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Abstract. The Berezin symbol Aofan operator A acting on the reproducing kernel Hilbert
space H = H(Q) over some (non-empty) set is defined by A(\) = (Akx, kr) (A € Q),

where kx = m is the normalized reproducing kernel of . The Berezin number of

operator A is defined by ber(A) = sup|/~1()\)| = sup|<Al%A, /%A>| Moreover ber(A) < w(A)
A€Q AEQ

(numerical radius). In this paper, we present some Berezin number inequalities. Among

A B :| € B(H() ® H(Q2)), then

other inequalities, it is shown that if T = { C D

ber(T) < | (ber(4) + ber(D)) + 11/ (ber(4) — bex(D))? + (1] + |C)?.
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1. INTRODUCTION

Let H be a complex Hilbert space and B(#) denote the C*-algebra of all bounded
linear operators on H with the identity I. In the case when dim#H = n, we identify
B(H) with the matrix algebra M, of all n x n matrices having entries in the complex
field. An operator A € B(H) is called positive if (Az,z) > 0 for all x € H, and
then we write A > 0. Let r(-) denote the spectral radius. The numerical range and
numerical radius of A € B(#) are defined by

W(A) = {{Az,z) :x € H,||lz]| =1} and w(A):=sup{|A[: 1€ W(A)},

respectively. It is well known that w( ) defines a norm on B(#), which is equivalent
to the usual operator norm || - ||. In fact, for any A € B(H), 5[ All < w(A) < ||4]]



(see [4, p. 9]). For further information about numerical radius we refer the reader
to [1, 5, 16].

A functional Hilbert space is a Hilbert space H = H(2) of complex-valued functions
on a (non-empty) set 2, which has the property that point evaluations are continuous
i.e., for each A € Q the map f — f(A) is a continuous linear functional on H. Then
the Riesz representation theorem ensures that for each A € Q there is a unique
element ky of H such that f(A) = (f,k\) for all f € H. The collection {k) : A € Q}
is called the reproducing kernel of H. If {e, } is an orthonormal basis for a functional
Hilbert space H, then the reproducing kernel of H is given by [6, Problem 37]

kx(z) = ZT(A)@,L(Z).

For A € Q, let ky = Hllzii\l be the normalized reproducing kernel of ‘H. For a bounded
linear operator A on H, the function A defined on Q by A(X) = (Aky,ky) is the
Berezin symbol of A, which firstly have been introduced by Berezin [2, 3]. Berezin
set and Berezin number of operator A are defined by (see [10])

Ber(A) := {A(\): A€ Q} and ber(A) :=sup {|A(\)]: X € Q},

respectively. It is clear that the Berezin symbol A is a bounded function on Q whose
values lies in the numerical range of the operator A and hence

Ber(A) CW(A) and ber(A4) < w(A4)

for all A € B(H). Karaev [13] showed that if H? is the Hardy space, then we take
A= (-,2)z in H?, an elementary calculation shows that A(\) = |A]?(1 — |A|?), and
thus

1

Ber(A4) = [O, 4} ¢ [0,1] = W(A) and  ber(A) =

IA

1 =w(A).

= =

Moreover, Berezin number of an operator A satisfies the following properties:
(a) ber(aA) = |alber(A) for all o € C.
(b) ber(A + B) < ber(A) + ber(B).

Let T; € B(H(€2)) (1 <4 < n). Then we define the generalized Euclidean Berezin
number of T, --- , T, as follows

-

P

ber,(T1,...,T,) := sup < . ‘<7}1A€,\7l%,\>‘p>

reo \ o



The generalized Euclidean Berezin number ber, (p > 1) has the following proper-
ties:

(a) ber,(aTy,...,aT),) = |a|ber,(T1,...,T,) for all a € C;

(b) ber,(Ty + Si1,..., T, + Sp) < bery(Th,...,T,) + ber,(Si,...,S),

where T;,5; € B(H(Q)) (1 <i<n).

