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We establish several operator extensions of the Chebyshev inequality. The main
version deals with the Hadamard product of Hilbert space operators. More precisely,
we prove that if &7 is a C*-algebra, T' is a compact Hausdorff space equipped with a
Radon measure p, a: T — [0, +00) is a measurable function and (A¢)ier, (Bt)ter
are suitable continuous fields of operators in &/ having the synchronous Hadamard
property, then

T/a(S)du(S) T/a(t)(& o Bdn(t) = ( T/ a(Adu(t)) o ( Z'a<s>35du<s>).

We apply states on C*-algebras to obtain some versions related to synchronous
functions. We also present some Chebyshev type inequalities involving the singular
values of positive n X n matrices. Several applications are given as well.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Let B(##) denote the C*-algebra of all bounded linear operators on a complex Hilbert space 5 together

with the operator norm || - ||. Let I stand for the identity operator. In the case when dim J# = n, we identify

B(s#) with the matrix algebra M, of all n X n matrices with entries in the complex field C. An operator
A € B(4) is called positive (positive semidefinite for a matrix A) if (Az,z) > 0 for all z € S and then
we write A > 0. By a strictly positive operator (positive definite for a matrix) A, denoted by A > 0, we

mean a positive invertible operator. For self-adjoint operators A, B € B(J#), we say B > A (B > A, resp.)
if B-—A>0(B—A>0,resp.). For A € M, the singular values of A, denoted by s1(A4), s2(4), -+, sn(A),
are the eigenvalues of the positive matrix |[A| = (A*A)z enumerated as s1(A) > --- > s,(A) with their

multiplicities counted.
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The Gelfand map f(t) — f(A) is an isometric *-isomorphism between the C*-algebra C(sp(A)) of
continuous functions on the spectrum sp(A) of a self-adjoint operator A and the C*-algebra generated by I
and A. If f, g € C(sp(A)), then f(t) > g(t) (¢t € sp(A)) implies that f(A) > g(A). Let f be a continuous real
valued function on an interval J. The function f is called operator monotone (operator decreasing, resp.)
if A< B implies f(A4) < f(B) (f(B) < f(A), resp.) for all A, B € By (), where B () is the set of all
self-adjoint operators in B(7¢), whose spectra are contained in J; cf. [10].

Given an orthonormal basis {e;} of a Hilbert space ., the Hadamard product A o B of two operators
A, B € B(J) is defined by (A o Be;,ej) = (Ae;, e;)(Be;,e;). Clearly Ao B = Bo A. It is known that the
Hadamard product can be presented by filtering the tensor product A ® B through a positive linear map.
In fact,

AoB=U*(A® B)U, (1.1)

where U : J# — € ® J€ is the isometry defined by Ue; = e; ® e;; see [6]. It follows from (1.1) that if
A>0and B >0, then

AoB > 0. (1.2)

For matrices, one ecasily observes [14] that the Hadamard product of A = (a;;) and B = (b;;) is Ao B =
(aijbij), a principal submatrix of the tensor product A ® B = (a;;B)1<;,j<n. From now on when we deal
with the Hadamard product of operators, we explicitly assume that an orthonormal basis is fixed.

The axiomatic theory of operator means has been developed by Kubo and Ando [8]. An operator mean
is a binary operation ¢ defined on the set of strictly positive operators, if the following conditions hold:

(i) A<C,B<Dimply Ac B<Co D;
(ii)) A, 4 A,B,, | B imply A,, 0 B,, | Ao B, where A,, | A means that Ay > Ay > --- and A, — A as
n — oo in the strong operator topology;
(iii) T*(Ao B)T < (T*AT) o (T*BT) (T € B(5¢));
(iv) ToI=1.

There exists an affine order isomorphism between the class of operator means and the class of positive
operator monotone functions f defined on (0,00) with f(1) =1 via f(¢)I = I o (tI) (¢ > 0). In addition,
Ao B=A: 2f(A=2 *BA7T )A2 for all strictly positive operators A, B. The operator monotone function f is
called the representing function of ¢. Using a limit argument by A. = A+ I, one can extend the definition
of A o B to positive operators. The operator means corresponding to the operator monotone functions
fo, (t) = tH and fi(t) = 12_th on [0, c0) are the operator Weighted geometric mean Af, B = A2 (A2 BAZ )t Az
and the operator harmonic mean A! B = 2(A~! + B71)~!, respectively.

