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Abstract

In this paper, we present some extensions of the Young and Heinz inequalities for the
Hilbert—Schmidt norm as well as any unitarily invariant norm. Furthermore, we give
some inequalities dealing with matrices. More precisely, for two positive semidefinite
matrices A and B we show that

2 2 2
HA”XB‘—“ L A"VXBY < HAX 4 XBH2 _ 2rHAX _ XBH2

2 2
—ro <HA%XB% —ax| +|atxpe - XBHz) :
where X is an arbitrary n x n matrix, 0 < v < %, r = min{v,1 — v} and ryp =
min{2r, 1 — 2r}.
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1 Introduction

Let M,, be the C*-algebra of all n x n complex matrices and (-, -) be the standard
scalar product in C". A capital letter means an n X n matrix in M,,. For Hermitian
matrices A, B, we write A > 0 if A is positive semidefinite, A > 0 if A is positive
definite, and A > B if A — B > 0. Anorm ||| . ||| on M, is called unitarily invariant
norm if |||[UAV||| = |||A]]| for all A € M, and all unitary matrices U, V € M,,.

1/2
The Hilbert—Schmidt norm is defined by ||All2 = (Z'}:l sz_ (A)) , where s(A) =
(s1(A), ..., s,(A)) denotes the singular values of A, that is, the eigenvalues of the
positive semidefinite matrix |A| = (A*A)!/2, arranged in the decreasing order with

their multiplicities counted. This norm is unitarily invariant. It is known that if A =
172

laij] € My, then ||A]l2 = <Z;”/:1 |ajj |2> . The trace norm of A can be expressed
astr(|AD) = [|All1 = X s (A).

The classical Young’s inequality says that for positive real numbers a, b and 0 <
v < 1, we have a"b'™" < va + (1 — v)b. When v = % Young’s inequality is the
arithmetic—geometric mean inequality, +/ab < #.

Zhao and Wu in [13], refined Young’s inequality in the following form

a'"7'p’ + S1(v) + r(Va — Vb)? < (1 — v)a + vb, (1.1

where

Si(v) = ((—1)’°2v + (=1)rot! [%D (be—kak_yak-&-lbl—k)z’

0 <v <1,r =min{v, 1 —v},r9 = [4v] and k = [2v]. Here [x] is the greatest integer
less than or equal to x. Also, they proved a reverse of (1.1) as follows

(1 —=v)a+vb <a'™"b" + R(Va — Vb)> — S1(v), (1.2)

where 0 < v < 1 and R = max{v, 1 — v}. They showed ifa, b > 0and 0 < v < 1,
then

@' ") +r?(a — b)> + $1(v) < (1 — v)a + vb)?, (1.3)
and
(1 =v)a+vb)> < (@ "p")> + (1 —v)%(a — b)> — 5, (v), (1.4)

where » = min{v, 1 — v}. Applying inequalities (1.3) and (1.4) we have the following
inequalities:
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If0 < v < 4, then

|J2(a2 + bz) — (2v2ab + 2r0a«/ﬁ —rolab + a2))
< ((1 = v)a+vb)? — (@' "b")?
< (1 = v)2(@® +b%) — 231 = v)2ab + robvab — ro(ab + b?)).

If%<v<1,then

(1 —)2(@* + b*) — (1 — v)?ab + 2robvab — ro(ab + b?))
(1 = v)a + vb)> — (a'7"b")?
v2(a® 4 b*) — 2v2ab + 2roav/ab — ro(ab + a?)),

IA

A

where r = min{v, 1 — v} and ro = min{2r, 1 — 2r}.

The Heinz means are defined as H,(a, b) = “Hbu+“”bl_v fora,b > 0and 0 <
v < 1. These interesting means interpolate between the geometric and arithmetic
means. In fact, the Heinz inequalities assert that Jab < H, (a,b) < #, where
a,b>0and0 <v <1.

A matrix version of Young’s inequality [2] says that if A, B € M,,(C) are positive
semidefinite and 0 < v < 1, then

s;(A"7"B") < s5;((1 = v)A+vB) (1.5)

for j =1,2,...,n. It follows from (1.5) thatif A, B € M,, are positive semidefinite
and 0 < v < 1, then a trace version of Young’s inequality holds

tr]A"VBY| < tr((1 — v)A + vB). (1.6)
A determinant version of Young’s inequality says that [8]
det (Al—“B“) < det (1 — v)A + vB). (1.7)

In [11], it is shown the Young inequality for arbitrary unitarily invariant norms as
follows

ATV X BV < (1 = w)[[|AX]]] + v][|X BI| (1.8)

in which A, B are positive semidefinite n x n and 0 < v < 1. Some mathematicians
proved several refinements of the Young and Heinz inequalities for matrices; see [3—
5,7,10] and references therein. Sababheh [12] showed that for any A, B, X € M,
such that A and B are positive semidefinite, the following relation holds
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ATV X BV + v(AXII + 11X BIID

— (2o VITAXTINIXBII = ro/ITAXTIT + VATAXTIIIX B

= (I =v)IIAX]]| + v[[IXBI]], (1.9)

where 0 < v < %, r = min{v, 1 — v} and ro = min{2r, 1 — 2r}.

