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Noncommutative Chebyshev Inequality Involving
the Hadamard Product

M. Bakherad*, S.S. Dragomir

Abstract. We present several operator extensions of the Chebyshev inequality for Hilbert
space operators. The main version deals with the synchronous Hadamard property for
Hilbert space operators. Among other inequalities, it is shown that if 2 is a C*-algebra,
T is a compact Hausdorff space equipped with a Radon measure p as a totally ordered
set, then

[ o)) [ atyaco Bodut) = ([ a@ameaBdun)o ([ o)A aoByints),

T
where a € [0,1], r € [—1,1] and (Ay)ier, (Bi)ier are positive increasing fields in C(T', ).
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1. Introduction and preliminaries

Let B($)) denote the C*-algebra of all bounded linear operators on a complex
Hilbert space $). In the case where dim$) = n, we identify B($)) with the matrix
algebra M, of all n x n matrices with entries in the complex field. An operator
A € B(9) is called positive (A > 0) if (Az,x) > 0 for all z € $. The set of all
positive operators is denoted by B($));. For selfadjoint operators A, B € B($)),
wesay B> Aif B—A>0.

The Gelfand map f(t) — f(A) is an isometric *-isomorphism between the C*-
algebra C(sp(A)) of continuous functions on the spectrum sp(A) of a selfadjoint
operator A and the C*-algebra generated by A and the identity operator I. If
f,9 € C(sp(A)), then f(t) > g(t) (¢ € sp(A)) implies that f(A) > g(A).
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Let f be a continuous real valued function on an interval J. The function
f is called operator monotone if A < B implies f(A4) < f(B) for all A,B €
B($) with spectra in J. Given an orthonormal basis {e;} of a Hilbert space
9, the Hadamard product A o B of two operators A, B € B($)) is defined by
(Ao Bej;,ej) = (Ae;, e5)(Bey, ej). It is known that the Hadamard product can be
presented by filtering the tensor product A ® B through a positive linear map.
In fact, Ao B = U*(A ® B)U, where U : $§ — $H ® § is the isometry defined
by Uej = e; ® ej; see [1, 2, 9]. For matrices, one easily observe [14] that the
Hadamard product of A = (a;j) and B = (b;;) is Ao B = (a4;bi;), a principal
submatrix of the tensor product A ® B = (a;;B)1<i j<n. From now on when we
deal with the Hadamard product of operators, we explicitly assume that we fix
an orthonormal basis.

The axiomatic theory of operator means has been developed by Kubo and
Ando [10]. An operator mean is a binary operation o defined on the set of
strictly positive operators, if the following conditions hold:

(1) A<C,B<Dimply AcB < CoD;

(2) A, L A,B,, | B imply A,0B,, | AcB, where A, | A means that 4; >
Ay > - and A, — A as n — oo in the strong operator topology;

(3) T*(AoB)T < (T*AT)o(T*BT) (T € B(9));

(4) Iel =1.

There exists an affine order isomorphism between the class of operator means
and the class of positive operator monotone functions f defined on (0,00) with
F(1) =1 via f(t)I = Io(tI) (t > 0). In addition, AcB = Az f(A2 BA2 )A? for
all strictly positive operators A, B. The operator monotone function f is called
the representing function of ¢. Using a limit argument by A. = A + €I, one
can extend the definition of Ao B to positive operators. An operator mean o is
symmetric if AcB = Bo A for all A, B € B($)). For a symmetric operator mean
o, a parametrized operator mean o4, 0 <t < 1 is called an interpolational path
for ¢ if it satisfies

(1) AooB = A, Aoy jeB = AoB, and Ao B = B;

(2) (AopB)o(AoyB) = Aap#B for all p,q € [0, 1];

(3) The map t € [0, 1] — AoyB is norm continuous for each A and B.
It is easy to see that the set of all r € [0, 1] satisfying

(AJPB)UT (AUqB) = Aarp—‘r(l—r)qB (1)
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for all p,q is a convex subset of [0,1] including 0 and 1. The power means
interpolational paths are

1
T

Am, B = A3 (1 —t +t(A%1BA%1)T) Az (te[0,1]).