Let us consider the real sequences a = (a1,--,a,), b = (b1, -+, b,) and a non-negative sequence w =

(w1, ,wy). Then the weighed Chebyshev function is defined by

n n n
w a, b E ’LUj E wjajbj — E wjaj E wjbj.
j j=1 j=1

In 1882, Chebyshev [3] proved that if @ and b are monotone in the same sense, then T'(w; a, b) > 0. Some inte-
gral generalizations of this inequality were given by Barza, Persson and Soria [1]. The Chebyshev inequality
is a complement of the Griiss inequality; see [11] and the references therein.

A related notion is synchronicity. Two continuous functions f,g : J — R are called synchronous on an
interval J, if
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(f(t) = f(s))(g(t) — g(s)) =0

for all s,t € J. It is obvious that, if f, g are monotonic and have the same monotonicity, then they are
synchronic. Dragomir [4] generalized the Chebyshev inequality for convex functions on a real normed space
and applied his results to show that if py,---,p, is a sequence of nonnegative numbers with 2?21 p; =1
and two sequences (v1,---,v,) and (u, -, u,) in a real inner product space are synchronous, namely,
(v — vj,up —uj) > 0 for all jk = 1,---,n, then >} _; pr(vg, ur) > (O f_ | PkVks D pey Pruk). He also
presented some Chebyshev inequalities for self-adjoint operators acting on a Hilbert space in [5].

In this paper we provide several operator extensions of the Chebyshev inequality. In the second section,
we present our main results dealing with the Hadamard product of Hilbert space operators and weighted
operator geometric means. The key notion is the so-called synchronous Hadamard property. More Chebyshev
type inequalities regarding operator means are presented in Section 3. In Section 4, we apply states on
C*-algebras to obtain some versions related to synchronous functions. We present some Chebyshev type
inequalities involving the singular values of positive n x n matrices in the last section.

2. Chebyshev inequality dealing with Hadamard product

This section is devoted to presentation of some operator Chebyshev inequalities dealing with the
Hadamard product. The key notion is the so-called synchronous Hadamard property.

Let o/ be a C*-algebra of operators acting on a Hilbert space and let T' be a compact Hausdorff space
equipped with a Radon measure p. A field (A;)ier of operators in & is called a continuous field of operators
if the function ¢ — A; is norm continuous on T and the function ¢ — || A;|| is integrable. Then one can form
the Bochner integral [, A;du(t), which is the unique element in & such that

o [autt) = [ oananty

for every linear functional ¢ in the norm dual &/* of «7. By [13, p. 78], since t — A; is a continuous function
from T to «f, for every operator A; € & we can consider an element of the form

LA =) Avlsi)u(Ey),
h=1

where the Ej’s form a partition of T" into disjoint Borel subsets, and
sk € B C{teT:||A —Asp)| <e} (1<k<n),

with A = {E1,- -+, Ey,e}. Then (Ix(A;))xea is a uniformly convergent net to [;. A;du(t). Let C(T, «7) denote
the set of continuous functions on T' with values in 7. It is easy to see that the set C(T, &) is a C*-algebra
under the pointwise operations and the norm ||(A¢)|| = sup,er [|A¢]; cf. [7]. Now since tensor product of
two operators is norm continuous, for any operator B € &/ we have

tﬂm®BMMﬂ:(/m@m>®B

Also, for any operator C' € o/

lﬂwmmwwch/&w@yx

T T
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Therefore

T
=V </Atdu(t) ® B)V = /Atdu(t) oB (A, B e ). (2.1)

Let us give our key definition.
Definition 2.1. Two fields (A;)ier and (By)ier are said to have the synchronous Hadamard property if
(A — Ag)o (B — Bs) >0
for all s,t € T.
The first result reads as follows.
Theorem 2.2. Let &7 be a C*-algebra, T be a compact Hausdorff space equipped with a Radon measure p, let

