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Abstract. The Berezin symbol Ã of an operator A acting on the reproducing kernel Hilbert

space H = H(Ω) over some (non-empty) set is defined by Ã(λ) = ⟨Ak̂λ, k̂λ⟩ (λ ∈ Ω),

where k̂λ = kλ
∥kλ∥ is the normalized reproducing kernel of H. The Berezin number of

operator A is defined by ber(A) = sup
λ∈Ω

∣∣Ã(λ)
∣∣ = sup

λ∈Ω

∣∣⟨Ak̂λ, k̂λ⟩
∣∣. Moreover ber(A) ⩽ w(A)

(numerical radius). In this paper, we present some Berezin number inequalities. Among

other inequalities, it is shown that if T =

[
A B
C D

]
∈ B(H(Ω1)⊕H(Ω2)), then

ber(T) ⩽ 1

2
(ber(A) + ber(D)) +

1

2

√
(ber(A)− ber(D))2 + (∥B∥+ ∥C∥)2.
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1. Introduction

Let H be a complex Hilbert space and B(H) denote the C∗-algebra of all bounded

linear operators on H with the identity I. In the case when dimH = n, we identify

B(H) with the matrix algebra Mn of all n×n matrices having entries in the complex

field. An operator A ∈ B(H) is called positive if ⟨Ax, x⟩ ⩾ 0 for all x ∈ H, and

then we write A ⩾ 0. Let r( · ) denote the spectral radius. The numerical range and

numerical radius of A ∈ B(H) are defined by

W (A) :=
{
⟨Ax, x⟩ : x ∈ H, ∥x∥ = 1

}
and w(A) := sup

{
|λ| : λ ∈ W (A)

}
,

respectively. It is well known that w( · ) defines a norm on B(H), which is equivalent

to the usual operator norm ∥ · ∥. In fact, for any A ∈ B(H), 1
2∥A∥ ⩽ w(A) ⩽ ∥A∥
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(see [4, p. 9]). For further information about numerical radius we refer the reader

to [1, 5, 16].

A functional Hilbert space is a Hilbert space H = H(Ω) of complex-valued functions

on a (non-empty) set Ω, which has the property that point evaluations are continuous

i.e., for each λ ∈ Ω the map f −→ f(λ) is a continuous linear functional on H. Then

the Riesz representation theorem ensures that for each λ ∈ Ω there is a unique

element kλ of H such that f(λ) = ⟨f, kλ⟩ for all f ∈ H. The collection {kλ : λ ∈ Ω}
is called the reproducing kernel of H. If {en} is an orthonormal basis for a functional

Hilbert space H, then the reproducing kernel of H is given by [6, Problem 37]

kλ(z) =
∑
n

en(λ)en(z).

For λ ∈ Ω, let k̂λ = kλ

∥kλ∥ be the normalized reproducing kernel of H. For a bounded

linear operator A on H, the function Ã defined on Ω by Ã(λ) = ⟨Ak̂λ, k̂λ⟩ is the

Berezin symbol of A, which firstly have been introduced by Berezin [2, 3]. Berezin

set and Berezin number of operator A are defined by (see [10])

Ber(A) :=
{
Ã(λ) : λ ∈ Ω

}
and ber(A) := sup

{
|Ã(λ)| : λ ∈ Ω

}
,

respectively. It is clear that the Berezin symbol Ã is a bounded function on Ω whose

values lies in the numerical range of the operator A and hence

Ber(A) ⊆ W (A) and ber(A) ⩽ w(A)

for all A ∈ B(H). Karaev [13] showed that if H2 is the Hardy space, then we take

A = ⟨ · , z⟩z in H2, an elementary calculation shows that Ã(λ) = |λ|2(1− |λ|2), and
thus

Ber(A) =

[
0,

1

4

]
⊊ [0, 1] = W (A) and ber(A) =

1

4
⪇ 1 = w(A).

Moreover, Berezin number of an operator A satisfies the following properties:

(a) ber(αA) = |α|ber(A) for all α ∈ C.
(b) ber(A+B) ⩽ ber(A) + ber(B).

