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Abstract In this paper, we employ some operator techniques to establish some refine-
ments and reverses of the Callebaut inequality involving the geometric mean and
Hadamard product under some mild conditions. In particular, we show

MZt—l r!
K( ) Z(A]ﬁéB )OZ(Ajﬁl AB)
+( 1/2) Z(Ajtt,B )OZ(AJﬁl 1Bj)— Z(A]ttB )OZ(A]ﬁB )

< Z(Ajttsz) o Z(Ajm_sz),

j=1 j=1

where A, B; € B(J¢) (1 < j < n) are positive operators such that 0 < m < B; <
m<M§Aj<M/(1<j<n) eitherl>t>s>%or0§t§s<

r’:min{t = }ﬁ} and K (1,2) = 02 (1 > 0).
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1 Introduction and Preliminaries

Let B(27) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space ¢ with the identity 7. An operator A € B(J7) is called positive if (Ax, x) >0
for all x € J¢, and we then write A > 0. We write A > 0 if A is a positive
invertible operator. The set of all positive invertible operators is denoted by B(5¢) .
For self-adjoint operators A, B € B(), we say B > A if B — A > 0. The Gelfand
map frof (A) is an isometric x-isomorphism between the C*-algebra C(sp(A)) of a
complex-valued continuous functions on the spectrum sp(A) of a self-adjoint operator
A and the C*-algebra generated by I and A.If f, g € C(sp(A)),then f(¢) > g(t) (¢t €
sp(A)) implies that f(A) > g(A).

It is known that the Hadamard product can be presented by filtering the tensor
product A ® B through a positive linear map. In fact,A o B = U*(A ® B)U, where
U :H — 2 Q I is the isometry defined by Ue; = ¢; ® ej, where (e;) is an
orthonormal basis of the Hilbert space J7; see [7].

For A, B € B(7)4, the operator geometric mean AfB is defined by AfB =

1
A2 A_TIBA_TI) P Az Fora e (0, 1), the operator-weighted geometric mean is
defined by

— — o
Af B = A’ (ATIBATI) A%

Callebaut [4] showed the following refinement of the Cauchy—Schwarz inequality

2
"1l s 1o Plos lds
2,2 2 2 2 2
N N < . . .
le y] - xl y/ xl yl
Jj=1 Jj=1 Jj=1
L EE R T A )
2 2 2 2
< . . .
- x] y] x] yj
j=1 J=1
n n

(1.1)

A
=
™
=

where x;, y; (1 < j < n) are positive real numbers and either 1 > 7 > 5 > % or

0<t<s< % This is indeed an extension of the Cauchy—Schwarz inequality.
Wada [10] gave an operator version of the Callebaut inequality by showing that if
A, B € B()4, then
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1
(AfB) ® (A8B) = 3 {(Afle B) ® (Afli—a B) + (Afli—o B) ® (Afle B)}

<Nae B+ By,

[\S]

where o € [0, 1]. In [6], the authors showed another operator version of the Callebaut

inequality:

Z(A,uB )oZ(A,ﬂB ) < Z(A,ﬁsB )oZ(A,m $Bj)

Jj=l Jj=1 j=1
< Z(AjntB,-) o Z(A,-mffB,-)
j=1 j=l1

n n
ZA,- o ZBj , (1.2)
j=1 j=1

1

where Aj, B; e B()4 (1 < j <n)andeither1 >¢>s > %orO St<s<j
In [3], the authors presented the following refinement of inequality (1.2) as follows:

> (AjisBj)o D (Ajt1_B))

j=1 J=1

< D (AjtsBj)o D (Ajti_sB))

J=1 J=1

( 1/2) (Z(A;tsB )oZ(A f1-sBj )—Z(A #B; >oZ(A 1B; ))

j=I

< Z(A;ﬁ:B;)oZ(A,-m_,Bj), (1.3)
j=1 j=1

1

inwhich A;, B; € B(s)+ (1 < j <n)andeitherl > >s > %orO <t <s<jy.
There have been obtained several Cauchy—Schwarz type inequalities for Hilbert space

operators and matrices; see [1,2,5,8] and references therein.
In this paper, we present some refinements and reverses of the Callebaut inequal-

ity involving the weighted geometric mean and Hadamard product of Hilbert space

operators.