(Ap)ier and (By)ier be fields in C(T, &) with the synchronous Hadamard property and let o : T — [0, 400)
be a measurable function. Then

[ atruts) [aiaco Bantt = ( [awadun) o [atmans). (22)

T T T T

Proof. We have

[ aiuts) T/ o(t)(Ay o By)d1) ( / a0 o)) o ( / a(9)B.dn())

T

a(9)al0)4r o Bodu()an(s) — | / a0 Aulu(t)) 0 o) Buduls) (o (2.1)

a(s)a(t)(Ar o Bdudu(s) - [ [ a®a(s)eo Bdu(t)du(s)  (by (2.1)

(a(s)a(t)(Ar 0 By) — alt)als)(Ay o Ba))dpu(t)dp(s)

Il
M| = ’ﬂ\ ’ﬂ\ ’ﬂ\
— N S

’ﬂ\ ’ﬂ\ S
’ﬂ\ ’ﬂ\

[a(s)a(t)(Ar 0 By) — a(t)a(s)(Ar 0 Bs) — afs)a(t)(As 0 By) + a(t)a(s)(As © By)]dp(t)du(s)

DN | =

[a(s)a(t)(As — Ay) o (B, — By)] du(t)du(s)
>0 (since the fields (4;) and (B;) have the synchronous Hadamard property). O

In the discrete case T = {1,---,n}, set (i) = w; > 0 (1 <4 < n). Then Theorem 2.2 forces the following
result.
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Corollary 2.3. (See [9, Theorem 2.1].) Let Ay > -+ > A,, By > --- > B, be self-adjoint operators and
w1, ,wy be positive numbers. Then

n
S entaony = (S ) o (Sun)
j=1
3. More Chebyshev type inequalities regarding operator means

Recall that a continuous function f: J — R is super-multiplicative if f(zy) > f(z)f(y), for all z,y € J.
In the next result we need the notion of increasing field. Let T be a compact Hausdorff space as well as
a totally ordered set under an order <. We say (A;) is an increasing (decreasing, resp.) field, whenever
t < s implies that A; < A, (Ay > Ag, resp.). In this section we frequently employ some known relationships
between the Hadamard product and operator means; cf. [12, Chapter 6].

Theorem 3.1. Let o7 be a C*-algebra, T be a compact Hausdor(f space equipped with a Radon measure p being
also a totally ordered set, let (At)ier, (Bt)ter, (Ct)ier, (Di)ter be positive increasing fields in C(T, ),
let « : T — [0,+00) be a measurable function and o be an operator mean with the super-multiplicative
representing function. Then

[aiuts) [[at)(aco o € o D)ant) >  [aaio Coautv) o ( [ als)(Bo D)
T T

T T

Proof. Let s,t € T. Without loss of generality assume that s < ¢. Then by the property (i) of the operator
mean we have 0 < (A; 0 By) — (A5 0 Bs). Then

/a(s)du(s)/(a(t)(At 0 By) o (CyoDy))du(t) — (/a(t)(At UCt)du(t)) o </a(s)(Bs aDs)d,u(s)>
T T

/ [ ats)a®) (Ao B o (€00 Do) du(t)d(s)

T

= [ [ata)(Aio € o (Bao D)ttt (by (2.1)

T T
> [ [ atao(aio o (B0 D)utns)
/

/a(t)a(s)((At o Cy) o (Bs o Dy))du(t)du(s) (by [12, Theorem 6.7])

T
/a(s)a(t) (Ao Cy)o (B o Dy)) — ((Ay o Cy) o (Bs o D))
T
A

(( s O CS) ° (Bs a Ds)) - ((As g Cs) © (Bt 9 Dt))}d:u’(t)d/’é(s)

/ / a(8)a(t)[(Ar 0 C) — (As 0 C)] o [(By o Dy) — (By o D)) dyu(t)du(s)
(

>0 (by(1.2). O

A discrete version of the theorem above is the following result obtained by taking 7'= {1,---,n}.
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Corollary 3.2. Let Ai+1 > Ai > O, Bi+1 > Bi > O, Ci—i—l > Cz > 0, DH—I > Dz > 0 (1 <1< n_l)} Wi, " ,Wn
be positive numbers and o be an operator mean with the super-multiplicative representing function. Then

ij' ij [(A] OB]‘)U(C]' ODj)] Z (ij(AjUCj)> o (ij(Bj O'Dj)>.

