Chapter 1

Measures of dependence in

bivariate distributions families

1.1 Measures of dependence

In this section we explore ways in which copulas can be used in the study of
dependence or association between random variables.Jogdeo(1982): Dependence
relations between random variables is one of the most widely studied subjects in
probability and statistics. The nature of the dependence can take a variety of
forms and unless some specific assumptions are made about the dependence, no

meaningful statistical model can be contemplated.

1.1.1 Kendall’s tau

The sample version of the measure of association known as Kendall’s tau is de-
fined in terms of concordance as follows (Kruskal 1958; Hollander and Wolfe
1973; Lehmann 1975): Let (X;,Y7) and (X2, Y2) be independent and identically
distributed random vectors each with joint distribution function H. Then the

population version of Kendall’s tau is defined as the probability of concordance
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minus the probability of discordance:
T = P[(Xl — XQ)(Yi — Yg) > 0] — P[(Xl — XQ)(Yl — }/2) < 0]

Theorem 1(Nelsen 2007).Let (X7,Y7) and (X2, Y2) be independent and identi-
cally distributed random vectors each with joint distribution function H; and Ho
respectively, with common margins F' (of X; and X3) and G (of Y7 and Y3). Let
(1 and (5 denoted the difference between the probabilities of concordance and

discordance of (X1,Y7) and (X3,Y3), i.e. let
Q= P[(Xl — Xg)(Yi — YQ) > 0] - P[(Xl — XQ)(Yl - }/2) < 0]

Then -
Q =Q(C1,Cs) =4/0 /0 Colw, v)dC (1, 0) — 1.

Corollary 1 Under the assumption of the Theorem
i- Q(C1,C2) = Q(C2,Ch).

ii-@) is non decreasing in each argument:
C1 <1Cy, Cy <1Cy = Q(C1,C2) < Q(1C,1Cy).
iii- Copulas can be replaced by survival copulas in @
Q(C1, Ca) = Q(C4, ()
Theorem 2(Nelsen 2007).Let (X,Y) be Joint df F' with copula C' then
T=Q(C,C) = 4/01 /01 C(u,v)dC(u,v) — 1 =4E(C(U,V)) — 1.

Example Let II, M and W are multiple , And Frechet’s bounds respectively
Then

QM, M) =1,Q(M,1I) = 1/3,Q(M, W) = 0Q(W,1I) = —1/3,Q(W, W) = —1, Q(IL II) = 0

Theorem 3(Nelsen 2007).Let (X,Y") be Joint df F' with Archimedean copula C,,

a L o(t)
Tl+4/0 Wdt.

generated by ¢, then



Theorem 4(Li et.al.2002). Let C; and Cy be copulas. Then

/ Cu,v)dCs(u,v) = - —// —Cl (u,v) Cg(u v)dudv.
I2 [2

Remark The form of 7 given in Theorem 2 is often not amenable to compu-
tation, especially when C' is singular or if C' has both an absolutely continuous
and a singular component. For many such copulas, the expression the following

for which is a consequence of Theorem 4 is more tractable.

0 0
Tc=1-— 4/ . %C(u, U)%C’(u,v)dudv.

Example Let C, 3 be a member of the Marshall-Olkin family of copulas for
0<a,pB<l.

Then
af
Tag = —————

In the next Theorem, we relate Likelihood ration dependence to Kendall 7, in
the following theorem we see that Kendall’s 7 can be interpreted as a measure of

average likelihood ration dependence. :

Theorem 5 Let X and Y be random variable with copula density function

¢, then

=2 /0 1 /0 1 /0 ) /0 t[c(uw)c(t,s) — e(u, s)c(t, v)|dudvdtds

Corollary 2 Under the assumption of the Theorem 5,
PLRD(X,Y)= 7¢ > 0 and NLRD(X)Y) = 7 <0.