Namely, the Berezin symbol have been investigated in detail for the Toeplitz and
Hankel operators on the Hardy and Bergman spaces; it has wide applications in
various questions of analysis in the various questions of analysis and uniquely deter-
mines the operator (i.c., A(\) = B()) for all A € Q implies A = B). For further
information about Berezin symbol we refer the reader to [11, 12, 13, 15, 17] and
references therein.

Let Hy,Ho, - ,H, be Hilbert spaces, and consider the direct sum H = @?:1 H;.
With respect to this decomposition, every operator T € B(H) has an n X n op-
erator matrix representation T' = [T;;] with entries T;; € B(#;,#;), the space of
all bounded linear operators from #; to H;. Let A € B(H1,H1), B € B(Ha, H1),

C € B(H1,Hz) and D € B(Hz, Hz). The operator matrix 40 ] is called the

0 D
é g } and g ﬁ is the off-diagonal part. Operator ma-

trices provide a usual tool for studying Hilbert space operators, which have been
extensively studied in the literature. J.C. Hou et al. [9] and A. Omer et al. [1]
established useful estimates for the spectral radius, the numerical radius, and the

diagonal part of [

operator norm of an n x n operator matrix T = [T};]. In particular, they proved that
r(T) <r ((IT;]1),  w(T) <w((IT501), [T < NI
w(Ty;) if i=j,

17351 if i # 5.
The Berezin number is named in honor of F. Berezin, who introduced this concept

and w(T) < w([t;;]), where t;; = {

in [2]. In this paper, we establish some inequalities involving the Berezin number
of operators. By using the some ideas of [1, 16] we give several upper bounds for
the Berezin number and the generalized Euclidean Berezin number of Hilbert space
operators.

2. MAIN RESULTS

Now we are in a position to present our first result.

Theorem 2.1. Let T = [T};] be nxn operator matrix with T;; € B(H(£2;), H(£;))
(1<i,5<n). Then

ber(T) < w ([ty]),



- _ | ber(Ty) if i=j,
where tij = { ITll i)

Proof. Let H = @ {H(£;). For every (A1,...,An) € Q1 X -+ Xy, let E(Al ,,,,, An) =

kx,
: be the normalized reproducing kernel of H. Then
kx,
’j[v‘()\l’ A ’)\n) = ‘<TR(A1,~~-,)\n)vl;(A1,--~,/\n)>‘
= Z (Tijkx, k)
i,j=1
S Z |<Tijk/\j’k>\i>
ij=1
=Y WTiikas, ka) + > [(Tijka, k)
=
<Y ber(Tia) ka1 + D (1Tl llex, |
=
= D tigllka
ij=1
= ([tijly. v) .
1o, |
where y = : It follows from ||y = 1, that ‘T()\l,...,/\n) < w(ltiy]).
1Ex,,
Hence
ber(T) = sup ‘T()\l,...,)\n) < w((ti;))
Q

(A1yeeisAn ) EQy X Xy,

as required.

Corollary 2.1. If T = { é g } € B(H(21) ® H(Qg)), then

(ber(4) + ber(D)) + 3/ (ber(4) — ber(D))* + (IB + €]

| =

ber(T) <

In particular, for T = [ 81 lO) } € B(H() @ H(2)) we have

(2.1) ber(T) < max {ber(A4),ber(D)}.



Proof. Using Theorem 2.1 we get the inequality

vr([ 2 5 )
(kE)

berA [IBI+ICIl
< 2 by [8, p. 44
’"([ IBIHICL perp (by [8, p. 44])

(ber(4) + ber(D)) + 3/ (ber(4) — ber(D))* + (B + €]

In particular, if T = { 61 g ] € B(H(21) & H(2)), then

ber(T) <
_ ber(A) + ber(D) + |ber(A) — ber(D)]
2
= max {ber(A),ber(D)}.

ber(A) + ber(D) + \/(ber(A) —ber (D))’
2

We need the following lemmas for the next results. The next lemma follows from
the spectral theorem for positive operators and Jensen inequality; see [14].

Lemma 2.1. (The McCarty inequality) Let T € B(H), T > 0 and = € H such
that ||z|| < 1. Then

(Tz,z)" < (1", x)

forr > 1.

