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1. Introduction and preliminaries

Let B(.7) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space .7 with the identity I,». In the case when dimZ = n, we identify B(J¢) with
the full matrix algebra M,,(C) of all n x n matrices with entries in the complex field.
An operator A € B(J) is called positive if (Ax,x) > 0 for all x € 7 and in this case
we write A > 0. We write A > 0 if A is a positive invertible operator. For self-adjoint
operators A, B € B(J¢’), we say A < Bif B— A > 0. The Gelfand map f(t) — f(A) is
an isometrical *-isomorphism between the C*-algebra C(sp(A)) of continuous functions
on the spectrum sp(A) of a self-adjoint operator A and the C*-algebra generated by A and
Ly . Iff,g € C(sp(A)), then f(t) > g(t) (t € sp(A)) implies that f(A) > g(A).

Let f be a continuous real-valued function defined on an interval J. It is called operator
monotone if A < B implies f(A) < f(B) for all self-adjoint operators A,B € B(J)
with spectra in J; see [1] and references therein for some recent results. It said to be
operator concave if Af (A) + (1 — A)f(B) < f(LA + (1 — 1)B) for all self-adjoint operators
A, B € B(7) with spectra in ] and all A € [0, 1]. Every nonnegative continuous function
f is operator monotone on [0, +00) if and only if f is operator concave on [0, +00); see 2,
Theorem 8.1].

A linear map @ : B(7) — B(%"), where ¢ and % are complex Hilbert spaces,
is called positive if ®(A) > 0 whenever A > 0 and is said to be normalized if ® () =
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L. We denote by Py[B(7), B(#)] the set of all normalised positive linear maps & :
B() — B(X). If ® € Py[B(),B(#")] and f is an operator concave function on an
interval J, then

f(@(A) = P(f(A)) (Davis-Choi-Jensen’s inequality) (1.1)

for every selfadjoint operator A on J7, whose spectrum is contained in ], see also [2-4].

Let .o/ be a C*-algebra of operators acting on a Hilbert space, let T be a locally compact
HausdorfT space and j(t) be a Radon measure on T. A field (A;);er of operators in o7 is
called a continuous field of operators if the function t - A; is norm continuous on T and
the function t > ||A;|| is integrable, one can form the Bochner integral |. 7 Ardp(t), which
is the unique element in o7 such that

w(ﬁ&w®>=ﬁM&MMU (1.2)

for every linear functional ¢ in the norm dual .&7* of .o7; see [5].

In 1850 Clausius [6] introduced the notion of entropy in thermodynamics. Since
then several extensions and reformulations have been developed in various disciplines;
cf. [7-10]. There have been investigations of the so-called entropy inequalities by some
mathematicians; see [11-13] and references therein. A relative operator entropy of strictly
positive operators A, B was introduced in the noncommutative information theory by Fujii
and Kamei [14] by

S(A|B) = A log (A2BA™2)A?.

In the same paper, it is shown that S(A|B) < 0if A > B.

Next, recall that Xt,Y is defined by X 2 (X “1YX _%)q X2 for any real number g and
any strictly positive operators X and Y. For p € [0, 1], the operator X1, Y coincides with
the well-known geometric mean of X, Y.

Furuta [15] defined the operator Shannon entropy by

1 _1__1\P 11 1
Sp(AlB):A2<A 3 BA z) log(A 3 BA 2>A2,

where p € [0, 1]and A, B are strictly positive operators on a Hilbert space 7. Suppose that
A = (Ap)ter> B = (By)ter are (continuous) fields of strictly positive operators, g € R and
f is a nonnegative operator monotone function on (0, c0). Then we have the definition of
the generalised relative operator entropy

Sham) = [ shapodue. (13)

_ —_1/2\4 _ _
where SJ,;(AS|BS) = Asl/2 (AS 1/2BSA5 1/2> f (As 1/2BSA5 1/2> Asl/z. In the discrete case

T =1{1,2,...,n}, we get

SH(AIB) := Y Si(4;lB). (1.4)
j=1
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For g = 0, f(t) = logt and A,B > 0, we get the relative operator entropy S{)(AIB) =
Al log (A—%BA—%) AT = S(A|B).
Moslehian et al. [16] showed the following operator entropy

f Z (Ajup+lBj) +to | Ly — ZA]'HPB]‘ —f(tO) L — ZAjuPBj

j=1 =1 j=1
> SH(AIB)  (pe[0,1]), (1.5)
where A = (A;,...,A,) and B = (By,...,B,) are finite sequences of strictly positive
operators such that Z;’Zl Aj = Z]’?:l Bj = I, f is a nonnegative operator monotone
function on (0, 00) and t; is a positive fixed real number.
We present some extensions of the operator entropy inequality. Also, we show some

reverses of the operator entropy inequalities under certain conditions using the Mond-
Petari¢ method. In this direction, we show a reverse of (1.5).

