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ABSTRACT

In this paper, we generalize several Berezin number inequalities
involving product of operators, which acting on a Hilbert space
2 (2). Among other inequalities, it is shown that if A,B are positive
operators and X is any operator, then

r
ber' (Hy (A, B)) < ”);” (ber(A’+B’)—2 inf n(k,\))
i l1=1
X1
2

=

<ber(aA’ +(1—a)B)

+ber((1 — a)A" +aB) — 2 inf n(iq)),
N =1
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where n(ki) = ro((A'ky, ki)'/? — (B'kp, ki) V/?)%, r>2, 0 < <1,
ro = min{e, 1 — o} and Hy (A, B) = (A%XB'~% + A1~ XB%) /2.

1. Introduction

Let B(57) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space . with an inner product (., .) and the corresponding norm | . ||. In the case when
dimJs? = n, we identify B(.7¢) with the matrix algebra M, of all #n x n matrices with
entries in the complex field. An operator A € B(.77) is called positive if (Ax, x) > 0 for all
x € 7, and then we write A > 0.

A functional Hilbert space .77 = .77 (2) is a Hilbert space of complex valued functions
on a (nonempty) set 2, which has the property that point evaluations are continuous i.e.
foreach A € Qthemap f — f()) isa continuous linear functional on .77 . The Riesz repre-
sentation theorem ensure that for each A € Q there is a unique element k) € 7 such that
f(A) = {f, k) for all f € 5. The collection {k; : A € R} is called the reproducing kernel
of 7. If {e,} is an orthonormal basis for a functional Hilbert space .7, then the repro-
ducing kernel of 77 is given by ky (z) = Y, e,(1)en(2); (see [1, Problem 37]). For A € €,
let kA;L = ky/||kx || be the normalized reproducing kernel of .7#. For a bounded linear oper-
ator A on .7, the function A defined on by A = (AkA;” kAA) is the Berezin symbol of
A, which firstly have been introduced by Berezin [2, 3]. The Berezin set and the Berezin
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number of the operator A are defined by
Ber(A) := {A(L): 1 € Q} and ber(A) := sup{|A(})| : & € Q},

respectively,(see [4]).
The numerical radius of [A € B(77(2))] is defined by w(A) := sup{|(Ax,x)| : x €
I, ||x|| = 1}. Itis clear that

ber(4) < w(A) =< [|A]l (1.1)

for all A € B(J7°). Moreover, the Berezin number of an operator A satisfies the following
properties:

(i) ber(axA) = |a|ber(A) forall ¢ € C.
(ii) ber(A + B) < ber(A) + ber(B).

Let T; € B(J€(2)(1 <i<n). The generalized Euclidean Berezin number of
T1,..., T, is defined in [5] as follows

n 1/p

~ A P

bery (T, ..., Ty) = sup <§ [(rik | ) ,
reQ \ ;o

which has the following properties:

(a) bery(aTy,...,aTy,) = |a|bery(Ty,...,Ty) foralla € C;
(b) bery(Ty +S1,..., Ty +Sy) < bery(Ty,. .., Ty) +bery(S1,...,S),

where T;, S; € B(ZZ(Q)(1 < i < n).

Namely, the Berezin symbol have been investigated in detail for the Toeplitz and Hankel
operators on the Hardy and Bergman spaces; it is widely applied in the various questions
of analysis and uniquely determines the operator (i.e. for all A € €, A(%) = B()) implies
A =B). For further information about Berezin symbol we refer the reader to [5-12] and
references therein.

In [13], the author showed some Berezin number inequalities as follows:

ber(A*XB) < 1ber(B*|X|B + A*|X*|A),

ber(AX + XA) < ber'/?(A*A + AA*)ber'/?(X*X + XX*), (1.2)
and
ber(A*XB + B*YA) < 2,/|IX||| Y ber'/?(B*B)ber'/?(AA*) (1.3)

forany A,B, X, Y € B(J7(Q)).

