
0; y2; . . .; ym
� �

; f3 
 F�1� �� �
0; y2; . . .; ym
� �� ���

: 0; y2; . . .; ym
� � 2 F C1 � C2ð Þ \ Vað Þ�ð Þ�� ¼ 0:

It suffices to show that

f2 x1; . . .; xm
� �

; f3 x1; . . .; xm
� �� �

: x1; . . .; xm
� ��

2 C1 � C2ð Þ \ Vað Þ�; and D1f1ð Þ x1; . . .; xm
� � ¼ c

�
� f2 
 F�1� �� �

0; y2; . . .; ym
� �

; f3 
 F�1� �� �
0; y2; . . .; ym
� �� �

: 0; y2; . . .; ym
� ��

2 F C1 � C2ð Þ \ Vað Þ�ð Þg:
Let us take any ðf2ðx1; . . .; xmÞ; f3ðx1; . . .; xmÞÞ 2 LHS; where ðx1; . . .; xmÞ 2

ðC1 � C2Þ \ ðVaÞ�; and f1ðx1; . . .; xmÞ ¼ c. Now, since ðx1; . . .; xmÞ 2 ðC1 � C2Þ\
ðVaÞ�;

0; x2; . . .; xm
� � ¼ D1f1ð Þ x1; . . .; xm

� �
; x2; . . .; xm

� � ¼ F x1; . . .; xm
� �

2 F C1 � C2ð Þ \ Vað Þ�ð Þ;

and hence, F�1ð0; x2; . . .; xmÞ ¼ ðx1; . . .; xmÞ: It follows that

f2 x1; . . .; xm
� �

; f3 x1; . . .; xm
� �� � ¼ f2 F�1 0; x2; . . .; xm

� �� �
; f3 F�1 0; x2; . . .; xm

� �� �� �
¼ f2 
 F�1� �� �

0; x2; . . .; xm
� �

; f3 
 F�1� �� �
0; x2; . . .; xm
� �� � 2 RHS:

Thus, LHS � RHS:
We have shown that for every a 2 C1 � C2; there exists an open neighborhood Va

2 B of a such that l3ðf ððC1 � C2Þ \ ðVaÞ�ÞÞ ¼ 0; and a 2 Va � ðVaÞ� � G: Here,
[fðC1 � C2Þ \ ðVaÞ� : a 2 ðC1 � C2Þg ¼ ðC1 � C2Þ; so f ðC1 � C2Þ ¼ f ðSfðC1 �
C2Þ \ ðVaÞ� : a 2 ðC1 � C2ÞgÞ ¼

Sff ððC1 � C2Þ \ ðVaÞ�Þ : a 2 ðC1 � C2Þg: Since
each Va 2 B; and B is a countable collection, ff ððC1 � C2Þ \ ðVaÞ�Þ : a 2
ðC1 � C2Þg is a countable collection, and hence, l3ðf ðC1 � C2ÞÞ ¼ l3ð

Sff ððC1 � C2Þ\
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ðVaÞ�Þ : a 2 ðC1 � C2ÞgÞ�
P

countable l3ðf ððC1 � C2Þ \ ðVaÞ�ÞÞ ¼ P
countable 0 ¼ 0:

Thus, l3ðf ðC1 � C2ÞÞ ¼ 0: Similarly,

0 ¼ l3 f C2 � C3ð Þð Þ ¼ � � � ¼ l3 f C m
n½ ��1 � C m

n½ �
� �� �

:

For 2: For simplicity of discussion, here, we shall assume 3 for n. Since Rm is a
second countable space, there exists a countable basis B of Rm.

Since C1 is closed in the open set G; G� C1 is open in R
m: Since C1 � C � G;

C � C1 � G� C1 � G: Now, since f : G ! R
3 is a smooth function, f jðG�C1Þ :

ðG� C1Þ ! R
3 is smooth. Clearly, the collection of all critical points of f jðG�C1Þ is

C � C1; that is,

C � C1 ¼ x : x 2 G� C1; and rank
D1f1ð Þ xð Þ
D1f2ð Þ xð Þ
D1f3ð Þ xð Þ

. .
. Dmf1ð Þ xð Þ

Dmf2ð Þ xð Þ
Dmf3ð Þ xð Þ

24 35\3

8<:
9=;:

Let us take any a 2 C � C1: Since a 2 C � C1 � G; a 2 G: Now, since a 62
C1 ¼ fx : x 2 G; and all first order partial derivatives of F at x are zerog; there exists
j 2 f1; 2; . . .;mg; and i 2 f1; 2; 3g such that ðDjfiÞðaÞ 6¼ 0: For simplicity, let i ¼
j ¼ 1: Thus, ðD1f1ÞðaÞ 6¼ 0: Let us define a function ðF1;F2; . . .;FmÞ � F :

ðG� C1Þ ! R
m as follows: For every x � ðx1; x2; . . .; xmÞ 2 G� C1;

F1 x1; x2; . . .; xm
� �

;F2 x1; x2; . . .; xm
� �

; . . .;Fk x1; x2; . . .; xm
� �� � ¼ F x1; x2; . . .; xm

� �
� f1 x1; . . .; xm

� �
; x2; . . .; xm

� �
:

Since f : G ! R
3 is a smooth function, f1 : G ! R is a smooth function, and

hence, F : ðG� C1Þ ! R
k is smooth. Here,

det F0ðAÞð Þ ¼ det

D1f1ð ÞðAÞ
0
..
.

0

D2f1ð ÞðAÞ
1
..
.

0

. .
.

Dmf1ð ÞðAÞ
0
..
.

1

2664
3775
m�m

¼ D1f1ð ÞðAÞ;

which is nonzero. So, by Theorem 4.1, there exists an open neighborhood Ua of a
such that Ua is contained in ðG� C1Þ; FðUaÞ is open in R

m; and F has a smooth
inverse on FðUaÞ: Thus, F : Ua ! FðUaÞ is a diffeomorphism, and F�1 : FðUaÞ !
Ua is a diffeomorphism. Since F�1 : FðUaÞ ! Ua is a diffeomorphism, Ua �
ðG� C1Þ � G; and f : G ! R

3 is smooth, their composite f 
 ðF�1Þ : FðUaÞ !
R

3 is a smooth function. Since Ua is an open neighborhood of a in R
m; there exists

an open set Va 2 B such that a 2 Va � ðVaÞ� � Ua � ðG� C1Þ; and ðVaÞ� is
compact.