Based on the refined and reversed Young inequalities (1.1) and (1.2), Zhao and Wu
[13], proved that if A, B, X € M, such that A and B are two positive semidefinite
matrices, then

(i) fo<v <1,
r2

2 2
AX — XBH2 +rofadxpr - AXH2

2 2
< H(l — VAX + vXBH2 - HA"“XB”

2

2 2
§R2HAX—XBH2—rOHA%XB%—XB g (1.10)

(i) if 1 <v <1,

) 2 L 2
R HAX — XBH2+roHA2XBZ —XBH2

2 2
< ”(1 — VAX + uXBH2 - HAHXB”

2

5 2 1 1 2
<r HAX-XBHz—rOHAfXBz—AX g (1.11)

where r = min{v, 1 — v}, R = max{v, 1 — v} and ro = min{2r, 1 — 2r}.

In this paper, we generalized some extensions of the Young and Heinz inequalities
for the Hilbert—Schmidt norm as well as any unitarily invariant norm. Also, we give
some inequalities dealing with matrices. Furthermore, we refine inequalities (1.6)—
(1.8).

2 Main Results

For our purpose we need the following lemma.

Lemma 2.1 [1, Theorem 2] Let ¢ be a strictly increasing convex function defined on
aninterval I. If x, y, z and w are points in I suchthatz —w < x —y, wherew < z < x
and y < x, then

¢(2) —p(w) < P(x) — P (y).

Theorem 2.2 Let ¢ : [0, 00) — R be a strictly increasing convex function. Ifa, b > 0,
then
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(i) ForO <v < %,

¢((a+Db) —¢ (21)@ + ZVOJE% — ro(«/ﬁ + a))
< ((1—v)a+vb)—¢ (al_”b”)
= ¢ (1 =)@+ b) — ¢ (20 = )Vab +2r0v/bVab — ro(ab + b))
2.1

(i) for § <v <1,

& (1 =)@+ ) = ¢ (21 = wvab + 2rVbVab — ro(ab +b)
< ¢ ((1 —v)a+vb)—é (a‘—“b”)
<pwa+b)—¢ (2u@+2roﬁf/c%—ro(@+a)), 2.2)

where r = min{v, 1 — v} and ro = min{2r, 1 — 2r}.

Proof Let0 < v < % Ifweputx = (I —v)a+vb,y = al=vb’, 7 = v(a + b),

w = 2ro/avab + 2vab — ro(Nab + a), 7 = (1 — v)(a + b) and w’ = 2(1 —
v)Vab + 2rov/ab\/b — ro(vab + b), then y < x and x < 7. It follows from

2rov/aN/ab + 2vvab — ro(Vab + a)
< ro(a + vab) +v(a + b) — ro(vab + a)

(by the arithmetic—geometric mean)
=v(a+b)
<1 —-v)ya+vb

and

2(1 — v)Nab + 2rovabN'b — ro(vab + b)
< (1 = v)(a+b) + ro(b + Vab) — ro(v/ab + a)

(by the arithmetic—geometric mean)
= —-v)a+b),

where w < z < x, w’ < 7/. Using inequalities (1.1) and (1.2) we have

v(a +b) — (m/% +2ro/aVab — ro(vab + a))
< —va+vb—a"p
<(I—v)(a+b)— (2(1 — v)ab + 2rgv/bab — ro(vab + b)) . (23)

@ Springer



982 Bulletin of the Iranian Mathematical Society (2018) 44:977-990

Hence

z—w<x—y<7-uw.
Applying Lemma 2.1 we reach inequality (2.1). Now, if % < v < 1, then

(1 —v)(a +b) — (2(1 — w)Wab + 2rgvbab — ro(Wab + b))

<(1=va+vb—a'"p

< v(@+b) — (20v/ab +2r0/aab — ro(ab +a)) . 2.4)
In a similar fashion, we have inequality (2.2). O

By taking ¢ (x) = x" (m > 1), we have the next result.
Corollary 2.3 Leta,b > 0 and m > 1. Then
() If0 < v < 1, then

(v(a + b))m — (21)\/% + ZrOﬁf/cE — ro(\/ﬁ + a))m
< (1 =v)a+vb)" — (@ p")"
< (=)@ +b)" (20 = v)ab + 2r0v/bYab — roWab + b))

(i) if 3 <v <1, then

(1 = v)(a + b))" — (2(1 — »)Wab + 2roNbab — ro(Vab + b))m
< (1 =v)a +vb)" — (a' """
< (@ +b))" — (20v/ab + 2rVavab — ro(ab +a) " |

where r = min{v, 1 — v} and ro = min{2r, 1 — 2r}.
In the following result, we show a refinement of the Heinz inequality.