2. Some extensions of the operator entropy inequality

First, we present a variational form of S]; (A|B) where A and B are two strictly positive
operator in B(7¢) and q is an arbitrary real number.

Lemma 2.1: If A and B are strictly positive, then

sh(AIB) = BS/

1 (B-11A71)B. (2.1)

In particular, Sé(AIB) = ASg (B 1A B.
Proof: Since Xg(X*X) = g(XX™)X for every X € B(J¢) and every continuous function
g on [0, ]|X|?] [2, Lemma 1.7], considering X = BY/2A~1/2 we have
sh(A|B) = Az (A—%BA—%)qf (A—%BA—%) Al
= A2 (X*X)7f (X*X) A?
= B2B 242 (X*X)1f (X*X) A2B" B2
= B2X*"! (X*X)f (X*X) X~ 'B?
= B2X(X*X)~ (X*X)7f (X*X) (X*X)"'X*B2
= B2X(X*X)17%f (X*X) X*B2
= BZ(XX*)172Xf (X*X) X*B?
= BZ(XX*)17%f (XX*) XX*B2
= B%(xx*)q—lf( *) B2
— B2 (B%A*IB%)q_lf (B%A*IB%) B:
= BS,_,(B'1A71)B,

as desired.
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Also,

sl lB) = BS (B'|a"")B
— B [B—i (B%A_IB%)ilf (B%A—IB%) B_2:| B
—A [B—%f (B%A—IB%> B—%] B
= AS) (B7A71) B.
0

The above lemma says that if B is also invertible, then we can define S{J (A|B) by (2.1).
Furthermore, if A and B commute, then

Sh(AIB) = A(A7'B)Tf (A7'B) .

Note that, in the general case, the generalised relative operator entropy for noninvertible
positive operators does not always exist. For instance, give f(t) = logt and q = 0,
consequently Sfo (Lwlely) = (loge)l is not bounded below and hence S;(I+]0) does
not make sense. For more information, see [2].

Now, we have the following lemmas.

Lemma 2.2: Let A = (A)ter and B = (By)ieT be continuous fields of strictly positive
operators. Then
| @sppoduc < ( / Asdms)) . ( / Bde(S)> , 22)
T T T

Proof: For continuous fields of strictly positive operators A = (A¢)ter and B = (By)teT,
we take the positive unital linear map ®(X) = fT C*XCdu(t) (X € ), where C =

1 _1
B? (f; Bsdu(s)) 2. Thus for p € [0, 1] we have

( / Atdu(t)> . ( / Bsdms))
T T

where p € [0, 1].

1 _1 _I\P 1
_ ( / Bde(S)) (( f Bde(S)) / A () ( f Bde(S)) ) ( f Bde(S))
T T T T T

= (/ Bsd/,L(s))2 (/ (/ Bsdu(s)) ’ Bt% (B;%AtB;%)Bt% (/ Bsdu(s)> ’ d,u(t))
T T T T

1

X (/ Bsdu(l‘))2
T
3 _1 _1 p 2
_ (/ Bsdu(s)) </ C*B, 2AB, 2Cd,u(t)> (/ Bsd,u(t)>
T T T

P
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P 3
) ( /T BSdMs)) (by (L1))
% 1 1\ P %
= (/ Bsdp,(s)) </ C* (Bt_zAtBt_2> Cdu(t)> (/ Bsdu(t)>
T T T

_ /T (AstpBOdu(D)

O

Lemma2.3: IfX,C;e .o/ (se€ T)suchthatO<m <X <M,f :(0,00) — [0,00) is an
operator monotone function and ty € [m, M], then

f( / c;“xcsdu(s)ﬂo(ljf— / C;‘CSd;L(s)>)
T T
Z/Cff(X)Csdﬂ(S) +f(t0)(1j2”—/ C;kcsdﬂ(s))»
T T

where [ CXCodpu(s) < Lyp.

