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Chapter 5

Angular momentum
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Simultaneous specification of
several properties

We postulated that if

AT = 50
then a measurement of the physical property A is certain to yield
the result s
if:

AU = s¥  and B =¥

then we can simultaneously assign definite values to the physical
properties A and B

When AU = s¥  and B = (Ww?
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Simultaneous specification
of several properties

Theorems:

A necessary condition for the existence of a
complete set of simultaneous eigenfunctions of two
operators is that the operators commute with each
other.

If A and B are two commuting operators that
correspond to physical quantities, then there exists
a complete set of functions that are eigenfunctions
of both A and B

=™

=1 5 . . "
§ :‘} if [A.B]=0 =—== AU=s¥ and BUY =1t¥

|

Simultaneous specification
of several properties

Some important commutator identities

[A, Bl = AB-BA

["Lia B] = _[Bv fi}

[4,A"] =0, n=1,2,3,..

[kA, B] = [A, kB] = k[A, B

[A,B+C)=[A,B]+[A,C], [A+B,C]=[AC]+[B,C]
[A,BC) = [A,B)C + B[A,C), [AB,0)=[A,C)B + A[B,C]
:‘9‘

|
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Example:

dimensional system

Simultaneous specification
of several properties

Starting from [d/dx, x] = 1, use the commutator identities to
find (a) [x, p, ] (b) [, p2L (c) [x, H] for a one-particle, three-

PSR A DY S DY R
a) [TVI)I] = [1'1 i 61‘] i ['T' (‘)1;] - 0.1,‘“1:]
[_f"[)_,]=1.h
. _2_’_. - - .. i .ﬁi f_L_a_'
b) | [&Pz] = &, Pxlpz + PalE, ps] = ih- o=+ S o "R
e
[J‘vp.r] _Zh 0.1.'

Simultaneous specification
of several properties

o | & H) =&, T+V]=(&T)+[&V(e,y,2)] = [&7T)
= [&, (1/2m)(p: + P}, + )]

= (1/2m)[z, p2] + (1/2m)[z, p7) + (1/2m)[&, p2)

1 2 O
= —-2m2Z 40
7 2lc'):r.+[+0
. m? 0 1h
g, = 20 R,

= —Dz
mdr m
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Simultaneous specification
of several properties

since [:i-’ ﬁm] 7& 0

We can not expected the state function to be
simultaneously an eigenfunction ofx and p_

ka0 —— o

AW # cte ¥

Ll=> (A)  Ai—(4) o} = (a4
@ variance

|

Simultaneous specification

of several properties

(AA)? =62 = ((A-{A4) )—/\p A - ()W dr
(AAY? = (A7) = (4)?

Standard deviation o, =AA

1 R &
AAAB > 5 ‘/@*[A, B dr

= ‘/‘\I' th¥ dr| = hlf|’/‘l’ U dr

A=
'”@ AzAp, 2 §h Heisenberg uncertainty principle
N\

|

AzAp, > - ’/\I’ (%, P ¥ d7
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example

For the ground state of the particle in a three-dimensional
box, use the results

() = af2, (%) =a%(1/3-1/27%), (p:) =0, (p?)=h*/4a?

to check that the uncertainty principle is obeyed.

(Az)? = (2°) — (x)* = a®(1/3 — 1/27%) — a® /4 = o’ (x> — 6)/(12)x"

Az = a(x® —6)1/? /12" 1

(Apz)” = (p2) — {pa)” = 8" /4a®, Apz =h/2a

ho(m2—6\"? 1

L

Simultaneous specification of
several properties

1 -
AAAB > 5 ’/‘I'*[A, B|¥ dr
l ihd /ot Energy operator
AEAt > %h

[4,B]=0 [4,C]=0
Ts not enough to ensure that there exist simultaneous eigenfunctions

A,B=0 [4C1=0 [B,¢)=0
t

Ts required
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vectors

Scalars: physical properties that are
specified by their magnitude (mass, length,
energy)

Vectors: physical properties that require
specification of both magnitude and
direction (force, velocity, momentum)

f‘@‘

|

vectors

Sum of two vectors:

C
B
A \ &
B
(a) (b)C=A+B=B+A

|
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vectors

The product of a scalar (c) and a vector A
cA

Is defined as a vector of length |c| times the
length of A with the same direction of A if cis
positive, or the opposite direction to A if c is
negative.