Let Ti ∈ B(H(Ω)) (1 ⩽ i ⩽ n). Then we define the generalized Euclidean Berezin

number of T1, · · · , Tn as follows

berp(T1, . . . , Tn) := sup
λ∈Ω

(
n∑

i=1

∣∣∣⟨Tik̂λ, k̂λ

⟩∣∣∣p) 1
p

.
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The generalized Euclidean Berezin number berp (p ⩾ 1) has the following proper-

ties:

(a) berp(αT1, . . . , αTn) = |α|berp(T1, . . . , Tn) for all α ∈ C;
(b) berp(T1 + S1, . . . , Tn + Sn) ⩽ berp(T1, . . . , Tn) + berp(S1, . . . , Sn),

where Ti, Si ∈ B(H(Ω)) (1 ⩽ i ⩽ n).

Namely, the Berezin symbol have been investigated in detail for the Toeplitz and

Hankel operators on the Hardy and Bergman spaces; it has wide applications in

various questions of analysis in the various questions of analysis and uniquely deter-

mines the operator (i.e., Ã(λ) = B̃(λ) for all λ ∈ Ω implies A = B). For further

information about Berezin symbol we refer the reader to [11, 12, 13, 15, 17] and

references therein.

Let H1,H2, · · · ,Hn be Hilbert spaces, and consider the direct sum H =
⊕n

j=1 Hj .

With respect to this decomposition, every operator T ∈ B(H) has an n × n op-

erator matrix representation T = [Tij ] with entries Tij ∈ B(Hj ,Hi), the space of

all bounded linear operators from Hj to Hi. Let A ∈ B(H1,H1), B ∈ B(H2,H1),

C ∈ B(H1,H2) and D ∈ B(H2,H2). The operator matrix

[
A 0
0 D

]
is called the

diagonal part of

[
A B
C D

]
and

[
0 B
C 0

]
is the off-diagonal part. Operator ma-

trices provide a usual tool for studying Hilbert space operators, which have been

extensively studied in the literature. J.C. Hou et al. [9] and A. Omer et al. [1]

established useful estimates for the spectral radius, the numerical radius, and the

operator norm of an n×n operator matrix T = [Tij ]. In particular, they proved that

r(T) ⩽ r ([∥Tij∥]) , w(T) ⩽ w ([∥Tij∥]) , ∥T∥ ⩽ ∥[∥Tij∥]∥

and w(T) ⩽ w ([tij ]), where tij =

{
w(Tij) if i = j,
∥Tij∥ if i ̸= j.

The Berezin number is named in honor of F. Berezin, who introduced this concept

in [2]. In this paper, we establish some inequalities involving the Berezin number

of operators. By using the some ideas of [1, 16] we give several upper bounds for

the Berezin number and the generalized Euclidean Berezin number of Hilbert space

operators.

2. main results

Now we are in a position to present our first result.

Theorem 2.1. LetT = [Tij ] be n×n operator matrix with Tij ∈ B(H(Ωj),H(Ωi))

(1 ⩽ i, j ⩽ n). Then

ber(T) ⩽ w ([tij ]) ,
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where tij =

{
ber(Tij) if i = j,
∥Tij∥ if i ̸= j.

Proof. Let H = ⊕n
i=1H(Ωi). For every (λ1, . . . , λn) ∈ Ω1 × · · · ×Ωn, let k̂(λ1,...,λn) = kλ1

...
kλn

 be the normalized reproducing kernel of H. Then

∣∣∣T̃(λ1, · · · , λn)
∣∣∣ = ∣∣∣⟨Tk̂(λ1,··· ,λn), k̂(λ1,··· ,λn)

⟩∣∣∣
=

∣∣∣∣∣∣
n∑

i,j=1

⟨
Tijkλj , kλi

⟩∣∣∣∣∣∣
⩽

n∑
i,j=1

∣∣⟨Tijkλj , kλi

⟩∣∣
=

n∑
i=1

|⟨Tiikλi , kλi⟩|+
n∑

i,j=1
i ̸=j

∣∣⟨Tijkλj , kλi

⟩∣∣
⩽

n∑
i=1

ber(Tii)∥kλi
∥2 +

n∑
i,j=1
i ̸=j

∥Tij∥∥kλj
∥∥kλi

∥

=
n∑

i,j=1

tij∥kλj∥∥kλi∥

= ⟨[tij ]y, y⟩ ,

where y =

 ∥kλ1∥
...

