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The Callebaut inequality says that

n

n n n
2 (4;28)) ZAUB DIl S DI DI B

j=1

where A, Bj (1 < j < n) are positive invertible operators, and o and o are
an operator mean and its dual in the sense of Kabo and Ando, respectively. In this
paper we employ the Mond—Pecari¢ method as well as some operator techniques
to establish a complementary inequality to the above one under mild conditions.
We also present some refinements of a Callebaut-type inequality involving the
weighted geometric mean and Hadamard products of Hilbert space operators.

Keywords: Callebaut inequality; operator mean; Mond—Peari¢ method;
Hadamard product; operator geometric mean

AMS Subject Classifications: Primary: 47A63; Secondary: 15A60; 47A60

1. Introduction and preliminaries

Let B(7) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space . with the identity /. In the case when dimJ# = n, we identify B(2#") with the
matrix algebra M, of all n x n matrices with entries in the complex field. An operator
A € B(J?) is called positive if (Ax, x) > 0 for all x € J#, and we then write A > 0. We
write A > 0 if A is a positive invertible operator. The set of all positive invertible operators
(resp., positive definite for matrices) is denoted by B(57°) 4 (resp., P,). For self-adjoint
operators A, B € B(J), wesay B> Aif B— A > 0.

It is known that the Hadamard product can be presented by filtering the tensor product
A ® B through a positive linear map. In fact, Ao B = U*(A ® B)U, where U : 7 —
S @ S is the isometry defined by Ue; = e; ® e, where (¢;) is an orthonormal basis of
the Hilbert space .77’; see [1]. In the case of matrices, one easily observes that the Hadamard
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product of A = (a;;) and B = (b;;) is Ao B = (a;;b;}), a principal submatrix of the tensor
product A ® B = (a;j B)1<i,j<n-

Let f be a continuous real-valued function defined on an interval J. It is called operator
monotone if A < B implies f(A) < f(B) for all self-adjoint operators A, B € B() with
spectra in J. It said to be operator convex if f(AA + (1 —A)B) < Af(A) + (1 — L) f(B)
for all self-adjoint operators A, B € B(¢’) with spectra in J and all A € [0, 1].

The axiomatic theory for operator means of positive invertible operators have been
developed by Kubo and Ando [2]. A binary operation o on B(.¢)  is called a connection,
if the following conditions are satisfied:

i) A<Cand B < Dimply AcB < CoD;
(i) A, | Aand B, | Bimply A,0 B, | Ao B, where A,, | A meansthat A| > A, >
- and A,, — A asn — o0 in the strong operator topology;
(iii) T*(AoB)T < (T*AT)o(T*BT) (T € B(22)).

There exists an affine order isomorphism between the class of connections and the class of
positive operator monoltone fl_l}’lCtiOl;lls f Eleﬁned on (0,00) via f(t)I = lo(tl) (t > 0).
In addition, AcB = A2 f(A2 BA7Z )A2 forall A, B € B(J). The operator monotone
function f is called the representing function of . The dual o1 of a connection o with the
representing function f is the connection with the representing function#/f (). Aconnection
o is a mean if it is normalized, i.e. Jol = I. The function fﬁu (t) = t* on (0, o) for
n € (0, 1) gives the operator weighted geometric mean A, B = A2 (A%1 BA%I)M Al
The case u = 1/2 gives rise to the geometric mean AfB. An operator mean ¢ is symmetric
if AoB = Bo A forall A, B € B(J7) 4. For a symmetric operator mean o, a parametrized
operator mean o;, 0 <t <1 is called an interpolational path for o if it satisfies

(1) AogB = A, Ao12B = Ao B, and Ao B = B;
(2) (Ao,B)o(AoyB) = AG¥B for all p, g € [0, 1];
(3) Themap ¢ € [0, 1] — Aoy B is norm continuous for each A and B.