Theorem 3.3. Let &7 be a C*-algebra, T be a compact Hausdorff space equipped with a Radon measure s being

also a totally ordered set, let (A¢)ter, (Bi)ter be positive increasing fields in C(T, <) and let oo : T — [0, +00)
be a measurable function. Then

[ ayiuts) [ atoace Bt > ( [atas, Bt)dﬂ(t)) o ( et Bs)du(8)>

T T T T

for all € 10,1].

Proof. Let s,t € T. Without loss of generality assume that s < ¢. Then by the property (i) of the operator
mean, we have 0 < (A, By) — (As i, Bs) and 0 < (A -, By) — (A5 #1-, Bs). Then

[ a)iuts) [ ateyaco Bodute) - ( / a(t)(As b Bt)du(t)) o ([ ot Bants))
T T T
= [ [aaace Bauts / / (At Br) o (As 1 BS))du(t)du(s)  (by (2.1))
T T
oz(s)oz(t)((At f Bt) o (A -y Bt))d,u(t)d,u(s)
[ at0a) (At B o (4 b1 B)dutt)d(s)  (by (12, Theorem 6.)
T

/[Q(S)a(t)((At fu Bi) o (A iy Br)) — a(t)a(s) ((Ar 8, Br) o (As 1y Bs))
T

T
/
a(t)a(s)«As ﬁu BS> © (As ﬁlfu BS)) - O‘(S)O‘(t)«As ﬁu BS) © (At ﬁlfu Bt))]dﬂ(t)dﬂ(s)
/ / a(s)a(t) [(Ar B Be) — (As 2 B)] © [(Ar 1o Be) — (As £ Ba) dpu(t)dp(s)

T T

>0 (by(1.2)). O

In the discrete case T'= {1,---,n}, setting a(i) = w; > 0 (1 < i < n) in Theorem 3.3 we reach the next
assertion.

Corollary 3.4. Let A, > ---> A1 >0, B, >---> By >0 and wy,-+,w, be positive numbers. Then

Z%Z% (4, 0 B;) (Z% (A; 4, B )o <ij(Aj ﬁlqu)>

for all p € 10,1].
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Proposition 3.5. Let f : [0,00) — R be a super-multiplicative and operator monotone function, Ay > -+ >

Ay >0,By>--> B, >0 and w,---,w, be positive numbers. Then
S oo (o) (5on0)
Proof
ileiwjf(flj o Bj) — (iwjf ) (ijf )

>§n:1wjiw](f(,4j) (Z% Aj)> o (ijf ) by [12, Theorem 6.3])
= 2:31 [wiw; (f(A;) © f(B;)) = wiw; (f(As) © f(B;))]
= % | :wzwa [(F(A) 0 £(B))) = (F(Ai) 0 (By) + (F(Ai) o f(By)) = (f(47) o F(B))]
= % | _nlwiwj [(f(A;) = f(A)) o (f(B;) — f(Bs))] >0 (by the operator monotonicity of f). O

Example 3.6. Let Ay >--->A,>0,B;>---> B, >0and wy,---,w, be positive numbers. Then

So fonenrs (Zon)(Lom)

Jj=1

3

for each p € [0,1].
In the finite dimensional case we get the following.

Proposition 3.7. Let Ay > --- > A >0, By > --- > By > 0 be n X n matrices and w1, --,wy be positive
numbers. Then

(350 we(3morme) = (S (3 00)
Proof.

() (o om) (g en)

j=1 j=1  j=1

k k
t( ZWJAJ> o <ijBj>> (by Corollary 2.3)

Jj=1

| \/

| \/

k k
ZwJAJ> det(Zw]BJ> (by [16, Theorem 7.27])

Jj=1

k k
(Z * det(A ) (ij det(B ) (by [16, Theorem 7.7]). O
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Proposition 3.8. Let A1 > -+ > A >0, By > --- > By > 0 be n X n matrices and w1, -,wy be positive
numbers. Then

(iug) (iwj tr(A;lBj)> > <§:wj tr(Aj)1> <§:wj tr(Bj)>.