Proof. Let r > 1 and « € H such that ||z|]] < 1. Fix v = %;. Using the McCarty

[]]
inequality we have (Tw,u)" < (T"u,u), whence

Hence, we get the desired result. |



Lemma 2.2. [14, Theorem 1] Let T € B(H) and x,y € H be any vectors. If f,

g are nonnegative continuous functions on [0,00) which are satisfying the relation
f(t)g(t) =t(t €[0,00)), then

[(Ta,y) P < (ST, 2) (g* (T )y, y)
in which |T| = (T*T)%.

Theorem 2.2. Let T = [ }(3, i)( } B(H(Q2) ®H(Q)), » > 1 and f, g be

nonnegative continuous functions on [0,00) satisfying the relation f(t)g(t) =t (t €
[0,00)). Then

ber’(T) < 2" 2ber? (f27(1X|) + ¢* (|Y*])) ber? (f2(|Y]) + ¢* (|1 X*])).

Proof. For every (A1,A2) € Q1 x Qq, let R(Al Ao) = Z)‘l be the normalized
A2
reproducing kernel of H(Qy) & H(Q2) (i-e., ||kx, |* + ||kx,[|? = 1). Then
"f‘()q,z\ﬁ‘r

r

= (T ey Ko a))
= |(Xkxy kxn, )+ (YEx,  kag) |7
< (| <Xk/\27 k>\1> | + | <Yk>\17k)\2> |)T

(by the triangular inequality)
2
< 5 (I{X kg, kx, Y |" + [ (YEx,  kxy ) ™) (by the convexity f(t) =)

< Z (0D k) (XD, )
+ (YD k) (P0Y D) E) )

(by Lemma 2.2)

S G G e e S N LR RV (S N ER Tl ENEWEY
(by Lemma 2.1))
< 2 (P Dhong o) + (927 (Y Dlong o))
(< FEY kg kag y + (g*7 (I X* |)k)\1,k>\l>)2 (by the Cauchy-Schwarz inequality)
= 2P IXD + g Y D eagsons) (G2 (VD) + 67 (X Dy, )2

2" 1 1
< 5 ber? (27X + > (V™) ber2 (£ (IY]) + ¢> (IX*]) [lkx, [[[l%x, |

” . 2 2
<% rs (F2(1X)) + g® (IY]) berz (f27 (V) + ¢* (X)) (—”k“” ;H’%” )

(by the arithmetic-geometric mean inequality)

= Zberd (£27(IX]) + g7 (Y7])) ber® (27(1Y) + g% (1X7D)

Now, taking the supremum over all (A1, A2) € Q1 x Qs we get the desired result. O



Theorem 2.2 includes a special case as follows.

0 X

Corollary 2.2. Let T = { Y 0

]EB(HlEBHg),Oép 1 andr > 1. Then

berT'(T) < 2r72ber% <‘X|2rp + |Y*|2T(17p)) ber% (|Y|2rp + |X*|2r(17p)>
Proof. The result follows immediately from Theorem 2.2 for f(t) = ¢ and g(t) =
t=r(0<p<). O

Theorem 2.3. Let A, B, X € B(H(2)), r > 1 and f, g be nonnegative continuous
functions on [0, 00) satisfying the relation f(t)g(t) = ¢ (¢t € [0,00)). Then

rp
2

ber’(4°B) < ber (£ (52X B % + 1 (4574 7).

Where%+$=1andpr>qr>2.
Proof. For every A € , let ky be the normalized reproducing kernel of H(£2). Then
(A" X By, k)| = MXBkmAkQ’

(P XD Bky, Bka)(g?(1 X)) Aky, Aky) )
(by Lemma 2.2)
1

1 p rq
5<f2(|X| Bk, Bky)? + §< g (1X7]) Ak, Ak,) 2
(by Young’sinequaliy)
1 T g rp 1 * rq
= 5< “FA(IX[)Bka, ka)® + §<A g° (|1 X)) Aky, k) 2
1 [N 1 . . LIS
5<[B FA(xnB]? kAak/\>+6<[A g (IX*)A] 7 ky, k)

(by Lemma 2.1)
1 1 *x 2 * % i, i,
(R rexs® L e ® ) k)
ber( [B* 12(1 X)) B ]5+(11[A*92(|X*)A]3q),
whence

ber"(A*X B) = sup ‘(A*XBIA{A,IA{)\) '
AEQ

1 * £2 7 } * 2 * =
<ver (1 (5 20x08) 4[4t 0x7A] 7).



