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Chapter 1

Different Concepts of

Dependence

1.1 Quadrant dependence

This section contains basic concepts, properties, theorems together with several
concerning quadrant dependent (QD), in particular NQD random variables The

following Definitions due to Lehmman (1966).

Definition 1.1.1. The random variables X and Y are said positive quadrant

dependence (PQD)if for every z,y € R
PX <z,Y <y]|>P[X <z|P[Y <y] (1)
negative quadrant dependent (NQD) if for every z,y € R
PX <z,Y <y < P[X <z|P[Y <y| (2

Remark 1.1.2. The inequalities of 1 and 2 equivalent to the following inequalities

respectively,

P[X > z,Y > y| > P[X > z|P[Y > y]
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and

PIX >2,Y > y| < P[X > z|PlY >y

Example 1.1.3. i) (X, X) is PQD, ii) (X, —X) is NQD.
iii) If Xy, X9, X3 are iid with distribution of exp(1), then X = X; + X3 and
Y = X9 + X3 are PQD.

Question: What it is relationships between QD and correlated.?

The following Lemma which due to Hoeffding (1940) give us answer this question.

Lemma 1.1.4. Let (X,Y) be a joint distribution F' and marginal distributions
Fy and Fy such that E|XY| < 0o, E|X| < o0,and E|Y| < oo. Then

Coox.¥) = [~ [ (Play) = Fila)Faty)ldody
Proof. Let (X1,Y7), (X2, Ys) ~* F, then

2AE(X1Y1) — EX1EY;) = Xo) (Y1 — Yg)]
. / / I o)1) = T o () ooyt (0) = T(oo.ya) () dud

o,y / / [F(z,y) — Fy(«) Fa(y)]dady.
Where for all 4,5 =1,2

X Y; +o0 +00
0 0 —00 —00

Guardas (2002) extended above Lemma as the following and Matula (2006)

proved some applications of this Lemma.

Lemma 1.1.5. Let a(.) and 3(.) be two real valued function such that
Ela(X)B(Y)| < 00, E|a(X)]| < 00, E|B(Y)] < o0.

Then
Cov(a(X), B(Y)) = / / Fla,y) — Fi(2) Fa(y)lda(z)dB(y)



Definition 1.1.6. The two real-valued functions f and g of n arguments are
concordance for the ith coordinate if, considered as functions of the ith coordinate
(with all other coordinates held fixed), they are monotone in the same direction,
i.e. either both non-decreasing or both non-increasing. Similarly f and g will
be called discordant for the ith coordinate if they are monotone in opposite

directions.

Theorem 1.1.7. Let f and g be two real valued functions and concordance ,then
i) If X andY are PQD, then f(X) and g(Y) are PQD.

it) If X andY are NQD, then f(X) and g(Y) are NQD.

Proof. ii) Let f and g be nondecreasing functions and X |, Y be NQD

random variables then for all x,y € R we have

Pf(X)<z,g(Y)<y] = P[X e [ (~o0,2],Y €g " (—00,y
< P[X € f~H(—o0,2]]P[Y € g~ (—00,¥]]
= P[f(X) <z]P[g(Y) <y].

Hence f(X), g(Y) are NQD random variables. Similar argument works when

f and g are non-increasing functions.

Theorem 1.1.8. Let f and g be two real valued functions and concordance (all

increasing or all decreasing ),then
i) X andY are PQD, if and only if Cov(f(X),g(Y)) >0 .

it) X andY are NQD, if and only if Cov(f(X),g(Y)) <0 .

Proof. ii) (Necessary) By Hoeffding’s Lemma and Theorem 1.2 we have

Con(f (090 = [ [ (PUG0) < tg(¥) < 5] = PUCX) < 0Plo(Y) < slhdeds <0



(Sufficiency): Let (1.3) hold. Define f.(t) = Ij;~, and

gy(s) = I35y ;where
/ 1 if u>w
e 0 if u<w
for every x,y € R we have

Cov(fz(X),gy(Y)) = P[X >2z,Y >y|] — P[X > z|P[Y > y] <0,

hence

PX >xz,Y >y] < PIX > z|P[Y >y,
and this completes the proof. O

Corollary 1.1.9. i) If X and Y are PQD, then Cov(X,Y) > 0.

it) If X and 'Y are NQD, then Cov(X,Y) <0.

ii1) If X andY are PQD, and Cov(X,Y) =0 then X and Y are independence.

