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Abstract: The Berezin transform A of an operator A, acting on the reproducing kernel Hilbert space .7 =

2(Q) over some (non-empty) set Q, is defined by A(A) = <ARA, I}A) (A € Q), where k) = % is the nor-

malized reproducing kernel of 7. The Berezin number of an operator A is defined by ber(4) = sup|il(/1)\ =
A€Q

sup] (AIA<,1, IA<,1) ] In this paper, we prove some Berezin number inequalities. Among other inequalities, it is
A€Q
shown that if A, B, X are bounded linear operators on a Hilbert space .57, then

ber(AX + XA) < ber? (A*A ¥ AA*) ber? (XX ¥ XX*)

and
ber’(A"XB) < ||X||*ber(A"A)ber(B"B).

We also prove the multiplicative inequality

ber(AB) < ber(A)ber(B).
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1 Introduction

Let .2# be a complex Hilbert space and B(.s#) denote the C*-algebra of all bounded linear operators on %
with the identity I. In the case when dims# = n, we identify B(s#) with the matrix algebra My of all n x n
matrices having entries in the complex field C. The numerical range and numerical radius of A € B(s#) are
defined by W(A) := {(Ax,x) : x € o, ||x|| = 1} and w(A) := sup {|A| : A € W(A)}, respectively. It is well
known that w(-) defines a norm on B(s#), which is equivalent to the usual operator norm | - ||. In fact, for
any A € B(#), }|A]| < w(4) < [|A]| (see [9, p. 9)).

A functional Hilbert space is a Hilbert space 2# = 2#(Q) of complex-valued functions on a (non-empty) set
Q, which has the property that point evaluations are continuous, i.e., for each A € Q the map f —— f(A) is
a continuous (linear) functional on sZ. Then the Riesz representation theorem ensures that for each A € Q
there is a unique element k, of # such that f(A) = (f, k,) for all f € 7. The collection {k; : A € Q}is
called the reproducing kernel of /#. If {e,} is an orthonormal basis for a functional Hilbert space .7#, then
the reproducing kernel of .77 is given by k;(z) = >, en(Nen(2). For A € Q, let IAcA = ﬁ be the normalized

reproducing kernel of Z. For a bounded linear operator A on .7#, the function A defined on Q by AQ) =
(AIA<,1, IA<A>, is the Berezin transform of A, which was introduced by Berezin [4, 5]. The Berezin set and the
Berezin number of the operator A are defined by (see [12])

Ber(A) := {A): A€ Q} and ber(4):=sup {|A)|: A e Q},
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respectively. It is clear that the Berezin transform A is the bounded function on Q whose values lies in the
numerical range of the operator A and hence Ber(4) C W(A) and ber(4) < w(A) for all A € B(2#). Karaev
[16] showed that for A = S ® S € B(#?), where S is the shift operator defined by Sf(z) = zf(z) on the Hardy-
Hilbert space > = .#?(D) over the unit disc D = {z € C : |z| < 1}, we have A(A) = |A|*(1 - |A]?), and thus
Ber(4) = [O, %] G [0, 1] = W(A) and ber(A) = % < 1 = w(A). Moreover, the Berezin number of an operator A
satisfies the following properties:

(i) ber(4) < [|A]. (L1)
(ii) ber(aA) = |a|ber(A) forall a € C.
(iii) ber(A + B) < ber(A) + ber(B).

The Berezin transform has been investigated in detail for the Toeplitz and Hankel operators on the Hardy
and Bergman spaces. It is widely applied in the various questions of analysis and uniquely determines the
operator acting on the reproducing kernel Hilbert space of analytic functions in some suitable set Q (i.e.,
AQ) = BQ) forallA € Q implies A = B). For further information about the Berezin transform and Berezin
number we refer the reader to [6-8, 13-18, 20-22, 24] and references therein.

In this paper, by using some ideas of [1, 2, 23], we present several Berezin number inequalities. In particular,
we show that

Theorem: Let A, B, X, Y € B(s7). Then

(i) ber(AX + XA) < ber? (A*A + AA*) ber? (X*x N XX*) ;

(ii) ber(A"XB + B'YA) < 2./|[X|[| Y [ber? (B*B) ber? (AA*) .

2 Some Upper bounds for ber(AX + XA")

To prove our first result, we need the following lemma.