Remark 2.1. In Theorem 2.3, if we add the hypothesis of contraction for oper-
ators A and B (i.e., A*A < I and B*B < I) then by using Lemma 2.1 and with a
similar fashion in the proof in the Theorem 2.3 we get the inequality

(2.2) ber” (A*X B) < ber <1B*f”’(|X|)B + 1A*g“7(|X*|)A> ,
p q

= 1 such that pr > qr > 2 and f, g be nonnegative continuous
satisfying the relation f(t)g(t) =t (¢t € [0,00)).

where r > 1, % +

functions on [0, co

— Q-

The next result follows from Theorem 2.3 and inequality (2.2) for f(¢) = ¢t* and
gty =t1">* (0<a<).

Corollary 2.3. Let A,B, X € B(H(2)),r > 1, - + - = 1 such that pr > qr > 2

and 0 < o < 1. Then

141
p g

1 L | 2
ber” (A*XB) < ber ( [B*|X|**B]* + = {A*|X*\2(1‘“)A} ? ) :
p q
In particular, if A and B be contraction, then
A 1 * rpa 1 * *|rp(l—a)
ber"(A*XB) < ber | =B*| X|"P*“B + — A*| X*|"? Al.
p q

Now, we need the following lemma for the next result.

Lemma 2.3. Let X,Y € B(H(Q)). Ifber({ )O( 8 ]) < ber([ )O/ 8 }>’
then ber(X) < ber(Y).

Proof. For every A € Q, let ky be the normalized reproducing kernel of H($2). Then

i) -5 81155 )

}) (by the definition of ber)

Hence



Corollary 2.4. Let A;,B;, X; € B(H(Q) (1 < i < n),r > 1 and f, g be
nonnegative continuous functions on [0, 00) satisfying the relation f(t)g(t) = t(t €
[0,00)). Then

ber” <Z A;‘XZ-BZ) < ber
i=1

Where%—i-%:landpr}qr}z
In particular, if Y | A¥A; <I and > | BfB; <1, then

ber” (Z A;XiBi) < ber (p > B (1 Xi|)Bi + p > A:grq(|Xj|)Ai> .
=1 i=1

i=1

rp rg
2 2

ZBff2(|XiDBi

1
+ =
i=1 q

"=

> AP (X DA
i=1

Proof. If we replace A, B and X by operator matrices

A, 0 -+ 0 B, 0 - 0 X, 0 .- 0
As 0 -+ 0 B, 0 --- 0 0 Xy --- 0
. s . . | and ) . ) ,
A, 0 -~ 0 B, 0 -~ 0 0 0 - X,

respectively, in Theorem 2.3, then get

([ S, ArxB 0
ber ({ 0 0

< ber (l LIy, B (X B 4 [T A XA ? : D |

Now, using Lemma 2.3 we have

n 1

ber” (Z AinBZ) < ber | -
‘ p
=1

the first inequality. The second inequality follows from inequality (2.2) and this

rp rq
2

1 n i} . 2
+& ZAig2(|Xi )Ai
=1

2

ZBi*fQ(\XiDBi
i=1

completes the proof. O

In the next theorem we present an inequality involving the generalized Euclidean
Berezin number for off-diagonal operator matrices.
0 X;

Theorem 2.4. Let T; = [ Y. 0

} e B(H() & H(Q2)) (1 <i<n). Then
berg(Tth, . ,Tn)

<2772 Y ber? (F(1X)) + (1Y) ber? (£ (Vi) + g% (X))

=1

forp > 1.