) If X and Y are NQD, and Cov(X,Y) =0 then X and Y are independence.

Theorem 1.1.10. Let (X;,Y;) ~ Fi(z,y),i = 1,2,....n, f : R® - R, g :
R" — R and X = f(X1,X9,....Xy), Y =9g(1,Ys,...,Y,), then

i) X and Y are PQD, if:

1- X; and Y;,i = 1,2,...,n are PQD, and f, g concordance .

2- X; and Y;,i=1,2,...,n are NQD, and f, g dis-concordance.

it) X andY are NQD, if:
1- X; and Y, i =1,2,...,n are NQD, and f, g concordance .



2-X; and Y;,i =1,2,...,n are PQD, and f, g dis-concordance.

iii) Let U and V' be independence r.v.’s and moreover independence of (X;,Y;),1 =
1,2,..n, then X = f(U, X1, Xo,.... Xpn), Y =9(V,Y1,Ys,...,Y,) satisfy in i) and

1) without any behavior f and g in u and v respectively.

Example 1.1.11. The following are some pairs of random variables (X,Y") with

PQD (NQD); the property in each case follows from Theorem 1.9.

i) X and f(X) are PQD for any r.v. X and any non-decreasing f (NQD for

any non-increasing f).

i) X =U+aZ,and Y =V +bZ are PQD for any independent r.v. U, V,Z
and ab > 0 (NQD if ab < 0..

i) X = f(U,Z) and Y = ¢g(V, Z) are PQD where U,V, Z are independent and
f and g are non-decreasing in Z but otherwise arbitrary, (NQD if f and g are

non-increasing).

Example 1.1.12. Let F(z,y) = Fi(2)Fa(y)[1+ a(l — Fi(z))(1— F2(y))], —1<

a<1.

i) Show that X and Y are PQD iff 0 < a < 1.

ii) Show that X and Y are NQD iff -1 < a <0.

Corollary 1.1.13. Let X and Y be NQD(PQD) random variables and

absolute continuous then Kendal’s T and Spearman’s ps are negative(positive).

Proof. Let (X1,Y1) and (X2, Y2) be independent and distributed identically as



(X,Y). Define
1 if Xo>X
U=sgn(Xe— X1) = 2 !
-1 if Xo< Xy
and
1 if Y5>Y,
V = sgn(Ys - Y1) = .
-1 if o<y

by Theorem 1.3 and 1.9 we have
7= Cou(U,V) < (>)0.

Now let (X1,Y1) , (X2,Y2) and (X3,Y3) be independent and distributed
identically as (X,Y’), we have

% = Covlsgn(Xs — X1), sgn(Ys — Y1)],

the result follows from Lemma 1.3 and Theorem 1.9 (i) by putting

n =23 and

f(w1, 29, 23) = sgn(xa — 1) , g(y1,v2,93) = sgn(ys — y1).

Theorem 1.1.14. Let f be the joint and fx , fy be the marginal densities
of X and Y |, and let for every x,y € R,

flz,y) < fx(z)fy(y), (1.4)

then
i) X and'Y are NQD.

i) If X , Y are nonnegative random variables then,
a) EX|Y =y] < E[X] W.P.1,
b) E[Y|X =z] < E[Y] W.P.1.

ZZZ) Fx+y < Fx*Fy.



proof i) Suppose X and Y are absolute continuous then, for each z,y € R,

Fz,y) = /; /io f(t, s)dtds
< /; /_: F()f(s)dtds = Fx(z)Fy (y),

hence X and Y are NQD.

ii) To prove (a),we have

BXY =y = [ afGls

> [(=@y)
/0 ) &
* f@)fy) ,
< /0 xwdx—E[X].