It is easy to see that the set of all » € [0, 1] satisfying
(Ao, B)o,(AoyB) = Aorpy(1—r)g B (1.1)

for all p, g is a convex subset of [0, 1] including 0 and 1. The power means

—1 —1
1+ (AT BATY
Am, B = A? ( + ¢ 5 )

) AT (rel=1,1])
are some typical interpolational means. Their interpolational paths are

1
Amyp B = A2 (1 —y +r(A?BA%1)’)’ AT (t €0, 1]).

In particular, Am;B = AV;B = (1 —t)A 4+ tB, Amo;B = A#;B and Am_j;
B=AB = ((1 DAL+ tB_l)_l. The representing function F,.; of m,; is

Frr) = Impx = (1 — 1 +1x")7 (x> 0).
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Daykin et al. [3] showed the following refinement of the Cauchy—Schwarz inequality. If
f(,-)and g(-, -) are posmve functions with two variables on (0, co) x (0 00) such that
FGey)gery) = Y2 f O hy) = A2 f(x, y) and 3 + P < 3+ 1 hold for
all positive real numbers x, y, A, then inequalities

2
n n n n n
PRI BED VIR N DI IR N ES DIEE N DI
j=1 j=1 j=1 j=1 Jj=1

hold for all positive real numbers x;,y; (1 < j < n). A example of such pair of the
functions are f(x,y) = x'*5y!=% and g(x, y) = x'~5y!*5. Thus, we get the following

inequality due to Callebaut [4]

n n n

l+v 1 s 1—s 1+v 2 2
DBEIRT <Zx Z" DEANDIEAE
j:l j=] j=1

where x;,y; (1 < j < n) are positive real numbers and s € [0, 1]. This is indeed an
extension of the Cauchy—Schwarz inequality Another example of such pair of the functions
are f(x,y) = x>+y%andg(x, y) =
(3]

2 + 5. Hence we reach the following Milne inequality

n

n n
Y VA < Z(XJJFYJ)Z L2 Z%Zyw
Jj=1 j=

o Xj+yj

where x;, y; (1 < j < n) are positive real numbers.

There have been obtained several Cauchy—Schwarz-type inequalities for Hilbert space
operators and matrices; see [5,6] and references therein. Wada [7] gave an operator version
of the Callebaut inequality. Hiai and Zhan established a matrix analog of the Callebaut
inequality by considering the convexity of a certain norm function [8]. In [9], the authors
showed another operator version of the Callebaut inequality:

n n n n
> (A;2B;) ZA 0B oY AjtB | < (DAY 8| a2
j=1 j=1 j=1

Jj=1

where A, B; € B(2¢)4 (1 < j < n) and o is an operator mean. They presented

n n
ZAO’S ZAU] Bi | =D AjoBi |8 D AjorBi |, (13)
j=1 j=1

where A;, B; € B(), (1 < j < n), o; is an interpolational path for o such that
aﬂ- = 01—, t €0, 1] and s is a real number between ¢t and 1 — ¢.
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They also showed that
n n n n
> (AjgBj) oY (AjgBj) <Y (Aj#Bj)o Y (At sBj)
j=1 j=I j=1 j=1

<) (AjtiBj)o Y (Ajfh1B))

j=1 j=1

< i:Aj o z”:Bj 5 (14)
j=1 j=1

where A, B; € P, (1§j§n)andeitherlztzs>%0r0§t§s<%.

In this paper, we present some reverses of inequalities (1.2) and (1.3) under some mild
conditions and discuss some related problems. In the last section, we obtain a refinement
of inequality (1.4).

2. Some reverses of the Callebaut inequality for Hilbert space operators

In this section, we provide some reverses of operator Callebaut inequality under some mild
conditions. It is known [10, Theorem 5.7] that for positive operators A;, B; € B(J7)
(1 < j < n) itholds that

n n n
ZAjO'BjS ZAj o ZBj . 2.1)
j=1 j=1 j=1

We need a reverse of inequality (2.1).