∥kλn∥

. It follows from ∥y∥ = 1, that
∣∣∣T̃(λ1, . . . , λn)

∣∣∣ ⩽ w([tij ]).

Hence

ber(T) = sup
(λ1,...,λn)∈Ω1×···×Ωn

∣∣∣T̃(λ1, . . . , λn)
∣∣∣ ⩽ w([tij ])

as required. □

Corollary 2.1. If T =

[
A B
C D

]
∈ B(H(Ω1)⊕H(Ω2)), then

ber(T) ⩽ 1

2
(ber(A) + ber(D)) +

1

2

√
(ber(A)− ber(D))

2
+ (∥B∥+ ∥C∥)2.

In particular, for T =

[
A 0
0 D

]
∈ B(H(Ω1)⊕H(Ω2)) we have

ber(T) ⩽ max {ber(A),ber(D)} .(2.1)
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Proof. Using Theorem 2.1 we get the inequality

ber

([
A B
C D

])
⩽ w

([
berA ∥B∥
∥C∥ berD

])
⩽ r

([
berA ∥B∥+∥C∥

2
∥B∥+∥C∥

2 berD

])
(by [8, p. 44])

=
1

2
(ber(A) + ber(D)) +

1

2

√
(ber(A)− ber(D))

2
+ (∥B∥+ ∥C∥)2.

In particular, if T =

[
A 0
0 D

]
∈ B(H(Ω1)⊕H(Ω2)), then

ber(T) ⩽
ber(A) + ber(D) +

√
(ber(A)− ber(D))

2

2

=
ber(A) + ber(D) + |ber(A)− ber(D)|

2
= max {ber(A),ber(D)} .

□

We need the following lemmas for the next results. The next lemma follows from

the spectral theorem for positive operators and Jensen inequality; see [14].

Lemma 2.1. (The McCarty inequality) Let T ∈ B(H), T ⩾ 0 and x ∈ H such

that ∥x∥ ⩽ 1. Then

⟨Tx, x⟩r ⩽ ⟨T rx, x⟩

for r ⩾ 1.

Proof. Let r ⩾ 1 and x ∈ H such that ∥x∥ ⩽ 1. Fix u = x
∥x∥ . Using the McCarty

inequality we have ⟨Tu, u⟩r ⩽ ⟨T ru, u⟩, whence

⟨Tx, x⟩r ⩽ ∥x∥2r−2 ⟨T rx, x⟩
⩽ ⟨T rx, x⟩ (since ∥x∥ ⩽ 1 and 2r − 2 ⩾ 0).

Hence, we get the desired result. □
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Lemma 2.2. [14, Theorem 1] Let T ∈ B(H) and x, y ∈ H be any vectors. If f ,

g are nonnegative continuous functions on [0,∞) which are satisfying the relation

f(t)g(t) = t (t ∈ [0,∞)), then

| ⟨Tx, y⟩ |2 ⩽
⟨
f2(|T |)x, x

⟩ ⟨
g2(|T ∗|)y, y

⟩
,

in which |T | = (T ∗T )
1
2 .

Theorem 2.2. Let T =

[
0 X
Y 0

]
∈ B(H(Ω1)⊕H(Ω2)), r ⩾ 1 and f , g be

nonnegative continuous functions on [0,∞) satisfying the relation f(t)g(t) = t (t ∈
[0,∞)). Then

berr(T) ⩽ 2r−2ber
1
2
(
f2r(|X|) + g2r(|Y ∗|)

)
ber

1
2
(
f2r(|Y |) + g2r(|X∗|)

)
.