Let us observe that ðC � C1Þ \ ðVaÞ� is compact.
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(Reason: Since C � G; C is closed in G; and G is open in R
m; C [ ðGcÞ is

closed in R
m: Since C [ ðGcÞ is closed in R

m; and ðVaÞ�ð� Ua � ðG� C1Þ � GÞ
is compact, their intersection ðC [ ðGcÞÞ \ ððVaÞ�Þð¼ C \ ððVaÞ�ÞÞ is compact,
and hence, C \ðVaÞ� is compact. Since C \ðVaÞ� is compact, and ðC � C1Þ \
ðVaÞ� ¼ ðC \ ðVaÞ�Þ � ðC1 \ ðVaÞ�Þ ¼ ðC \ ðVaÞ�Þ � ; ¼ C \ ðVaÞ�; ðC � C1Þ
\ðVaÞ� is compact.) Since f : G ! R

3 is a continuous function, and ðC � C1Þ \
ðVaÞ�ð� ðVaÞ� � GÞ is compact, f ððC � C1Þ \ðVaÞ�Þ is compact. We shall try to
show that l3ðf ððC � C1Þ \ ðVaÞ�ÞÞ ¼ 0:

Now, since f ððC � C1Þ \ ðVaÞ�Þ is compact, by Lemma 6.1, it suffices to show
that for every real c; l2ðfðy1; y2Þ : ðc; y1; y2Þ 2 f ððC � C1Þ \ ðVaÞ�ÞgÞ ¼ 0. For
this purpose, let us fix any real c. We have to show that l2ðfðy1; y2Þ : ðc; y1; y2Þ
2 f ððC � C1Þ \ ðVaÞ�ÞgÞ ¼ 0, that is, l2ðfðf2ðx1; . . .; xmÞ; f3ðx1; . . .; xmÞÞ :
ðx1; . . .; xmÞ 2 ðC � C1Þ \ ðVaÞ�; and f1ðx1; . . .; xmÞ ¼ cgÞ ¼ 0:

Let us take any u � ðu1; u2; . . .; umÞ 2 FðUaÞ: Since F�1 : FðUaÞ ! Ua is a
diffeomorphism, the rank of ðF�1Þ0ðyÞ for every y 2 FðUaÞ is m. Now, since u 2
FðUaÞ; the rank of ðF�1Þ0ðuÞ is m. Since the rank of ðF�1Þ0ðuÞ is m, and

f 
 F�1� �� �0
uð Þ ¼ f 0 F�1� �

uð Þ� �� �
F�1� �0

uð Þ
� �

;

rank f 
 F�1� �� �0
uð Þ

� �
¼ rank f 0 F�1� �

uð Þ� �� �
:

Since u 2 FðUaÞ; and F is 1–1 over Ua; there exists a unique x � ðx1; x2;
. . .; xmÞ 2 Ua such that FðxÞ ¼ u; and hence, F�1ðuÞ ¼ x: Also, since ðf1ðx1;
x2; . . .; xmÞ; x2; . . .; xmÞ ¼ Fðx1; x2; . . .; xmÞ ¼ FðxÞ ¼ u ¼ ðu1; u2; . . .; umÞ; f1ðxÞ ¼
f1ðx1; x2; . . .; xmÞ ¼ u1; x2 ¼ u2; . . .; xm ¼ um: Now, ðf 
 ðF�1ÞÞðu1; u2; . . .; umÞ ¼
f ðF�1ðu1; u2; . . .; umÞÞ ¼ f ðF�1ðuÞÞ ¼ f ðxÞ ¼ ðf1ðxÞ; f2ðxÞ; f3ðxÞÞ ¼ ðu1; f2ðxÞ; f3
ðxÞÞ ¼ ðu1; f2 ðF�1ðuÞÞ; f3ðF�1ðuÞÞÞ ¼ ðu1; ðf2 
 ðF�1ÞÞðuÞ; ðf3 
 ðF�1ÞÞðuÞÞ ¼
ðu1; ðf2 
 ðF�1ÞÞðu1; u2; . . .; umÞ; ðf3 
 ðF�1ÞÞðu1; u2; . . .; umÞÞ: Hence, for every ðu1;
u2; . . .; umÞ 2 FðUaÞ;

f 
 F�1� �� �
u1; u2; . . .; um
� � ¼ u1; f2 
 F�1� �� �

u1; u2; . . .; um
� ��

;

f3 
 F�1� �� �
u1; u2; . . .; um
� ��

:

It follows that for every u � ðu1; u2; . . .; umÞ 2 FðUaÞ;

rank f 0 F�1� �
uð Þ� �� � ¼ rank f 
 F�1� �� �0

uð Þ
� �

¼ rank

1

D1 f2 
 F�1ð Þð Þð Þ uð Þ
D1 f3 
 F�1ð Þð Þð Þ uð Þ

0

D2 f2 
 F�1ð Þð Þð Þ uð Þ
D2 f3 
 F�1ð Þð Þð Þ uð Þ

264 . .
.

0

Dm f2 
 F�1ð Þð Þð Þ uð Þ
Dm f3 
 F�1ð Þð Þð Þ uð Þ

375
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Now, let x � ðx1; x2; . . .; xmÞ 2 ðC � C1Þ \ Ua: It follows that x 2 ðC � C1Þ \
Ua � ðC � C1Þ; and hence, FðxÞ 2 FððC � C1Þ \ UaÞ � FðUaÞ: Thus,

3[ rank

D1f1ð Þ xð Þ
D1f2ð Þ xð Þ
D1f3ð Þ xð Þ

. .
.

Dmf1ð Þ xð Þ
Dmf2ð Þ xð Þ
Dmf3ð Þ xð Þ

264
375
3�m

¼ rank f 0 xð Þð Þ ¼ rank f 0 F�1� �
F xð Þð Þ� �� �

¼ rank

1

D1 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D1 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

264 . .
.