vectors

Algebraic way of representing vectors:

z

A = Aji+ Ayj+ Ak

if A, =B,, A, = Byandd. = B,
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vectors

A+B=Ai+ Ayj+ A.k+ Bii+ Byj+ B:k
A +B= (A, +B,)i+ (A, + B,)j+ (A, + B.)k

cA =cAzi+ cAj+ cAk

The magnitude of avector A A= |A]|

vectors

Dot product or scalar product A.B:
A'B = |A||Bl|cosf =B A

(A+B)-C=A'C+B-C
i'i=j'j=k'k=cos0=1, i‘j=j-k=k i=cos(n/2)=0

A-B = (A,i+ A,j+ A.K)* (B,i+ B,j+ B.k)

A-B=A;B; + A,B, + A.B,

A-A=|AP

|A| = (A2 + A2 + AZ)1/2

Ali Ebrahimi A



Univ. of Sistan and Baluchestan OIATARA R

vectors

Cross product or vector product A X B

|A x B| = |A||B|siné
AxB

BxA=—-AxB

Ax(B+C)=AxB+AxC

vectors

iXi:ij:kxk: SinU:U

ixj=k, jxi=-k, jxk=1 kxj=-i, kxi=j, ixk=—j

A x B = (A,i+ Ayj + A:K) x (B,i+ B,j+ B.k)
A:B))i+ (A.B, — A:B.)j + (A. B, — A,B,)k

AxB-= (‘:-[yB: =
i j k _
A A, A A. A A
AxB=|A, A, A;|=i|,? ‘—J z “+k 5 "
B, B, B. B, B. B, B. B, B,
q
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vectors

.8 .08 9
v:8+6—+kE A
Lho .o _no . _no | PTTH
k=T ap &% i Oy’ *7 4 02

grad g(z,y,2) = Vyg(z,y,2) =i % )= 0g +k Qﬂ
Jr dy z

: aVv av aVv
FZ—VI'(I.‘y.Z)—— E—‘] ay— 02

A, = Ag(t), Ay = Ay(t) mad. = A (t)

Eé e dA, L dA, 1 dA.
at @t & dt

Vectors in n-dimentional space

A vector A is an n-dimentional real vector space
(called hyperspace); is specified with n numbers

Components of B Bi, Bs,--+, B,
¢(ry,r2)
g =71, 492 = %, 43 = %1, 44 = T2, 5 = Y2, g6 = 22
¥(q)
J [ (@)*da
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Vectors in n-dimentional space

B=C

Bl - (,‘1, Bz — (,'-_3."'. B" = C',,

The sum of two n-dimentional vector B + D:
(By + Dy,Bs + Ds,-++ ,Bp + Dy,)

kB
(kBy,kBs, - ,kBp)

Vectors in n-dimentional space

(Az, Ay, Az) Define a point in three-dimensional space

(B]!B:Zt“':Bﬂ) —)

The length of an n-dimentional real vector:

B|=(B:B)/? = (B? + B +--- + B2)!/?
1

B'GEB1G1+32G2+"'+B”Gn
cos = B - C/|B||C]|
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Vectors in n-dimentional space

In three-dimentional space:
i=(1,0,0),j=1(0,1,0), k= (0,0,1)

In n-dimentional space:
e; =(1,0,0,---,0),e2 =(0,1,0,---,0),---, e, = (0,0,0,--- ,1)

B-=- B,e, + Bses + -+ +DBje,

"*»€n A basis for the n-dimentional real space

Orthogonal and normalized

B -e; = the component of B in the direction of basis vector e;

Vectors in n-dimentional space

A three-dimensional vector can be specified with:

a) Three components or b) its length and its direction
The angles the vector makes with the positive halves of x, y, and
z axes = direction angles (are between O and 180 degrees)
There are two direction angles.
In three-dimensional space: the length and two direction angles
In n-dimensional space: the length and n-1 direction angles
f(QIa qz," eqn)
Vf=(0f/9q)er + (0f[Fq2)ez + --- + (3f [Oqn)en
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Angular momentum of a one-particle

system

In classical mechanics:
a particle of mass m moving according to the laws of classical mechanics
r=iz+jy+k=z

r is the position vector
d d
_dr ., dz dy rp

VEa e Ha e

ve =dz/dt, v, =dyldt, v.=dz/dt
The particle’s linear momentum P
p=mv

Pr = MUz, Py = MUy, P: =MV,

Angular momentum of a one-particle
system
The particle’s angular momentum L
L=rxp
i j k
L=|z y =z
Pa Py DP:
Ly = 2Pz — TPy, L,= TPy — YDz
P=L-L=02+12+12
'Y
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Angular momentum of a one-particle
system