In this paper, we would like to state more extensions of the Berezin number inequalities.
Moreover, we obtain several Berezin number inequalities for 2 x 2 operator matrices. For
this goal we will apply some methods from [14,15].
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2. main results

To prove our Berezin number inequalities, we need several well known lemmas.
The following lemma is a simple consequence of the classical Jensen and Young
inequalities (see [16]).

Lemma2.1: Leta,b> 0,0 <« < 1andp,q>1suchthat1/p+1/q = 1. Then

(@ a“b'® <aa+(1—a)b < (@ + (1 — )bV forr > 1;
(b) ab<af/p+bl/q < (@ /p+bT /9" forr=>1.

A refinement of the Young inequality is presented in [17] as follows:
b <aa+ (1 — )b —ro(a? — b'/%)?, (2.1)

where rgp = min{a, 1 — o}.
The following lemma is known as generalized mixed schwarz inequality [18].

Lemma 2.2: Let T € B(J¢) and x,y € S be any vectors.
(a) If0 <« <1,then
(T y) P< (1T P sx)(| T 2070 g, ),

where |T| = (T*T)'/2 is the absolute value of T.
(b) Iff, g are nonnegative continuous functions on [0, 00) which are satisfying the relation
f(t)g(t) = t(t € [0,00)), then

(T ) ISI AT Dx I g T Dyl
forallx,y € .

Lemma 2.3: [5] Let A € B(J4(2)), B € B(745(RQ), 71(R2)), C € B(JA(R), 75(2))
and D € B(74(R2)). Then the following statements hold:

(a) ber([4 5]) < max{ber(A), ber(D)};
(b) ber ([2B]) < LBl + IICI).

The next lemma follows from the spectral theorem for positive operators and the Jensen
inequality (see [18]).

Lemma 2.4 (McCarthy inequality): Let T € B(J7), T > 0 and x € J be a unit vector.
Then

(a) (Tx,x)" <(T'x,x) forr > 1;
(b) (T"x,x) < (Tx,x)" for0 <r <1.
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Now, by applying these lemmas, we extend some Berezin number inequalities.

Theorem 2.5: Let A, B, X € B(J7(RQQ)). Then

(i) ber’ (A*XB) < || X||"ber((1/p)(A* A% + (1/q)(B*B)T/?) for r > 0 and p,q > 1 with
1/p+1/q=1andpr,qr > 2.
(ii) ber(A*XB) < %ber(B*|X|2°‘B + A*|X* 219 A) for every 0 < a < 1.

Proof: 1t ky. is the normalized reproducing kernel of 77’ (2), then
|(A*XBly, k)" = |(XBky, Aky)|"
< |IX|I" Ak, |I"IBk;.|I”  (by the Cauchy-Schwarz inequality)
< IX|I"(Aky, Aky)""? (Bky, Bky.)"/
< |Ix|" (}) (A* Ak, ky)Pr/% + %(B*BlAc,\,IAcA)q’/z) (by Lemma 2.1)

1 PO 1 PO
< Ix|" <;((A*A)Pr/2k)nk)\) + —((B*B)Wzkx,kx)> (by Lemma 2.4)
q

1 1 A
= ||X||’<—(A*A)P'/2 + —(B*B)qr/zkk,kk>
p q
1 1
< [ X||"ber (—(A*A)P’/2 + —(B*B)W) :
p q
Therefore
1 1
ber’ (A*XB) < || X||"ber (1; (A*A)P? 4+ —(B*B)T"/ 2) ,
q
and so we get the part (i). For the proof of the part (ii) we have

|(A*XBkj, k»)| = |(XBky, Ak;)|

IA

(IX[2*Bk;., B, ) /2 (1 X* 121~ Ak, Ak;)'/>  (by Lemma 2.2)

IA

L((B*IX 2 Bky, k) + (A*|X* 2079 Aky, Ky )
(by the arithmetic-geometric mean inequality)
= JUB*IXPB + %X PO Ak, k)
< Lber(B*|X|2B + A*|X* 1= 4),