Proof. For every (A1,A2) € Q1 x Qq, let 1A<(,\17>\2) = ]]:)‘1 be the normalized
A2

reproducing kernel of H(Qy) & H(Q2) (i-e., ||kx, |* + ||kx,[|? = 1). Then

¢

<Tif{(Al,>\2)7 l‘\{(A1,>\2)>|p
n
=D (Xikay, bay) + (Yika, kay) P

n
< Z ({Xskxg kag )|+ [(Yikay s kag) ) (by the triangular inequality)

i=1
2P )
< 5 D [ Xakag ka7 + |(Yikay kay)P (by the convexity £(t) = )
i=1
P 2 B2 x* z 2 B2y z
< 3Z<f (IXiDkxys kag) 2 (g™ (IX T DEay ka2 4+ (FEYiDEA Bay) 2 (97 (Y7 DRy, Eay) 2
=1
(by Lemma 2.2)
2p n

1 1 1 N 1
?Z FPUXiDkr s kxz) 2 (0P (1X Dag, kag ) 2+ (FPP(YiDkay, kag) 2 (022 (Y7 kg Ky ) 2
i=1
(by Lemma 2.1)

S % S ({FPPUXiDkrg kag) + (2P (1Y Dkrg s By ))
=1

Nl

1
X ((FPAYiDkay s kg ) + (g7 (1XF Dy, kay ) 2
(by the Cauchy-Schwarz inequality)

N
m‘l\g
o

<
Il
—

ers (f2(|X;]) + g* (¥;'])) ber® (F22(1Vil) + g2 (1X; 1)) 1Ky [l1Kx, |

Il
v | 83
'Mﬁ

7 2

<
Il

1 1 2 2
e (P00 + 7 D) bert (27w + g ) (P2l

I
NI
=

ber (f27(|X[) + g*(|Y;*])) ber® (£2(|Yi]) + ¢* (|X[1)) -
1

<
Il

Hence
ber?(T1, Ty, ..., T,) = sup > UTk (g a2y Koag 2o
()\1 )\2)691 X Qo i=1
<2 2Zber% F(1X)) + g (V7)) ber® (£22(|V;]) + g*(1X;]))
as required. O

10



Theorem 2.5. Let T; = [ é,’ gl } EBH(Q)PH(Q)) (1<i<n)andp > 1.
Then
ber) (T1,...,Th)
n P
<27y <ber (4i) + ber (D;) + \/('Der (4;) = ber (Di))* + (I Bs]| + ||Cz'|)2) :
i=1

Proof. For every (A1,A2) € Q1 x Qg, let R(A17Ag) = [ ]]?\1 } be the normalized
A2

reproducing kernel of H(€1) @ H(€2). It follows from

‘<Tif<()\1,>\2)a lA<(A1,,\2)>’

_ A;  B; Ex, Ex,

B C; D kx, |71 ks

. Aik)\l + BikAQ k>\1

B Cikx, + Dikx, || kx,

= |<Alk>\1 ’ k>\1> + <Bik>\27k>\1> + <Cik>\1 ’ k>\2> + <Dik)\27k>\2>|

< |<Aik>\17k>\1>| + ‘<Bik)\27k>\1>| + ‘<Oik'>\17k>\2>| + |<Dik)\27k>\2>|

that
berg(Tl, ooy Th)

n

~ ~ p
= sup ’<T'k A1, 22) KO, ‘
()\1)\2)691)(92; i¥(A1,22) (A 2)>

n

< sup D (KAikay kx| + [(Bikay kag )| + [(Cikiny s kag )| + [(Dikxy ks )[)P
(A1,A2)€Q1 X2 j 1

P

N
NE

( i ((Adkny ka4 [(Bikng, k)] + 1o k)] 4 [(Diking kng )
(>\1,>\2)Eﬂl X Qo

i=1

N
NE

( sup  (ber (4:) [[ka, [|* + ber (D) [k, | + (1Bill + 1C:11) [ || [, )
i=1 \(A1,X2)€Q1 xQ

)
|

NE

P
< < sup (ber (4;)cos® 0 + ber (D;)sin? 0 + (|| B;|| + ||C7;|)COSGSin0)>
i—1 \9€[0,27]

3

- 2 2 P
—27Y) (ber (A;) + ber (D) + 1/ (ber (4;) — ber (D)) + (| Bil| + |l ) .
i=1

This completes the proof. O
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