Proof.

<Zk:wj>< 3 wjtr(AJlej)>

v

k k
(Z wj> (Z w; tr(A4;)7! tr(Bj)> (by [16, p. 224])

v

k k
(ij tr(Aj)_1> (ij tr(Bj)> (by the Chebyshev inequality).
j=1 j=1

4. Chebyshev inequality for synchronous functions involving states

In this section, we apply the continuous functional calculus to synchronous functions and present some
Chebyshev type inequalities involving states on C*-algebras. Our main result of this section reads as follows.

Theorem 4.1. Let &7 be a unital C*-algebra, 71, o be states on &7 and f,g: J — R be synchronous functions.
Then

71 (f(A)g(A) +=(f(B)g(B)) > 1 (f(A)2(9(B)) + 72(f(B))m(9(A)) (4.1)
for all A, B € B} ().
Proof. For the synchronous functions f, g and for each s,t € .J
f®)g(t) + f(s)g(s) — f(t)g(s) — f(s)g(t) = 0.
Fix s € J. By the functional calculus for the operator A we have
f(A)g(A) + f(s)g(s) — f(A)g(s) — f(s)g(A) =0,
whence
T1(f(A)g(A)) + f(s)g(s) — 11 (f(A))g(s) = f(s)m1(g(A)) > 0.
Now for the operator B
71 (f(A)g(A)) + f(B)g(B) — 1 (f(A))g(B) — f(B)T1(9(A)) = 0.
For the state 7, we have
71 (f(A)g(A)) +m=2(f(B)g(B)) = mi(f(A)72(9(B)) +m=(f(B))m(9(4). O
Example 4.2,
(i) Let 7 be a state on B(#) and p,q > 0. Since f(t) = #* and g(t) = 7 are synchronous

7(APF9) 4 7(BPY9) > 7(AP)7(BY) +7(B?)r(AY) (A, B >0).
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In a similar fashion, for self-adjoint operators A, B € B(7¢),

T(eaA+BA) + T(e”‘BJrﬁB) > T(eO‘A)T(eﬁB) + T(eﬁB)T(eo‘A) (o, B > 0).

(ii) Let A, B be positive matrices, C' be a positive definite matrix with tr(C') = a and p, ¢ > 0. Utilizing
7(A) = L tr(Ao C) in (i) we have

1

p+q p+4q - P q q 4
tr(A oC+ B OC) > a(tr(A oC)tr(B oC)+tr(A oC)tr(B OC)).

(iii) Let f,g:J — R be synchronous functions. Then for n x n matrices A, B with spectra in J

—

tr(f(A)g(4) + f(B)g(B)) = —(tx(f(4)) tr(9(B)) + tr(g(4)) tr(£(B))).
Using Theorem 4.1 we obtain the next two corollaries.

Corollary 4.3. Let &7 be a unital C*-algebra, T be a state on o7 and f,g:J — R be synchronous functions.
Then

for all operator A € B ().

Proof. Put B = A in inequality (4.1) to get the result. O

Corollary 4.4. (See [5, Theorem 1|.) Let f,g: J — R be synchronous functions. Then
(f(A)g(A)z,x) + (f(B)f(B)y,y) = (f(A)z,2)(9(B)y,y) + (f(B)y,y)(9(A)z,z)

for all operators A, B € B () and all unit vectors x,y € H.

Proof. Apply Theorem 4.1 to the states 71, 7o defined by 71 (A4) = (Az, z), 2(4) = (Ay,y) (A € B(H)) for
fixed unit vectors z,y € . 0O

Using the same strategy as in the proof of [15, Lemma 2.1] we get the next theorem.

Theorem 4.5. Let 7 be a state on a unital C*-algebra o and f : J — [0,400), g : J — R be continuous
functions such that f is decreasing and g is operator decreasing on a compact interval J. Then

7(f(A)g(A)) = 7 (£(B))7(g(A))
for all A, B € Bj|() with A< B.