Now, the result follows by taking supremum on A € €. |

Theorem 2.6: Let A,B,X,Y € B((2)). Then for every0 < a <1

ber(A*XB + B*YA) < Lber(B*|X|*B + A*|X*|*' A + A*|Y|*™ A + B*|Y* 21 "9)B).
(2.2)
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Proof: Applying Lemma 2.2 and the arithmetic-geometric mean inequality, for any ky, €
(), we have
[{(A*XB + B*YA)k;, ky)| < [(A*XBky, ky)| + [(B* YAk, k)|
= |(XBks, k)| + |(YAks, Bs.)|
< (IX[*Bky, B )72 (IX* 21 Aky, Aky )/
+ (Y12 Aky, Ak )2 Y* 207 Bl , Bky) '/
< 3 (B IXP Bl ko) + (471X PO Ak, )
+1 ((A*|Y|2“AR,R> + (B*lY*lz(l_“)BlAq,lAq))
= 1 (B 1XP“B + A" X P04 + A% YA
+BIY RO Bk, k)
< ber(B*[X[**B + A*|X*[P " A + A*| YA
+ BY|Y*P-0)p).

Now, by taking supremum over A € 2, we get the desired inequality. |

Inequality (2.2) yields several Berezin number inequalities as special cases. A sample of
elementary inequalities are demonstrated in the following remarks.

Remark 2.7: By letting o = % in inequality (2.2), we get the following inequalities:

ber(A*XB + B*YA) < lber(B*|X|B + A*|X*|A + A*|Y|A + B¥|Y*|B)

< Iber(B*|X|B + A*|X*|A) + ber(A*|Y|A + B*|Y*|B).

Remark 2.8: Putting o = %, A=Iand X=Y =A, in inequality (2.2) we can obtain the
following inequality:

ber(AB + B*A) < lber(JA| + |A*|) + Lber(B*(|A| + |A*])B).

In the next result we find an upper bound for power of the Berezin number of A*XB!~¢,
inwhich0 <o < 1.

Theorem 2.9: Suppose that A, B, X € B(7(Q2)) such that A,B are positive. Then

ber’ (A*XB'™%) < ||X||r<ber(aA’+(1—oc)B’)— inf n(iq)), (2.3)
Ik l=1

in which n(lAq) = rg((A'lAcA,lAcA)l/z — (B’IAQ,IAQ)VZ)Z, ro = min{a, 1 —a}, r > 2 and 0 <
a <1
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Proof: Let IAcx be the normalized reproducing kernel of 7 (2). Then
(AYXB' %k, k)" = [(XB'~%k;, A%,)|"

< |Ix|I"IB" %k |17 1A% || (by the Cauchy-Schwarz inequality)

= X7 (B* "k k) 2 (A% K, k)T

< IXII"(A ks k) (Bks, k3) '™ (by Lemma 2.4)

= XN (@A™ + (1 = Bk k) — ro((A ks, k)2

—(B'k. ki) 2)?) (by 21)

= X" ((@A” + (1 = ) BNk ki) = X1 ro (A ks, ki) /2

— (B Ki) /)

< IX)" (ber(@A"+(1 — @)B) —ro(A"ks. ko) 2= Bk ) /7).

Taking the supremum over A € €2, we deduce the desired result. |

Remark 2.10: Putting A =B =1 in inequality (2.3), we get a generalization of the inequal-
ity (1.1).

The Heinz mean is defined as Hy (a,b) = (a'~%b* 4+ a*b'=%)/2 for a,b>0 and 0 <
o < 1. The function H, is symmetric about the point o = 1/2 and Vab < Hy(a,b) <
(a+ b)/2 for all @ € [0, 1]. For further information about the Heinz mean we refer the
reader to [14, 19, 20] and references therein. In the next theorem we can obtain an upper
bound for the Berezin number involving power Heinz mean.