0

Dm f2 
 F�1ð Þð Þð Þ F xð Þð Þ
Dm f3 
 F�1ð Þð Þð Þ F xð Þð Þ

375:

It follows that

0 ¼ det

1

D1 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D1 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D3 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D3 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

264
375

¼ det
D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

D3 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D3 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

� �
;

0 ¼ det

1

D1 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D1 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

0

D4 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D4 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

264
375

¼ det
D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

D4 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D4 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

� �
;

etc. Hence, for every x � ðx1; x2; . . .; xmÞ 2 ðC � C1Þ \ Ua;

rank D2 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D2 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

D3 f2 
 F�1ð Þð Þð Þ F xð Þð Þ
D3 f3 
 F�1ð Þð Þð Þ F xð Þð Þ

. .
. Dm f2 
 F�1ð Þð Þð Þ F xð Þð Þ

Dm f3 
 F�1ð Þð Þð Þ F xð Þð Þ
� �

\2:

Thus, for every u � ðu1; u2; . . .; umÞ 2 FððC � C1Þ \ UaÞ;

rank D2 f2 
 F�1ð Þð Þð Þ uð Þ
D2 f3 
 F�1ð Þð Þð Þ uð Þ

D3 f2 
 F�1ð Þð Þð Þ uð Þ
D3 f3 
 F�1ð Þð Þð Þ uð Þ

. .
. Dm f2 
 F�1ð Þð Þð Þ uð Þ

Dm f3 
 F�1ð Þð Þð Þ uð Þ
� �

\2:

Since FðUaÞ is open in R
k; fðy2; . . .; ymÞ : ðc; y2; . . .; ymÞ 2 FðUaÞg is open in

R
m�1:

Let us define a function fc : fðy2; . . .; ymÞ : ðc; y2; . . .; ymÞ 2 FðUaÞg ! R
2 as fol-

lows: For every ðy2; . . .; ymÞ satisfying ðc; y2; . . .; ymÞ 2 FðUaÞ;

472 6 Sard’s Theorem



fc y2; . . .; ym
� � ¼ f2 
 F�1� �� �

c; y2; . . .; ym
� �

; f3 
 F�1� �� �
c; y2; . . .; ym
� �� �

:

Since ðy2; . . .; ymÞ 7! ðc; y2; . . .; ymÞ is smooth, and ðf2 
 ðF�1ÞÞ : FðUaÞ ! R is
smooth, their composite ðy2; . . .; ymÞ 7! ðf2 
 ðF�1ÞÞðc; y2; . . .; ymÞ is smooth. Simi-
larly, ðy2; . . .; ymÞ 7! ðf3 
 ðF�1ÞÞðc; y2; . . .; ymÞ is smooth. It follows that fc : fðy2;
. . .; ymÞ : ðc; y2; . . .; ymÞ 2 FðUaÞg ! R

2 is smooth.
For every u � ðu2; . . .; umÞ satisfying ðc; u2; . . .; umÞ 2 FðUaÞ; ðD1ðfcÞ1Þðu2; . . .;

umÞ ¼ ðD2ðf2 
 ðF�1ÞÞÞðc; u2; . . .; umÞ; ðD2ðfcÞ1Þðu2; . . .; umÞ ¼ ðD3ðf2 
 ðF�1ÞÞÞðc;
u2; . . .; umÞ; etc., and hence,

fcð Þ0 uð Þ ¼ fcð Þ0 u2; . . .; um� � ¼ D1 fcð Þ1
� �

uð Þ
D1 fcð Þ2
� �

uð Þ
D2 fcð Þ1
� �

uð Þ
D2 fcð Þ2
� �

uð Þ
. .
. Dk�1 fcð Þ1
� �

uð Þ
Dk�1 fcð Þ2
� �

uð Þ

" #

¼ D2 f2 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ
D2 f3 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

D3 f2 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ
D3 f3 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

�
. .
. Dk f2 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

Dk f3 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

�
:

Clearly, every point of fðy2; . . .; ymÞ : ðc; y2; . . .; ymÞ 2 FðC \ UaÞg is a critical
point of fc. (Reason: Take any u � ðu2; . . .; umÞ 2 fðy2; . . .; ymÞ : ð0; y2; . . .; ymÞ
2 FððC1 � C2Þ \UaÞg. It follows that ð0; y2; . . .; ymÞ 2 FððC � C1Þ \ UaÞ �
FðUaÞ; and

rank fcð Þ0 uð Þ� �
¼ rank

D2 f2 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ
D2 f3 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

D3 f2 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ
D3 f3 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

�
. .
. Dk f2 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

Dk f3 
 F�1ð Þð Þð Þ c; u2; . . .; umð Þ

�
\2:Þ

Now, by induction hypothesis, l2ðfcðfðy2; . . .; ymÞ : ðc; y2; . . .; ymÞ 2 FððC �C1Þ
\UaÞgÞÞ ¼ 0: Since ðVaÞ� � Ua;

0� l2 f2 
 F�1
� �� �

c; y2; . . .; ym
� �

; f3 
 F�1
� �� �

c; y2; . . .; ym
� �� ���

: c; y2; . . .; ym
� � 2 F C � C1ð Þ \ Vað Þ�ð Þ��

� l2 f2 
 F�1� �� �
c; y2; . . .; ym
� �

; f3 
 F�1� �� �
c; y2; . . .; ym
� �� ���

: c; y2; . . .; ym
� � 2 F C \ Uað Þ��

¼ l2 fc y2; . . .; ym
� �

: c; y2; . . .; ym
� � 2 F C � C1ð Þ \ Uað Þ� �� �� � ¼ 0;

and hence,
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l2 f2 
 F�1� �� �
c; y2; . . .; ym
� �

; f3 
 F�1� �� �
c; y2; . . .; ym
� �� ���

: c; y2; . . .; ym
� � 2 F C � C1ð Þ \ Vað Þ�ð Þ�� ¼ 0:

It suffices to show that

f2 x1; . . .; xm
� �

; f3 x1; . . .; xm
� �� �

: x1; . . .; xm
� � 2 C � C1ð Þ \ Vað Þ�;�

and f1 x1; . . .; xm
� � ¼ c

�
� f2 
 F�1

� �� �
c; y2; . . .; ym
� �

; f3 
 F�1
� �� �

c; y2; . . .; ym
� �� ��

: c; y2; . . .; ym
� � 2 F C � C1ð Þ \ Vað Þ�ð Þ�:

Let us take any ðf2ðx1; . . .; xmÞ; f3ðx1; . . .; xmÞÞ 2 LHS; where ðx1; . . .; xmÞ 2
ðC � C1Þ \ ðVaÞ�; and f1ðx1; . . .; xmÞ ¼ c: Now, since ðx1; . . .; xmÞ 2 ðC � C1Þ
\ðVaÞ�;

c; x2; . . .; xm
� � ¼ f1 x1; . . .; xm

� �
; x2; . . .; xm

� � ¼ F x1; . . .; xm
� �

2 F C � C1ð Þ \ Vað Þ�ð Þ;

and hence F�1ðc; x2; . . .; xmÞ ¼ ðx1; . . .; xmÞ: It follows that

f2 x1; . . .; xm
� �

; f3 x1; . . .; xm
� �� �

¼ f2 F�1 c; x2; . . .; xm
� �� �

; f3 F�1 c; x2; . . .; xm
� �� �� �

¼ f2 
 F�1� �� �
c; x2; . . .; xm
� �

; f3 
 F�1� �� �
c; x2; . . .; xm
� �� � 2 RHS:

Hence, LHS � RHS:
Thus, we have shown that for every a 2 ðC � C1Þ; there exists an open

neighborhood Va 2 B of a such that l3ðf ððC � C1Þ \ ðVaÞ�ÞÞ ¼ 0; and a 2 Va �
ðVaÞ� � G: Here,

SfðC � C1Þ \ ðVaÞ� : a 2 ðC � C1Þg ¼ ðC � C1Þ; so f ððC
�C1ÞÞ ¼ f ðSfðC � C1Þ \ ðVaÞ� : a 2 ðC � C1ÞgÞ ¼

Sff ððC �C1Þ \ ðVaÞ�Þ :
a 2 ðC � C1Þg: Since each Va 2 B; and B is a countable collection, ff ððC � C1Þ
\ðVaÞ�Þ : a 2 ðC � C1Þg is a countable collection, and hence,

l3 f C � C1ð Þð Þ ¼ l3
[

f C � C1ð Þ \ Vað Þ�ð Þ : a 2 C � C1ð Þf g
� �

�
X

countable

l3 f C � C1ð Þ \ Vað Þ�ð Þð Þ ¼
X

countable

0 ¼ 0:

Thus, l3ðf ðC � C1ÞÞ ¼ 0: h
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6.4 Sard’s Theorem on Manifolds

Theorem 6.27 Let m; n be positive integers such that m\n: Let M be an
m-dimensional smooth manifold, and N be an n-dimensional smooth manifold. Let
f : M ! N be a smooth mapping. Then, f ðMÞ has measure zero in N:

Proof For simplicity, let n ¼ mþ 1: Let us define a mapping F : M � R ! N
as follows: For every p 2 M; and t 2 R; Fðp; tÞ � f ðpÞ: Clearly, F is smooth.
(Reason: We know that the mapping ðp; tÞ 7! p from product manifold M � R to M
is smooth. Since ðp; tÞ 7! p from M � R to M is smooth, and f : M ! N is smooth,
their composite ðp; tÞ 7! f ðpÞð¼ Fðp; tÞÞ from M � R to N is smooth, and hence, F
is smooth).

Observe that fðp; 0Þ : p 2 Mgð� M � RÞ is of measure zero inM � R: (Reason:
Let ðU � R; ðu� IdRÞÞ be an admissible coordinate chart of the product manifold
M � R; where ðU;uÞ is an admissible coordinate chart of M; and ðR; IdRÞ is an
admissible coordinate chart of R: We know that M � R is an ðmþ 1Þ-dimensional
smooth manifold. We have to show that lmþ1ððu� IdRÞðfðp; 0Þ : p 2 Mg \
ðU � RÞÞÞ ¼ 0; where lmþ1 denotes the ðmþ 1Þ-dimensional Lebesgue measure
over Rmþ1: Here,

lmþ1 u� IdRð Þ p; 0ð Þ : p 2 Mf g \ U � Rð Þð Þð Þ
¼ lmþ1 u� IdRð Þ p; 0ð Þ : p 2 Uf gð Þð Þlmþ1 u pð Þ � IdR 0ð Þð Þ : p 2 Uð Þ
¼ lmþ1 u pð Þ; 0ð Þ : p 2 Uð Þ� lmþ1 R

m � 0f gð Þ ¼ 0Þ:

Since F : M � R ! N is smooth, and fðp; 0Þ : p 2 Mgð� M � RÞ is of measure
zero in M � R, by Lemma 6.16, Fðfðp; 0Þ : p 2 MgÞð¼ fFðp; 0Þ : p 2 Mg ¼
ff ðpÞ : p 2 Mg ¼ f ðMÞÞ has measure zero in N; and hence, f ðMÞ has measure zero
in N: h

Theorem 6.28 Let M be an m-dimensional smooth manifold, and N be an n-
dimensional smooth manifold. Let f : M ! N be a smooth mapping. Let C be the
collection of all critical points of f . Then, f ðCÞ has measure zero in N.

Proof Let us take any admissible coordinate chart ðV ;wÞ for N: We have to show
that

ln w f Cð Þð Þ \ Vð Þð Þ ¼ 0;

where ln denotes the n-dimensional Lebesgue measure over Rn: Since M is an m-
dimensional smooth manifold, by Lemma 4.49, there exists a countable collection
fðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; . . .g of admissible coordinate charts of M such that
fU1;U2;U3; . . .g is a basis of M: Here, C � M ¼ U1 [ U2 [ U3 [ � � � ; so
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0� ln w f Cð Þð Þ \ Vð Þð Þ
¼ ln w f C \ U1ð Þ [ C \ U2ð Þ [ C \ U3ð Þ [ � � �ð Þð Þ \ Vð Þð Þ
¼ ln w f C \ U1ð Þð Þ [ f C \ U2ð Þð Þ [ f C \ U3ð Þð Þ [ � � �ð Þ \ Vð Þð Þ
¼ ln w f C \ U1ð Þð Þ \ Vð Þ [ f C \ U2ð Þð Þ \ Vð Þ [ f C \ U3ð Þð Þ \ Vð Þ [ � � �ð Þð Þ
¼ ln w f C \ U1ð Þð Þ \ Vð Þ [ w f C \ U2ð Þð Þ \ Vð Þ [ w f C \ U3ð Þð Þ \ Vð Þ [ � � �ð Þ
� ln w f C \ U1ð Þð Þ \ Vð Þð Þ þ ln w f C \ U2ð Þð Þ \ Vð Þð Þ