2 Further Refienements of the Callebaut Inequality Involving
Hadamard Product

The Kontorovich constant is

(t+1)?

K(t,2) = (t > 0).
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768 M. Bakherad

The classical Young inequality states that
a’b'™’ <va+ (1 —v)b,

where a, b > 0 and v € [0, 1]. Recently, Zuo et. al. [11] showed an improvement of
the Young inequality as follows:

.
K (\/g, 2) a’b'™’ <va+ (1 —v)b,

where a,b > 0, v € [0,1], r = min{v,1—v}. Applying this inequality,
J. Wu and J. Zhao [9] showed the following refinement of the Young inequality:

K(\/gz) avbl—v+r(f_Jz)zgva+(1—v)b, @1

where a,b > 0,v € [0,1] — {3}, 7 = min{v, | —v} and ' = min {2r, 1 — 2r}.
Using (2.1), we get the following lemmas.

Lemma 2.1 Leta,b > 0andv € [0, 1] — {%} Then

K (@ 2)r/ (a"bl_” + al—“b“) +or (f - «/E)2 <a+b, (2

where r = min {v, 1 — v} and r’ = min {2r, 1 — 2r}.

LemmaZ.ZLet0<m/§B§m<M§A§M/andeither1zt2s>%or

0§t§s<%.Then

2t—1 r
K ( 5 , 2) (AY ® Bl—s +A1—S ® BY)
m2t—1

l‘_
+( i )(A’ @B+ A" @ B —2(A? ®B%))

r—1/2
<A'@B'"+ A" @B, (2.3)
where r’ = min {t’:l%, j:iﬁ}

Proof Leta > 0.1If we replace b by a~! and take v = 177“ (2.2), then we get
K@2 (@ +a )+ (- (a+a’=2) sa+a™, @4

in which u € (0, 1] and " = min {1 — p, u}. Let us fix positive real numbers «, B
such that 8 < «. It follows from 0 < m' < B <m < M < A < M that
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o

T<h=(2)" < a@B ™ < i’ = () andsp(A*®B~) € [, W] € (1, +00).

(a+1)?

Since the Kontorovich constant “=;—= is an increasing function on (1, +00), by (2.4),

we have

M\ - ~1 —1
K{—.,2 (a“—i—a “)+(1—u)(a+a —2)§a+a ,
mot

where i € (0, 1]and 7’ = min {1 — u, u}. Using the functional calculus, if we replace
a by the operator A ® B~* and u by g we have

M\
K (— 2) (AP® BF + A~F @ BP)
m(x

+(1—E)(A“®B_“+A_“®B“—21)
o

<A*®@B "+ A *® BY, (2.5)

where r’ = min {1 - g g} Multiplying, we both sides of (2.5) by A2 ® B%, we
obtain

M\
K (_2> (A1+ﬂ @B PLAlFg Bl+ﬁ)
o

m
+<1_E) (AI+OI®B]7(X+A]7(X®BI+O(_2(A®B))
o
S A1+Ol ® Bl*ﬁt _}_Alfﬂt ®B1+Ol' (26)

Now, if we replace «, 8, A, Bby 2t — 1,25 — 1, A%, B%, respectively, in (2.6), we
obtain

M1\
K ( 2) (A_S ® Bl*S _’_Alfs ® BA)

21"

r—s 1 1
A'@B'™ + A" @ B' —2(A? @ B? )
+ (l — 1/2) ( ® + ® (A2 ® B?)

S Al ®Bl—l +Al—l ®Bt

- 1 1 /. t—s s—1/2
foreither 1 > ¢ > s > 3 or0<tr<s< 3 and r _m1n{t71/2, 1—1/2}' O
We are ready to prove the first result of this section.