Lemma 2.1. Let X € B(#). Then

ber(X) = sup ber (S)Qe(eieX)) = sup ber (jm(ewX)) ,
6eR 0cR

where Re(X) = XX and Jm(X) = X
Proof. It follows from (see [23])

sup (e Xk, ki ) = | (X, K|

0eR
that
sup ber(%e(e?X)) = sup sup ‘ <9%e(ei9X)lA<A, ’A</1> ‘
6cR 0eR A1eQ
= sup sup ’<9%e(ei9X)lA<A, IA<,1>’
A€Q R
= sup ) Xf(A, kA ’
A€Q < >
= ber(X).
If we replace X by iX in the first equation, we get the second equation. O
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Remark 2.2. If X = L + iK is the cartesian decomposition of the operator X, i.e., L = X+X and K = then
using this fact

[(Lx, x)| < [(Xx, x)| = [(Lx, x) + i(Kx, x)| = \/|(Lx, x)|2 + (Kx, x)|2 (x € 22),

and we have

ber(L) = ber (%e(X)) < ber(X) < \/ber*(L) + ber’(K).
Now, by applying Lemma 2.1, we show an upper bound for ber(AX + XA").

Theorem 2.3. Let A, X € B(s¢). Then
ber’(AX + XA")

< 2|4 (ber(Lz) +ber(K?) + \/ (ber(L?) - ber(K?))” + ber?(LK + KL)) ,
where X = L + iK is the cartesian decomposition of the operator X.
Proof. By using the simple identity 9ie(AB + BA") = A%Re(B) + 93e(B)A” we have
(e (ax + XAV, R )2 < [{(Ante(e”X) + Re(’ XAy, ) ‘2
(since [(Re(T)x, x)| < [{Tx, x)|)
<2 (’ <A9f{e(e“’x)i<;l, fq>‘ + ‘<9%e(e"9X)A*i<A, fq>‘ )
(by the triangle inequality and the convexity f(t) = t%)
_2 <’<9%e(ei0X)lA<A, A*iq>’2 N )<A*12A, me(e"‘)x)l}A>’2>
2 (14 [oete k|« 14" 2 [0k )
= 4)|A|2 <me(e"9x)fq, %e(eieX)I}A>
= 4A]> (@Re(e® X))k k)
It follows from

(%Re(e9X))? = (Re(e®®(L + iK)))>
= (cos AL - sin 6K)?
= cos? OL? + sin? OK? - cos O sin (LK + KL)

that
sup < me(e"’x) I%A, 12A>
EQEE( cos® 0 <L ks, fq> +sin% 0 <1<27<A, fq> ~cosfsin @ (<(LK +KL)k;, 12A>) )
<su g( cos? @ber(L2) + sin? Ober(K2) - cos fsin (<(L1< + KLYk, 12A>) )
% ber(L?) + ber(k?) + \/ (ber(1?) - ber(k?)* + ({ (LK +KL)ky, 12A>)2) :
whence

zu]}g ’<9‘{e (eie(AX + XA*)) ky, f<A>‘2
€

<2041 (ber(Lz) + ber(K?) + \/(ber(LZ) ~ber(k?))” + (<(LK + KLYk, fq>)2)-
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Taking the supremum over all A € Q and using Lemma 2.1, we get

ber’(AX + XA") = sup ber(Re(e?®(AX + XA")))
0eR

< 2||A|2 (ber(Lz) +ber(K2) + \/ (ber(L2) - ber(K2))” + ber? (LK + KL)) . @D

Replacing A by iA in (2.1), we get

ber?(AX - XA") < 2| A% (ber(Lz) + ber(K?) + \/ (ber(L?) - ber(K2))® + ber?(LK + KL)) .

Hence

ber’(AX + XA") < 2||A|12 (ber(Lz) + ber(K?) + \/ (ber(L2) - ber(K2))” + ber? (LK + KL)) ,

as required. O

Theorem 2.3 includes a special case as follows.
Corollary 2.4. Let A, X € B(s#) Then
* 1 1
(i) IFLK + KL = 0, then ber(AX + XA") < 2||A|| max (berz (L2), ber? (K2)> .

(ii) If X is self-adjoint, then ber(AX + XA") < 2||A||ber? (X2).
1
(iii) If X is self-adjoint, then ber(AX) < ||A|ber2 (X?).
where X = L + iK is the cartesian decomposition of the operator X.