In particular, we have the operator weighted arithmetic mean Am;;B =
AV, B = (1-t)A+tB, the operator weighted geometric mean Amg ;B = Af; B and
the operator weighted harmonic mean Am_; ;B = A,B = ((1 — A7+ thl)fl.
The representing function F,.; for m,; is defined as Fy;(z) = Imx = (1 —t +
t:z:T)% (x > 0).; see [1, 2] and references therein. Let us consider the real se-
quences a = (a1, -+ ,ap), b = (b1, -+ ,by) and the non-negative sequence w =
(w1, -+ ,wy). Then the weighed Chebyshev function is defined by T'(w;a,b) :=
Doy wi i wiaiby — Y wiaq Y5 w;ibs. In 1882, Chebyshev [6] proved that
if @ and b are monotone in the same sense, then

n n n n
Zwi ijajbj > Zwiai ijbj. (2)
i=1 j=1 i=1 j=1

Behdzed in [5] extended inequality (2) to

n

n n n n n n n
Zwi Z vja;b; + Z Vi ijajbj > Z Vi ijbj + sz‘az‘ Z vibj, (3)
=1 j=1 j i=1 j=1 i=1 j=1

i=1 =1

where a1 < --- < ap, g < --- < b, and w1, ,Wn, V1, - ,V, are nonnegative
real numbers. Some integral generalizations of the Chebyshev inequality were
given by Barza, Persson and Soria [4]. The Chebyshev inequality is a complement
of the Griiss inequality; see [11] and references therein. Dragomir presented some
Chebyshev inequalities for selfadjoint operators acting on Hilbert spaces in [8, 7].

A related notion is synchronicity. Recall that two continuous functions f, g :
J — R are synchronous on an interval J, if

(F(t) = £(5)) (9(t) — g(s)) >0

for all s,t € J. It is obvious that if f,g are monotonic and have the same
monotonicity, then they are synchronic.

Let 2 be a C*-algebra of operators acting on a Hilbert space, T' be a com-
pact Hausdorff space and p(t) be a Radon measure on 7. A field (A¢)er of
operators in 2 is called a continuous field of operators if the function ¢ — A; is
norm continuous on 7" and the function ¢ +— || A¢|| is integrable. One can form
the Bochner integral [, A;du(t), which is the unique element in 2A such that
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o ([ Adp(t)) = [ o(A)dpu(t) for every linear functional ¢ in the norm dual 21*
of A. By [12] for operators B, A; € 2 we have

/ (A 0 BYdu(t) = / Adp(t)o B (A, B € 2). (4)
T T

We say that two fields (A¢)ier and (Bi)ier have the synchronous Hadamard
property if

(A — As) o (Bi— Bs) >0

for all s,t € T. We say (A;) is an increasing (decreasing, resp.) field, whenever
t < s implies that A, < As (A, > As, resp.).
In [12], the authors showed that

/T o(s)dpu(s) /T a(t)(Ar o Bdu(t) > /T a(t) (1)) o ( /T o(s) Budp(s)).
(5)

where 2 is a C*-algebra, T is a compact Hausdorff space equipped with a
Radon measure i, (A¢)ier and (By)ier are fields in C(T',2) with the synchronous
Hadamard property and « : T — [0, +00) is a measurable function. They also
presented

/ o(s)du(s) / a(t)(Ay o By)dp(t) >
T T

(] atrasBian) o ([ ot aii,Bdu). (©

where 2 is a C*-algebra, T' is a compact Hausdorff space equipped with a Radon
measure 4 as a totally ordered set, (Ay)ier, (Bt)ier are positive increasing fields
in C(T,2A), a: T — [0,+00) is a measurable function and p € [0, 1].

In this paper, we provide several operator extensions of the Chebyshev in-
equality of the form (5) and (6). We present our main results dealing with the
Hadamard product for Hilbert space operators.