Theorem 2.3 Let0 <m’' < Bj <m <M < A; < M' (1 < j < n) and either
12t2s>%or0§t§s<%.Then
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MZt—] r' o n
K(mZI—l ’2) D (AjtsBj) o D (Ajti-sB))
Jj=1 j=1

( 1/2) Z(A,ﬁ,B )OZ(A]ﬁl Bj) — Z(A 2B )OZ(A ¢B))

j=1

< Z(Aij,) o Z(A,-m_tB,o, @7
Jj=1 Jj=1

/A t—s s—1/2
where r’ = min {t—l/Z’ =172 }

_1 _1
Proof PutCj = A; szAj 2 (1 < j < n). By inequality (2.3), we get

MZZ 1 r’ | |
s —s —s s
K(W,Z) (Cj®Ci +Cj ®Ci)

t—s 1 1
+ (m) (C; & Cilit + le-it ® C; — Z(Cj2 ® Cl-z))

<CteC/+Ciec  (<ij<n). (2.8)

1 1
Multiplying both sides of (2.8) by A]z_ ® A/, we get

MZI 1 r
K (W 2) ((AjtsBj) @ (Aiti—sBi) + (Ajt1—sB)) ® (Aifls B))

t—3s
* (t _ 1/2) ((Ajﬁsz) ® (Aif1-1Bi) + (A1 Bj))
® (AifB;) — 2(A;11B)) ® (A,-jjB,-))
= (AjﬁtBj) ® (Ait1—Bi) + (Ajﬁl_[Bj) ® (Ait; Bi) (2.9)

forall 1 <i, j < n. Therefore

M2t 1 n n
( . 1,2) D (AjtsBj)o D (AjtisB))
j=1 j=1

(r = 1/2) Z(Af'ﬁ’B-’) o > (Assi-Bp — (D A2;) o (X 488))
=1 j=1 j=1 —

m,z) ((Aj8:B)) o (Aita—sB)) + (A1, B)) o (Aifis )
i,j=1
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1/2
o (AitiBi) = 2(A;3B)) o (Ai£B) )

+( . )((A,M) (Aiti(BD) + (A1 B))

n

Z ((Ajf:B)) o (Aifi1—1Bi) + (Ajl1— B)) o (Aif; Bi)) (by inequality (2.9))
i,j=1

=D (Aj#Bj)o D (Ajt1-B)).
j=1 j=1

1

N |

Remark 2.4 1t follows from

( 1/2) Z(A/ﬁfB)OZ(A/m /Bj) — Z(A/ﬁB)OZ(A,ﬁB) >0,

where A;, B; € B(J¢) (1 < j < n),either1 >t >s > %or05t5s<%

and K(¢,2) = % > 1 (¢ > 0) that inequality (2.7) is a refinement of the second
inequality of inequalities (1.2) and (1.3).

We conclude an application of Theorem 2.3 for numerical cases which is a refine-
ment of inequality (1.1).

Corollary 2.5 Let 0 <m’ < y; <m <M <x; <M (1 < j < n) and either
—1<t<s<OQorl>t>s>0.Then

s los Lo dss lds
2 2 2 2
ZXJ Yj Z"] Yj
j:1 j:l
1 L T T T e,
< 2 2 2 2
<K|{—,2 X0y, Ex] Y,
Jj=1 J=1
2
t—s "o 1 o 1w o1l
2 2 2 7
T t XY ij Y Zx Y
j=1 j=1 j=1
o 1 o 1
< .2 .2 .2 .2
= X Yj Xim Vi
j=1 j=1

where r' = min{%,% .

Proof If weput Aj = xj, Bj = y; (1 < j <n)in Theorem 2.3 and inequality (1.2),
then we get
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t s n n n 1 1 2
— 1—t .t t 1=t 2,2
+(,_1/2) Yo *jYi ijyj
j=1 Jj=1 Jj=1
n n
1—t_ ¢t t 1—t
=250 ijyj ’
j=1 j=1
where r’ = min{ti;ljz, %} and either 0 <t < s < %orl >t >s5 > %.Now
if we replace s by *t and ¢ by 5!, respectively, where either —1 < ¢ < s < 0 or
1 >t >s > 0, then we obtain the desired inequalities. O

Lemma 2.6 Leta,b > Qandv € (0, 1). Then

avblfv _’_alfvbv_’_zr(\/—_\/E)Z
+r (2\/ab+a +b—2aibi —2a%bi) <a+b,

where r = min{v, 1 — v} and r' = min{2r, 1 — 2r}.