There is an effective method for finding inverses of some operator inequalities. It
was introduced for investigation of converses of the Jensen inequality associated with
convex functions and has been shown that the problem of determining multiple or addi-
tive complementary inequalities is reduced to solving a single variable maximization or
minimization problem, see [10,11] and references therein. This method sometimes gives
also a unified view to several different operator inequalities and can be applied for the
study of the Hadamard product, operator means, positive linear maps and other topics in
the framework of operator inequalities; cf. [12]. We explain it briefly for the operator Choi-
Davis-Jensen inequality. It says that if f is an operator concave function on an interval J
and © : B(J7) — B() is a unital positive linear map, then f(P(A)) > ®(f(A)) for
all self-adjoint operators A with spectrum in J. We need the next result appeared in [10,
Chapter 2] in some general forms. We state a sketch of its proof for the reader convenience.
Incidentally, we explain the essence of the Mond—Pecari¢ method.

THeEOREM 2.1 Let f be a strictly positive concave function on an interval [m, M] with
0 <m < M and let ® be a unital positive linear map. Then

y®(f(A) = f(P(A)) (2.2)
S M)~ f (m)

M—m

Sfor all self-adjoint operators A € B(I7) with spectrum in [m, M, where iy =

W:Wandyzmax{ﬂﬁ(&/ cm SISM].

’
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Proof Since fis concave we have f(t) > uyst+vyforallt € [m, M]. It follows from the
continuous functional calculus that f(A) > uyA + vy andso @(f(A)) > ur®(A) + vy
for all self-adjoint operators A with spectrum in [m, M]. To prove (2.2), it therefore is
enough to find a scalar y such that show that y (P (A) + vy) > f(P(A)), or by the
functional calculus it is sufficient to show that y (st +vy) > f(¢t) forallt € [m, M].

Thus y should be max { 10y <t < M}, which can be found by maximizing the one

prttvg
variable function m fft(fr)vf by usual calculus computations. One should note that there is no
t > msuch that st + vy =0. O

In the above theorem, if we put ®(X) := W(A)~ /2w (A2ZXAV2)W(A)~1/2, where
W is an arbitrary unital positive linear map and take f to be the representing function of an
operator mean o, then we reach the inequality

t
max {L tm <t < M} V(Ao B) > V(Ao ¥ (B) (2.3)
prt+vy
whenever 0 <mA < B < MA.
Finally, if we take W in (2.3) to be the positive linear map defined on the diagonal blocks
of operators by W (diag(Ay, -, Ay)) = % Z?:l Aj, then

n
t
yE AjoB; > E Ajlo E B; withy:maX{L:mSISM}
‘ ‘ ot Lt vy

2.4)
for any positive operators 0 < mA; < B; < MA; (1 < j <n).lf o =4y (x €[0,1]),
then we reach the following inequality appeared in [13]

n n

(M — m)(Mm® —mM*)2~! "
a- a)o‘*l(MO‘ — me)« Z Ajjj“‘Bj == ZAj Ba Z Bj
j=1 j=I j=I

In particular, for o = § = 1,2, we have the following result due to Lee [14]

m_'_\/%n n n
_— A;:fB; A; B; 2.5
zyM_mg,ﬁ,z;jﬁ;, (2.5)

We are ready to prove our main result of this section, which gives a reverse of double
inequality (1.2).

THEOREM 2.2 Let0 < mAj; < Bj < MA; (1 < j < n) and o be a mean with the
representing function f. Then

n n n n
Vve | (Do ajoBi gD AjetBi | | =D 4|4 DB, (2.6)
j=1 j=1 j=1 j=1

where

S (M) — f(m) by — Mf(m) —mf(M)
M —m ’ = M —m
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f@) F(M) f(m)t

y = max ————— and ¢ = max : (2.7)

m<t<M st + vy m<t<M f(t)(vet + Mmpu )

In addition,

LS ) Kz)ﬁ(zﬂ

Proof Since f(OEf 1)+ = /f(t)fﬁ = /1, we get

(Ao B)i(Ac+B) = AtB (2.8)

for all positive operators A, B; cf. [2]. It follows from (2.4) that

)/Z(AjO’Bj) > (ZA]) o (ZB]‘)
j=1 j=1 j=1

and

¢y (AjorB)) = (Z A,-) ot (Z Bj) ,
j=1 j=1 j=l

where y and ¢ are defined by (2.7). It follows from the property (i) of the mean that