2. Chebyshev inequality involving Hadamard product

This section is devoted to the presentation of some operator Chebyshev in-
equalities dealing with the Hadamard product. The first result reads as follows.
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Theorem 1. Let 2 be a C*-algebra, T be a compact Hausdorff space equipped
with a Radon measure i, let (A¢)ier and (By)ier be fields in C(T,2A) with the syn-
chronous Hadamard property and let o, 5 : T — [0, +00) be measurable functions.
Then

/T(du /5 (A; o By)du(t) /5 Ydu(s / )(Ag 0 B)dp(t) >
(/ £) Aedpu(t) /5 )Bydp(s /ﬂ ) Aedp(t) / s)Bydu(s )

(7)

Proof. We put

/ $)dp(s /6 Ay o By)dp(t) /5 Jalu(s / (A; © By)dp(t)
—( / £) Agdp(t) / B(s)Bydu(s / B) Aedp(1) / (s)BSdu(s)).

Then
A = // t)(Ag o By)dp(t) //B t)(Ar o Br)dp(t)dp(s)
ﬂ(ﬂ,”&WU%ﬁﬂBw ) [ ([ 30adu®) o a(e)Buduts)

(by (4))

_ // £)(As o By)dp(t) //ﬁ £)(As o By)dpu(t)dpu(s)
// s)(A¢ o Bg)du(t) //ﬁ $)(A¢ o Bs)du(t)du(s)

(by (4))
_ //’ £)(A; 0 By) + B(s)a(t)(A¢ o By)

a(D)B(s)(Ar o B,) = B(t)a(s)(Ar  By)|du(t)dp(s)

_ (//'a D(Ar0 B) + B(s)alt)(Ar o By)

a(t)B(s)(Ar 0 By) — B(t)a(s)(Ar o By) | du(t)dpu(s)
+ [ [ [asiace B+ seatiae B)
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~a(t)B(s)(Ar 0 Bs) — B(H)a(s)(4c o B)| dﬂ(t)dﬂ(8)>

Now, if we interchange s with ¢t in the second expression of the last equation,
then we get

A > (// B)(Ar 0 By) + B(s)a(t) (A o By)
—a(t)B(s)(4r 0 By) = B(t)a(s)(As o By)| dpu(t)du(s)
/:/ $)(As 0 By) + B(t)a(s)(As o By)

<MXA0&>5@MM&o&$M@W@>

_ (//' £)(Ar 0 By) + B(s)a(t)(A; o By)

>mxmoB>ﬁwmw&o&wme@
+ [ [ o084 0 B) + () (4,0 B

—a(s)B(t)(As 0 By) — B(s)a(t)(As OBt)]du(t)du(8)>

= 5/ [ [ A)o (B~ B,)

ﬂwmmmrAg(&—&ﬂm@W@

> 0. (since the fields (A;) and, (B;) have the synchronous Hadamard property)
<

In the discrete case T' = {1,--- ,n}, let a(i) = w; and B(i) = v;, where
wi, i > 0 (1 <i <n). Then Theorem 1 yields the following corollary.

Corollary 1. Suppose that A;, B; € B($)) (1 < j < n) are selfadjoint operators
with the synchronous Hadamard property and w1, -+ ,wn, V1, , Uy are positive
numbers. Then

Zn: Zzn:VjA o B +ZVZZWJ Aj o Bj)
i=1  j=1 i=
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n n n n
> (Y widi)o (Y wy) + (Y wdi) o (Y wiBy). (8)
=1 7j=1 =1 7j=1

Example 1. If f1, f2,91,92 € LY(R) so that f1, fo are increasing and g1, go are
: fi(t)  h(t) > < fo(t) 0 >
decreasing on R, then we put Ay = and By =
! e < 0 git) TR g
where h,k € L'(R) are arbitrary and t € R. From (f1(t) — f1(s)) (f2(t) — fa(s))
and (g1(t) — g1(s)) (92(t) — g2(s)) being positive for all s,t € R it follows that the
matrizc