Theorem 2.11: Suppose that A, B, X € B(7(2)) such that A,B are positive. Then

berr( 5 ) <

A*XB'=® 4 Al-*XB* - X1
ks |1=1

ber(A" + B") —2 inf ﬁ(IACA)>

< 1X11" (b r r r r
= er(¢ A" + (1 — a)B") + ber((1 — a)A" + aB")
—2 inf n(ky),

ks lI=1

in which n(lAq) = ro((A’lAc;L,lAc;h)l/2 - (B’lAc;L,lAc;L)l/z)z, ro = min{a, 1 —a}, r > 2 and 0 <
a <1

Proof: Using Theorem 2.9 for ky, which is the normalized reproducing kernel of 77 (£2)
we have
<A°‘XBI_°‘ + ATOXBY . . >
2 Ao )

r

. (|<A“XBI“121,?<A>| + |<A1“XBQIA<A,IA<A)|>r
- 2
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1 ~A A ~A A

< 5(|(A“XBI’“kA, kO™ 4+ (A9 XB%ky, ky ) |7 (by the convexity of f(t) = t")
X\ A A A

<] 2” ((@A” + (1 — @)B'ki, kp) + (1 — @)A” + aBky, ki) — 2ro((ATky, ky ) V2

— (B, ki) V%)?)

X e 7 17 1/2 rr 7oy1/2\2

= (((A" + BDkx, ky) — 2ro((A"ky, ko) /= — (B'ka, ka) ' 9)%)

_ X ber(A” + B e Ryl2 e Ral/2)2

= (ber(A” + B") — 2ro({Aky, k) /2 — (B'ky, k) 1))

Taking supremum over A € €2, we get the first inequality. For the second inequality, we
have

XX , , R
Jber(A”+ B") = —ber(A” + (1~ o)B’ + (1 — a)A” + aB)
11" , , o
< 5 (ber(¢A” 4+ (1 — @)B") + ber((1 — a)A" + aB")).

3. Berezin number inequalities of off-diagonal matrices

In this section, we obtain some inequalities involving powers of the Berezin number for
the off-diagonal parts of 2 x 2 operator matrices.

Theorem 3.1: Let T = [g g] € B((Q2)) & F(2,)) and f, g be nonnegative continuous
functions on [0, 00) satisfying the relation f(¢)g(t) = t(t € [0,00)). Then

ber'(T) < max{ ber (})ﬂ”u Ch+ ~g"( B |)> ,
q
1 r 1 s sk
ber <—fp (IBh+-g¥(C I)>}, (3.1)
p q
inwhichr > 1,p > q > lsuchthat1/p+1/q = 1and pr > 2.

Proof: For any (X1,A2) € Q21 X Q, let IAc(,\l,;Lz) = [llzil ] be the normalized reproducing
2
kernel in 77 (Q21) @ J#(R23). Then
| (Th(h1, 22), k(A A2)) |7
<IfATDkG122) 1"l g (I T* 1) k(r,22) I (by Lemma 2.2(b))
= (f2() T kG, 22), k(h1, 22)) 72 (G2 T Dk(hy, A2), k(A 22)) 772

Lia(ficl o7 . e
SI_’<f (|: 0 |B|]> k()»l,lz)>k()»1,)»2)>
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(DB o N\ . /2

(by Lemma 2.1(b))

L[fricy o 7. 5
< Z_)<|: 0 fpr | B |:| k()"l’)"Z)’ k()‘-li)"2)>

1 gqr | B* | 0 R R

(by Lemma 2.4(a))
1 1
—fPr( C )+ =g B* | 0 . .
=< p q | (B 1 , k(xl,kz),k(kl,k2)>.
0 —fP'(| B )+ —g¥(| C* |)
Pf qg
Hence

| (Tk(1, 22), k(h, A2)) |

1 1
—fP(| C)+-g%(| B*|) 0
< ber < p 9

k(h1,22), k(A1 )\2)>
0

1 1
—f7"(I1 BD+-g7(1C*])
p q

Now, applying the definition of Berezin number and Lemma 2.3(a), we have

ber’(T) < max {ber (})f"’(l ch+ %gqm B* |>) ber (})fpra B+ %g‘m o |>)} .

[
Inequality (3.1) induces the following inequality.

Corollary 3.2: Let T = [gg] e B(A(Q)) ® H(Q)). Then
ber'(T) < § max{ber(| C [ + | B* ["'=)), ber(| B |7 + | C* |7 7%)))

foranyr>1land0 <o < 1.