1.1.2 Spearman’s rho

As with Kendall’s tau, the population version of the measure of association
known as Spearman’s rho is based on cocordance and discordance. To obtain
the population version of this measure (Kruskal 1958; Lehmann 1966), we now

let (X1,Y7),(Xo,Ys) and (X3,Y3) be three independent random vectors with a



common joint df H (whose margins are given F' and G) and copula C'. Spearman’s

rho is defined as following:
XY = 3(P[(X1 — XQ)(}/l — Yg) > 0] — P[(Xl — XQ)(Yl — YE))) < O])

Theorem 1(Nelsen,2007) Let X and Y be continuous random variables whose
copula is C'. Then the population version of Spearman’s rho for X and Y is given

by
pr—pc—BQ(C’H—12// udeuv)—3—12/ C(u,v)dudv — 3.
Remark 1 Since support of M is the diagonal v = u in I?, then

//] g(u, v)dM (u,v) = /Olg(u,u)du

where g is an integrable function whose domain is I2. Similarly, since the support

of W is the secondary diagonal v = 1 — u, hence

//12 g, v)dW (u, v) = /01 o1 — u)du,

So

QW) = —1/3,Q(W, W) = -1, Q(IL II) = 0,

and

Q(C,C) e [-1,1],Q(C, M) € [0,1],Q(C, W) € [-1,0],Q(C,1I) € [-1/3,1/3].

Corollary 1 Let X and Y be continuous random variables whose copula is C,

ps = 12//12 [C(u,v) — uv]dudv

Thus pg is a measure of average distance between the distribution of X and Y

then

and independence. In fact Spearman’s rho can be interpreted as a measure of

average quadrant dependence.



Definition 1 A numeric measure K of association between two continuous ran-
dom variables X and Y whose copula is C' is a measure of concordance if it
satisfies the following properties.

1- K is defined for every pair X,Y of continuous random variables;
2--1<K<1, Kxx=1Kx_x=-1, and Kxy = Ky x;

3- If X and Y are independent, then Kxy = K = 0;

4-K xy=Kx v =—-Kxy;

5- If C1 and Cy are copulas such that C7 < Cy, then K¢, < K¢y

7- If {(X,,Y,)} is a sequence of continuous random variables with copulas C,,
and if {C),} converges pointwise to C, then lim,_.. K¢, = K¢.

As a consequence of Definition we have the following theorem.

Theorem 2(Nelsen, 2007).Let K be a measure of concordance for continuous
random variables X and Y:

1-If Y is almost surely an increasing function of X, then Kxy = Ky = 1;

2-If Y is almost surely an decreasing function of X, then Kxy = Ky = —1;
3-If « and ( are almost surely strictly monotone functions on Ran(X) and
Ran(Y'), respectively, then K,(x)3v) = Kxy-

The next Theorem show that both Kendall’s tau and Spearman’s rho are mea-
sures of concordance according to the Definition.

Theorem 2(Nelsen, 2007) If X and Y are continuous random variables whose
copula is C, then the population versions of Kendall’s tau and Spearman’s rho
satisfy the properties in Definition and Theorem 2 for a measure of concordance.

Corollary 2If X and Y are continuous random variables whose copula is C,

- ey s CooUV)
psm//p dC(u,v) =3 SVar(0) Var(V)

then,

1.1.3 The relationship between p, and 7

Although both Kendall’s tau and Spearman’s rho measure the probability of
concordance between random variables with a given copula, the values of p and

7 are often quit different. In this section, we will determine just how different p



and 7 can be.The following Theorem due to Daniels (1950), for proof see Nelsen
(2007).

Theorem 1 Let X and Y be continuous random variables,then
-1 <31 —2ps < 1.

The next Theorem gives a second set of universal inequalities relating 7 and pg.
It is due to Durbin and Sauart (1951); Proof in Nelsen (2007).

Theorem 2 Let X and Y be continuous random variables,then

1+ ps >(1+T
2~ 2

)2

and

1—ps 1—7
> (—5—)°
2 2

The inequalities in the preceding two theorems combine to yield.

Corollary 1 under the assumptions of Theorems 1,2 we have,

_ .2
3T 1< <1+27’ T

T >0,

and

2 _
$Sp3§1+23¢7 r<0.

Theorem 3 Let X and Y be continuous random variables with joint distribution
function H, margins F' and G, respectively, and copula C.

1- If X and Y are PQD, then
7> Q(C,C) = Q(C,11) = Q(IL, II),

and

720, ps >0, and 37 > pg > 0.

2-If X and Y are NQD, then
T <Q(C,C) < Q(C,1I) < Q(IL II),

and

7<0, ps <0, and 37 < pg <0.