(Ay — As) o (By — By) =

_ < (f1(t) = f1(s)) (fa(t) = fa(s)) 0 )
0 (91(t) = g1(s)) (g2(t) — ga(s))
is positive. Using Theorem 1 we have the inequality
< Jw els)ds fR 1(8) fa(t)dt 0 )
Jra(s)ds [ B(t)gi(t)g2(t)dt
+ ( Jr B de]R t 1(t) f2(t)dt 0 >
Jr B(8)ds [ a(t)g1(t)ga(t)dt
< fR fR S)fl t) fa(s)dtds 0 >
0 Jr a(t)B(5)g1(t)g2(s)dtds
( Jg Jw o B(t (t) f2(s)dtds 0 )
Jg a(s)B(t)g1(t)g2(s)dtds

where a, B € LY(R).
Let us consider A;,B; € B($) (1 < j < ) and the nonnegative numbers

Wi, ,Wn, V1, ,Vy, such that W, = Zj , Vi = Zj 1 V. We define the
mapping @ : Ny x Np — B($) as follows:

k
Q(k,n, Aj, Bj) = Wi > vj(Aj0 Bj) + Vi Y wj(Aj 0 By)

j=1 J=1

F (3 o (L) + (Lua)o (3 wn)
i=k-+1 j=1 i=1 j=k+1

+ < V,Al) o (ZwJBJ> + (Z%Az> o ( wJB])7
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where Kk =1,2,--- ,n, and

Z ijj: Z u.)ij: Z VjAj: Z I/ij:O. (9)

j=n+1 j=n+1 j=n+1 j=n+1

Using the definition of ) and the relation (9) we get
(a) Q(1,n, A, Bj) = ( > i wz‘Az‘> o < > Vij> + ( > i '/z‘Az') o ( > %‘Bj)
(0) Q(n,n, Aj, Bj) = > i wi 5 vi(Aj0 Bj) + 3000 vi 305 wi(Aj o By).

Now, in the next theorem we show a refinement of inequality (8).

Theorem 2. Suppose that A;, B; € B($)) (1 < j < n) are selfadjoint opera-
tors with the synchronous Hadamard property, @ is defined as above, w1, -+ ,wn,
Vi, ,VUp are positive numbers. Then

for each k=1,2,--- n.
Proof. For all k =2,3,--- ,n, we have

Q(k7naAj7Bj) - Q(k - 17n7Aj7Bj) =

k—1
= (Wk—l + wk) I/j(Aj o Bj) + v, Ao B | +
j=1
k—1
—|—(Vk_1 + l/k) ij'(Aj o B]) + wi A o By,
j=1
k—1 k—1 n n
Wi_1 Z Vj (A] o BJ) + Vi1 ij(AJ o BJ) + Z CUjAj o Z l/ij
j=1 j=1 j=k+1 Jj=1
k—1 n n n
+ | wp Ay + ijAj o Z I/ij — | wiAg + Z ij] o Z VjB]
j=1 j=k+1 Jj=k+1 Jj=1
k—1 n n n

—ZWjAjO v By + Z viBj | + Z viAj | o ijBj +

j=1 j=k+1 j=k—+1 j=1



54 M. Bakherad, S.S. Dragomir

k-1 n n n
VA + Z VjAj o Z ijj — | v A + Z VjAj o ijBJ
j=1 j=1

—ijBJ o | wpBg + Zw]

—1
= |wj Y vi(Aj0Bj) +wy(Ar o Bi) ) v
1 1

-l Q
,_.