þ ln w f C \ U3ð Þð Þ \ Vð Þð Þ þ � � � :

Since

0� ln w f Cð Þð Þ \ Vð Þð Þ
� ln w f C \ U1ð Þð Þ \ Vð Þð Þ

þ ln w f C \ U2ð Þð Þ \ Vð Þð Þ
þ ln w f C \ U3ð Þð Þ \ Vð Þð Þ þ � � � ;

it suffices to show that for each k ¼ 1; 2; . . .;

ln w f C \ Ukð Þð Þ \ Vð Þð Þ ¼ 0:

Let us try to show that

ln w f C \ U1ð Þð Þ \ Vð Þð Þ ¼ 0:

Since u1 is a diffeomorphism from open set U1 onto open set u1ðU1Þ; and w is a
diffeomorphism from open set V onto the open set wðVÞ; the collection of all critical
points of f in U1 is equal to ðu1Þ�1ðthe collection of all critical points of ðw 
 f 

ðu1Þ�1Þin u1ðU1ÞÞ. Since f : M ! N is a smoothmapping,w 
 f 
 ðu1Þ�1 is smooth.
Since w 
 f 
 ðu1Þ�1 is smooth, by Lemma 6.26, 0 ¼ lnððw 
 f 
 ðu1Þ�1Þ ðthe
collection of all critical points of ðw 
 f 
 ðu1Þ�1Þ in u1ðU1ÞÞÞ ¼ lnððw 
 f Þ
ððu1Þ�1 ðthe collection of all critical points of ðw 
 f 
 ðu1Þ�1Þin u1ðU1ÞÞÞÞ ¼ ln
ððw 
 f Þðcollection of all critical points of f in U1ÞÞ ¼ lnðwðf ðcollection of all
critical points of f in U1ÞÞÞ ¼ lnðwððf ðC \ U1ÞÞ \ VÞÞ: Thus, lnðwððf ðC\ U1ÞÞ \
VÞÞ ¼ 0: Similarly,

ln w f C \ U2ð Þð Þ \ Vð Þð Þ ¼ 0; ln w f C \ U3ð Þð Þ \ Vð Þð Þ ¼ 0; etc.
h

Theorem 6.28 is known as Sard’s theorem.
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Chapter 7
Whitney Embedding Theorem

This is the smallest chapter of this book, because it contains only two theorems
which are due to Whitney. These theorems have three serious reasons to study.
Firstly, in its proof the celebrated Sard’s theorem got an application. Secondly, the
statement of Whitney embedding theorem was contrary to the common belief that a
smooth manifold may not have any ambient space. Thirdly, in its proof, Whitney
used almost all tools of smooth manifolds developed at that time. Fortunately, in
this chapter we have all the prerequisite for its proof in the special case of compact
smooth manifolds. For the general case, which is more difficult, one can find its
proof somewhere else.

7.1 Compact Whitney Embedding in R
N

Lemma 7.1 Let M be an m-dimensional smooth manifold. Let M be compact.
Then, there exists a positive integer N such that M is embedded in the Euclidean
space R

N :

Proof Since M is an open cover of M, by Lemma 4.52, there exists a countable
collection ðU1;u1Þ; ðU2;u2Þ; ðU3;u3Þ; . . . of admissible coordinate charts of
M such that

1. U1;U2;U3; . . . covers M,
2. U1;U2;U3; . . . is locally finite,
3. Each unðUnÞ is equal to the open ball B3(0),
4. u�1

1 ðB1ð0ÞÞ;u�1
2 ðB1ð0ÞÞ;u�1

3 ðB1ð0ÞÞ; . . . is an open cover of M.

Since u�1
1 ðB1ð0ÞÞ;u�1

2 ðB1ð0ÞÞ;u�1
3 ðB1ð0ÞÞ; . . . is an open cover of M, and M is

compact, there exists a positive integer k such that u�1
1 ðB1ð0ÞÞ; . . .;u�1

k ðB1ð0ÞÞ is
an open cover of M. For every i ¼ 1; . . .; k; u�1

i is continuous, and B1½0� is com-
pact, so u�1

i ðB1½0�Þ is compact. u�1
i ðB1½0�Þ is compact in M, and M is Hausdorff, so

u�1
i ðB1½0�Þ is a closed subset of M. Since u�1

i ðB1½0�Þ is a closed subset of M,
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u�1
i ðB2ð0ÞÞ is an open subset of M, and u�1

i ðB1½0�Þ � u�1
i ðB2ð0ÞÞ, by Lemma

4.58, there exists a smooth function wi : M ! ½0; 1� such that

a. for every x in u�1
i ðB1½0�Þ;wiðxÞ ¼ 1;

b. supp wi � u�1
i ðB2ð0ÞÞ:

Here, u1 : U1 ! u1ðU1Þð� R
mÞ; so let u1 � ðu11; . . .;u1mÞ; where each u1i :

U1 ! R: Similarly, let u2 � ðu21; . . .;u2mÞ; where each u2i : U2 ! R; etc.
Take any p 2 U1 \ ðu�1

1 ðB2½0�ÞÞc: Clearly, w1ðpÞu11ðpÞ ¼ 0: (Reason: Since
supp w1 is contained in u�1

1 ðB2ð0ÞÞ; w1ðxÞ ¼ 0 for every x 62 u�1
1 ðB2ð0ÞÞ: Since

p 2 U1 \ ðu�1
1 ðB2½0�ÞÞc ¼ U1 � ðu�1

1 ðB2½0�ÞÞ � U1 � ðu�1
1 ðB2ð0ÞÞÞ; w1ðpÞ ¼ 0;

and hence, w1ðpÞu11ðpÞ ¼ 0 � u11ðpÞ ¼ 0: This shows that the following definition
of function is well-defined.