(yZAjaBj) t ({ZAJ‘O'LB]') > (ZAJ‘O'ZB]) f (ZAJ-GLZBJ-).
Jj=1 j=1 j=1 i=1 j=1 j=1

Now equality (2.8) yields that

() (£ - (£0):(50)

Finally we have

*/_+‘/_Z (4;4B)) z(ZA,-)n( Bj) (by (2.5))
Jj=1 Jj=1
> (ZAJ'UB]) f (ZAJ-GJ‘B]). (by(1.2)).
j=1 j=1
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Remark 2.3 Applying (2.5) and (1.2), we get the following inequality

m_i_\/m n n n n

RSl S AjoBi | gD Aot B | | =D A 2| D B |. 9

Y e Z joBj J J j j
27 Mm j=1 j=1 j=1 j=1

where 0 < mA; < B; < MA; (1 < j < n). Now, if we consider the operator function

f(@) = 1+’ correspondmg to the arithmetic mean, M = 4 and m = 1 in (2.7), then we

observe that

141 10 2@ f e
= max —— =1 # — = max =
1<r=42(u st +vy) 9  l==4(1+t)(vpt +4py)

/o — Y10 _ 3 _ NMiym
ve=-3 < 22 2YMm

Using Theorem 2.2 for the function f(z) = 1% dueto y = max f( ) = land

m<t<M [Lft + V¢
M t 1+ M)(1
{ = max S M) ) = 4+ M)A +m) we obtain the following operator

m=t=M f(t)(vgt + Mmy) (1 4+ v Mm)?
version of the reverse Milne inequality.

CoroLLARY 2.4 LetO<mA; < Bj <MA; (1 <j<n).Then

I \

\/_+\/_Z

(4,2B))

n n
ZA,VB., # Z Aj!B;
j=I j=l

14+vmM "
> >
V(I + M)(1 +m)

=

Bi|. (10
j=1

Now, we show areverse of (1.3) under some mild conditions. First we need the following
lemma.

LEMMA 2.5 Let

F,
H, (x) = Pl x>0,re[-1,1,0<r<1).

Fri-1(x)

Then for a fixed r, H,, is decreasing fort € [0, %] and increasing fort € [%, 1].

Proof The case when r = 0O is clear. Let r € [—1, 1] — {0}. It follows from

r l*1 r—1
d (U= 4ux"\ T N 2 -1
dx (Hr1 () = (r +( —t)x’) (t+ (1 —1)x")?

that L (H,.,(x)) < Ofort € [0, }]and £k (H,.,;(x)) > Ofort € [}, 1]. Therefore, H,;(x)
is decreasing for ¢ € [0, %] and is increasing for ¢ € [%, 1]. O
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THEOREM 2.6 LetO <mA; < B < MA; (1 <j<n),re[-11]andt € [0,1].
Then

n n

Vre[ (2 (Aimns8y) )o( D2 (Ajmea—sB)) )]
j=1 j=1

> iAjmr,tBj f Xn:Ajmr’l_lBj s (2.11)
j=1 j=1

where s = sot + (1 — s0)(1 — 1) for some sq € [0, 1] is any number between t and 1 — t,

Fr,so(Hr,t(M)) - Fr,so(Hr,t(m))
Hy (M) — Hy(m)

Mr.so =

bl

Hr,t(M)Fr,so(Hr,t(m)) - Hr,t(m)Fr,xo(Hr,l(M))

Vi ¢ = s
" Hy. (M) — Hj,(m)
Frgpox) .
y = max { —————— : x is between H,.,(m) and H, ;(M)
Kr,s0X + Vr.so

and

Fr s (Hy (M) Fy 5, (H, X
¢ = max { riso (Hrt (M) Fry5o (Hri (m)) : x is between H,.;(m) and Hr,,(M)} .