Proof. For every (λ1, λ2) ∈ Ω1 × Ω2, let k̂(λ1,λ2) =

[
kλ1

kλ2

]
be the normalized

reproducing kernel of H(Ω1)⊕H(Ω2) (i.e., ∥kλ1
∥2 + ∥kλ2

∥2 = 1). Then∣∣∣T̃(λ1, λ2)
∣∣∣r

=
∣∣∣⟨Tk̂(λ1,λ2), k̂(λ1,λ2)

⟩∣∣∣r
= |
⟨
Xkλ2

, kλ1

⟩
+
⟨
Y kλ1

, kλ2

⟩
|r

⩽
(
|
⟨
Xkλ2

, kλ1

⟩
|+ |

⟨
Y kλ1

, kλ2

⟩
|
)r

(by the triangular inequality)

⩽ 2r

2

(
|
⟨
Xkλ2

, kλ1

⟩
|r + |

⟨
Y kλ1

, kλ2

⟩
|r
)

(by the convexity f(t) = tr)

⩽ 2r

2

((⟨
f2(|X|)kλ2

, kλ2

⟩ 1
2
⟨
g2(|X∗|)kλ1

, kλ1

⟩ 1
2

)r

+

(⟨
f2(|Y |)kλ1

, kλ1

⟩ 1
2
⟨
g2(|Y ∗|)kλ2

, kλ2

⟩ 1
2

)r )
(by Lemma 2.2)

⩽ 2r

2

(⟨
f2r(|X|)kλ2

, kλ2

⟩ 1
2
⟨
g2r|X∗|kλ1

, kλ1

⟩ 1
2 +

⟨
f2r(|Y |)kλ1

, kλ1

⟩ 1
2
⟨
g2r(|Y ∗|)kλ2

, kλ2

⟩ 1
2

)
(by Lemma 2.1))

⩽ 2r

2

(⟨
f2r(|X|)kλ2

, kλ2

⟩
+
⟨
g2r(|Y ∗|)kλ2

, kλ2

⟩) 1
2

×
(⟨
f2r(|Y |)kλ1

, kλ1

⟩
+
⟨
g2r(|X∗|)kλ1

, kλ1

⟩) 1
2 (by the Cauchy-Schwarz inequality)

=
2r

2

⟨
(f2r(|X|) + g2r(|Y ∗|))kλ2

, kλ2

⟩ 1
2
⟨
(f2r(|Y |) + g2r(|X∗|))kλ1

, kλ1

⟩ 1
2

⩽ 2r

2
ber

1
2
(
f2r(|X|) + g2r(|Y ∗|)

)
ber

1
2
(
f2r(|Y |) + g2r(|X∗|)

)
∥kλ1

∥∥kλ2
∥

⩽ 2r

2
ber

1
2
(
f2r(|X|) + g2r(|Y ∗|)

)
ber

1
2
(
f2r(|Y |) + g2r(|X∗|)

)(∥kλ1
∥2 + ∥kλ2

∥2

2

)
(by the arithmetic-geometric mean inequality)

=
2r

4
ber

1
2
(
f2r(|X|) + g2r(|Y ∗|)

)
ber

1
2
(
f2r(|Y |) + g2r(|X∗|)

)
.

Now, taking the supremum over all (λ1, λ2) ∈ Ω1×Ω2 we get the desired result. □
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Theorem 2.2 includes a special case as follows.

Corollary 2.2. Let T =

[
0 X
Y 0

]
∈ B(H1 ⊕H2), 0 ⩽ p ⩽ 1 and r ⩾ 1. Then

berr(T) ⩽ 2r−2ber
1
2

(
|X|2rp + |Y ∗|2r(1−p)

)
ber

1
2

(
|Y |2rp + |X∗|2r(1−p)

)
Proof. The result follows immediately from Theorem 2.2 for f(t) = tp and g(t) =

t1−p (0 ⩽ p ⩽ 1). □

Theorem 2.3. Let A,B,X ∈ B(H(Ω)), r ⩾ 1 and f , g be nonnegative continuous

functions on [0,∞) satisfying the relation f(t)g(t) = t (t ∈ [0,∞)). Then

berr(A∗XB) ⩽ ber

(
1

p

[
B∗f2(|X|)B

] rp
2 +

1

q

[
A∗g2(|X∗|)A

] rq
2

)
,

where 1
p + 1

q = 1 and pr ⩾ qr ⩾ 2.