Theorem 4 Let X and Y be continuous random variables.
1-(Caperaa and Genest, 1993) If LT D(Y'|X) and RTI(Y|X) (or LT'D(X|Y’) and
RTI(X|Y)), then

1>ps>12>0.
2-( Fredricks and Nelsen,2007)If LTI(Y|X) and RTD(Y|X) (or LTI(X|Y) and
RTD(X|Y)), then

—1§p5§7’§0.

1.1.4 The Blomqvist medial coefficient

This coefficient, also known as quadrant test of Blomqvist, evaluates the de-
pendence at the center of a distribution. This measure, often called the medial

correlation coefficient, will be denoted (3, and given by

B =Bxy=P(X-2)(Y-7) >0 - P[(X-2)(Y —7)]

where T and § are medians of X and Y, respectively. But if X and Y are
continuous with joint df H and margins F’ and G respectively, and Copula C, then
F(z) = G(y) = 1/2 and we have 8 = 4H(z,9) — 1.But H(z,9) = C(1/2,1/2),
and thus

B=40(5,5) — 1

If X and Y are independent then in particular C' (%, %) %, then
11

B=4C(5,5)~1=0

in FGM family 0 = % + %.



1.1.5 Gini’s v coefficient

Let X and Y be continuous r.v.’s with joint distribution function H and margins

F and G and copula C. The Gini’s 7 coefficient, defined as the following;:

11
7022/ / (lu+v—1] —|u—v])dC(u,v).
0o Jo

The following Theorem show that v, like pg and 7, is a measure of association
based upon concordance.

Theorem 1(Nelsen,2007) Let X and Y be continuous random variables whose
copula is C. Then the population version of Gini’s measure of association for X

and Y is given by,
YX)Yy =YC = Q(Ca M) + Q(Cv W)

Corollary 1Under the assumptions of Theorem 1, we have another form for

Gini’s v is given by
1 1
Yo = 4{/ C(u,1 —u)du — / [u— C(u,u)|du}.
0 0

In FGM family we have . = ‘ll—g. Like Kendall’s tau and Spearman’s rho, both
~v and [ are also measures of concordance according Definition.The following
Theorem show that this. Theorem 2(Nelsen, 2007) If X and Y are continuous
random variables whose copula is C', then the population versions of Gini’s v and
Blomgqvist’s § satisfy the properties in Definition and Theorem 2 for a measure

of concordance.

1.1.6 Schweizer-Wolff’s index of dependence

An index closely related to Spearman’s p; is the index o xy introduced by Scweizer
and Wolff (1981). Instead of considering the difference C(u,v) — uv Definition pg

they use its absolute value to define:

11
oc = 12/ / |C(u,v) — uv|dudv.
0 JO



oxy is a measure of the volume between the surfaces C'(u,v) and wv. Since

fol fol |min{u, v} — uv|dudv = 75, we have the two equivalences:

oxy = 0< (X,Y)independent

oxy = 1 & Xisamonotone functionofY.

1.1.7 Mutual information, relative entropy and derivatives mea-

sures

If X is a random variable, with density fi(z), then the entropy or the measure

of uncertainty is defined by:

Ex = /fl(x) log(f1(z)dx.

If (X,Y) is a pair of random variables with the density f(z,y), and the marginal
densities fi(x) and fa(y), then the entropy for this pair is:

Exy = - / / £, y) log(f () ddy.

This entropy is maximum, when X and Y are independent. This definition can
be generalized with an n-vector (X1, X2,..., X,,) in place of (X,Y).The mutual
information of relative entropy is then defined as the following

- e loa( &Y
5X’Y_//f( Wl g(fl(x)fQ(y))d Ay

If the components of (X,Y) are independent, then dxy is zero and conversely
when the dependence is maximal, dx y approaches infinity. To normalize this

index, Joe(1989) defines:

5 = /(1 — exp(—26))

The index ¢* is confined to the interval [0,1], and in the case when the pair
(X,Y) is bivariate normal is equal to the absolute value of the linear correlation

coefficient |p|. In FGM family ¢ =7.
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1.1.8 The quadratic Mutual information measure

The matual information between two random variables can be measured either
by Renyi’s divergence measure or by Kullback-Leibler divergence between their
joint pdf and the factorized marginal pdfs. Unfortunately, non of them can be
integrated with the Parzen window method to produce a simple from for mu-
tual information estimation. Based on the Cauchy-Schwartz inequality Principe
and Xu (—-) proposed a new mutual information measure between two random

variables Y7 and Y5 called the Quadratic mutual information defined as:

(J S foyrs y2)dyady2) ([ [ £7 (1) £5 (y2) dyrdys)
(J [ fra(yr, y2) f1(y1) fa(y2)dy1dy2)?

where fi2(x,y) is the joint pdf and f;(z) are the marginal pdfs. All the quan-

C(Y1,Y2) =log

tities are non-negative and equal to zero if and only if Y7 and Ys are statistically

independent.