Proof Leta,b > 0,v € (0, 1),r = min{v, 1 —v}and r’ = min{2r, 1 —2r}. Applying
[12, Lemmal], we have the inequalities

a'™"bY + v(Va — Vb): +r'(Vab — Ja)* < (1 —v)a + vb,
where 0 < v < % and
a' b’ + (1 = v)(va — Vb)* + r'(Vab — Vb)* < (1 = v)a + vb,
where % < v < 1. Summing these inequalities, we get the desired result. O

Lemma 2.7 Let Aj, B; € B(J)y (1 < j < n) and either 1 > t > s > %or
0§t§s<%.Then

(AS ® Bl*S +A17S ® BJ)

t_
+ (t - 1;2) (As QB+ AT QB —2(A? ® B%))
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+r/(Af @B + A" @ B° +2(A? @ B?) —
3-2s 3-2s 14+2s
X B T R® B4 )

< AI ®B171 +A]7! ®Bt,

—s  s—1/2
where r’ —mln{t I3 1= 1/2}

Using Lemma 2.7 and the same argument in the proof of Lemma 2.2, we get another
refinement of inequality (1.2).

Theorem 2.8 Let Aj, B; € B(J#)y (1 < j < n) and either 1 > t > 5 > % or
0§t§s<%.Then

D (Aj#sBj) o D (Ajt1-sB))
j=1 j=1

+( 1/2) Z(AJﬁAB )OZ(AJﬁl sBj) — Z(A,ﬁB )oZ(A]gB )

+r (Z(A,rtsB )oZ(A,m $Bj >+Z(A,ttB )OZ(A,tIB )

Jj=1 Jj=1 Jj=1

- ZZ(Ajn¥B,) o Z(Ajﬁl-*-TZ? Bj))

j=1 j=1

< D (AjtiBj)o D (Ajt1-1B)). (2.10)

j=1 J=1

where r' = min{ _; = 152}

Remark 2.9 If Aj,B; € B(J/)y (1 < j < n) and either 1 > ¢ > s > % or
0§t§s<%,then

D (AjisBj)o D (Ajt1—sBj) + D (AjB))o > (AjiB})
j=1 j=1 j=1 j=1
—2Z<A1u3 2 Bj >oZ<AJn1+sz )

j=1 Jj=1

and

(tt__ljz) (Z(A_,-nsB_,) o D (Ajti_sBj) — D (AjtB))o Z(AjﬁB_,-)>
j=1 j=1 j=1 j=1

are positive operators. Hence, inequality (2.10) is another refinement of the second
inequality of inequalities (1.2) and (1.3).
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774 M. Bakherad

If weput Bj = I (1 < j <n)in Theorem 2.8, then we get the next result.

Corollary 2.10 Let A; € B(J); (1 < j < n) and either 1 > t > s > % or

0§t§s<%.Then

ITSES Wy

j=1 j=1

;o t—s s—1/2
where ¥’ = min {F]/z, =1 }

If in Theorem 2.8 we replace A, Bj, s, t, by x;, y;, %, % (1 < j < n), respec-
tively, then we obtain another refinement of inequality (1.1).

Corollary 2.11 Let xj,y; (1 < j < n) be positive numbers and either —1 < t <
s<Qorl>t>s>0.Then

" olas Iss I=s i
2 2 2 2
ij Yj WS
j=1 j=1
2
f—s A e LI "1
+ xzy_z xzyz_ xzyz
P i i Z JJ
j=1 J=1 J=1
2
R R E N
2 2 2 2 2,2
+’(Z’C1 Yj XY + zxjyj
j=1 j=1 J=1
"2 2es o2es 24
22x1 Yj ij Yj )
]=1 j:]
L A L T
< _2 2 .2 '2
= W R ij Vit
j=1 j=1
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3 Some Reverses of the Callebaut Type Inequality