Proof. For every λ ∈ Ω, let k̂λ be the normalized reproducing kernel of H(Ω). Then∣∣∣⟨A∗XBk̂λ, k̂λ⟩
∣∣∣r =

∣∣∣⟨XBk̂λ, Ak̂λ⟩
∣∣∣r

⩽
(
⟨f2(|X|)Bk̂λ, Bk̂λ⟩⟨g2(|X∗|)Ak̂λ, Ak̂λ⟩

) r
2

(by Lemma 2.2)

⩽ 1

p
⟨f2(|X|)Bk̂λ, Bk̂λ⟩

rp
2 +

1

q
⟨g2(|X∗|)Ak̂λ, Ak̂λ⟩

rq
2

(by Young’s inequaliy)

=
1

p
⟨B∗f2(|X|)Bk̂λ, k̂λ⟩

rp
2 +

1

q
⟨A∗g2(|X∗|)Ak̂λ, k̂λ⟩

rq
2

⩽ 1

p
⟨
[
B∗f2(|X|)B

] rp
2 k̂λ, k̂λ⟩+

1

q
⟨
[
A∗g2(|X∗|)A

] rq
2 k̂λ, k̂λ⟩

(by Lemma 2.1)

=

⟨(
1

p

[
B∗f2(|X|)B

] rp
2 +

1

q

[
A∗g2(|X∗|)A

] rq
2

)
k̂λ, k̂λ

⟩
⩽ ber

(
1

p

[
B∗f2(|X|)B

] rp
2 +

1

q

[
A∗g2(|X∗|)A

] rq
2

)
,

whence

berr(A∗XB) = sup
λ∈Ω

∣∣∣⟨A∗XBk̂λ, k̂λ⟩
∣∣∣r

⩽ ber

(
1

p

[
B∗f2(|X|)B

] rp
2 +

1

q

[
A∗g2(|X∗|)A

] rq
2

)
.

□
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Remark 2.1. In Theorem 2.3, if we add the hypothesis of contraction for oper-

ators A and B (i.e., A∗A ⩽ I and B∗B ⩽ I) then by using Lemma 2.1 and with a

similar fashion in the proof in the Theorem 2.3 we get the inequality

berr(A∗XB) ⩽ ber

(
1

p
B∗frp(|X|)B +

1

q
A∗grq(|X∗|)A

)
,(2.2)

where r ⩾ 1, 1
p + 1

q = 1 such that pr ⩾ qr ⩾ 2 and f , g be nonnegative continuous

functions on [0,∞) satisfying the relation f(t)g(t) = t (t ∈ [0,∞)).

The next result follows from Theorem 2.3 and inequality (2.2) for f(t) = tα and

g(t) = t1−α (0 ⩽ α ⩽ 1).

Corollary 2.3. Let A,B,X ∈ B(H(Ω)), r ⩾ 1, 1
p + 1

q = 1 such that pr ⩾ qr ⩾ 2

and 0 ⩽ α ⩽ 1. Then

berr(A∗XB) ⩽ ber

(
1

p

[
B∗|X|2αB

] rp
2 +

1

q

[
A∗|X∗|2(1−α)A

] rq
2

)
,

In particular, if A and B be contraction, then

berr(A∗XB) ⩽ ber

(
1

p
B∗|X|rpαB +

1

q
A∗|X∗|rp(1−α)A

)
.

Now, we need the following lemma for the next result.

Lemma 2.3. Let X,Y ∈ B(H(Ω)). If ber

([
X 0
0 0

])
⩽ ber

([
Y 0
0 0

])
,

then ber(X) ⩽ ber(Y ).

Proof. For every λ ∈ Ω, let k̂λ be the normalized reproducing kernel of H(Ω). Then∣∣∣⟨Xk̂λ, k̂λ

⟩∣∣∣ = ∣∣∣∣⟨[ X 0
0 0

] [
k̂λ

0

]
,

[
k̂λ

0

]⟩∣∣∣∣
⩽ ber

([
X 0
0 0

])
(by the definition of ber)

⩽ ber

([
Y 0
0 0

])
⩽ ber (Y ) (by inequality (2.1)).

Hence

ber (X) = sup
λ∈Ω

∣∣∣⟨Xk̂λ, k̂λ⟩
∣∣∣ ⩽ ber (Y ) .

□
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Corollary 2.4. Let Ai, Bi, Xi ∈ B(H(Ω)) (1 ⩽ i ⩽ n), r ⩾ 1 and f , g be

nonnegative continuous functions on [0,∞) satisfying the relation f(t)g(t) = t (t ∈
[0,∞)). Then

berr

(
n∑

i=1

A∗
iXiBi

)
⩽ ber

1

p

[
n∑

i=1

B∗
i f

2(|Xi|)Bi

] rp
2

+
1

q

[
n∑

i=1

A∗
i g

2(|X∗
i |)Ai

] rq
2

 ,

where 1
p + 1

q = 1 and pr ⩾ qr ⩾ 2.