L=rXp

Angular momentum of a one-particle
system

If a force F acts on the particle, then the torque T on
the particle is defined as

TorxF=rxiP F = dp/dr
dr
s () (r8) a
ar \ar P r 2 P
ds
dr dr c[ri0
dr P dt mdr
dL dp
s W ==
ds . d¢

If there is no force acting on the particle, the torque is zero.
Consequently, the rate of change of the angular momentum is
zero and the angular momentum is conserved.
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Angular momentum of a one-particle
system

In quantum mechanics:

In quantum mechanics, there are two angular momenta:

2) spin angular momentum

result from motion of a particle
through the space and is the analogue of classical-mechanical
quantity.

spin angular momentum is an intrinsic property of many microscopic
particles and has no classical-mechanical analogue.

Angular momentum of a one-particle
system

The quantum-mechanical operators for the components of the
orbital angular momentum are obtained by replacing p,, py, p, in

the classical expressions by their corresponding quantum
operators

. . - fi d o
Le=yp.—zp, = T (‘E :m-)
Ly =zp: — xp. = 'il (:() X {))
. 1\ @% o0z
l_- =XPy— YPx = f—’ (\i 1‘—))
' 1 dy ox

yp: = p-y, etc.

L=il,+jLy+kL. operator for L

P=L-L=02+12+12 operator for L?
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Angular momentum of a one-particle
system

Commutation relations

The commutator [L.. L,]

[L,. f_',-] = [yp: — 2Py, ZPx — X 2]

- [.‘Af’:- :IJ,\'] ; [:P,\'- -‘j’:] [."[;’:- -"[’:] [:[’,\'- :f’.r]
- -

0 0
[L.\'- L\] = YPxP:Z ."]’.\':j’: f -\.1”_":/-’: XPyP:Z

= (-\-li’y “'].’.\')[; 1”:]

[i‘x-: L1] = lﬁ i:

Angular momentum of a one-particle
system

L,f =—ih (zg—f - r—g—ir-)
of | @f  f L &f  &f

L.L.f=—-r{y=L g7
Ly f k (y8x+yz8z3x Y952 ~ 7 8y6z+zxf)y3z

- : J J
L.f=—ih (yd—“: -~ za—i)

)

s oz >*f >*f &f  _of »f
_ 32 2 _ it bl
Lylaf = =R (zy B0z OxOy iy T I@y T zzazay)
. 2 & & wf OF _OF
L L,f — LyL,f=—h? (ya - ;r%)

[Lz, Ly] = kL.
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Angular momentum of a one-particle
system

iL;; B =1BL; (L, L] = ihl, [L., L] =ihl,

L XL =ikiL

@ BN BN
~
]
+
—_—
>
@ o
S
8
+
e
I~
NN
o~
8

= —ihL L, — ihLyL, + ihL, L, + ikl L,
ﬁ
[L2’ L.t] =0

[L?, i‘ﬂ =0
[1J2, [12] = 0

Angular momentum of a one-particle
system

x = rsinfcos ¢

y=rsinfsing S
z=rcosf) F

2 2 2 /2
r=(x <4y 4 :‘)]"“ 4

0 = cos~!(z/(x* + y* + )2

@ = tan"'(p/x) @ <

Spherical polar coordinate system.
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Angular momentum of a one-particle
system

L = iﬁ(sinqﬁfo— + c0t0cos¢%>

A d
L,= —iﬁ(cosd)% - cotBsin¢5%;>

A d
L,=—ih—
z a¢
. 0 9 1 ?
Lzz—ﬁz(—2+cot9—+ =) 6_2)
00 00  sin“0 ¢

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

The common eigenfunctions of L? and [,

L= —iﬁai
¢ Variables =6 and &
. o2 ) 1 9 > l
2 _g2[ 9 2 g
L h (302 +cot 90 * sin28 9¢?
Y =Y(0,¢)
L.Y(0,¢) = bY (6, ¢)
We must {
solve: f,'“’}"((}, ) = Y (8, ) Eigenvalues: b and ¢
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

—iha%}"(g, o) =bY (0, 9)

l Y (6, 6) " S(0)T ()

L0
—m% [S(O)T ()] = bS(0)T(¢)

—ir‘ﬁ(a)%gm = bS(O)T(9)

dT() i
(@) ~ 1%

T(¢) = Ae'®/™

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

For T to be single-valued: T(¢ + 2m) = T(¢)
| T@) = Act”
Aeb/heit2n/h — A pibd/h
P2/ = 1
a = 2tm

m=0,+1, +2,+---

¢ =cosa+isina=1

27b /R = 27m

l

b= mh, m=---—2,-1,0,1,..
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

T(Qb) — :1856&5'/,‘1
l b= mh.