Proof: Weput D = (Iy — fT CiCidu (s))%. Assume that the positive unital linear map
@ (diag(X, Y)) = [} C;XCydu(s) + D*YD (X,Y € /), where

diag(X,Y) = |:)(§ 2:| .

Using inequality (1.1) and the operator monotonicity of f, we have

f(/TCS*XCSdu(S)thO (I%’—/Tcs*csdu(s)))
-r(o([5])
<q> ([f(())i)f((;o)])) (by (1.1))

- /T CHf (X)Cedpa(s) + D¥f (t0)D,

A%

whenever 0 < m < X < M and ty € [m, M]. Therefore we get the desired inequality. [

In the next theorem, we have an extension of (1.5).
Theorem 2.4: Let A = (Ap)ier-B = (Bi)ier be continuous fields of strictly positive
operators such that 0 < mAs; < By < MA; (s € T) for some positive real numbers m, M,
wherem < 1 < M, and [ Aqdu(s) = [ Bsdu(s) = Ly, f : (0,00) — [0,00) is operator
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concave and p € [0, 1]. Then

f[ /T (Adp1BIdu(s) + fo (ij— /T AsHszdM(S)>] —f(to) (I%— /T AshszdM(S)>
> (AlB). (23)

Proof: 1t follows from (2.2) and [ Acdu(s) = [ Bedu(s) = Ly that [ AslipBedu(s) <
Ly (p € [0,1]).

f[/T(Ashp+1Bs)dM(S)+to (I%J—/TAsUszdM(S))}
1 1 2N\ * 1 1 1 N2 1

= As 2BA; 2 )P AZ ) (A 2BAS 2) [ (As 2BAs 2)7AZ ) d
i )'a) ( ) (( ) 4l ) dnco
+fo (I,%” - /TAshszdM(S)> i|

1 1 1 g 1 1 1 1 % 1

- [ (ASZBSAsz) f(ASZBSAsz) (ASZBSAsz) Aldus

T

+ f(to) (I(yf — f AsuszdM(s)> (by Lemma 2.3)
T

1 1 1\ P 1 1
_ f a2 (AJZBSA?) f (AJZBSA?) A2du(s) +1f(to) (uf - / Ashszdu(S))
T T

= /T Sp(ASIBYdR(s) + £ (to) <I%”— /T AsﬂszdM(S)> :

O

In the next theorem, we present the lower and upper bounds of the generalised relative
operator entropy.
Theorem 2.5:  With above notations, the following statements hold:
@ Sh(AlB) > 0.
() IFf(t) < t—1, then SHAB) < [, (Adigs1Bs — AsigB)du(s). In particular,
SI(AIB) < [; (B; — A)du(s) and S (A[B) < [y (B.A; B — B)dju(s).

Proof: (i) Since f is a continuous nonnegative function, Xf (X) > 0 for every X > 0 and
q € R. Hence

_1 _1\1 _1 _1
(AS 2B A, 2) f(AS 2BA, 2) >0.

Consequently, EJ;(A|B) > 0.
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(ii) Since f(t) <t — 1, we have
~ 1 _1\1 11
Sq(A|B)=/ : (A IBA; 2) (A 2BA; 2>A dp(s)
T

1 1 _1
= / Ad ( BsAs ) <As ’B ’ - I/f) As du(s)
T

/T(AsuqHBs AgigBs) dju(s) .

Hence

Sh(AlB) < fT (Ao Bs — AstoBs) dpa(s) = / (B — A5) du(s)

T

and

B < fT (As2Bs — AsiBs) dia(s)

1/ 1 _1\? 1 1/ 1 1\ 1
:/ A? (As ?BsA 2) A —A? <As ? BsAg 2>Asz du(s)
T
=/ (BsA;'Bs — B) du(s) .
T

O

Corollary 2.6 [2, Theorem 5.12]: Assume that A and B are two strictly positive operators
in B(S€). Then the relative operator entropy is upper bounded; i.e.

S(A|IB) <B—-A. (2.4)

Equality holds if and only if A = B.