Corollary 2.4 Let ¢ : [0, 00) — R be a strictly increasing convex function. Ifa, b > 0,
then

b (r(a+ b)) — ¢Qrab + roab(ya + v/b) — %Owa+ Vb)?)

b
<¢ (%) — $(Hy(a, b))

< $(R(a+b)) = ¢ (2RVab +roVab(v/a + V) — T (Va + V)’

for0 <v <1, R=max{v,1 —v}, r = min{v, | —v}and rp = min{2r, 1 — 2r}.
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Proof Let 0 < v < 1. By interchanging a with b in inequalities (2.3) and (2.4),
respectively, then we get

r(a+b) — (2r«/E+ rovab(va + b) — %(ﬁ+ «/5)2)
a—+b

— H,(a,b)

Ra+b)— (21«&% + roVab(v/a +/b) — %O(JE + JE)Z). 2.5)

IA

Now, we putx = #,y = H,(a,b),z = r(a+b), w = 2rv/ab+rovab(Ja+~/b)—
2(Ja++b)%, 7 = R(a+b) and w' = 2RV ab+rovab(/a+~b)— 2 (Ja++/b)>.
Using the arithmetic—geometric mean and (2.5) we have y < x,w <z < x,w’ <7/,
y <x <z and

i—w<x—-y<z-uw.

Applying Lemma 2.1 we get the desired result. O

Example 2.5 1f we take ¢ (x) = x" (m > 1) in Corollary 2.4, then for positive numbers
a and b we reach the inequality

(r(a + b))" — 2rvab + roYab(Ja + B) — %%/E +VB))"

< (“;b> — (Hy(a, b)"

< (R(a +b))" — QR ab + roVab(v/a + v/b) — %’(ﬁ + Vb)),

where 0 < v < 1, R = max{v, 1 — v}, r = min{v, 1 — v} and ro = min{2r, 1 — 2r}.

3 Some Applications

In this section, we apply numerical inequalities that we achieved in Sect. 2 for Hilbert
space operators. First, we improve the inequalities (1.6), (1.7) and (1.8). To achieve
this, we need the following lemmas.

Lemma3.1 Let A, B € M,,. Then

> sj(AB) < sj(A)sj(B).

j=1 j=1

The next lemma is a Heinz—Kato type inequality for unitarily invariant norms that
known in [8].
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Lemma3.2 Let A, B, X € M, such that A and B are positive semidefinite. If 0 <
v <1, then

A" X B[] < [IIAX|II" 11X BI||".
In particular,
tr]A'"VBY| < (rA)! "V (trB)".
The third lemma is the Minkowski inequality for determinants that known in [9].
Lemma3.3 Let A, B € M, be positive definite. Then
det(A + B)7 > detAn + detBr.

In the next result we show an extension of inequality (1.9).

Theorem 3.4 Let A, B € M, be positive definite. If 0 < v < L then

(tr|A1_"B"|)m + ™" (trA + trB)m
— (2v@e®)? - uB)t - @anh?)"

m
< (tr((l — WA+ vB)) (3.1)
andif% <v <1, then

(tr|A1_”B”|>m F (1= )" (trA ¥ trB)m
— (20 = ) ®B)? = oA B)T - ar(B)H?)"
< (tr((l — VA + uB))m, 3.2)
wherem = 1,2, ..., r = min{v, | — v} and ro = min{2r, 1 — 2r}.

Proof Let0) < v < % Then

(tr|A1—“B“|)m £ (trA n trB)m
— (2vuE) - n( )t - w@A)?)”
< (' @®)")" +v" (wa +uB)”
— (2vuE)? - n( @)t - w@A)?)”

(by Lemma 3.2)
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< ((1 —V)tr(A) + vtr(B))m (by Corollary 2.3)

— (tr((l — WA+ vB))m-

Thus, we get inequality (3.1). Using Corollary 2.3, Lemma 3.2 and with a same
argument in the proof of (3.1), we have (3.2) for % <v<l. O

Theorem 3.5 Let A, B € M, be positive definite and 0 < v < % Then

det(A!=VBY)" 4 yn (detA n detB)m
- (Zv(det(A)det(B))% — ro((det(A)det(B))* — (det(A))%)z)m
< det((1 —v)A+vB)",
holds form = 1,2, ... and ro = min{2v, 1 — 2v}.

