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Chapter 5Chapter 5
Angular momentum

Ira N. Levine, Quantum Chemistry

then a measurement of the physical property A is certain to yield 
the result s

We postulated that if

then we can simultaneously assign definite values to the physical 
properties A and B

and
if:

When and ?

Simultaneous specification of 
several properties
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Theorems:
A necessary condition for the existence of a 
complete set of simultaneous eigenfunctions of two 
operators is that the operators commute with each 
other.
If A and B are two commuting operators that 
correspond to physical quantities, then there exists 
a complete set of functions that are eigenfunctions 
of both A and B

andif

Simultaneous specification 
of several properties

Some important commutator identities

Simultaneous specification 
of several properties
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a)

b)

Simultaneous specification 
of several properties

Example:
Starting from [d/dx, x] = 1, use the commutator identities to 
find (a) [x, px]; (b) [x, px

2]; (c) [x, H] for a one-particle, three-
dimensional system

c)

Simultaneous specification 
of several properties
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since

We can not expected the state function to be 
simultaneously an eigenfunction of    and  x̂ xp̂

  0ˆ,ˆ Hx ?

 cteÂ

variance

≡

Simultaneous specification 
of several properties

Standard deviation   σA ≡ ΔA

Simultaneous specification 
of several properties

Heisenberg uncertainty principle
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example
For the ground state of the particle in a three-dimensional 
box, use the  results

to check that the uncertainty principle is obeyed. 

Simultaneous specification of 
several properties

Energy operator

Is not enough to ensure that there exist simultaneous eigenfunctions

Is required
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vectors

Scalars: physical properties that are 
specified by their magnitude (mass, length, 
energy) 

Vectors: physical properties that require 
specification of both magnitude and 
direction (force, velocity, momentum)

vectors
Sum of two vectors: 
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The product of a scalar (c) and a vector A

cA

Is defined as a vector of length |c| times the 
length of A with the same direction of A if c is 
positive, or the opposite direction to A if c is 
negative. 

vectors

Algebraic way of representing vectors:

if and

=

vectors
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The magnitude of a vector A A= |A|

vectors

Dot product or scalar product A.B:

vectors
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Cross product or vector product A Х B

sin

vectors

sin

vectors
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vectors

and

Vectors in n-dimentional space

Components of B

A vector A is an n-dimentional real vector space 
(called hyperspace); is specified with n numbers
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The sum of two n-dimentional vector B + D:

Vectors in n-dimentional space

Define a point in three-dimensional space

?

The length of an n-dimentional real vector:

Vectors in n-dimentional space
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B =

A basis for the n-dimentional real space

Orthogonal and normalized

≡ the component of B in the direction of basis vector ei

Vectors in n-dimentional space

,  
In three-dimentional space:

In n-dimentional space:

A three-dimensional vector can be specified with:

a) Three components  or b) its length and its direction

The angles the vector makes with the positive halves of x, y, and 
z axes ≡ direction angles (are between 0 and 180 degrees)

There are two direction angles.

In three-dimensional space: the length and two direction angles

In n-dimensional space: the length and n-1 direction angles

Vectors in n-dimentional space
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Angular momentum of a one-particle 
system

In classical mechanics:
a particle of mass m moving according to the laws of classical mechanics

r is the position vector

The particle’s linear momentum P

The particle’s angular momentum L

Angular momentum of a one-particle 
system
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Angular momentum of a one-particle 
system

If a force F acts on the particle, then the torque T on 
the particle is defined as

If there is no force acting on the particle, the torque is zero. 
Consequently, the rate of change of the angular momentum is 
zero and the angular momentum is conserved.

Angular momentum of a one-particle 
system
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In quantum mechanics:
In quantum mechanics, there are two angular momenta:
1) orbital angular momentum
2) spin angular momentum

orbital angular momentum result from motion of a particle 
through the space and is the analogue of classical-mechanical 
quantity.

spin angular momentum is an intrinsic property of many microscopic 
particles and has no classical-mechanical analogue. 