S~

Similarly we obtain (b).

i)
Fen(®) = [ /[Hygﬂf(m,y)dmdy
< / /[Hygﬂf(m)f(y)da:dy
= [" [ swswsay

- / Fx(t - y)fy(y)dy = Fx » Fy(t). O

In the following example we will show that inverse of part ¢ of Theorem 1.13
dose not hold, and the NQD properties are not valid for absolute value and square

of random variables.

Example 1.1.15. Let (X,Y) have the following probability density function.

Xo X, |-1] 0] 1

1 2

-1 01515
1 1

0 Llito

2 1 1

1 5099
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i) Random variables X and Y are NQD random variables since for each

z,y € R we have
F(z,y) < F(x)F(y).

ii) The density functions f, fx and fy do not satisfy condition (1.4) since

P[X =1]P[Y = —1] = (3/9)(3/9).

iii) X and V =Y? are not NQD random variables because for

—1<z<0and 0<wv <1 we have
Fla,v) = 1/9 > Fx(2)Fy (v) = (3/9)(2/9).

iv) U = X? and Y are not NQD random variables because for

0<u<1 and 0<y <1 we have
F(u,y) =2/9 > Fy(u)Fy (y) = (3/9)(5/9).

v) U= X%?and V =Y? arenot NQD random variables as well as |X| and

Y| since for 0 <u<1 ,0<wv<1 we have
F(u,v) =1/9 > Fy(u)Fy(v) = (2/9)(3/9). O

Remark 1.1.16. The above example also show that if X | Y are NQD random
variables, then part i of Theorem 1.13 may not hold, because in the above
example we have

E[X]Y =—-1]=2/9 > E[X] =0

and
EY|X =-1]=2/9> E[Y] =1/9.

Hence the condition (1.4) is a necessary condition for part i7 of Theorem 1.13.
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Lemma 1.1.17. Let Y be a random variable with P[Y >0] =1,

E[$] < oo, then
1 1

El—| > .
[Y} ~ E[Y]
Proof In Caushy Schurz inequality , for U =Y , V = f we have

1= E*[UV] < E[U*|E[V?] = E[Y]E[%L
hence
1 1
Y= By

Theorem 1.6 i) If X and Y are NQD random variables with
PY >0=1, E|X|<oco, E[3] <oco , then,

a) X and % are PQD random variables,

b B[z 5w if B(X) 20

it) If X and Y are PQD random variables then ,
a) X and % are NQD random variables,

X ,
b) E[f]<E5 if E(X)<o0.

Proof i) Part ii of Theorem 1.1 implies that X and % are PQD ,and by

Lemma 1.3 we have
1 X

hence Lemma 1.3 implies that
X E[X]
E[—] >
[Y] ~ E[Y]

ii) Part i of Theorem 1.9 implies that X and % are NQD ,and by Lemma

if  E(X)>0.

1.1 we have

Cou(X. ) <0 = B[] < BIX]EL]
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hence Lemma 1.3 implies that

E[;(]gg[é]] if E(X)<0. O

1.2 Weakley Negatively Dependent

In following we present a new definition of dependence which is assumed in this

section.

Definition 1.2.1. The random variables X; and X5 are said Weakley Negatively
Dependent (WND) if there exist a C' > 1 such that, f(z1,2z2) < C.f1(x1).f2(z2)
where f(x1,22), fi(x1) and fa(z2) are joint density and marginal densities of X

and Xs, respectively.

The class of WND random variables is well defined and a large class of these
random variables can be found. Some examples of this class will present in

following.

Example 1.2.2. The following examples are evidence of WND random vari-
ables:

i) Suppose that X; and X5 have half-normal distribution, then

{2 + 22 — 2px129} |; 21, 22 > 0,

fxixa( ) S - [ L
X1,X2\21,22) = exp | —
b /1 — p? 2(1-p?)

1 1 .
Fx () = \[rexp{—f?};z ~ 12

If -1 < p <0, then X; and X3 are NQD r.v.’s (Ebrahimi and Ghosh. (1981)).