In [9], the authors showed a reverse of the Young inequality as follows:

va—l—(l—v)bSK(\/g,Z) a”b‘*”+s(f—dé)2, 3.1)

in whicha,b > 0, v € [0, 1] — {%}, r=min{v, 1 — v}, = min{2r, 1 — 2r} and

s = max {v, | — v}. Applying (3.1), we have the next result.
Lemma 3.1 Leta,b > 0andv € [0, 1] — {%} Then

a+b<K (\/g 2)r/ (a”bl_” +a1—”b“) 425 (f— \/5)2,

where r = min{v, 1l — v}, ¥’ = min{2r, 1 — 2r} and s = max {v, 1 — v}. In particu-
lar, Ifv € [0, %), then

, ~1\2
u +a,1 < K(@,2)™" (a172v +a7(172V)) +2(1 —v) (Cl% — aTl) . 3.2)

Now, utilizing inequality (3.2) and the same argument in the proof of Lemma 2.2, we
can accomplish the corresponding result:

Lemma3.2Let0<m/§B§m<M§A§M/andeither1zt2s>%or

0§t§s<%.Then

2t—1 -r
Al‘ ®Bl—t +A1—l‘ ®Bt S K (m2t_1 ,2) (AY ® Bl—s +A1—S ® BC)

—12
+ (j_ 1;2) (Af Q@B+ AT QB —2(A?® B%)),

/A t—s s—1/2
where r —mln{tfl/z, 171/2}'

As a consequence of Lemma 3.2, we have the following result:

Theorem 3.3 LetO <m' < Bj <m <M < A; <M' (1 < j <n). Then

2t—1

n n M -’ n n
D (AjtiBj)o) (Ajt1B)<K (W 2) D (Aj#sBj) o D (Ajt1sB))
j=1 j=1

j=1 j=1

n n

—1/2 n n
+ (j _ 1?2) Z(AjﬁfBj) o Z(Ajﬁl—tBj) - Z(AjjiBj) o Z(AjﬁBj)
/=1 j=1 j=1 j=1

. 1 1 /. t—s  s—1/2
foreztherlzt2s>70r0§t§s<§andr _mm{zfl/z’zfl/z}'
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Remark 3.4 Ifweputt =1land 1 > s > % in Theorem 3.3, then we get a reverse of

the third inequality of (1.2):

ZAJ' o ZBj <K (%,2) Z(A/an )OZ(A/ﬁl YB )
j=1 Jj=1 = j=1

ZB — > (AjgBj) o > (AjiB)) | .
j=1 j=1

+@2s—1) ZA
j=1

where ¥’ = min {2 — 2s, 25 — 1}.
If wereplace A, Bj, s, t,byx;, yj, %, % (1 < j < n)inTheorem 3.3, respec-

tively, then we obtain a reverse of the second inequality of (1.1)

Corollary 3.5 Let0 <m’ <yj <m <M <x; <M’ (1 < j <n). Then

1t JENE M2t N\ i s s i
2 2 2 2 2 2 2
zx ) zx <k (Tr2) zx zx
n n 2
s—1/2 % Lt % 3.3
(=) (X zx >y,
Jj=1 j=I1
for either 1 >t > s > %or0§t§s< > andr —mm{t’:ljz,fjllg}.

Proposition 3.6 Letr0 <m’ < Bj <m <M < A; < M' (1 < j < n) and either

()

K (n1.2)" Z(A,mB )oZ(A,m B+ (F

1>t2s>%0r0§t§s<%.Then

< Z(A,»u,B,» o Z(Aju17,8j>

j=1 j=1

<K (hz’_l, 2)4/ D (AjtsBj)o D (AjtisBj)
j=1 j=1

2
s—1/2 / 1
+<t—1/z)(‘/h__ ﬁ) ’

_ M 3 _ M /A r—. K
where h = Z’h = and r _mln{[_l/z, =12 [
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Proof Since the function f(a) =a —

1

4 is increasing on (0, co), we have

2 2 2

«/E—\/I < \/_—\/I (v /L) wh<a<m.
h a n

Applying inequalities (2.2), (3.2) and the same argument in the proof of Theorem 2.3,
we get the desired result.
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