Proof

1\ mn
det((1 — v)A + VB)" = (det((l — DA+ vB)%)
1 1\mn
> (det((l —)A)T + det(vB)n) (by Lemma 3.3)
1 1\ mn
= ((1 —v)det A7 + vdetBﬁ)
> ((det AR (det B%)”)mn 4 (detA + detB)m

- (2v(det(A)det(B))% — ro((det(A)det(B))¥ — (det(A))%)2)m
(by Corollary 2.3)
= det(A'"VBY)" 4 v™" (detA n detB)m

- (2v(det(A)det(B))% — ro((det(A)det(B)) — (det(A))%)z)m.

Theorem 3.6 Let A, B € M, be positive definite. Then

(a=wmaxi+vixsi)”

m

= 14X Bl + v (JIIAXI + 11X BII)
L 1 1 m
= (20NAXIINIXBID? = ro(UIAX X BIDT = (11AXIIDD?)",

wherem =1,2,...,0<v < %androzmin{Zv, 1 —2v}.
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Proof Applying Lemma 3.3 and Corollary 2.3 we have

m
AT X B + o™ (HIAXII]+ 11X BII)
1 1 1 m
— (20QIAXINNIXBIDE = ro(AIAXIINIXBIDF = (AXI1)5)?)
1—v v\ m "
< (IAaxi=mxe)” + v (AXI+ 11X BII)

— (20UAXIIIXBID® = roCCNAXIIIXBID* — (llAXIND?)"
(by Lemma 3.3)
< (A =wiiAxi + vlllXBlll)m (by Corollary 2.3).

Remark 3.7 1f % < v < 1, then similarly, we can prove the following inequalities

det((1 — v)A + vB)" > det(A'""B")" + (1 — v)™" (detA + detB)m

- (2(1 — v)(det(A)det(B))? — ro((det(A)det(B))T — (det(B))%)z)m,
and

(a=vmaxi+vinxsi)”

m
= 1A' X BN 4+ (1= )" (1AXII] + 11X BIIT)
m

— (20 = W)AIAXINIXBIDT = ro(UIAXINIXBID? = (IIXBIID®)?)

for all positive definite matrices A, B € M,,,m = 1,2, ...and rp = min{2—2v, 2v—
1}.

In [6], the authors showed that
1 1
2[|A2XB2||| < |I|AX + XB||],
where A, B are positive definite matrices and X is an arbitrary matrix. Using this
inequality, inequalities (1.10) and (1.11), we have the next result.
Proposition3.8 Let A, B, X € M, such that A, B are positive semidefinite. Then
W) If0 < v < L then

2 11 31
r A2XB?2 A4 XB+

2
—ro
2

2
=+ r
5 0

2 s L 2
AX+XBH2—4<r ASXB? +AXH2>

2 2
< H(l —D)AX + vXBH2 _ HA‘—”XB” i
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)

2
—roHA%XB% +XBH2>; 33)

2 13
b faixa

2 2 2 44 L
<R HAX~|—XBH2— (4 (R HAzXBz

(i) zf% < v <1, then

2 2 2 1 12 1 3
R HAX+XBH2— 4(R HAZXB2 2+r0HA4XB4

2 1 1 2
—rOHMXBf —XBH
2 2

)

2
< H(l — VAX + vXBH2 — HA]’”XB”

2 2
AX+XB”2 _ <4 <r

2
2

1 1

AIXB? AiXB3

5 2
<r 2+m

2
—rol a2 x B} +AXH2>,

where r = min{v, 1 — v}, R = max{v, 1 — v} and ro = min{2r, 1 — 2r}.
Proof Let0 < v < % Applying

2

’

2 2
HAX _ XBH2 - HAX—i—XBH2 —4HA%XB% i

1 1 2 1 1 2 3 12
HAZXBZ —AXH2 _ ”AZXB2 +AXH2 —4HA4XB4 i

and inequality (1.10), we get the first inequality. For % < v < 1, we can prove the
second form of inequalities in a similar fashion. O

Applying Lemma 2.1 and inequality (3.3), we have the following theorem.