Moreover,
Ixi X2($17$2) 1 [ _p2 N ) P 1
7 - eXp |5 (@1 T 22) + 5T | S ———.
le(m1)fX2(x2) 1— p2 2(1 — pz)( 1 2) 1— p2 1_ p2

Then f(x1,22) < C.f1(x1).f2(x2), where C = 1/4/1 — p? > 1. So, X; and X,
are WND.
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ii) Let X and Y be two random variables with joint FGM (Farlie-Gumbel-Morgenstern)

distribution, we have

fxy(,y) = fx (@) fy (y) [1 4+ a(l = 2Fx (2))(1 = 2Fy (y))]

On the other hand, it’s obvious that

[1+a(l - 2Fx(2))(1 = 2Fy (y)| <1+ af,

and

fxy (@, y) <1+ |allfx () fy (y)-

Therefore, the random variables X and Y are WND with C = 1 + |a > 1.
Moreover, we know if —1 < o < 0, then X and Y are NQD ([3]).(For more details
see: Ranjbar et al. 2008 ).

Lemma 1.2.3. Let X7 and X9 be two WND random variables with distribution
functions F;,i = 1,2 , then

i) For every x1,x2 € R we have, Fx, x,(x1,x2) < C.Fx, (21)Fx,(z2).

i) For all positive value of z, P(X1+ Xo > x) < C. [[° F1(z — u)dFs(u).

iii)If h1(.), ho(.) are monotone measurable functions then hy(X1), ho(Xs) are WND.

1.3 Dependent events

Definition 1.3.1. The events A and B are NQD if their indicator functions
are NQD.

Theorem 1.18 The events A and B are NQD if and only if

P(ANB) < P(A)P(B). (1.5)
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Proof (Necessary) Let X = I4 and Y = Ip , then by Definition 1.2
X and Y are NQD ,thus the inequalities (1.1) and (1.2) hold ,and for every
z,y € R such that 0 <,y <1 we have

P(ANB) = P(X=1Y =1)
= PX>uzY>y)
< P(X > 2)P(Y > y) = P(A)P(B).

Moreover we can show that the inequality (1.5) is equivalent with the following

inequality
P(A°N B¢) < P(A°)P(B°). (1.6)

(Sufficiency): Let the inequality (1.5) is hold.

i) If 0<z,y<1 then
P(X<zY<y) = PX=0Y=0)
= P(A°N B¢ < P(A°)P(B°)
= P(X=0)P(Y =0)= P(X <2)P(Y <y),
i) If x<0 or y<O0 then
PX<z,Y<y =0<PX <z)P(Y <y),
iii) If x>1 and 0 <y <1 then

P(X <z,Y <y)=P(Y <y),

and since P(X < x) =1, thus the inequality (1.1) is hold,similarly for 0 <z <
1 and y>1.
iv) If x>1, y>1 then

PX<2,Y<y)=1<P(X<z)P(Y <y)=1.

Hence for all real numbers z , y the inequality (1.1) holds for random
variables X = I, and Y = Ip , thus by definition X , Y are NQD and
A, B are ND. [J
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1.4 Association

Let X and Y be two random variables with joint distribution function F(z,y).

i1)-The random variables X and Y are said positive correlated if
Cov(X,Y) >0, (1)

i1)-(Lehmann, 1966) The random variables X and Y are said positive associated

if for all nondecreasing f, g

Cov(f(X),9(Y)) =0, (2

iii)-(Esary and Proschan, 1967) The random variables X and Y are said positive

associated (PA) if for all nondecreasing f, g
Cov(f(X,Y),9(X,Y)) 20,  (3)

Remark 1.4.1. It is easy to show that (3) = (2) = (1) and (2) & PQD.
iv)-(Joage and Proschan, 1983) The random variables X and Y are said negative

associated (NA) if for all nondecreasing f, g

Cov(f(X),9(Y)) <0, (4).

Properties of NA random variables
P;-The non decreasing functions of NA random variables are NA.
P,-1If for all binary function v; and 72 Cov(y1(X),7(Y)) <0 then X and Y are
NA.