T(¢) = Ae"™?, m=0,%+1,£2, ...

Normalizing: F = f(r.0,2)

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

dr =r’sin 0 dr do d¢
rtor+dr,8to6 + do,and ¢ to ¢ + do
5 A 00 T 2
Z°n'”§i‘$i';f]°*'°" J { J [ j |F¥(r, 6, ¢) d¢] sin 6 de]# dr=1
o L% Lo
F(r,0,¢) = R(r)S(6)T(¢)
27

f ) |R¥(r)|r? dr F 15%(6)| sin 6 d6 f [T%()|dp = 1
0 0 0

It is convenient to normalize each factor

%) T 27
J |R¥r*dr =1, J |S?sin 0d6 =1, J T%d¢ = 1
0 (4] (]

Ali Ebrahimi A



Univ. of Sistan and Baluchestan OIATARA R

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

2w . N ) 2
/ (Ae'™?)" Aei™Pdp =1 = |A? / d¢
0 0

|A] = (2m) /2

T(p) = —€™, m=0,+£1,+2,+..

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

LY =¢Y
—ﬁ2< & TPINY A ! ) ( (6) "”¢) = ¢S(0) L eim®
96% 30  sin’9 o¢? \ 2 V2mr

d2S s m? c

cotf — S=—=S§
pra do  sin?@ w2

w = cos @

S(6) = G(w)
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

d2S/de? = ?
a4 _ . apd
a0~ WD
dz_ 21/2__d_ — 21/21
ol el G
& _ 2 & 2y1/2(1 ~1/2 da
d?_(l_w)d_ﬁ+(1_w) Q)1 = wh) (2W)dw
ars . d’G  dG
a2 - AT 0 T Y

cot § = cos /sin 6 = w/(1 — w?)/?

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

d%s ds m? c
42 L cote® s=-Xg
a T %46 " sin’e 7

l

d’G aGc [ c m?

]G(w) =0

—_ —_—— —_— + _
1 -w) aw? 2w dw 2 1-w?
—-1<w<l1
To get a two term recursion relation G G

G(w) =(1- wQ)Im\/ZH(u)) Divide by (1 _ w2)|m|/2

(1 — whH" — 2|m| + 1)wH' + [ch™ — |m|(m| + 1)]JH =0

Ali Ebrahimi YY



Univ. of Sistan and Baluchestan OIATARA R

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

H(w) = Za,wj

3=0

o0
H' (w) = Zjllj'ﬂ]j_l
i=0

H'(w) =3 j(G = Dajw’ ™ =3 (G +2)(j + Daj2w’

j=0 j=0

— . . .2 . . c 2
Z[(J+2)(]+1)aj+'.!+ (—j —]—2|’Iﬂ|j+?—|ﬂl| —|m|) (],J'] w! =0
0

L%

[(j +m|)(j+|m|+1) - (:/ﬁz]
(G+1(+2)

Aj+2 = aj

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

L [(G + DG + |m| + 1) = ¢/h?] "
b G+DG+2) :

Setting the coefficient of a, equal to zero:

c=h(k+|m)k+|m|+1), k=0,1,2,...

J Im[=0,1,2, ... —p K+Im[=0,1,2,... I=k+|m|

c=IlI+1DR%, 1=0,1,2,... |=| LI =[C+1)]"%k

|m| <1

m=-1,-1+1,-1+4+2,...,-1,0,1,..,1—-2,1-1,1
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

w = cos 6 5(0) = G(w) G(w) = (1 —w?)™/2H (w)
[=Fk+m| H(w):iajwj
T

I—|m|

Whether | — |m| _ o ml oy
is even or odd Stm(#) = sin "6 Z a;jcos’f

7=1,3,...
j=0.,2,...