Proof: Letting f(t) = t%, g(t) = t'~% and p=g=2 in inequality (3.1), we get the desired
inequality.

[
Theorem 3.3: Let T; = [CO,- %] € B(JA(Q) & J4(Q)) foranyi= 1,2,...,n. Then
n
bery(T, Ts,. .., Ty) < max {ber (Za | G P +(1 —a) | B |P) X
i=1
n
ber (Za | Bi [P +(1 — ) | C} |P) } (3.2)
i=1

for0 <o <landp > 2.
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Proof: For any (X1,12) € Q21 X Q, let IAC(,\I,;LZ) = [21 ] be the normalized reproducing
2
kernel in .77 (21) @& € (£22). Then

n

Y H{TikGaa ki) 1P

i=1

n
= (U {(Tiku s k) P2

i=1
n
<Y U T P ks ko)) (1T 1PY7 Ky ko an P
i=1
(by Lemma 2.2(a))

n
< Z(I Ti P ko) ko) (I T pti=e) KGy00)5 k(i ny))  (by Lemma 2.4(a))
i=1

n
< D A Ti 1P ki kGai) A T 1P ki kGuan)' ™ (by Lemma 2.4(b))
i=1

n

= D@ T P Ry kaain) + (L= (| TF P Koo kowaw))
i=1

(by Lemma 2.1(a))

n
- Grooo Jo
_Z(“<[ 0 | B p|errarkouy

i=1

| Bf [P U P
+(1 —a)<[ 0 | Cr PP ka2 k()

o /[el G+ —e) | B P 0 K k
=2 0 o | Bi P +(1—a) | G 7] TOen )
i=1
n
Y a|CIPH1—a)|Bf P 0
= < i=1 n k(k1,12)’k()»1:12)>'
0 Y a|BiPHI—a) | CF P
i=1
Therefore

n
D 1 Tk ki) 1P

i=1
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i=1

n
Y eGP+ —a)| B P 0
<ber<

n
0 Dol Bif +(1-a)|C I
i=1

Kin)> k(xl,xz)> :

By the definition of the Berezin number and Lemma 2.3(a), we get

bel‘g(Tl) TZ; LAY TH)

§max{ber (Za | Ci [PH1—a) | Bf |P>,ber (Za | Bi IPH1l —a) | CF |P)}.

i=1 i=1

|
Now, we would like to estimate the Berezin number for matrix [é g].
Proposition 3.4: Let T = [4 0] € B(JA(Q) ® H5(Q)). Then
ber (T) < %max{ber(|A|r + |A*|"), ber(|D|" + |D*|")} (3.3)

forr>1.

Proof: Let IAC(M,;LZ) = [Z; ] be the normalized reproducing kernel of .77 (Q21) & F€(2,).
Then

Tk 000 Kooy ao)) |

A

(T1k G0 ki) V2T 1k Gy s Gy i) ) 2

Al 0 A0 1. .
<|: 0 ID| k()u)»z))k()u)»z) +2 0 | D* | k()»l)tz)’k()»l,)uz)

1/r
Al 0 a0
[ D koo ko) + 2\ 0 b [k ko

IA |

I/\
NI»—‘

1/r
| A I’ 0 Lifta*;m o i ;
DI koo ki ) + A\l o oy | Ko ke

1 1/7'
§(|A I” +1A*]") 0 R .
1 K020 K3 )
§(| D |" +|D*|")
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Thus

1
. suar sy 0 S
Tk ko) < kGia2)s k) ) -

1
0 E(l D |" +|D*|")
Therefore

ber'(T) < 3 max{ber(JA|" + [A*|"), ber(ID|" + |D*|")}.

The following corollary deduces from inequalities (3.1) and (3.3) directly.
Corollary 3.5: Let T = [4 B with A, B,C,D € B(#(2)). Then

ber(T) < 5 max{ber(|C| + |B*|), ber(|B| + |C*|)}
+ 3 max{ber(|A| + |A*|), ber(|D| + |D*|)}.

In particular,

A B 1
ber <[B A]) < E(ber(lAI + |A*|) + ber(|B| + |B*|)).
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