Proof For all non decreasing functions f and g set
V() = Liz,00) (F(X)); 79 (y) = L(y,00)(9(Y))
Now, Hoefdding’s Lemma implies that

Con(£(X),9(Y)) = [ [ Covtagi(@). v (0))dod

this complete the proof.
P3-If X and Y are binary NA random variables then 1 — X and 1 — Y are NA.
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Py-If X and Y are binary NA random variables then X and Y are NA if and
only if Cov(X,Y) <0.
P5-The random variables X and Y are NQD if and only if are NA.

For more details see (Joage and Proschan, 1983.)

Definition 1.4.2. The random variables X and Y are said linear negative de-
pendence (LIND) if for all A\, A2 > 0 the random variables \1 X and oY are
NQD. Similarly we LIPD.

Corollary 1.4.3. It is easy to show that in bivariate case LIND(X,Y) <
NA(X,Y) & NQD(X,Y).

Corollary 1.4.4. If X andY are NA(PA) and Cov(X,Y) =0, then X and Y
are independent. Joage and Proschan 1983.

1.5 Regression Dependence and Stochastic monotonic-
ity

Let X and Y be two random variables with joint distribution function F(x,y)
and mrginals F} and F> respectively

i)- The random variable Y is said stochastically increasing in X, (SI(Y|X)) if for
all y: P[Y > y|X = z] is non decreasing in z, equivalently P[Y < y|X = z] is
non increasing in x.

i1)-The random variable Y is said stochastically decreasing in X, (SD(Y]X)) if
for all y: P]Y > y|X = z] is non increasing in z, equivalently P[Y < y|X = z] is
non decreasing in x

Lehmann (1966) introduced these concepts as the following:

Positive regression dependence (PRD(Y|X) if P[Y < y|X = z] is non increasing
in z. Similarly we can define SI(X|Y) or PRD(X|Y).

Negative regression dependence NRD(Y'|X), if P[Y < y|X = z] is non decreas-
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ing in z. Similarly we can define SD(X|Y') or NRD(X|Y).

Example 1.5.1. Let Y = a+ X + U and X and U are independent, then
i) PRD(X,)Y) & >0

ii) NRD(X)Y) & 5 <0.

For all z,t € R we have

PY <t|X =z] = Pla+p8X+U <tX =z
= PlU<t—a-pz]=Fy(t—a-—pPx),

that is increasing(decreasing) function in x iff 5 < (>)0

Theorem 1.5.2. If for all x,y € R , P[Y <y|X = x| is a nondecreasing

function in x , then X and Y are NQD random variables.

Proof For each zj,z9 € R, (21 < x2) and with assumptions
P[X <x1] #0, P[X <x2] #0 we have
JE PIY > y|X = u]d(Fx (u))
P[X < 1‘1]
Jo PIY > ylX = ull[_ o0 0,y (w)d(Fx (u))
P[X < xl]
J75 PIY >yl X = ull|_oq 4y (w)d(Fx (w)
- P[X < IL‘Q]
= P[Y > y]X < .7}2],

PlY >y|X <z] =

The inequality holds since h(u) = P[Y > y|X = u] is decreasing in u, so, for all
x1 < T2,
g1(u) = h(u)I[_ oo 2,] (1) = h(u)][_ o0 25] (1) = g2(u),
Therefore, [72° g1(u)dF (u) > [72° go(u)dF (u). Thus for every z1,22 € R, (1 <
x2)
PlY <y|X <a] < P[Y < y|X < 23]

If 2o — oo we have

PIY <y|X < =] < PV <y,
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and for all x1,y € R
PIX <z1,Y <y] < P[X <x1]P[Y <]

hence X and Y are NQD. (|

Example 1.5.3. i) Let random vector (Xi,---,X,) to have multivariate

distribution Bure (Bj2) and g(u) = (Tl‘j:icl /" in u for some

v€R. Then X; and X; —X;, (i # j) are NQD random variables. We have

k(k + 1)cieamertyc2—1

fl,J(xvy): [1+$Cl+y62]k+2 5 xay7017C2>0
and .
keiz—
fz(m) = [1 +xcl]01+17 x,c1 > 0

let U=X;and V =X; —X;, (i # j) we obtain
PV >olU=u]=[1+gw)] *V  wo>0

Now by the above assumption P[V < v|U = u| is increasing in u. Hence by
Theorem 1.4 X; and X; — X;, (i # j) are NQD.
ii) let Xi,---, X, be a random sample of F' distribution ,and
Xy, < Xy, <+ < Xy,,,(m < n) are upper records of above sample and h(z) =

%M /" in z for every a > 0, then X, and X, — X, are NQD.