\
P G+ mDG+|m|+1) =11+ 1)“_
e (G+1)(j +2) L

» e 1 im
N }'Jm(ﬁs (b) = Sfﬂm(g)l(@) = Esf.m(())‘" "

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

Find Y7'(8, ) and the 12 and i.l eigenvalues for (a) I=0;(h) I=1.

a)

Su‘o (9) = Qg

/7* Iaél sinfdf =1 = 2laé|
0

|a0| = 9° 1/2
Yo(0,4) = R No angular dependence
' Vian Spherically symmetric

I=0,m=0 — c=0,b=0
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

b) =1, m=-1,0,1
Sl,il(G) = apsing
oo 1

1 = |aj] sin ?9.sin0d6 = |a3| [ (1 —w’)dw |w = cosd)
0 -1

lao| = v/3/2

Si+1 = (3Y%/2) sin 6

Y) = (3/8n)/%sin 6e'?, Y, ! =(3/8x) % sinfe?

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

|=1,m=0 S[‘(] = CL]COSB

S10 =(3/2)"?cos 4,

Y? = (3/47)%cos 6

=

=1, m=-1,0,1
B=-h,0,h
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

=l A Associated Legendre

Sim(8) = sin ™6 Z ajcos’d | functions multiplied by
i=1,3,... a normalization
3702 constant

Associated Legendre functions
1+ ]

I+|m!

Pyi(e) = S (1= Wi

— 1Y -
T w2-1y, 1=0,1,2,...

Pyw) =1 PY(w) = 3(3w* — 1)
Plw)=w Pi(w) = 3wl — wH)¥?
Piw)=(1—-w)2  P3w) =3 — 3w?

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

It can be shown:

20+1 (- jmy2
Sl,m(o) = [ ) (l n lm‘)!] P ,(COSO)
Spherical harmonics:
m — 2A+1 (l _ |m|)| 72 m| imé
vro.6) - | 2o o |m|)!} Plr(cos b)e

In summary:

LY, ¢) = I(L + DEY6,¢), 1=0,1,2,...
N LY'6,¢) =mhY(0,¢), m=—-1—-1+1,..,01-1,1
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

TABLE 5.1 S,,,(6)

1=0: Soo = %\/5

I=1 S10 =1V6cos 6
S 41 = %\/E’; sin 6

=2 S0 = %\/E(S cos’ 9 — 1)
8y +1 = 1\/15 sin 6 cos 0
Sy, x2 = 1\/15 sin%6

[=3 83,0 =%\/ﬁ(§ cos*6 — cos 6)
83,01 = %\/‘E sinf (Scos?0 — 1)
S +» = ¥V/105 sin%6 cos 6
83,23 = %\/% sin® 6

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

Except for =0

!
[=|m| — 1+ 01" < |mp
The maghitude of L The maghitude of Lz
1 LY LY A
AL, AL, = 5‘ J‘P*[Lx, L,|¥dr|= —' J‘I’*LZ‘I’ dr
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One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

mh

VIt 1) h

Degeneracy:

For each value of L2 there are 2L + 1

eigenfunctions Y™, corresponding to the 2L + 1
values of m

One-particle orbital-angular-momentum
eigenfunctions and eigenvalues

h
V2h
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Spatial quantization
First, we see the semiclassical description

angular momentum cannot lie on the
z-axis. Why?

| m, | £1is condition of m, and
magnitude of | is given by /iz+1)

(1) = 2.449

Therefore, if the case of m, =1
(extreme case) /m,(m,+1)>m,

— z-component cannot be same as
the magnitude of angular momentum.

: my=—1
10 ) i .ayis *
y Angular momentum lie on the z-axis :

X, y component =0

J | — know 3 component simultaneously
But it cannot be possible because
D ;2 commutator is not zero!

If we know the total angular m
and z-component, then we cann ow
the x and y component and only
know the

P-1I=0+1; =[Id+1)—m] i’
— cone has an open end

Finally, we can see the I=2 case(d
orbital, too), vector model of angular
momentum

Vector of angular momentum only hav
certain orientation in space.
— spatial quantization

c.f) classical case : possible | values
make the surface of sphere, not a co
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The ladder operator method
for angular momentum

I+t is possible to find the eigenvalues of L2 and L, using only operator
commutation relations

Any kind of angular momentum: M
Linear operators M., ny . M,

All we know about them:
(M, M,) = ihM,, [My, M.]=ihM,, [N, M,] =ihM,

We define: M? = M2 + M} + M?