Proof. The first inequality follows from Theorem 2.3 and the inequality

ber?(AX + XA") < 2||A|? (ber(Lz) +ber(K?) + \/ (ber(L2) - ber(1<2))2)
= 2|4 (ber(Lz) + ber(K?) + ‘ber(Lz) - ber(Kz)D
= 4\|A\|2 max <ber(L2), ber(K2)> .

The second inequality follows from Theorem 2.3 and the hypotheses X = L + 0i. For the third inequality we
have

ber(AX) = sup ber (S)%e(eiGAX))
6cR

= 1sup ber (eigAX + e’ieXA*)
2 0cR
< [A[ber(X?)  (by part (i),

as required. O

3 Upper bounds for ber(AX + XA) and ber(A"XB + B"YA)

The following theorem gives some upper bounds for ber(AX + XA).

Theorem 3.1. Let A, X € B(s#). Then
(i) ber(AX + XA) < ber? (A*A ¥ AA*) ber: (XX + XX*) :
(ii) ber(AX + XA) < ber? (A*A + X*X) ber? (AA* ¥ XX*) .
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Proof. Let k, be the normalized reproducing kernel of . Then
‘<(AX:XA) iy, /”<,1>‘ < ’<AXf<,1, i<A>’ + ’<XA7<A, 12,1>‘
‘<XIEA,A*12A>‘ + ‘<Ai<A,X*I‘<A>‘

[kl ks

< (k] ) (e« )

N

(by the Cauchy-Schwartz inequality)
- [((aaan )ik [( (X x e xx ) k)|
< beri(A"A + AA"ber? (XX + XX").
Hence

ber(AX + XA) = sup ’<(AX + XAk, IA<,1>’
AER

< beri(A*A+AA ber? (X X + XX).

Now, according to the inequality

< (Jaiaf i) (o )

(by the Cauchy-Schwartz inequality)

[ R ' Xl

and a similar argument of the proof of part (i), we get the second inequality. O

For the special case A = I, we have the next result.

Corollary 3.2. Let X € B(s7). Then

(i) ber?(X) < %ber (I + X*X) ber (I + XX*) .
1

(ii) ber*(X) < Eber (X*X + XX*) .

Remark 3.3. Corollary 3.2(ii) is an improvement of (1.1). To see this, note that

ber?(X) < %ber(X*X +XX")

B ber(X"X) + ber(XX")
= 2

< IX"X]| ’zr |IXX7)|

= |IX%.

In the following theorem, we present some upper bounds of ber(A”*XB). To achieve this proposition, we need
the next lemma; see [11, p. 265] and [19].

Lemma3.4. IfX € B(s¢) and x, y € , then |(Xx, y)|* < (|X|x, x) {|X"|y, y), inwhich |X| = (X"X)>.

Theorem 3.5. Let A, B, X € B(s¢). Then
(i) ber’(A"XB) < || X||*ber(A"A)ber(B"B).
(ii) ber(A"XB) < %ber (BxIB+A"IX']4).
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Proof. We have
‘<A*XBIEA, i<A>)2 - ’<XBI‘<A,AI‘<A>’2
< [Jxma ko
< 12 k|
< |IXI1? <BIA<A’B’A</1> <AIA<A’A’A</1>
~ IX)12 <B*Bf<A, fq> <A*AT<A, f<A>
< || X||*ber(A”A)ber(BB),

PO 2 * *

whence ber’(A*XB) = sup ’<A*XBkA, I<A>) < ||X||*ber(A"A)ber(B*B), and so we get the first inequality.
AEQ

Also, we have

(<A*XBI%A,12A>‘ ‘<XBk,1 A1<A>)
IX|Bky, Bk,\> <\X*|A1‘<A,A1}A>% (by Lemma 3.4)

<
() ) (470 ) )

(by the convexity f(t) = )
%(<(B XIB+A'X1A) Ry, o))
<% er (B'IX|B+4"X'|4).
Hence

ber(A"XB) = ilelg ‘<A*XBi<A, IA(A>‘

< %b r (B'XIB+A"IX']4).

In the special case of Theorem 3.5, for X = I we obtain the next result.