In particular, if
∑n

i=1 A
∗
iAi ⩽ I and

∑n
i=1 B

∗
i Bi ⩽ I, then

berr

(
n∑

i=1

A∗
iXiBi

)
⩽ ber

(
1

p

n∑
i=1

B∗
i f

rp(|Xi|)Bi +
1

q

n∑
i=1

A∗
i g

rq(|X∗
i |)Ai

)
.

Proof. If we replace A, B and X by operator matrices
A1 0 · · · 0
A2 0 · · · 0
...

...
. . .

...
An 0 · · · 0

 ,


B1 0 · · · 0
B2 0 · · · 0
...

...
. . .

...
Bn 0 · · · 0

 and


X1 0 · · · 0
0 X2 · · · 0
...

...
. . .

...
0 0 · · · Xn

 ,

respectively, in Theorem 2.3, then get

berr
([ ∑n

i=1 A
∗
iXiBi 0

0 0

])
⩽ ber

([
1
p

[∑n
i=1 B

∗
i f

2(|Xi|)Bi

] rp
2 + 1

q

[∑n
i=1 A

∗
i g

2(|X∗
i |)Ai

] rq
2 0

0 0

])
.

Now, using Lemma 2.3 we have

berr

(
n∑

i=1

A∗
iXiBi

)
⩽ ber

1

p

[
n∑

i=1

B∗
i f

2(|Xi|)Bi

] rp
2

+
1

q

[
n∑

i=1

A∗
i g

2(|X∗
i |)Ai

] rq
2


the first inequality. The second inequality follows from inequality (2.2) and this

completes the proof. □

In the next theorem we present an inequality involving the generalized Euclidean

Berezin number for off-diagonal operator matrices.

Theorem 2.4. Let Ti =

[
0 Xi

Yi 0

]
∈ B(H(Ω1)⊕H(Ω2)) (1 ⩽ i ⩽ n). Then

berpp(T1, T2, . . . , Tn)

⩽ 2p−2
n∑

i=1

ber
1
2
(
f2p(|Xi|) + g2p(|Y ∗

i |)
)
ber

1
2
(
f2p(|Yi|) + g2p(|X∗

i |)
)

for p ⩾ 1.
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Proof. For every (λ1, λ2) ∈ Ω1 × Ω2, let k̂(λ1,λ2) =

[
kλ1

kλ2

]
be the normalized

reproducing kernel of H(Ω1)⊕H(Ω2) (i.e., ∥kλ1∥2 + ∥kλ2∥2 = 1). Then

n∑
i=1

|⟨Tik̂(λ1,λ2), k̂(λ1,λ2)⟩|
p

=

n∑
i=1

|⟨Xikλ2
, kλ1

⟩+ ⟨Yikλ1
, kλ2

⟩|p

⩽
n∑

i=1

(
|⟨Xikλ2

, kλ1
⟩|+ |⟨Yikλ1

, kλ2
⟩|
)p

(by the triangular inequality)

⩽ 2p

2

n∑
i=1

|⟨Xikλ2
, kλ1

⟩|p + |⟨Yikλ1
, kλ2

⟩|p (by the convexity f(t) = tp)

⩽ 2p

2

n∑
i=1

⟨f2(|Xi|)kλ2
, kλ2

⟩
p
2 ⟨g2(|X∗

i |)kλ1
, kλ1

⟩
p
2 + ⟨f2(|Yi|)kλ1

, kλ1
⟩
p
2 ⟨g2(|Y ∗

i |)kλ2
, kλ2

⟩
p
2

(by Lemma 2.2)

⩽ 2p

2

n∑
i=1

⟨f2p(|Xi|)kλ2
, kλ2

⟩
1
2 ⟨g2p(|X∗

i |)kλ1
, kλ1

⟩
1
2 + ⟨f2p(|Yi|)kλ1

, kλ1
⟩
1
2 ⟨g2p(|Y ∗

i |)kλ2
, kλ2

⟩
1
2

(by Lemma 2.1)