Proof. Put a = inf,csg(z) and 8 = sup,c; g(x). Then a < g(x) < 5 (z € J). So al > ¢g(B) > fI, whence
a > 7(g(B)) > B. Therefore, there exists a number ¢y € J such that 7(g(B)) = g(to).

Then if x € J, > tg, then g(z) < 7(g(B)), f(z) < f(to), and if x € J, < tg, then g(z) > 7(g(B)),
f(z) > f(to). Hence

(f(2) = f(to)) (9(x) — 7(9(B))) = 0
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for all x € J. Thus

f(@)(g(x) = 7(9(B))) = f(to)(9(x) — 7(9(B)))

for all z € J. Hence

F(A) (g(A) —7(g(B))) > f(to)(9(A) — 7(g(B)))-

Now

T(f(A)g(A)) - 7(9(B))7(f(4))

7(f(A)(9(4) - 7(9(B))))
7(f(t0)(9(4) = 7(9(B))))
f(to) (m(9(4)) = 7(9(B)))
0

(since g is operator decreasing). O

v

v

Remark 4.6. The assumption A < B is necessary in Theorem 4.5, since if 7(A) tr(A) on My, f(t)

— 1 —
=1 =
g(t):%7A:((2)g) andB:((1)(1)),thenweobservethatAjéBandT(A_2):1—3<%—T( Hr(B71).

Corollary 4.7. Suppose that f : J — [0,400) and g : J — R are continuous functions such that f is
decreasing and g is operator decreasing. Then

(f(A)g(A)z,z) — (f(B)z,z){g(A)z,z) >0
for all operators A, B € B} () such that A < B and for all unit vectors x € H .

Proof. Apply Theorem 4.5 to the state 7 defined by 7(A) = (Az,z) (A € B()) for a fixed unit vector
reH. O

Using the same strategy as in the proof of Theorem 4.1 we get the next result.

Theorem 4.8. Let o/ be a unital C*-algebra, 71, T2 be states on o/ and f,g : R — R be synchronous functions.
Then

72 (f(A)g(A)) + F(r(B)g(r1(B)) > f(r1(A)) 72 (9(B)) + 71 (f(B))g(72(A)) (4.2)
for all self-adjoint operators A, B.
We now immediately get the next corollaries.
Corollary 4.9. Let f,g: J — R be synchronous functions. Then
(f(A)g(A)z,z) + fF((By,v))9((By,y)) = f({(Az,2)){g(B)y,y) + (f(B)y,y)g((Az,z))
for all operators A, B € B () and all unit vectors x,y € H.
Corollary 4.10. (See [5, Theorem 2].) Let f,g: J — R are synchronous functions. Then
(F(A)g(A)z, z) — f((Az, z))g((Az, 7)) > [(f(A)z,z) — f((Az,2))] [g((Az,2)) — (9(A)z,7)]

for all operator A € BY () and any unit vector x € H .
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Corollary 4.11. Let o7 be a unital C*-algebra, T be a state on &7 and f,g: R — R be synchronous functions.
Then

for all self-adjoint operators A, B.

Proof. By using inequality (4.2) we get

B)) —7(f(B))7(9(B))
A)7(9(B)) +7(f(B))g((4)) — f((A)g(r(4)) — 7(f(B))7(9(B))
= (r(/(B) = F(r(A)(9(7(4) - 7(9(B))). O

By using Corollary 4.11 and the Davis—Choi—Jensen inequality [12] we obtain the next result.

Corollary 4.12. Let &7 be a unital C*-algebra, T be a state on &7 and f,g: R — R be synchronous such that
one of them is convex while the other is concave on R. Then

T(f(A)g(A) = 7(f(A)7(9(A) = (T(f(A) = f(7(4))) (9(r(A) — T(9(A))) = 0
for all self-adjoint operator A.
In the next proposition we establish a version of the Aczél-Chebyshev type inequality.