Proof: By taking T = {1}, f(t) = logt and g = 0 in Theorem 2.5(ii), (2.4) follows from
the Klein inequality log ¢t < t — 1. Also, in the Klein inequality, equality holds if and only
ift = 1[17, Lemma 3.8]. So equality holds in (2.4) if and only if A = B. O

Corollary 2.7 (Information inequality, [18, Lemma 3.1]): Given two probability mass
functions {a;} and {b;}, that is, two countable or finite sequences of positive numbers that
sum to one, then

Z a; log% >0, (2.5)
j ]

with equality if and only if a; = bj, for all j.
Proof: If we take A and B in Corollary 2.6 as follows

a10 0 --- b10 0 -
0020"- 0b20-
A= 0 0[13... > B = 0

o
.S
oY
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then, we have

a 00 --- Z—i 0 0 -
0a,0 - 0Zo.
SAB = 0 0 as-. |lo8] o G b
a3
b
aﬂog(i) 0 0
3 0 azlog(%) 0
0 0 aﬂog(é’—i)-n
Consequently,
1 1
1 1
saw |||,
aﬂog(i—i) 0 0 ) )
0 aﬂog(i—i) o |[1] |1
= 0 0 a3log<z_§>... 1]:]1
b
=Zajlog<—]>.
a:
j )
On the other hand,
1 1 by —a; 0 0 1 1
1 1 0 by —ay 0 1 1
B=A|1|-|1])= 0 0 by—as---||1]° |1

=> (bj—a)=0.
j

We, therefore, deduce the desired inequality (2.5). Using Corollary 2.6, equality holds if
and only if A = B, or equivalently a; = b; for all j. O

In the next theorem, we show that the generalised relative operator entropy is subaddi-

tive.
Theorem 2.8: For q = 0, the generalised relative operator entropy is subadditive,

S (A+B|C+D) >3 (AC) +3,(BID).
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Proof: Without loss of generality, we assume that A; and B; (s € T) are invertible. Put
X, = AY*(A, + By)"V/2 and Y, = BY*(A; + B,)~V/2. Therefore,

1 1
XX+ VY, = [(As + Bs)iAﬁ] [Az (As + Bs)i}
1 1 1 1
+ [(As + Bs>zBs} [Bs (As + B»z}
1 1 1 1
= (As + B) 2 A (A + B) "2 + (A + Bo) " 2By(As + By) 2

1 1
= (As + BS)_E(AS + Bs)(As + By) "2
=Lw,

and this implies that

/(A +BIC+D)

= /T S)(As + BS|C; + Do)dpu(s)

~ / (As + B [ (A + B) 72 (Co+ D(As + B2 | (As + B)2dua(s)
T L

= [ et modra+ Boricac+ B+ B+ B0
T L

% (As + By)zdu(

= f (As +Bs)%f
T L
_1 _1 _1
> f (As + By)? [X : ) X, + Yif (Bs 2D, B, ) Ys] (As + B)2du(s)
T
(by operator concavity of f and Theorem 1.9 in [2])
1 _1 _1 1 1 _1 _1 1
=/ [Agf (As 2CA, 2) AZ + BLf (Bs 2D, B, 2) Bg] dp(s)
T
= /T Sh(AdCodu(s) + /T S (B,|Dy)dpu(s)

=10+ ®BD).

1

s)
_1 _1 _1 _1 1

X* <AS 2CAs 2) X+ Y* (BS 2D,B; 2) YS] (As + Bs)2dpu(s)
_1

*f (As 2CA

1

O

Lemma 2.9: The generalised relative operator entropy is homogenous; i.e. for any real
number o > 0

S (eAleB) = oS (A[B),

where A = (aAg)ser.

Theorem 2.10: For q = 0, the generalised relative operator entropy is jointly concave; i.e.
ifA =aA; + BAyand B=aB; + BB fora, > 0witha + = 1, then

S (AB) > oSl (A1) + BS) (A2]B,) .
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Proof: Assumethat Ay = (Aks) and By = (By,) (k = 1,2, s € T). By using of subadditivity
and homogeneity of the generalised relative operator entropy, we get

S (AIB) =S (@A; + BA;|aB; + BB,)
= / Sh(@Ars + BAslaBis + BBag)dis(s)
T

> /T [Sh(@ArlaBiy) + S{(BAIBB) | dn(s)
= /T S AvcIBo) + BS (Az[B20) | dus)
= o)) (A1[B1) + B3} (A2By) .
O

We say that A = (Ay)ser is invertible, if A, is invertible for every s € T.
In the following theorem, we show that the generalised relative operator entropy has

informational monotonicity.
Theorem 2.11:  Forq = 0 and ® € PN[B(J7),B(%)],
o (SaB) =T (e@io®) .