Fr,so(x)(vr,sox + Hr,t(M)Hr,t(m)Mr,so)

Proof Assume thatt € [%, 1]. It follows from 0 < mA; < Bj < MA; (1 < j < n) that
m < A71/2BjA71/2 <M (1 <j <n).Using Lemma 2.5, we have

—1/2

Hom) < Hy (477847 7) s HuM)  (<1srs11sj=m.

So

—1/2 —1/2 —1/2 —1/2
Hyy(m)Fy1—s (Aj /*B;A; /)5 Fr; (Aj Sy /)

—1/2 —1/2
< Hoo M) By (A7 8;4717),

where —1 <r < 1land 1 < j < n. Multiplying both sides by A? we reach

Hyi(m) (Ajmp1-Bj) <Ajm; Bj <H.,(M)(Ajm,1;Bj) (—1<r=<1,1=<j<n).
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Let s be any number between 1 — ¢ and 7. So s = sot + (1 — so) (1 —t) for some 59 € [0, 1].
Using inequality (2.6), we get

n n
(ZAjmr,zB,)ﬁ(ZA,-mr,l,Bj)
j=1 j=1

n

<Vyo | | Do (Ajme Bjymy g (Ajm,y - B)))
j=1
n

il Z ((Ajmr,tBj)mr,lfso(Ajmr,lftBj))
j=1
n

n
=Vvg Z (Ajmyisora-na-soBj) | ¢ Z (Ajmy1—so+(1—)(1—-s0)) Bj)
j=1

j=1
(by (1.1))

n

= (e o3 (rmer-8) )}

Next, assume that r € [0, %]. It follows from 0 < mA; < B; < MA; (1 < j < n) that
m=A, 1/2B A ~1/2 <M (1 <j <n).Using Lemma 2.5 we have

He M) < Hyy (478 A7) < Hyom) ((lsr<t1 1<) <.
So

Hy (D F, 1 (A7 2B AT17) < By (478,477

< Hpom) Fro (471785 477))

where —1 <r < land 1 < j < n. Hence

IA

1 _ _
—_F, (A 1/2B A 1/2)

For (A—l/zB A—1/2>
H, ;(m)

1 _
< Fr. (A 1/2B A 1/2)
H, (M)

where —1 <r < land 1 < j < n. Multiplying both sides by A? we reach

1

Aj Bi)<A; Y
Hr,t(m)( JMr,t J)— jMr1—1 B
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Let s be any number between t and 1 —¢. Sos = (1 — so)t +so(1 —t) for some 59 € [0, 1].
It follows from

1 1 Fr_5(x
FraoG) = (1= so +sor ) = 27101 — so)” +s0)F = 22208 ()
(2.12)
that
1 _ 1 Frs (Hr,t(m)) Frs (Hrt(M))
- Frizs (Hr.r(m>) Fri-w (Hr.r<M>> _ [ R )
Hrd=so = 1 = Hy.o (M)~ Hy. (m)
Hrj(m) Hy (M) Hr'[(M)Hr‘[ (m)
_ Hy (M) F; g, (Hr,t(m)) — Hy 1 (m) Fy 5 (Hr,t(M)) - (2.13)
H,;(M) — H,(m) '
and
_1 F L _\__1 g _ 1
Hy((m) " r1=s0 \ H,, (M) H,, (M) " 1=s0 \ 'H, ;(m)
Vril—sg = 1 1
Hr,t(m) - Hr,r(M)
_ Fr.s (Hr,t(M)) = Frs (Hr,t(m)) _ (2.14)
- Hy.i(M) — Hy(m) e '
Therefore,
Fqi_ 1 1
max { ri1=s0 (%) : x is between and }
M 1—soX + Vr1—s, Hr,t(m) Hr,t(M)
Fr,l—So(-x_l) .
= max 1 : x is between H,;(m) and H, (M)
M 1—s9X + Vr,1—s9
Froy ()
= max + : x is between H,.,(m) and H, (M)
Vr,soX ™0+ Ursg
(by (2.12), (2.13) and (2.14))
Frso(x) .
= max { ————— : x is between H,;(m) and H, ;(M)
Vr,sg T Mr,soX
=Y
and