Angular momentum of a one-particle 
system

The quantum-mechanical operators for the components of the 
orbital angular momentum are obtained by replacing px, py, pz in 
the classical expressions by their corresponding quantum 
operators

operator for L

operator for L2

Angular momentum of a one-particle 
system
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Commutation relations

The commutator

0 0

Angular momentum of a one-particle 
system

Angular momentum of a one-particle 
system
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Angular momentum of a one-particle 
system

Spherical polar coordinate system.

Angular momentum of a one-particle 
system
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Angular momentum of a one-particle 
system

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

Variables ≡ θ and Φ

The common eigenfunctions of     and         

We must 
solve: Eigenvalues: b and c
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One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

For T to be single-valued:
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One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

F = f(r,θ,Φ)Normalizing:

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

Normalization 
condition

It is convenient to normalize each factor
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One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues
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One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

= ?

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

To get a two term recursion relation ,

Divide by



Univ. of Sistan and Baluchestan ٠۴/٠٢/١۴۴٠

Ali Ebrahimi ٢٣

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

Setting the coefficient of ak equal to zero:

|m| = 0, 1, 2, … K + |m| = 0, 1, 2, …
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Whether               
is even or odd

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

sin

a)

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

No angular dependence
Spherically symmetric

l = 0, m = 0 c = 0 , b = 0

sin
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b)

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

sin sin

sin

sin

sin sin

l = 1,  m = -1 , 0 , 1

l = 1, m = 0

l = 1,  m = -1 , 0 , 1

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

2ћC = 

B = -ћ , 0 , ћ
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One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

Associated Legendre 
functions multiplied by 
a normalization 
constant

Associated Legendre functions

sin

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues
It can be shown:

Spherical harmonics:

In summary:
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One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

The magnitude of L The magnitude of Lz

Except for l = 0

 ≤
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One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues

Degeneracy: 

For each value of L2 there are 2L + 1 
eigenfunctions Yl

m, corresponding to the 2L + 1 
values of m

One-particle orbital-angular-momentum 
eigenfunctions and eigenvalues
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Spatial quantization
First, we see the semiclassical description

angular momentum cannot lie on the 
z-axis. Why?
| ml | ≤ l is condition of ml and 
magnitude of l is given by

Therefore, if the case of  ml = l 
(extreme case)
→ z-component cannot be same as 
the magnitude of angular momentum.

Angular momentum lie on the z-axis :
x, y component = 0
→ know 3 component simultaneously
But it cannot be possible because 
commutator is not zero!

)1( ll

lll mmm  )1(

If we know the total angular momentum 
and z-component, then we cannot know 
the x and y component and only we 
know the

→ cone has an open end

Finally, we can see the l=2 case(d 
orbital, too), vector model of angular 
momentum

Vector of angular momentum only have 
certain orientation in space.

→ spatial quantization

c.f) classical case : possible l values 
make the surface of sphere, not a cone

222222 ])1([ lyxz mllllll 
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The ladder operator method 
for angular momentum

,

Our problem is to find the eigenvalues of and

It is possible to find the eigenvalues of L2 and Lz using only operator 
commutation relations

Any kind of angular momentum:  M

Linear operators

All we know about them:

We define: 

The ladder operator method 
for angular momentum

We can evaluate:

?We define:
Raising operator
lowering operator Ladder operators

The properties of ladder operators:
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The ladder operator method 
for angular momentum

The ladder operator method 
for angular momentum

Y: Common eigenfunctions of M2 and Mz

b:
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The ladder operator method 
for angular momentum

:-If we operat with M

With raising and lowering operators we generate a ladder of eigenvalues

Eigenfunctions and 
2eigenvalues of M
zand M

To prove :

We first show:

and

Thus:

The ladder operator method 
for angular momentum
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The ladder operator method 
for angular momentum

eigenvalues must be bounded:zThe set of M

The ladder operator method 
for angular momentum

Corresponds to a nonnegative 
physical quantity
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The ladder operator method 
for angular momentum

Let bmax and bmin denotes the maximum and minimum values od bk
corresponding to Ymax and Ymin

The ladder operator method 
for angular momentum
With a similar argument:
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The ladder operator method 
for angular momentum

The ladder operator method 
for angular momentum