Let
flu,v) =w[l+60(1 —u)(1—v)], wvel01l], —-1<0<1.

then
2

0
c(U,V) =log(1+ 5) =0« 0=0< (U,V)isindependent.

1.1.9 Kochar and Gupta’s dependence measure

Let k be a fixed integer and consider di(x,y) = F*(z,y) — Ff(z).F¥(y),Vz,y € R
(according to notations of Kochar (1987)[3]).

Then it is obvious that for all k& > 1, if Hy : F(x,y) = Fi(z).F3(y) true then
dp(z,y) = 0, if Hy : F(z,y) < Fi(z).Fy(y) true then di(z,y) < 0, and if
Hy : F(z,y) > Fi(z).Fa(y) true then di(x,y) > 0, that means significants of
independence , NQD and PQD respectively. The following measure of deviation
between Hy and H; or (Hz) considered,

Dy = //R2 dy(z,y)dF (z,y) = D1, — Doy,
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where,

< < =
PLgss X = Xt g Y2 = Vi

= / - P[ll’g?é(kX < Xk_|_1, max Y; < Yk+1|Xk+1 =2,Y541

= //Rgp1r2?<XkX <z, lrgax Y <yl Xpq1 = 2, Vi1 = yldF

_ //RZ m{X<xY<y)}]dF(azy)

=1

= // F¥(z,y)dF (z,y) = Dy
RQ
and

Dy~ [ | F@R@ires) = [ [ Feprteaie. e

It is obvious that the equality of the right hand of Dy obtain via the following

//RzFl’“(x)sz(wdF(x,y) = //1%2{/:/;de(t)dFQk(s)}dF(x,y)

_ / /R o / h /t " AF (o, ) YAFE (2)dFE () (by  Fubind's theorem)

_ / /R Fla,y)dFf (y)dFf ().

Note that in here (X1,Y71), -+, (Xk+1, Yrs1) is a random sample of (X,Y") with
common joint distribution function F'(z,y). Now it follows that under Hy Dy =

Doy = (k%)g and under H; we get

Dy = [ [ Fepirey)
< [ ] A@rwiresy
= [ [ Pewirtmario

< //R2Fl F2de1()dF2() (k‘—|—1)

. So, if Hy true then Dy < Do <

Similarly under Ho, we get Dy > ZS)E

k+1) (k+1)

and if Hy true then Dy > Do > for all k£ > 1, respectively.

(k+1)
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Lemma Let (X,Y) be a random vector with FGM distribution function.Then
forall k >1

i)
k . .
Dy = > {0/(Bet(k+1,i+1))”+ 6" (Bet(k + 1,i + 1))*}
=0
k . .
— 4> {0 Bet(k +2,i+ 1)Bet(k + 1,0 + 1) + 46" (Bet(k + 2,i + 1))*}
=0
ii)

L, k%0
(k+1)2  (k+1)%2(k+2)?
Corollary Under the assumptions of above Lemma, for all £ > 1 we get
1 1 B
(k+1)2 (k+1)2

Dy, =

=0« D =

0< (X,Y) is independent.

1.1.10 Tail dependence coefficients

Let X and Y be the r.v.’s with distribution functions F' and G respectively.
Coles, et.al. (2000) have proposed two indices to measure tail dependence and a
diagnosis of such a dependence. The lower tail dependence coefficient is defined
as:

A= lim P[Y <G7'#t)|X < F7L(1)]

t—0t

and the upper tail dependence coeflicient is defined as:

Ay = lim P[Y > G7Ht)|X > F~H1)]

t—1—
If the above limits existed. In FGM family It can be checked that Ap, = Ay = 0.
means that the FGM families are independence in tails.