Define
V = Xum , W= Xun — Xum and R(z) — —111(1 _ F(l’))
we have 1
R(v)|™~ f v
fv(v) = W , VER
and
Flv,w) = [R(0)]" R(v + w) — R(W)]""™  f(v)f(v+w)
’ (m—Dl(n —m —1)I(1 - F(v)) ’
thus
— = 1 Y1-F(v+u) R —
PW <w|V = ](n—m)!/o [ F) d[R(u+v) — R(v)]"™™.
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Now by assumption (h(x) /" in x) we obtain
PW <w|V =v] /in v.

Hence V and W are NQD.

1.6 Right-tail increasing and Left-tail decreasing

Let X and Y be two random variables with joint distribution function F'(z,y)
and mrginals F} and F5 respectively

i)- The random variable Y is said left tail decreasing in X (LTD(Y|X))

if PIY <y|X <z] = 1; (IQE;/)) is non increasing in x, and similarly we can define
LTD(X|Y).

i1)- The random variable Y is said right tail increasing in X (RTI(Y|X))

if PlY > y|X >z = P29) ig non decreasing in z, and similarly we can define

Fi(z)
RTI(X]Y).

(for more detail see Esary and Proschan, 1972 )
191)-The random variable Y is said left tail increasing in X (LTI(Y|X))

if P[Y < y|X < 2] = £&% is non decreasing in z, and similarly we can define

Fi(z)
LTI(X|Y).
iv)-The random variable Y is said right tail decreasing in X (RTD(Y|X))
if P[Y > y|X > z] = % is non decreasing in z, and similarly we can define
LTD(X]Y).

Theorem 1.6.1. It is easy to prove that:
1)-SI(Y|X) = LTD(Y|X) and RTI(Y|X) = PQD(X,Y)
11)-SD(Y|X) = LTI(Y|X) and RTD(Y|X) = NQD(X,Y).

Proof. By Theorem 1.5.1 SD(Y|X) = LTI(Y|X), RTD(Y|X), but for the sec-
ond implication we have,

LTIY|X) & 1};(13&3) < I;Sfé;), for all X; < 9. Now, if 9 — oo, we obtain
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F(z1,y) < Fi(x1).F2(y). This completes proof of (ii), and similarly we can prove
(i). O

Example 1.6.2. Let forall z,y > 0and 0 <0 <a+1,a > 0.

Fa,y) = [1+ 2 +y+0xy]™
. Then FF—(:EE)) =[1+y. 1;9; |7, is increasing if 0 < § < 1 (in this case this family
of distributions is PQD)and decreasing if 1 < § < «. (in this case this family of
distribution is NQD).

1.7 The Likelihood ratio dependence and corner set

monotonicity

Definition 1.7.1. i).(Karlin 1968) A non negative function f defined on R? is
totally positive of order 2 ( denoted by T'P2) if for all 1 < z2,y1 < Yo,

f(x1,y1)-f(w2,y2) = f(w1,y2)-f(22, 91)-

ii).The non negative function f is said reverse regular of order 2 (or reverse rule

of order 2 RR2) if for all x1 < x2,y1 < Yo,

f@i)-f (@2, 92) < fa1,y2)-f (22, 91)-
The following definition give a concept of dependence which introduced by Lehmann(1966).