: : : x is between and
Fr =50 () (v 1-59X + Wmﬂr,l—so) Hy (m) Hy. (M)

1 1
[ Fri—s (Hr.mn)) Fri—s (H,-.,(M)) * 1 1 }
max

1 1 —1
{ Fris (Hmm)) Fris (Hr,mM)) *
= max

’ " : x is between H,;(m) and H, ;(M)
Fri—s(x71) (vr,lfsox*] + Wmﬂr,l—so)

Fr,xo (Hr.t (m)) Fr.so (Hr.r(M)) )C_l
Hy.1(m) Hy. (M)

_ 1 1
(“’sfox '+ mLan ""H0>

= max { AT : x is between H,;(m) and H,_[(M)}
.50
X

(by (2.12), (2.13) and (2.14))
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Fr oo (H (M) Fy s, (Hy:(m)) x
_max{ riso (Hrt (M) r’AO( i )) : x is between H,;(m) and H, ;(M)

Fr,so (x) (Vr,sox + Hr,t(M)Hr,r(m)Mr,so)

Using inequality (2.6), we get

n n
(Z Ajmr,sz)ﬁ<ZAjmr,1—sz>
j=1 =1

n
<Vvo | | D0 (Ajme i Byymyy g (Ajmy1 - B)))
j=1
n

£ D ((Ajmp Bjmy s (Ajmy1—B)))

j=1

n
=Vre || 22 (Aimria—spra-ns B A'mr;1*(1(1*.Y0)+(1*l)50)31')

Jj=1 j=1

(by (1.1))

n n
(S s (S )

j=1 j=1

|

Utilizing Theorem 2.7 for the special case r = 0, we get the following result.

CoroLLARY 2.7 LetO<mA; < B <MA; (1 <j<n)andt €|[0,1]. Then

SSO(MZt—l — 2 (MU 0= _ 21 prso(@e=1)ys0~1

(1 _ SO)(xo—l)(Msg(Zt—l) _ ms0(2t—l))so

(0 (58 )X (a5 )]

j=1 j=1

n n

ZAjjthj # ZAjm_tBj , (2.15)
j=I j=I

where s = sot + (1 — s0)(1 — 1) for some sg € [0, 1] is any number between t and 1 — t.
In particular, ift = 1, then

n

$S(M —m)(Mm* —mM?*)5~1 "
A=) 1M —m)y ;A/@YB/ 4 ; Ajli—sB;

IR EA DI (2.16)
j=1 j=1
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3. A refinement of the Callebaut inequality

In this section, we obtain a refinement of inequality (1.4) for operators. We need the
following lemmas.

Lemma 3.1 (See[15]) Leta,b > 0andv ¢ [0, 1]. Then
(a+b)+2(v—DH(Wa—Vb)? <a’b'"™" +b"a'".

Proof Letv ¢ [0, 1]. Assume that f(r) =t!= —v + (v — 1)t (¢ € (0, 00)). It is easy to
see that f(z) has a minimum at # = 1 in the interval (0, co). Hence f(¢) > f(1) = 0 for
all > 0. Assume that a, b > 0. Letting t = IE’, we get

va+ (1 —v)b <a’b'™". (3.1
Now by inequality (3.1) we have

va+ (1 =v)b+ @ —1)(a—+vb)*=@2—2v)Vab+ Qv — 1a
S (@)2721)&21171 — Clvbliv. (32)

Similarly
v+ (1 —v)a+ (v — Db —Ja)? <b’a'™". (3.3)
Adding inequalities (3.2) and (3.3), we get the desired inequality. [l

LemMaA 3.2 Let A, B € B(J)4 and either 1 >t > 5 > %orO <t<s< % Then

AS ® Bl*S _i_Alfs ® Bs + ( s ) (Af ® Bl*S +A17S ® BS _2(A% ® B%))

s—1/2
<A'@B'""+A""® B (3.4)

Proof 1If we put a~! instead of b and s instead of 2v — 1, respectively, in Lemma 3.1 we
get

a+a'+G-Da+a'-2)<a"+a* (a>05>1.