Theorem Let C(u,v) be the copula of X and Y. If the limit in above exist then

A7, = lim 70(%@)

t—0t U

and
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Corollary Let C, be an archimedean copula with generator ¢. Then

Az = lim %1:§432,
z—o0 p~1(z)

and

_12
=2 lim =¥ 20
)

1.1.11 Extremal tail dependence coefficients

(Frahm (2006)) Let ( X3, X2,..., X, ) be a random vector with joint distribution
function F'(x1,x9, ..., x,) and marginal distribution functions F1 , ..., F,, . More-
over, Finin = min {F1(X1), ..., F2(X,)} and Fiax = max {F1(X1), ..., Fa(X,)}.
The Lower extremal dependence coefficient (LEDC) of (X1, Xo, ..., X},) is defined
as BEf, = tl_i,%i P (Fnax < t|Fpin < t), whereas the upper extremal dependence
coefficient(UEDC)of(X1, Xa, ..., X, )is defined as E,, = tl_i)l’{l_ P (Finin > t|Finax > 1)

, provided the corresponding limits exist.

Proposition ( Frahm (2006)) we can derive Ey, and Ey via the quantities

A; and A, as follows.

A Au
! and Ey =

E; = .
=9\ 2=\,

1.1.12 Clayton-Oakes association measure.

Clayton(1978) and Oakes (1989) defined the following association measure

Fle,y) DunFle,y)
M) = D (e, y) DoF ()

where DioF(z,y) = axayF(m, y) , D1F(x,y) = 8IF( y) and

DoF(x,y) = a—yF(w,y) . The parameter 6(x,y) measures the degree of associ-
ation between X and Y , independence being implied by #(x,y) = 1, positive
dependence by 6(z,y) > 1 and negative dependence by é(z,y) < 1 (Gupta
(2003)).
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1.2 example and measures of dependence

In this section, we first discuss three local dependence measures, such as - mea-
sure, the Clayton-Oakes association measure(f-measure) and - measure and
drive the relationship of these measures with hazard negative dependence,then
we give some examples.

> v-Measure:

Holland and Wang [9] defined, the local dependence function v, (z,y) as follows;

2
_ 9*Logh(z,y) _ 1 (W (z,y)

h10 z,y K01 z,y
Y (2, y) = _ A h (@)
0xdy h(z,y)

h(z.9) 1, (1.1)

: Ot h(x,

h(x,y) exists and h is defined on a Cartesian product set. They show that this

1,7 = 0,1, the mixed partial derivative of

measure is symmetric and v = 0 if and only if X and Y are independent. Also,
Jones [11] and [12] studied dependence properties of this measure and proved

that ~ is an appropriate index for measuring local likelihood ration dependence.

Remark 1.2.1. Let X and Y be continuous random variables with bivariate dis-

tribution function F(x,y) and survival function F(x,y). Then, it is easy to show

that,
’YF(CU;y) - FQ(SU y) ’
and _ . .
f(xvy)F(xvy) - fx f(u7 y)du fy f(JJ,U)dU
Tele) = F2(a.y) '
Therefore,

e Lemma 4.2 in Holland and Wang [9] implies that X and Y are independent
if and only if v,.(z,y) = 0 ( v.(z,y) = 0) or, equivalently equality occur
in (1) or (2).

e Moreover, it is easy to show that the following implications hold

HND(X,Y)(HPD(X,Y)) < 7;(2,y) < (2)0,
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and

LND(X,Y)(LPD(X,Y)) < 7, (z,y) < (>)0.

> ©-Measure
Clayton[4] and Oakes[19] defined the following associated measure:

F(J:‘, y)D12F($7 y)

oY) = B P, y) DaF ()

(1.2)

where DioF(z,y) = %F(x, y), D1F(z,y) = 8%}_7(3:, y) and Do F(z,y) = a%F(% Y).
The function ©(z,y) measures the degree of association between X and Y, and

has direct relation to local dependence function, v (z,y).
e O(z,y) = 1if and only if v, (z,y) = 0 i.e X and Y are independent,
e O(z,y) > lif and only if v, (x,y) > 0i.e X and Y are positively dependent,

e O(z,y) < 1if and only if v_(z,y) < 0 or equivalently X and Y are nega-
tively dependent.

According to Gupta [7] we have the following quantities to formulate ©(x,y).