Corollary 3.6. Let A, B ¢ B(s#). Then
(i) ber’(A"B) < ber(A"A)ber(B’B).
(i) ber(A"B) < %ber(A*A +B'B).
Corollary 3.7. Let A, B, X € B(#). Then
(i) ber(A"XB) < ber? (B*|X|B) ber? (A*|X*|A)

(i) ber(A"XB) < ber(”ﬁHB X|B + H‘QHA X \A)

Proof. By Theorem 3.5(ii), we have
ber(A"XB) < 2ber ( IX|B + A*\X*|A)

< 5 (ver (B'1XIB) +ber (47x"14) ). (1)
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Now, if we replace A and B by tA and %B (t > 0) in inequality (3.1), respectively, then we get

ber(A*XB) < % (tlzber (BXB) + t?ber (A*|X*|A)) .

Then, from

. 1 * 2 * K _ 1 * % * K

inf (t—zber (B \X|B) + ber (A X |A)) = 2ber? (B |X\B) ber (A X |A) ,
we get the first inequality. Moreover, if we replace A and B by %A and %B in Theorem 3.5(ii), respec-
tively, we reach the second inequality. O

Using Theorem 3.5, we demonstrate some upper bounds for ber(A*XB + B*YA).
Theorem 3.8. Let A, B, X, Y € B(s¢). Then

(i) ber(A"XB + B'YA) < V2 H X|+|Y"|

ber? (B*B) ber? (AA*) .
(ii) ber(A"XB + B'YA) < 2./||X][||Y||ber? (B*B) ber? (AA*) .
Proof. Applying Lemma 2.1 and Theorem 3.5(i), we have
ber (%e(e™*(A"XB £ B'YA))) = ber (e(4"(e“X + e Y ")B))
(since Re(T) = Re(T))
< ber (A"(e“x +e™*Y")B))
(by Lemma 2.1 for 6 = 0)

ia —ia 1 * 1 *
< ||e"X+e Y ||ber? (B B)berz (AA

(by Theorem 3.5(i)). (3.2)

It follows from the inequalities

, - elaxX + e7i@y* o
eX+e Y | =
[ I 0 o
~ eilX e—ia X 0
- 0 0 Y 0
_ eia e—ia X 0
h 0 © +Y" 0

V2

X 0
tY" 0

= V2 [|(x1? + Y )3

<valmsivi]
(applying [3, p. 775] to the function h(t) = t%),
(3.2) and Lemma 2.1 that

ber (A*XB +B" YA) - itelgber (me(e"“(A*XB +B" YA)))

< ﬂ]| X+ Y] H ber: (B*B) ber: (AA*) .
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Thus, we get the first inequality. Moreover, using inequality (3.2) we have

ber (me(e"“(A*XB +B YA))) < ’

e“X e Y’ |ber? (B'B) ber? (4)
< (IX|| + || Y|) ber? (B*B) ber? (AA*) . (3.3)
Now, if we replace A by V/tA, B by ﬁB, Xby tXand Y by 1Y (¢t > 0) in inequality (3.3), then we get
ber (me(e"“(A*XB +B YA))) < (t X + % I Y||) ber? (B*B) ber? (AA*) . (3.4)
It follows from ming (¢ || X|| + % [|Y]|) = 2+/[X][[Y]| and inequality (3.4) that

ber (A*XB +B YA) - supber (me(ei“(A*XB +B YA)))

< 2/IX[[[Y|ber? (B*B) ber? (AA*> .
Hence, we get the second inequality. O
Corollary 3.9. IfA, B, X € B(s?), then
(i) ber(A"X = XA) < 2 || X|| ber? (AA*) .
(ii) ber(4"B + B'A) < 2ber’ (B'B) ber- (44”).

Proof. If we put B = I and X = Y in Theorem 3.8(ii), then we reach the first inequality and if we take X = Y = I
in Theorem 3.8(ii), then we get the second inequality. O

4 Some upper bounds for ber(AB) - ber(A)ber(B)

Recall that the Toeplitz operator T, with ¢ € L*°(dD) is defined on the Hardy space > by Tof = P.(¢f),
where P, : L=(0D) —s #7? is the Riesz orthogonal projection. It is well known that (see Enli$ [6] and Zhu
[24]) To(A) = p(A) (A € D), where @ is the harmonic extension of ¢ into . Therefore, it is easy to see that

ber(Ty) = sup |p(A)| = sup [@({)] = [|@lle = | Ty].
AeD {eoD

Then, we have for all ¢, 1 € L*°(0D) that
ber(TyTy) < || TeTyll < [ Tl Tyl = l|@llco|[Pp]l = ber(Ty)ber(Ty),

hence
ber(TyTy) < ber(T,)ber(Ty).