Theorem3.9 Let A, B, X € M, such that A and B are positive semidefinite. If

¢ : [0, 00) — R is a strictly increasing convex function and 0 < v < %, then

)

2 3.1
2+r0HA4X34

2 2 . 2| 4L 1
¢ (r?|Ax +xB| ) —¢(4(r*|a2xB

2
AIXB? +AXH2>

—rp

2
<¢ (H(l —V)AX + vXBH2> —¢ (”Al—vXBu

2
)

2 2 ol (Lo L2 13
<¢(R HAX—}-XBHZ —o(4(R HA2XB2 2+HA4XB4

2
)
11 2
—ro|atxBY + XBH2> ,
where r = min{v, 1 — v}, R = max{v, | — v} and ro = min{2r, 1 — 2r}.
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Remark 3.10 Note that for % < v < 1, we can get the similar inequality.

Example 3.11 If ¢ (x) = x 7 (m > 2), then using Theorem 3.9 we have

n m ol Lo L2 3o 12 1o 2N%
r HAX—}—XBHZ —(4r ATXB? 2+r0HA4XB4 2—r0HA2XBz+AXH2>

m

m
< H(1 —VAX +0XB| -~ HA‘"’XB“ X

m m ol 1o, 1? 13
<R HAX+XBH2 —(4(R HA2XB2 2+HA4XB4

)

m

1 1 N7
AIXB? + XB 2) .

— ro
Replacing a and b by their squares in inequality (1.1), for 0 < v < 1, we have

@' ="b")? + ro(Vab — a)? + r(a — b)® < (1 — v)a® + vb>. (3.4)

Now, applying (3.4), we have the following lemma.
Lemma3.12 Ifa,b > 0and 0 <v < 1, then

@' 'b" +a"b' )2 + 2r(a — b)? + ro[(Wab — a)* + (Wab — b)*] < (a + b)>,

where r = min{v, 1 — v} and ro = min{2r, 1 — 2r}.
Proof We have
(a+b)* — (@b’ +a"b' ")’
— a2+ b2 — g p2U-y) _ 2002y
= (1 —v)a® +vb? — a®TVp? £ va® + (1 —v)b? — a®'p>1 ")
> r(a —b)* + ro(Vab — a)* 4+ r(a — b)* + ro(Vab — b)?
= 2r(a — b)*> + rol(Vab — a)* + (Vab — b)?].

It follows the desired result. O

Now, applying Theorem 3.12, we improve the Heinz inequality for the Hilbert—
Schmidt norm as follows:

Theorem3.13 Let A, B, X € M, such that A and B are positive semidefinite. If
O<v< % then

2 2 2
HA“XB"” +A7xB| < HAX T XBH2 - 2rHAX _ XBH2

11 2 11 2
- of|azxst - ax], + [atxst - xs])
where r = min{v, | — v} and ro = min{2r, 1 — 2r}.
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Proof Since A, B > 0, it follows that there are unitary matrices U, V € M, such that
A=UDU* and B = VEV*, where D = diag(A{, ..., A,), E = diag(uy, ..., in)
and A, u; >0(G@=1,2,...,n).fY =U*XV = [yij],then
(A"XB'™ + AT XBY) = U( " uf + M uf )i U™,
AX+XB=U[ri+p)0YIV*,  AX —XB=U[ — ;)0 Y]V,
ATXBZ — AX = U[((hip)) — A) o YIV*
ATXB? — XB = Ul((upe))? — 1)) o YIV*,

whence

HA“XBI’” L A"vXBY

2 n
L= ( >0+ )»,-"/L}fv)zlyz'jlz)
ij=1

n n
< Y G+ ) il =20 Y = )il
ij=1 i,j=1
1o 1ol
— 1o Z [(X,-z,uf — 2P+ (W} mi— Mj)2]|)’ij|2
(by Theorem 3.12)

2 2
- HAX+XBH2 —2r”AX _ XBH2

1 1 2 1 1 2
_ rO(HAZXBf _ AXH2 + HA7XB§ _ XBHZ).

Applying the triangle inequality and Lemma 3.2 we have the following result.

Proposition 3.14 Let A, B, X € M, such that A and B are positive semidefinite. If
O<v< % then

|||A1—UXBV+AVXBI—U|||
= (L= 20)(IAXII|+ X BIID = (2@uITAXTITIXBID
— ro( /ITAXITIT + VITAXTINIXBID? + (/IXBI + ITAXIIXEBID?) )

Proof We have

IIJA'""XB" + AXB'™"|||
< 1A XB"|l| + [[|AYX B~
< [AXIIVHIXBIY + AXIV X B
< [IIAX[I[ + IXBI|| — 2v(||AX|[| + [[| X BI|])
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— (2o /IAXTIIXBID — ro((/TAXTI + VATAXIIXBIID?
+ IIXBII+ VIIAXTIIXBIN?)).
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