= Dlp(xay> 0 ' D2F<m7y)
= — T og F _ Dy e _ Y oa F _ _DoF(zy)
rl(x,y) 8[13[0g (.%',y)] F((l),y) ,?”2(.1‘,3/) 8y[og (-'L',y)] F(CC,y)
and )
axﬁy lOgF(IE,y) = Tl((l),y)TQ(IE,y)(@(.’L’,y) - 1) (13)
So,
T(fL’,y) = rl(:v,y)rg(ﬂ:,y)@(x,y), (14)
where r(z,y) = IJ;((‘;Z)) is Basu’s failure rate. We observe that,
2
O(z,y) <1& 920y log F(z,y) <0< RCSD(X,Y) < r(z,y) < ri(x,y)ra(z,y).

> - Measure

The following associated measure (known as 1- measure) defined by Anderson et

al.[2]; -
P(X > z|Y > ) F(z,y)

vz, y) = PX >z)  Fi(o)F(y) (15)
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Under the some regular conditions, the following statements are valid for -

measure in (15);

o Y(xz,y) =1« X and Y are independent.
2

o 3L v(@,y) =75 (2, y).

o Ify(x,y) >1then (X,Y)is PQD.

o Ify(x,y) <1then (X,Y)is NQD.

If O(z,y) < (>)1 then ¢(z,y) < (>)1 (the converse is not true).

For more details, see Gupta [7].

The following proposition gives relationship between the mentioned local depen-

dence measures.

Proposition 1.2.2. Let (X,Y") be an absolutely continuous random vector having

survival function F(z,y). The following statements are equivalent
e O(z,y) <1,
e 7:(z,y) <0,
o 325 (wy) <0,
o r(z,y) <r(z,y)r2(z,y),
e (X,Y) is HND.

Proof. Combining (6), (11), (12), (13) and (14) the proposition proved immedi-
ately. O

Example 1.2.3. (Farlie-Gumble-Morganstern distribution (FGM) [6]) Consider

the family of bivariate distribution functions

Fz,y) = Fi(x) Fa(y)[1 + a(l = Fi(z))(1 = Fa(y))]
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where |a] < 1 and Fj(z) and F»(y) are continuous distribution functions. It can

be shown that,

afi(z)f2(y)
1+ aFy(z) Fa(y))?

Therefore, LND(X,Y)(LPD(X,Y)) if and only if -1 <a <0(0 < a <1).
In terms of survival functions F(z,y) = P[X > z,Y > vy]; Fi(z;) = P[X; >

<(>)0 & a —-1<a<00<a<l).

Ve (2, y) [

x;]; i = 1,2 the FGM family equivalent to
F(z,y) = Fi(x)B(y)[l + aFi(z)FR(y)], o] <1.

It follows from simple calculations that

a fi(z) f2(y)
L+ a Fi(z) Fy(y)]

so HND(X,Y)(HPD(X,Y)) ifandonlyif —1<a<0(0<a<1).
For more details about FGM family see Mari and Kotz [15].

’yp(x,y):[ S<(>2)0 & —1<a<00<ac<l),

Example 1.2.4. (Gumbel’s bivariate exponential distribution) The survival func-

tion of Gumbel’s bivariate distribution is

F(x,y) = exp{—a1x — ooy — By}, a,as >0 and 0< 8 < ajan.

For x < 2’ and y < y/;

F((l},y)F(]}’,yl) _F(‘Tvyl)F(‘r/?y)
= exp{—ai(z + ') — a2y +y)}
x| exp{Bay +a'y)} - exp{-Bley + 'y)}| <0,

Since xy + 'y’ > xy’ + 2’y , hence F is RRy, and this implies that (X,Y) is
HND.

Example 1.2.5. (Ali-Mikhail-Haq distribution [1]) Consider Ali-Mikhail-Haq

family of bivariate distribution functions

_ F(z)F(y)
FeN = RwRe 1=
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where Fy and F» are continuous distribution functions and F; = 1—F, i=1,2.

by simple calculation, we obtain

B fi(z)f2(y)
(1 — B Fi(x)Fa(y)]?

So, LND(X, Y)(LPD(X, Y)) if and only if -1 < 3<0(0 < 8 < 1).

Ve (2, y) = <0(>0) & —1<p<00<B<).