Note that Berezin transform is not, in general, multiplicative, i.e., AB = AB (for more information, see Kili¢
[18]). So, it is natural to ask: when the multiplicative inequality

ber(AB) < ber(A)ber(B)

is held?
Our next result proves the inequality ber(AB) < ber(A)ber(B) for some operators.

Proposition 4.1. Let A, B € B(). If limy_, (A - AQI) "k, || = O for some & € 00, then
lim)_,¢,|AB()| < ber(A)ber(B).
In particular, if lim)_, ¢, |AB(A)| = ber(AB), then ber(AB) < ber(A)ber(B).
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Proof. It follows from A* = A that for all A € Q we have
AB() = KAB)}A, f<A>‘
(ko)
<BI}A,A*f<A -Z?(A)w + ‘<B&A,Z(/\)1}A>‘

<

<IIBI|

Al - A (A)IA@\H +ber(A)ber(B),

from which, by using the hypotheses of the theorem, we have that there exists a point {; € 0Q such that
lim,_, & [AB(A)| < ber(A)ber(B), as desired. The second assertion of the theorem is immediate from the first
one. O

Note that all Toeplitz operators Ty, ¢ € L=(0D), on % satisfy the conditions
limrg)l’ ||T(pl}reit - (ﬁ(reit)f(,en Hz =0

for almost all ¢ € [0, 27); see Englis [6]. Also, the operators of the form T, + K, where K is compact, satisfy
the condition of Proposition 4.1.

Proposition 4.2. If A, B ¢ B(2#) and AB(A) — 0 whenever A — 0Q, then there exists a point g € Q such
that

ber(4B) - ber(A)ber(B) < \/ B'Bo)(AA"(Ao) - [A(10)]2).

Proof. By the same argument as in the proof of Proposition 4.1, we have

AB(}) < bex(A)bex(B) + | Bk, |

Ak, - Z?(A)IQAH

_ ber(A)ber(B) + \/ BBWAA*() - [A(D)]2)

for A € Q. Since the set {<ABIA<A, IA<A> A e Q} is bounded, there exists a sequence (1,) C Q such that

ber(AB) = sup|AB(V)| = limn-=- |(ABky,. Ky, )
A€Q
ever A — 00, and hence the sequence (A,) can not approach to the boundary 9Q. This shows there exists

Ao € Q such that limy—e. An = Ag. Then we obtain from the last inequality that

. On the other hand, by the hypotheses AB(A) — 0 when-

ber(AB) - ber(A)ber(B) < \/B"B(1o)(AA" (Ao) - |A(Ao) ).
O

Recall that the reproducing kernel Hilbert space 57 = 2#(Q) is called standard [20], if IA<,1 — 0 weakly when-
ever A tends to the boundary of Q. Then K(A) vanishes on the boundary for any compact operator K on 7.
This easily shows that if A or B is a compact operator on the standard reproducing kernel Hilbert space .7,
then ;@(A) — 0, whenever A — 00, that is A and B satisfy the hypothesis of Proposition 4.2. There are also
the following nontrivial examples.

Example 4.3. Let 6(z) = exp (jf—%) be a singular inner function, Ty be a Toeplitz operator on .2, and let J

—~—

be an operator (involution) on .#? defined by (Jf)(2) := f(-z). Then J* T; (A) — 0 whenever A — oD.

Proof. In fact, we have:

Iy = (P Ty k) = (1-102) <@ﬁ] ! >

z 1-Az

e 1 1 1 - |A?
o (1-p2) (Lo N S AL
()( H><1—AZ 1+Az> ()1+|/l|2
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—~

whence J*Ty(A) — 0, whenever A — oD. Since J* = I, ] is invertible on /#? and T}, is not compact on /#2,
and so J" T} is not compact on .7#2. O

There is also an unbounded operator satisfying the hypothesis of Proposition 4.2. Namely, let D := % denote
the differentiation operator on %, and let J be the same as in Example 4.3. Then we have

J'DW) = (' Dy, Ty )

1112 i 1 1
-a-u0 (g (%) i)

301 1112 1 1
A=A )<(1—7lz)2’ 1+)_\z>
1-A)2
(1+]A]2)?

=1 —0as|A|—17,

as desired.
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