⩽ 2p

2

n∑
i=1

(⟨
f2p(|Xi|)kλ2

, kλ2
⟩+ ⟨g2p(|Y ∗

i |)kλ2
, kλ2

⟩) 1
2

×
(⟨
f2p(|Yi|)kλ1

, kλ1

⟩
+
⟨
g2p(|X∗

i |)kλ1
, kλ1

⟩) 1
2

(by the Cauchy-Schwarz inequality)

⩽ 2p

2

n∑
i=1

ber
1
2
(
f2p(|Xi|) + g2p(|Y ∗

i |)
)
ber

1
2
(
f2p(|Yi|) + g2p(|X∗

i |)
)
∥kλ1

∥∥kλ2
∥

=
2p

2

n∑
i=1

ber
1
2
(
f2p(|Xi|) + g2p(|Y ∗

i |)
)
ber

1
2
(
f2p(|Yi|) + g2p(|X∗

i |)
)(∥kλ1

∥2 + ∥kλ2
∥2

2

)

=
2p

4

n∑
i=1

ber
1
2
(
f2p(|Xi|) + g2p(|Y ∗

i |)
)
ber

1
2
(
f2p(|Yi|) + g2p(|X∗

i |)
)
.

Hence

berpp(T1, T2, . . . , Tn) = sup
(λ1,λ2)∈Ω1×Ω2

n∑
i=1

|⟨Tik̂(λ1,λ2), k̂(λ1,λ2)⟩|
p

⩽ 2p−2
n∑

i=1

ber
1
2
(
f2p(|Xi|) + g2p(|Y ∗

i |)
)
ber

1
2
(
f2p(|Yi|) + g2p(|X∗

i |)
)

as required. □
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Theorem 2.5. Let Ti =

[
Ai Bi

Ci Di

]
∈ B(H(Ω1)⊕H(Ω2)) (1 ⩽ i ⩽ n) and p ⩾ 1.

Then

berpp(T1, . . . , Tn)

⩽ 2−p
n∑

i=1

(
ber (Ai) + ber (Di) +

√
(ber (Ai)− ber (Di))

2
+ (∥Bi∥+ ∥Ci∥)2

)p

.

Proof. For every (λ1, λ2) ∈ Ω1 × Ω2, let k̂(λ1,λ2) =

[
kλ1

kλ2

]
be the normalized

reproducing kernel of H(Ω1)⊕H(Ω2). It follows from∣∣∣⟨Tik̂(λ1,λ2), k̂(λ1,λ2)

⟩∣∣∣
=

∣∣∣∣⟨[ Ai Bi

Ci Di

] [
kλ1

kλ2

]
,

[
kλ1

kλ2

]⟩∣∣∣∣
=

∣∣∣∣⟨[ Aikλ1 +Bikλ2

Cikλ1 +Dikλ2

]
,

[
kλ1

kλ2

]⟩∣∣∣∣
= |⟨Aikλ1 , kλ1⟩+ ⟨Bikλ2 , kλ1⟩+ ⟨Cikλ1 , kλ2⟩+ ⟨Dikλ2 , kλ2⟩|
⩽ |⟨Aikλ1 , kλ1⟩|+ |⟨Bikλ2 , kλ1⟩|+ |⟨Cikλ1 , kλ2⟩|+ |⟨Dikλ2 , kλ2⟩|

that

berpp(T1, . . . , Tn)

= sup
(λ1,λ2)∈Ω1×Ω2

n∑
i=1

∣∣∣⟨Tik̂(λ1,λ2), k̂(λ1,λ2)

⟩∣∣∣p
⩽ sup

(λ1,λ2)∈Ω1×Ω2

n∑
i=1

(∣∣⟨Aikλ1
, kλ1

⟩∣∣+ ∣∣⟨Bikλ2
, kλ1

⟩∣∣+ ∣∣⟨Cikλ1
, kλ2

⟩∣∣+ ∣∣⟨Dikλ2
, kλ2

⟩∣∣)p
⩽

n∑
i=1

(
sup

(λ1,λ2)∈Ω1×Ω2

(∣∣⟨Aikλ1
, kλ1

⟩∣∣+ ∣∣⟨Bikλ2
, kλ1

⟩∣∣+ ∣∣⟨Cikλ1
, kλ2

⟩∣∣+ ∣∣⟨Dikλ2
, kλ2

⟩∣∣))p

⩽
n∑

i=1

(
sup

(λ1,λ2)∈Ω1×Ω2

(
ber (Ai)