Proof: Assume that A is invertible. Then so does ®(A) = (fID(AS))S T Define
L1
W(X) = B(A) "D <A3XA3> D(A) 2.

So W is a normalised positive linear map. Consequently,

@ (SAB) = /T ® (Sh(AdlBY) du(s) (by (12))

— [ (air (4 pat) 4 ) auco

T

= [ ot [owto (alr (a bt ) al) o]
T

X (A2 du(s)
~ / D (Ag)7 W (f (AZ%BSAS*)) O (A)2du(s)
T
< / O (A f (w (AZ%BSAs‘%)) O (A9)2du(s) (by (1.1))
T
~ / O (Ay)3f [<I><As>—%<b (AéAZ 'BA; %Aé) <I><AS)—5} ®(A9)7dpu(s)
T

= [ owotr[ewrtomen ] ountane
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S (D(A)|®(By)) dyu(s)

Jw,\

S (@(A)|(B)) .

3. Some operator entropy inequalities

There is an impressive method for finding inverses of some operator inequalities. It was
introduced for investigation of converses of the Jensen inequality associated with convex
functions, see [2] and [19] and references therein. We need the essence of the Mond-
Pecari¢ method where appeared in [2, Chapter 2] in some general forms.

If f is a strictly concave differentiable function on an interval [m, M] with m < M and
& : B(H) —> B(X) is a positive unital linear map,

D —fGm)  Mf(m) — mf (M)

, Vf = and
M—m M—m
- £
yf_max{,uft+vf mStSM}, (3.1)
then
f(@(A) < yrP(f(A)). (3.2)

Lemma 3.1:  Assume that X,C; € &/ (s € T) suchthat0 <m <X <M, f : (0,00) —
[0, 00) is an operator monotone function, ty € [m, M] and yy is given by (3.1). Then

f( / CFXCydp(s) + to <I%J— / CS*CSdM(s)>)
T T

=V [ /T Cof (X)Coda(s) + f (to) <I;y — /T CS*CSd,u(s))} ,

where [ CXCedju(s) < Ly
Proof: Using (3.2), the proof is similar to Lemma 2.3. O

Theorem 3.2: Let A = (A¢)ter>B = (Bi)ter be continuous fields of strictly positive
operators such that 0 < mA; < By < MA; (s € T) for some positive real numbers m, M,
where m < 1 < M, [ Adu(s) = [;Bsdu(s) = Ly, f = (0,00) — [0,00) is operator
concave and p € [0, 1]. Then

f |:/7: (Asup-HBs)d//v(S) +to (ij - /TAsuszdM(S)>i|

— y¢f (to) (I;f - /T Asuszdu(s))
< Vf?;(AIB), (3.3)

where ty € [m, M] and yy is given by (3.1).
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Proof: It follows from (2.2) and [ Acdu(s) = [ Bedu(s) = Ly that [ AsfpBedu(s) <
Ly (p €[0,1]).

f[ﬁ(Asup+lBs)dM(5) +to <I<)?’ _/T:AsuszdM(S))]
1 I P\ * 1 1 1 [N
= As 2BA; 2) A2 ) (As2BA; 2) [ (As *BiAs 2)7AZ ) d
[ () ad) (s tmar) (o) a8 anes
+to (I%—/AsﬂszdM(S)>i|
T

1 _1 _1 % _1 _1 _1 _1 g 1
fyf[/ A¢ (As *BsAg 2) f (AS 2BsAg 2) (AS 2B,A, 2) A2du(s)
T

+ 1 (to) <I,;f— / AsﬂszdM(S)>] (by Lemma 3.1)
T
1 1 1\ P 1 1 1
| [ad (atpact) s (atbact) afancs
T
+ f (to) <ij - ﬁAsﬂszdM(S))]

=¥ [/T S{,(AslBs)dM(s) + f(to) <ij—fTAsuszdu(s)>} .