Let us define a function û11 : M ! R as follows: for every p 2 M;

û11 pð Þ � w1 pð Þu11 pð Þ if p 2 U1

0 if p 2 u�1
1 B2 0½ �ð Þ� �c

:

�
Now we want to show that û11 : M ! R is a smooth function. Since ðU1;u1Þ is

an admissible coordinate chart of M; u1 : U1 ! u1ðU1Þ is a diffeomorphism, and
hence, u1 : U1 ! u1ðU1Þ is smooth. Since ðu11; . . .;u1mÞ � u1 : U1 !
u1ðU1Þð� R

mÞ is smooth, u11 : U1 ! R is smooth. Since u11 : U1 ! R is smooth,
w1 : M ! ½0; 1� is smooth, and U1 is an open subset of M, their product
p 7!w1ðpÞu11ðpÞ is smooth over open set U1: Also the constant function p 7! 0 is
smooth over the open set ðu�1

1 ðB2½0�ÞÞc: Now since û11 is well-defined, û11 :
M ! R is smooth. Since the function û11 : M ! R is well-defined, for every
p 2 M;

û11 pð Þ � w1 pð Þu11 pð Þ if p 2 u�1
1 B2 0½ �ð Þ

0 if p 2 u�1
1 B2 0½ �ð Þ� �c

:

�
Similarly, the function û12 : M ! R defined as follows: for every p 2 M;

û12 pð Þ � w1 pð Þu12 pð Þ if p 2 u�1
1 B2 0½ �ð Þ

0 if p 2 u�1
1 B2 0½ �ð Þ� �c�

is smooth, etc. Further the function û21 : M ! R is defined as follows: for every
p 2 M;

û21 pð Þ � w2 pð Þu21 pð Þ if p 2 u�1
2 B2 0½ �ð Þ

0 if p 2 u�1
2 B2 0½ �ð Þ� �c�

is smooth. Similarly, the function û22 : M ! R is defined as follows: for every
p 2 M;
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û22 pð Þ � w2 pð Þu22 pð Þ if p 2 u�1
2 B2 0½ �ð Þ

0 if p 2 u�1
2 B2 0½ �ð Þ� �c�

is smooth, etc. Now let us define a function

F:M ! R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
m

 !
� � � � � R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

m

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

k

0BBBB@
1CCCCA

� R� � � � � R|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
k

0@ 1A ¼ R
k mþ1ð Þ

� �

as follows: for every p 2 M;

F pð Þ � û11 pð Þ; . . .; û1m pð Þð Þ; . . .; ûk1 pð Þ; . . .; ûkm pð Þð Þ; w1 pð Þ; . . .;wk pð Þð Þð Þ:

Since each component function of F is smooth, F : M ! R
N is smooth, where

N � kðmþ 1Þ: We shall try to show that

1. F : M ! R
N is 1–1,

2. F : M ! R
N is a smooth immersion, that is, for every p 2 M; the linear map

dFp : TpM ! TFðpÞRNð¼ R
NÞ is 1–1.

For 1: Let FðpÞ ¼ FðqÞ; where p; q 2 M: We have to show that p ¼ q: Here,
ððû11ðpÞ; . . .; û1mðpÞÞ; . . .; ðûk1ðpÞ; . . .; ûkmðpÞÞ; ðw1ðpÞ; . . .;wkðpÞÞÞ ¼ FðpÞ ¼
FðqÞ ¼ ððû11ðqÞ; . . .; û1mðqÞÞ; . . .; ðûk1ðqÞ; . . .; ûkmðqÞÞ; ðw1ðqÞ; . . .;wkðqÞÞÞ;
so ðw1ðpÞ; . . .;wkðpÞÞ ¼ ðw1ðqÞ; . . .;wkðqÞÞ; and for each i ¼ 1; . . .; k;
ðûi1ðpÞ; . . .; ûimðpÞÞ ¼ ðûi1ðqÞ; . . .; ûimðqÞÞ: Since p 2 M ¼ u�1

1 ðB1ð0ÞÞ
[ � � � [u�1

k ðB1ð0ÞÞ; there exists a positive integer l such that 1� l� k; and
p 2 u�1

l ðB1ð0ÞÞ; and hence, wlðpÞ ¼ 1: Since 1� l� k; and
ðw1ðpÞ; . . .;wkðpÞÞ ¼ ðw1ðqÞ; . . .;wkðqÞÞ; 1 ¼ wlðpÞ ¼ wlðqÞ: Since wlðpÞ ¼
wlðqÞ; and wlðpÞ ¼ 1; wlðqÞ ¼ 1: Since wlðpÞ 6¼ 0; and supp wl is contained in
u�1
l ðB2ð0ÞÞ; p 2 u�1

l ðB2ð0ÞÞð� u�1
l ðB2½0�ÞÞ; and hence, p 2 u�1

l ðB2½0�Þ: Since
p 2 u�1

l ðB2½0�Þ; ûl1ðpÞ ¼ wlðpÞul1ðpÞ ¼ 1ul1ðpÞ ¼ ul1ðpÞ; . . .; ûlmðpÞ ¼ wlðpÞulmðpÞ
¼ 1ulmðpÞ ¼ ulmðpÞ: Similarly, ûl1ðqÞ ¼ ul1ðqÞ; . . .; ûlmðqÞ ¼ ulmðqÞ: Since
ulðpÞ ¼ ðul1ðpÞ; . . .;ulmðpÞÞ ¼ ðûl1ðpÞ; . . .; ûlmðpÞÞ ¼ ðûl1ðqÞ; . . .; ûlmðqÞÞ ¼
ðul1ðqÞ; . . .;ulmðqÞÞ ¼ ulðqÞ; ulðpÞ ¼ ulðqÞ: Since ulðpÞ ¼ ulðqÞ; and ul is
1–1, p ¼ q:
For 2: Let us take any p 2 M: We have to show that the linear map dFp :

TpM ! R
N is 1–1. For this purpose, let ðdFpÞðvÞ ¼ 0; where v 2 TpM:We have

to show that v ¼ 0:

7.1 Compact Whitney Embedding in R
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Since p 2 M ¼ u�1
1 ðB1ð0ÞÞ [ � � � [u�1

k ðB1ð0ÞÞ; there exists a positive integer l
such that 1� l� k; and p 2 u�1

l ðB1ð0ÞÞ: It follows that for every x 2
u�1
l ðB1ð0ÞÞð� u�1

l ðB2½0�ÞÞ; we have wlðxÞ ¼ 1; and ðûl1ðxÞ; . . .; ûlmðxÞÞ ¼
ðwlðxÞul1ðxÞ; . . .;wlðxÞulmðxÞÞ ¼ ð1ul1ðxÞ; . . .; 1ulmðxÞÞ ¼ ulðxÞ: For simplicity,
let l ¼ 1: Thus, for every x 2 u�1

1 ðB1ð0ÞÞ; we have ðû11ðxÞ; . . .; û1mðxÞÞ ¼ u1ðxÞ:
Here, 0 ¼ ðdFpÞðvÞ ¼ ððdðû1ÞpÞðvÞ; . . .; ðdðûkÞpÞðvÞ; ðdðw1ÞpÞðvÞ; . . .; ðdðwkÞpÞðvÞÞ ¼
ððdðu1ÞpÞðvÞ; . . .; ðdðûkÞpÞðvÞ; ðdðw1ÞpÞðvÞ; . . .; ðdðwkÞpÞðvÞÞ; so ðdðu1ÞpÞðvÞ ¼ 0:
Since u1 is a diffeomorphism, dðu1Þp is an isomorphism. Since dðu1Þpis an iso-
morphism, and ðdðu1ÞpÞðvÞ ¼ 0; v ¼ 0:

Since F : M ! R
N is 1–1, F : M ! R

N is a smooth immersion, and M is
compact, by Note 5.72, F : M ! R

N is a smooth embedding. h

Note 7.2 The above Lemma 7.1 is known as the compact Whitney embedding in
R

N :

7.2 Compact Whitney Embedding in R
2mþ1

Lemma 7.3 Let M be an m-dimensional smooth manifold. Let M be compact.
Then, there exists an embedding F : M ! R

2mþ1:

Proof By Lemma 7.1, there exists a positive integer N such that M is embedded in
the Euclidean space R

N : Since M is embedded in the Euclidean space R
N ; there

exists a smooth embedding f : M ! R
N : h

Case I when N\2mþ 1. Let us not distinguish between ðx1; . . .; xNÞð2 R
NÞ

and

x1; . . .; xN|fflfflfflfflffl{zfflfflfflfflffl}
N

; 0; . . .; 0|fflfflffl{zfflfflffl}
2mþ1ð Þ�N

0B@
1CA 2 R

2mþ1� �
:

Thus, RN � R
2mþ1; RN is an N-slice of R2mþ1; and R

N satisfies local N-slice
condition. It follows, by Note 5.97, that RN is an N-dimensional embedded sub-
manifold of R2mþ1; and hence, there exists a smooth embedding g : RN ! R

2mþ1:

Since f : M ! R
N is a smooth embedding, and g : RN ! R

2mþ1 is a smooth
embedding, their composite map g 	 f : M ! R

2mþ1 is a smooth embedding.

Case II when 2mþ 1\N. Since M is an m-dimensional smooth manifold, and R
is a 1-dimensional smooth manifold, the product M �M � R is a
ð2mþ 1Þ-dimensional smooth manifold. Let us define a mapping a :

M �M � R ! R
N as follows: for every p; q 2 M; and t 2 R,
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a p; q; tð Þ � t f pð Þ � f qð Þð Þ:

Clearly, a is smooth. (Reason: Since ðp; q; tÞ 7! p is smooth, and f : M ! R
N is

smooth, their composite ðp; q; tÞ 7! f ðpÞ is smooth. Similarly, ðp; q; tÞ 7! f ðqÞ is
smooth. Since ðp; q; tÞ 7! f ðpÞ is smooth, and ðp; q; tÞ 7! f ðqÞ is smooth,
ðp; q; tÞ 7! ðf ðpÞ; f ðqÞÞ from M �M � R to R

N � R
N is smooth. Since

ðp; q; tÞ 7! ðf ðpÞ; f ðqÞÞ fromM �M � R toRN � R
N is smooth, and ðx; yÞ 7! ðx� yÞ

from R
N � R

N to RN is smooth, their composite ðp; q; tÞ 7! ðf ðpÞ � f ðqÞÞ fromM �
M � R to R

N is smooth. Since ðp; q; tÞ 7! t from M �M � R to R is smooth, and
ðp; q; tÞ 7! ðf ðpÞ � f ðqÞÞ from M �M � R to R

N is smooth, ðp; q; tÞ 7!
ðt; ðf ðpÞ � f ðqÞÞÞ from M �M � R to R� R

N is smooth. Since ðp; q; tÞ 7!
ðt; ðf ðpÞ � f ðqÞÞÞ from M �M � R to R� R

N is smooth, and ðt; xÞ 7! tx from R�
R

N to R
N is smooth, their composite ðp; q; tÞ 7! tðf ðpÞ � f ðqÞÞ ð¼ aðp; q; tÞÞ from

M �M � R to R
N is smooth, and hence, a : M �M � R ! R

N is smooth.)
Since a : M �M � R ! R

N is smooth, and dimðM �M � RÞ ¼ 2mþ 1\N ¼
dimðRNÞ, by Theorem 6.27, lNðaðM �M � RÞÞ ¼ 0; where lN denotes the N-
dimensional Lebesgue measure over RN :

Let us define a mapping b : TM ! R
N as follows: for every ðp; vÞ 2

TMð¼‘r2M TrMÞ; where p 2 M; and v 2 TpM;

bðp; vÞ ¼ ðdfpÞðvÞ:

Recall that TM, the tangent bundle of M, is a 2m-dimensional smooth manifold.
Clearly, a is smooth. (Reason: Since f : M ! R

N is smooth, by Theorem 5.24,
ðp; vÞ 7! ðf ðpÞ; ðdfpÞðvÞÞ from TM to TRNð¼ ‘r2RN ðTrRNÞ ¼‘r2RN R

N ¼
fðr; xÞ : r 2 R

N and x 2 R
Ng ¼ R

N � R
NÞ is smooth. Since ðp; vÞ 7! ðf ðpÞ;