49‘ Our problem is to find the eigenvalues of A72 and M,

The ladder operator method
for angular momentum

We can evaluate: [M2, M, = [M?, M, = [M?,M.]=0

We define:
Raising operator M, = M, + iMy
lowering operator Af_ = Mf, — i ;\f_{y

?
} Ladder operators

The properties of ladder operators:

M M_ = (M, +iM,)(M, — iM,)
= My(My — iMy) + iMy(M, —iM,)
= M2 — iM, M, + iM,M, + M?
= M? - M? +i[M,, M,]
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The ladder operator method
for angular momentum

My M_ = M? - M? + hM,

M_M, = M? - M? - hM,

[My, M) = [M, +iM,, M,]
= [M,, M.] +i[M,, M.] = —ihM, — hM,
[My, M,] = —hM,
M M, = M.M, — hM,

A=
@ M_M, = M,M_ + hM_
N\

|

The ladder operator method
for angular momentum

“r2 _
M V=cv Y: Common eigenfunctions of M2 and M,
M.Y =bY
b: M, M.Y = M, bY
l MM, =M. M, — hM,

(M.My — hM,)Y = bM,Y
M. (M,Y) = (b+ h)(M,Y)

M (MYY) = b+ kR)Y(MEY)  k=0,1,2,..

M.(M2Y) = (b+ 2R)(M2Y)
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The ladder operator method
for angular momentum

If we operat with M_:
M,(M_Y)=(b—h)(M_Y)
M, (M*Y) = (b — kR)(M*Y)

With raising and lowering operators we generate a ladder of eigenvalues

- b—24, b—-H#, b, b+H, b+2h, -

Eigenfunctions and M. MEY =
eigenvalues of M2 .
and M, M’MLY =cMtyY, E=0,1,2,..
49‘
N\

|

The ladder operator method
for angular momentum

To prove : M*MYY = cM¥Y, k=01,2,...
We first show:
(ML M.]=[M4 M, = iM,) =M%, M,] = iM% M,]=0%+0=0

and

A

(M2 M2) = [M M. M. + M. [M2 M.]=0+0=0
Thus:
(M, Mt)1=0 or M?ME=MEM?, k=01,2,...
=D
Qﬁ\

|
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The ladder operator method
for angular momentum

MY =¢Y
MEMPY = MbeY
! M2NLE = ALk A
MA*(MEY) = o(MhY)
The set of M, eigenvalues must be bounded:
M.Y = bY
M.Y; = biYy

Y = MY by = b+ kh

The ladder operator method
for angular momentum

M.Y; = bYi MY, = b M, Y
MY, = biY;

M?Yy, — MY, = Yy — B2Y3

MA*(MEY) = o(MEY)
MYy = b2Yy

i M? = M2+ M2+ M?
(M2 + MYy = (c — b3)Yk

Corresponds fo a nonnegative
physical quantity

M? + M2

¢ — bl =0andc"” = b

c?=b,=—-c?, k=0, %1, £2,...
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The ladder operator method
for angular momentum

Let by, and by, denotes the maximum and minimum values od b,
corresponding to Y., and Y i,

M. Yo = broxYonan
MzYmin = bminYmin

M+M2Ymax = bmaxM+Ymax
Mz (M+Ymax) = (bmax + ﬁ)(M+Ymax)

M+Ymax =0

—M+Ymax = (MZ - MZZ - ﬁMz)Ymax = (C - brznax - ﬁbmax)ymax

(]
Il
=

¢ = brznax - hbmax =0
c= bnznax + ﬁbmax

The ladder operator method
for angular momentum

With a similar argument: M _Y,. = 0
c= b%nin - hbmin

c= b:rznax + ﬁbmax
]’ blznax + ﬁbmax + (ﬁbmin - bxznin) =0

bmax = _bmin » bmax %n —#

b=b * kk

|

bmax_bminznﬁ’ n=012,...

c= brznin — hbpin
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The ladder operator method
for angular momentum

bmin = —brmax bmax — bin = 1

bmax=%nﬁ n=2012,...

The ladder operator method
for angular momentum

b= _jh’(_j +1)ﬁ’(_j +2)h aaaaa (f —Z)ﬁ,(] _l)h’ ]ﬁ

c = blznax + ﬁbmax
l B =

c= j(j+ 1A, j=0,%13 .

~ MY = j(j +DRY, j=0,41.32 ..

=)
'“@ MZY:mIﬁY, mj:_j,—j+1,...,j“‘1,j
N\

|
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