Let us fix positive real numbers «, 8 such that 8 > «. Using the functional calculus, if we
repl by A* ® B~ and s by £, th
place a by ® and s by , then we get

A*@B Y+ AT QB + (’Sa;“) (A“®B™* + A7 @ B* —2I)
<AP @B P+ AP g BP. (3.3)
Multiplying both sides of (3.5) by A? ® B? we reach
AH—a ® Bl—a + Al—a ® Bl-‘ra
+ ('Ba;a) (A‘+“ @B rAl? @Bt 24 B))

< AP @ B!'"F 4 Al-F g BIFF. (3.6)
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Now, if we replace o, B, A, Bby 2s — 1,2t — 1, A%, B%, respectively, in (3.6), we obtain

r—s
s—1/2
fAt®Bl_t+Al_t®Bt.

AS®Bl—S+A1—S®BS+<

We are ready to establish the main result of this section.

TueorEM 3.3 Let Aj, Bj € B(o€)4 (1 < j <n). Then

S (AjtsB) oY (Ajti—sB))
j=1 j=1

<D (AjtsBj) oy (AjfiB))

j=1 j=1

) (As QBT+ AT QB —2A7® B%)>

+ (st__ljz) S AjEB) 0 Y (Asti— By — S (4;2B)) 0 3 (4;£B)
Jj=1 Jj=1 j=1 j=1

<) (AjtiBj) oy (AjtiB)),

=1 j=I

1 1
f0r12t2s>§0r0515s<§.

1

Proof The first inequality is clear. We prove the second one. Put C; = A?B [ A;

(1 < j < n). By inequality (3.4), we get

Bl—

; 1- - ; r—s ; - - ; 3 3
C;®C; S+st®cf+( )(C}@Ci S+CjS®C§—2(Cj2®Ci2>>

s—1/2
<C1®C1—I+C1—Z®C[ (1< <
= Jj i J i _l7.]_n)'

1 1
Multiplying both sides of (3.7) by A; ® A; we get

(A]ﬁ?B]) ® (Aiﬁl—sBi) —+ (A]ﬁl—gBj) ® (Azjijl)
r—
T (s _ 1;2) ((AjﬁSBj) ® (Ait1—sBi) + (Aj#1-sBj)

®(Aifls B)) — 2(A;iB)) ® (AitB)))
< (Aj#hBj) ® (Aifl1—+Bi) + (Aj1-+ Bj) ® (Aifl: B).

3.7)

(3.8)

(3.9)
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forall 1 <i, j < n. Therefore,

D (AjtsBj)o Y (AjtisB))
j=1 j=1

+(st__1j2> Z(AjﬁsBj)OZ(Ajﬁl—sBj)— ZAjﬁBj o ZAjﬁBj
Jj=1 j=1 j=1 =

1 n
=3 Z ((AjﬁsBj) o (Aif1—sBi) + (Ajl1—sBj) o (Aifs Bi)
ij=1

t—s
+ <S _ 1/2> ((AjﬁsBj) o (Aif1—sBi) + (Ajt1—sB))

o(AitB)) — 2(A;2B;) o (AizBy)) )

n

1
=3 Z ((Aj#Bj) o (Aifti—Bi) + (Ajf1—Bj) o (Aifi; Bj))  (by inequality (3.8))
ij=1
=Y (Aj#Bj) oY (Ajt1B)).
j=1 j=1

If we put B; = I (1 < j < n)in Theorem 3.3, then we get the next result.

CoroLLARY 34 Let Aj e B(JF)y (1 < j <n). Then

j=1

>a]e (LA
=1

(t_s>(Zn:AS. ° Xn:AH At o[5S 4

s—1/2 = J = J p j = J
n n

(su)e ()

wherelztzs>%0r0§t§s<%.
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