ðdfpÞðvÞÞ from TM to R
N � R

N is smooth, and ðx; yÞ 7! y from R
N � R

N to R
N is

smooth, their composite ðp; vÞ 7! ðdfpÞðvÞð¼ bðp; vÞÞ from TM to RN is smooth, and
hence, b : TM ! R

N is smooth.) Since b : TM ! R
N is smooth, and

dimðTMÞ ¼ 2m\2mþ 1\N ¼ dimðRNÞ, by Theorem 6.27, lNðbðTMÞÞ ¼ 0: Since
aðM �M � RÞ � R

N ; bðTMÞ � R
N ; lNðaðM �M � RÞÞ ¼ 0; and lNðbðTMÞÞ ¼ 0;

0� lN a M �M � Rð Þð Þ [ b TMð Þð Þð Þ� lN a M �M � Rð Þð Þ þ lN b TMð Þð Þ
¼ 0þ 0 ¼ 0;

and hence, lNððaðM �M � RÞÞ [ ðbðTMÞÞÞ ¼ 0: This shows that R
N �

ððaðM �M � RÞÞ [ ðbðTMÞÞÞ is nonempty, and hence, there exists a 2 R
N such

that a 62 aðM �M � RÞ; a 62 bðTMÞ; and jaj 6¼ 0:
Let Haðf� v : v 2 R

N ; v � a ¼ 0gÞ denotes the orthogonal complement of a. We
know that Ha is a “hyperplane” of RN ; so we shall not distinguish between Ha and
R

N�1: Let us define a function Pa : R
N ! R

N�1 as follows: for every v 2 R
N ;
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Pa vð Þ � v� v � að Þ
aj j2 a

 !

is the orthogonal projection of v on the hyperplane Ha: Clearly, Pa : R
N ! R

N�1 is
linear, and smooth, and therefore, dðPaÞv ¼ Pa for every v in R

N : Since f : M ! R
N

is smooth, and Pa : R
N ! R

N�1 is smooth, their composite ðPa 	 f Þ : M ! R
N�1 is

smooth. Now we shall try to show that

1. ðPa 	 f Þ : M ! R
N�1 is 1–1,

2. ðPa 	 f Þ : M ! R
N�1 is an immersion, that is, for every p 2 M; the linear map

dðPa 	 f Þp : TpM ! TðPa	f ÞðpÞðRN�1Þð¼ R
N�1Þ is 1–1, that is, for every p 2 M;

ðdðPa 	 f ÞpÞðwÞ ¼ 0 implies w ¼ 0:

For 1: Let ðPa 	 f ÞðpÞ ¼ ðPa 	 f ÞðqÞ; where p; q 2 M: We have to show that
p ¼ q: We claim that p ¼ q: If not, otherwise, let p 6¼ q: We have to arrive at a
contradiction. Since p 6¼ q; and f : M ! R

N is a smooth embedding (and hence,
f is 1–1), f ðpÞ 6¼ f ðqÞ: Since Paðf ðpÞÞ ¼ ðPa 	 f ÞðpÞ ¼ ðPa 	 f ÞðqÞ ¼ Paðf ðqÞÞ;
and Pa : R

N ! R
N�1 is linear,

f pð Þ � f qð Þð Þ � f pð Þ � f qð Þð Þ � a
aj j2 a ¼ Pa f pð Þ � f qð Þð Þ ¼ 0:

Since

f pð Þ � f qð Þð Þ � f pð Þ � f qð Þð Þ � a
aj j2 a ¼ 0;

and f ðpÞ 6¼ f ðqÞ; ðf ðpÞ � f ðqÞÞ � a 6¼ 0; and hence,

a ¼ aj j2
f pð Þ � f qð Þð Þ � a f pð Þ � f qð Þð Þ ¼ a p; q;

aj j2
f pð Þ � f qð Þð Þ � a

 !
2 a M �M � Rð Þ:

Thus, a 2 aðM �M � RÞ; which is a contradiction. So our claim is true, that is,
p ¼ q: Thus, ðPa 	 f Þ : M ! R

N�1 is 1–1.
For 2: Let us take any p 2 M: Let ðdðPa 	 f ÞpÞðwÞ ¼ 0 where w 2 TpM: We
have to show that w ¼ 0: If not, otherwise, let w 6¼ 0: We have to arrive at a
contradiction. Since f : M ! R

N is a smooth embedding (and hence, f : M !
R

N is an immersion), and p 2 M; the linear map dfp : TpM ! Tf ðpÞðRNÞð¼ R
NÞ

is 1–1. Since the linear map dfp : TpM ! R
N is 1–1, and 0 6¼ w 2 TpM;

ðdfpÞðwÞ 6¼ 0: Here,
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dfp
� �

wð Þ � dfp
� �

wð Þ� � � a
aj j2 a ¼ Pa dfp

� �
wð Þ� � ¼ Pa 	 dfp

� �� �
wð Þ

¼ d Pað ÞF pð Þ
� �

	 dfp
� �� �

wð Þ

¼ d Pa 	 fð Þp
� �

wð Þ ¼ 0; so dfp
� �

wð Þ

¼ dfp
� �

wð Þ� � � a
aj j2 a:

Since

dfp
� �

wð Þ ¼ dfp
� �

wð Þ� � � a
aj j2 a;

and ðdfpÞðwÞ 6¼ 0; ððdfpÞðwÞÞ � a 6¼ 0; and hence,

a ¼ aj j2
dfp
� �

wð Þ� � � a dfp
� �

wð Þ� � ¼ dfp
� � aj j2

dfp
� �

wð Þ� � � aw
 !

¼ b p;
aj j2

dfp
� �

wð Þ� � � aw
 !

2 b TMð Þ:

Thus, a 2 bðTMÞ; which is a contradiction. Hence, w ¼ 0:
Since ðPa 	 f Þ : M ! R

N�1 is 1–1, ðPa 	 f Þ : M ! R
N�1 is an immersion, and

M is compact, by Note 5.72, ðPa 	 f Þ : M ! R
N�1 is a smooth embedding.

Continuing this construction repeatedly for finite number of times, we get a map
F : M ! R

2mþ1; which is an embedding.

Note 7.4 The Lemma 7.3 is known as the compact Whitney embedding in R
2mþ1:

h
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