For the discrete case T = {1, 2, ..., n}, we give a reverse of (2.3).

Corollary 3.3: Let 0 < mA; < Bj < MA; (1 <j < n) for some positive real numbers
m, M such that m < 1 < M, Z;’zlAj = 217‘1:1 Bj = Ly and f : (0,00) — [0,00) be
operator concave. Then

f |:Z (Ajup+lBj) +1o (IJ?” - ZAjhij):| - fo(tO) (L%” - ZAJHPBJ)

j=1 j=1 j=1
<y SH(AB), (3.4)

where ty € [m, M], p € [0, 1] and yy is given by (3.1).

There is another method to find a reverse of the Choi-Davis-Jensen inequality. If f is a
strictly concave differentiable function on an interval [m, M] with m < M and & is a unital
positive linear map, then

Gl + P(f(A) = f(P(A)), (3.5)

Where

M) — Mf (m) —mf (M
pp = LIO =S o MO =D = max 7 () — gt — vy )(3.6)

M—m M—m m<t<M

A € B(J) is a self-adjoint operator with spectrum in [m, M]; see [2, p.101].
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Lemma3.4: LetX,Cs € & (s € T)such thath CiCdu(s) <ILypand0<m <X <M,
letf : (0,00) — [0, 00) be an operator monotone function and ty € [m, M]. Then

f (/ CIXCsdp(s) + to (I;gﬂ - / C;“Csdu(s))>
T T

< fT CHf () Codpa(s) + £ (to) (If— /T c;*csdu<s))+r;f,

where {y is given by (3.6).

Proof: We put D = (Iy — fT Cy Csdu(s))%. Applying inequality (3.5) for the positive
unital linear map @ (diag(X,Y)) = [; C}XCydu(s) + D*YD (X,Y € &) we get the
desired inequality. O

Using Lemma 3.4, by the same argument in the proof of Theorem 3.3 we give the next
result.

Theorem 3.5: Let A = (Ap)ier-B = (Bi)ter be continuous fields of strictly positive
operators such that 0 < mAs; < B; < MA; (s € T) for some positive real numbers m, M,
where m < 1 < M, [ Adu(s) = [;Bidu(s) = Ly, f : (0,00) — [0,00) is operator
concave, ty € [m,M] and p € [0, 1]. Then

f[/T (Astip+1Bs)dpu(s) + fo (Ijzﬂ - /TAsﬂszdM(S)>] — f(to) <ij - /TAstBde(S)>

<SH(AIB) + ¢, (3.7)

where {y is given by (3.6).
In the discrete case, we get a reverse of inequality (2.3).

Corollary 3.6: Let 0 < mAj < B < MA; (1 <j < n) for some positive real numbers
m, M such that m < 1 < M, Z;IZIA]. = 2;1:1 Bj = Ly and f : (0,00) — [0,00) be
operator concave, p € [0,1] and ty € [m, M]. Then

FIYApaB) +to | Le — Y AjipBy | | —f(to) [ L — Y AjtpBi
j=1

j=1 j=1
< SH(AIB) + &, (3.8)

where ¢y is given by (3.6).
Using Corollary 3.6 for the operator monotone functions f(t) = —tlogt and g(t) =
log t, respectively, we get the following example.

Example 3.7: Let 0 < mAj < Bj < MAj 1<j=<n for some positive real numbers
m, M such thatm < 1 < M, 2}1:1 Aj = Z}’Zl Bj = I» and ty € [m, M]. Then

n n
> (AjfpraB) +to [ Ly — > AjipB;
j=1 j=1
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n n
xlog | > (Ajtpr1B) +to | Ly — Y _ AjtpB;
=1 j=1

n
—tolog (to) | Ly — Y _ AjfipB;
j=1

> S1(A|B) + L(1/m,1/M)~' — I(m, M)

and
n n n
log Z (Ajlip+1Bj) +to | Lw — ZAjﬂij —log (to) | Lw — ZAJHPBJ
j=1 j=1 j=1
1 (MmN T
where
1
b—a . pP\o=a |
L(a,b) = {logb_loga FY and T = | (_) a7 b
a ja= a ;a=b

are the logarithmic mean and the identric mean of positive real numbers a and b, respec-
tively.
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