Proposition 4.13. Let &7 be a unital C*-algebra, T be a state on o/ and f, g be continuous functions such
that 0 < f(x) < a and 0 < g(x) < B for some non-negative real numbers «, 3. Then

(@B —7(f(B)g(B))) = (a —T(f£(B))) (58— T(9(A))) (4.3)
for all positive operators A, B € o .

Proof. If @« = 0 or 8 = 0, inequality (4.3) is trivial. Now assume that o > 0 and § > 0. Then (4.3) is
equivalent to the inequality

(1= r(F(BYg(B))) = (1 - 7(£(B))) (1 - (9(A))).
with 0 < f(z) <1 and 0 < g(x) < 1. Then we have
(1-7(f(B)g(B))) = (1-7(f(B))) = (1 - r(f(B))) (1 - r(9(A))) =0. O
5. Chebyshev type inequalities involving singular values

In this section we deal with some singular value versions of the Chebyshev inequality for positive n x n
matrices. We need the following known result.

Lemma 5.1. (See [2, Corollary I11.2.2].) Let A, B be n x n Hermitian matrices. Then

XN(A+B) > X(A) +M(B) (1<j<n).
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Theorem 5.2. Let f,g:[0,+00) — [0,400) be synchronous functions. Then

si(F(A)g(A)) +5;(F(B)g(B)) = sn(f(A))sn(9(B)) + %(Sj (9(A))s; (£(B)) + 55(9(B))s; (£(A)))

for all positive matrices A,B € M, and all j =1,2,--- n.

Proof. For synchronous functions f, g we have

f)g(t) + f(s)g(s) = f(t)g(s) + f(s)g(t) (s,t =0).

If we fix s € [0, +00), then

f(A)g(A) + f(s)g(s)I = f(A)g(s) + f(s)g(A).

Hence

g(s)) +s;(f(s)g(A)) (by Lemma 5.1)
g9(s) + f(s)s;(9(4)) (1 <j<n).

Using functional calculus for B we get

si(f(A)g(A)) + f(B)g(B) > s, (f(A))g(B) +5;(9(A) f(B) (1<j<n).
Thus
55 (f(A)g(A)) +5;(f(B)g(B)) = s;(sn(f(A)g(B) + s;(9(A)) f(B))
>

sn(sn(f(A)g(B))) +5;(s;(9(A)) f(B)) (by Lemma 5.1)
= sn(f(A))sn (9(B)) +55(9(A))s; (f(B)) (1<j<n) (5.1)

In inequality (5.1), if we interchange the roles of A and B, then we get

si (f(B)g(B)) +5;(f(A)g(A)) = sn(f(B))sn(9(A)) +55(9(B))s; (f(4)) (1<j<n). (5:2)
By (5.1) and (5.2)

1

5 (51 (9(A))s; ((B)) + 5(9(B))s; (f(4)))

5; (f(A)9(4)) + 5, (f(B)g(B)) = s (f(A))sn(9(B)) + 5

forall1<j<n. O
In the following example we show that the constant % is the best possible one.

Example 5.3. For arbitrary synchronous functions f, g : [0, +00) — [0, 400), let us put A = B = I,,«,,. Then
s;(f(A)g(B)) = 5;(f(B)g(B)) = f(1)g(1) and s;(f(B)g( )f(A)) = f(1)g(1) (1 <j <n). Thus

si (f(A)g(A)) + 5;(f(B)g(B)) = sn(f(A))sn(9(B)) + %(Sj (9(A))s; (£(B)) + 55(9(B))s; (£(4)))

forall j =1,2,---,n.
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Using the same strategy as in the proof of Theorem 5.2 we get the next result.

Theorem 5.4. Let f,g: [0,+00) — [0,400) be synchronous functions. Then
F(55(A4)g(s;(A)) +5;(f(B)g(B)) = f(s;(A))sn(9(B)) + 55 (f(B))g(s;(A))
for all positive matrices A, B € Ml,, and for all j =1,2,--- n.
Example 5.5. Let A, B be positive n X n matrices and p, ¢ > 0. Then
5;(A)Ps;(A)T + 5;(BP*) > s;(A)Ps, (B?) + s;(BP)s;(A)? (1<j<n).
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