T

—_

.
Il
<.
Il

k-1 k-1
— kak o] Z Vij — kak o Z VjAj
j=1 j=1
k—1 k-1
+ szw] (Aj o Bj) + vi(Ag o By) Zw]
7j=1 7=1
k—1 k-1
— VkAk o ZWJ'BJ' - Vk:Bk o ijAj
j=1 j=1
k—1 k—1
=wp Y vi(Ap = Aj) o (By — Bj) + v Y _wi(Ay — Aj) o (B — Bj) > 0
j=1 j=1

since the sequences (A; and have synchronous Hadamard property).
jlj=1 =1

<

Remark 1. If we put w; = vj (1 < j < n) in Theorem 2, then we get the
inequalities

where
q(k,n,Aj, Bj) = zk:w] 3 w;(Aj o By) ( zn: WiAi) ° (zn:ijj)
j=1  j=1 i=k+1 j=1
—l—( ) (Zw] ) (k=1,2,--- ,n).
i=k+1

In the next result, we show an extension of (6) for interpolational means.
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Theorem 3. Let 2 be a C*-algebra, T be a compact Hausdorff space equipped
with a Radon measure p as a totally ordered set, let (A¢)ier, (Bi)ier be positive

increasing fields in C(T,2A) and let o : T — [0,+00) be a measurable function.
Then

/ o(s)du(s) / o(£)(Ay 0 By)du(t)
T T

> ( /T a(t)(Atmth)d,u(t)) o ( L a(s)(Asmr,l,aBs)du(s))
for all a € [0,1] and all r € [-1,1].
Proof. We have

At o Bt = (At @] Bt)mr,a(At (¢] Bt) = (U*(At &® Bt)U)mna(U*(Bt X At)U)
Z U*((At (=) Bt)mha(Bt & At))U Z U*((Atmr,aBt) X (BtmnaAt))U
= (Atmr,aBt) o (Btmr,aAt) = (Atmr,oth) o (Atmr,l—oth)7 (10)
where t € T'; see [13, p. 174]. Let s,t € T'. Without loss of generality, assume that

s = t. Then by the property (i) of the operator mean, we have 0 < (Aymy 1o Bt)—
(Asmy1-aBs) and 0 < (Aymy o By) — (Asmy o Bs). Then

[ ayiunts) [ atyace Baute
T T
_ (/ a(t )(Atmr,aBt)dM(t)) o (/TO‘(S)(Asmr,l—aBs)du(SD

/ / £)(Ar o By)dpu(t)du(s)

-/ / ((AimeaBe) o (AumeaBe) ) du(t)dn(s) (by 4)
/ / Atmth) (Atmr,l_aBt))du(t)du(s)
~ [ [ a0 ((AmpaB o (AumgiaBo))ditt)duts)

(by equation (10))

/ / Atmth) (Atmr,paBt))

- ( ()((Atmroth) (Asmr,l—aBs))d,u(t)dpL(S)
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1
5 / / Atmr aBt) (Atmr,lfaBt)>

() ( )((Atmroth) (Asmr,l—aBs)>d/L(t)du(S)

/ / ((AsmraBe) o (AgmesaBy))

—a(s)a(t) ((Asmr,aBS) ° (Atmr,l,aBt)>dM(s)du(t)}

(interchanging s and tin the second term)

/ / Atmr tBt) (Atmr,lfaBt))
—a(t)al(s) ((Atmr,aBt) ° (AsmmBs))
+a(t)a(s) ((AsmpaBs) o (Asmny—oBy))

—a(s)a(t) ((AsmmBs) o (Atmr,l_aBt))} dp(t)dp(s)
(by equation (4))

/ / )[(AmraB) — (AamsoB.)]

o [(Atmm_aBt) — (Agmr1-aBy) | du(t)dpu(s)
(by the property (i) of the operator mean).
<

In the discrete case T' = {1, - - - ,n}, if (i) = w; and 5(i) = v;, where w;, v; > 0
(1 <i<mn), then Theorem 3 yields the following result.

Corollary 2. Assume that (A;)7_y,(B;)j—; € B($) are positive increasing se-

=D
quences and wi, -+ ,Wp, V1, ,Vp Q€ posztwe numbers. Then
n
ZwlZVZ A; o B;) (Z:wz Aimy. o Bj) ) o (Zuj(Ajmr71_aBj)>
j=1

for all a € [0,1] and all r € [-1,1].
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