Remark 1.2.6. In the Example 1.2.4 we can use the Proposition 1.2.2 and obtain

Ry = —p-logF(z,y) = e + by

raz,y) = g[logF(x y) = a2+ px

) = P = (et B(an + o) - 5
oty - 1w (a1t Bes +hn) 5

ri(z,y)ra(z,y) (o0 + By) (a2 + Bz)

since a; > 0, ¢ = 1,2 and § > 0 , therefore Proposition (3.1) implies that
(X,Y)is HND.

1.2.1 measure of dependence based on copula

The copula function C(u,v) is a bivariate distribution function with uniform

marginals on [0, 1], such that

F<w7y) = CF(Fl(x)aFQQ/))

By Sklar’s Theorem (Sklar, 1959), this copula exists and is unique if F} and
F, are continuous. Thus we can construct bivariate distributions F(x,y) =
Cr(Fi(x), Fo(y)) with given univariate marginals Fy and F» by using copula
Cr,(Nelsen, 2006). Then we have the following properties:

o (Nelsen, [16]) Let X and Y be continuous random variables with joint
distribution function F'(x,y) and marginals Fj(z) and Fb(y) respectively,
then
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i) The copula C(u,v) and survival copula which refer to C'(u,v) are given
by
Cr(u,v) = F(F ' (u), Fy (v), Yu,v € [0,1],

and

C(u,v) = F(F (u), Fy *(v)), Yu,v € [0,1]

Where, F[l and Ffl are quasi-inverses of F; and Fj, i = 1,2 respectively.

Note that;
Clu,v) =u+v—1+C1—u,1—v), Yu,vel01]
i1) The partial derivatives acgiu,u) and 80%5)”’” exist and c(u,v) = %
is density function of Cr(u,v).
e The Sklar’s theorem implies that in FGM family for —1 < a <1
Clu,v) = C(u,v) = uww(l + a(l —u)(1 —v)), (1.6)
and
c(u,v) =1+ a(l —2u)(1 — 2v). (1.7)
Also in Gumbel family for a; = as = 1, the survival copula is
C(u,v) = uwv. exp(—F1n(u)In(v)), V0< g <1. (1.8)

Proposition 1.2.7. Let (X,Y) be a random vector with FGM distribution func-

tion and copula function given in (16), then

i) ) = S8 = 1 4 a(l - u)(1 - v),
.. 2 lo, UL a
ii) Yo (u,v) = e (u,v) = SBE ) Tral—w (-0’

Clum)ZCE (14 (1) (1-0). (1+a(1—2u) (1—2v
iii) O(u,v) = acéu,w gééi,v) = ((1+oz((17u))((172)11)))((1+05(1fv))((172u))))'
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e Figure 1 shows the surface of v, (u, v) — Ya, (u, v) for some values of ay, as
such that a1 < ag in FGM family with uniform marginals on (0,1). These

surfaces, show that v, (u,v) increases in a.

e Figure 2 shows the surface of ©q, (u, v) — 4, (u, v) for some values of aq, o
such that a1 < ag in FGM family with uniform marginals on (0,1). These

surfaces, show that ©,(u,v) increases in a.

Proposition 1.2.8. Let (X,Y) be a random vector with Gumbel distribution func-

tion with oy = ag = 1 and survival copula given in (18), then

i) U(u,v) = exp(=F1n(u) In(v)),

11) ’Yé(u, U) _ Bw 1n(uv)(1+ﬁ)—ﬂuv—u§g§u2 In(u)— G2 In(w) In(v) ’
111) @(u’ U) _ u?v?—Buv—PBu?v? In(u)+B%uv In(u) In(v)

T w2v2—BuvIn(u)—Buv In(v))+62 In(u) In(v) *

e Figure 3 shows the surface of v, (u,v) — v, (u,v) for some values of 1, B2
such that #; < (2 in Gumbel family. These surfaces, show that vg(u,v)

decreases in (.

e Figure 4 shows the surface of O, (u,v) — Og, (u,v) for some values of 31, 52
such that £y < B2 in Gumbel family. These surfaces, show that ©(u,v) is

not monotone in (.

Remark 1.2.9. It is clear that ¥, (u,v) in FGM family is increasing in a and

Yg(u,v) in Gumbel family is decreasing in (.