∥∥kλ1

∥∥2 + ber (Di)
∥∥kλ2

∥∥2 + (∥Bi∥+ ∥Ci∥)
∥∥kλ1

∥∥∥∥kλ2

∥∥))p

⩽
n∑

i=1

(
sup

θ∈[0,2π]

(
ber (Ai) cos

2 θ + ber (Di) sin
2 θ + (∥Bi∥+ ∥Ci∥) cos θ sin θ

))p

= 2−p
n∑

i=1

(
ber (Ai) + ber (Di) +

√
(ber (Ai)− ber (Di))

2 + (∥Bi∥+ ∥Ci∥)2
)p

.

This completes the proof. □

References

[1] A. Abu-Omar and F. Kittaneh: Numerical radius inequalities for n × n operator matrices.
Linear Algebra Appl. 468 (2015), 18–26. Zbl 1316.47005, MR1337376

11



[2] F. A. Berezin: Covariant and contravariant symbols for operators. Math. USSR-Izv. 6 (1972)

1117–1151. MR0350504
[3] F. A. Berezin: Quantization. Math. USSR-Izv. 8 (1974) 1109–1163. MR0395610
[4] K. E. Gustafson and D. K. M. Rao: Numerical Range, The Field of Values of Linear Operators

and Matrices. Springer, New York, 1997.

[5] M. Hajmohamadi, R. Lashkaripour and M. Bakherad: Some generalizations of numerical
radius on off-diagonal part of 2× 2 operator matrices. J. Math. Inequal. (to appear)

[6] P. R. Halmos: A Hilbert Space Problem Book, Springer-Verlag, New York, 1982.
[7] H. Hedenmalm, B. Korenblum and K. Zhu: Theory of Bergman Spaces. Grad. Texts in Math.,

Springer-Verlag, Berlin, 2000.
[8] R. A. Horn and C. R. Johnson: Topics in Matrix Analysis. Cambridge University Press,

Cambridge, 1991.
[9] J. C. Hou and H. K. Du: Norm inequalities of positive operator matrices. Integral Equations

Operator Theory 22 (1995) 281–294. Zbl :0839.47004, MR1337376
[10] M. T. Karaev: Berezin symbol and invertibility of operators on the functional Hilbert spaces.

J. Funct. Anal., 238 (2006) 181–192. Zbl 1102.47018, MR2253012
[11] M. T. Karaev: On the Berezin symbol. J. Math. Sci. (New York) 115 (2003) 2135–2140.

Translated from: Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 270
(2000) 80–89. Zbl 1025.47015, MR1795640

[12] M. T. Karaev: Functional analysis proofs of Abels theorems. Proc. Amer. Math. Soc. 132

(2004) 2327–2329. Zbl 1099.40003, MR2052409
[13] M. T. Karaev and S. Saltan: Some results on Berezin symbols. Complex Var. Theory Appl.

50 (3) (2005) 185-193. Zbl 1202.47031, MR2123954
[14] F. Kittaneh: Notes on some inequalitis for Hilbert space operators. Publ. Res. Inst. Math.

Sci. 24 (2) (1988), 283–293.
[15] E. Nordgren and P. Rosenthal: Boundary values of Berezin symbols. Oper. Theory Adv.

Appl. 73 (1994) 362–368. Zbl 0874.47013, MR1320554
[16] A. Sheikhhosseini, M. S. Moslehian and K. Shebrawi: Inequalities for generalized Euclidean

operator radius via Young’s inequality. J. Math. Anal. Appl. 445 (2017) no. 2, 1516–1529.
Zbl 1358.47010, MR3545256

[17] K. Zhu: Operator Theory in Function Spaces. Dekker, New York, 1990.

Authors’ addresses: Mojtaba Bakherad, Department of Mathematics, Faculty of Mathe-
matics, University of Sistan and Baluchestan, Zahedan, I.R.Iran. e-mail: bakherad@member.
ams.org.

12