Definition 1.7.2. Let X and Y be continuous random variables with joint den-
sity function f(z,y), then

i) X and Y are said positive likelihood ratio dependence PLRD(X,Y) if f(z,y)

is T P2. or equivalently if J}(é’/‘ﬁ/)) is increasing in y for all z < 2’ .

i1) X and Y are said negative likelihood ratio dependence NLRD(X,Y) if f(z,y)

is TP2. or equivalently if ]}((Z‘r;’)) is decreasing in y for all x < 2’ .
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Theorem 1.7.3. Let X and Y be continuous random variables with joint density
function f(x,y), then

i) PLRD(X,Y)= PRD(Y|X) and PRD(X|Y). But inverse implication is not
true. (Lehmann (1966).

ii) NLRD(X,Y) = NRD(Y|X) and NRD(X|Y). But inverse implication is
not true

Proof For all y and fixed yo, define

Vyo(Y) = I(—ooyo)(y) and E.¢(Y) = / o(y) f (y|x)dy.

Let Y1,Y5 be iid copy of Y for all x < x' we have

_ 1 - fla)  f(Yala!)
o<1 = JE{0) - v - L0
il

) f(Yala')
)~ BB D)
f(¥ila)

f(Yala)
) B0 B

F(Vale)
) - B (1) Euhd

=SB

B WR)Eu N

f(Ylz")

)

this implies that
Yo Yo

flylz)dy < flyla")dy

—00 —00

if and only if
PlY <y|X =2] < PlY <y|X =12'] V z<2'& NRD(Y|X)

Similarly we can show that NLRD(X,Y) = NRD(X|Y).
The following concepts on dependence due to Harris (1970).

Definition 1.7.4. The random variables X and Y are said
i) Left corner set decreasing LCSD(X,Y) if for all z < 2’,y < ¢/

PX <z,Y <y|X <2\ Y <y]\, in 2,y
i1) Right corner set increasing RCSI(X,Y) if for all z < 2/,y < ¥/

PIX >z, Y >yl X >\ Y >y] / in oy
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i11) Left corner set increasing LCSI(X,Y) if for all x < 2/, y < ¢/
PIX <z Y <ylX <Y<y / indy.

iv) Right corner set decreasing RCSD(X,Y) if for all z < 2’y <9/
PIX >z, Y >yl X >V >\, in oy

Theorem 1.7.5. Let X andY be continuous random variables, theni) LCSD(X,Y) =
LTD(Y|X), LTD(X|Y).

i) RCSI(X,Y)= RTI(Y|X),RTI(X|Y).

iii) LCSI(X,Y)= LTI(Y|X),LTI(X|Y).

w) RCSD(X,Y)= RTD(Y|X), RTD(X|Y).

Proof. For part (i), set £ = oo and y’ = oo to obtain LT D(Y|X), and set y = oo
and 2’ = oo to obtain LT D(X|Y'). Parts (ii), (III) and (iV) are similar. O

Theorem 1.7.6. Let (X,Y) be an absolutely continuous random vector with dis-
tribution function F(x,y) and survival function F(x,y). Then,

i) LCSD(X,Y) < F(x,y) is TP2.

ii) RCSI(X,Y) & F(x,y) is TP2.

iii) LCSI(X,Y) = F(x,y) is RR2.

iv) RCSD(X,Y) = F(z,y) is RR2.

Proof. The part (iv) is proved, the other parts are similar.

RCSD(X,Y) = F(x,y) is RRy : In this case, taking y = —oo0,

P(X > z|X > 2/)Y > ¢/) is decreasing in 2’/ and in 3/, for all z € IR . So,
if # > a2’ then P(X >z|X>a2Y >y)= %;xxi% is decreasing in ¢/,
consequently for all ¢y’ < y, we obtain

P(X >z,Y >vy)
P(X >2Y >y)

P(X >uz,Y >1v)
P(X >2Y > )’

<

(1.1)
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this implies that F(x,y) is RRs.

F(z,y) is RRy = RCSD(X,Y) : In this case, for all x > 2/ and y > ¢/, (1.1)

valid and for all 2 > 2/, P(X > z|X > 2/ Y >¢/) = PX>z,Y>y')

= P voy) B decreasing

in ¢’ . Similarly for all y > v’ we have,
PY >ylX>2Y>y)>PY >ylX >z,Y >v)

i.e. P(Y >y|X >2/)Y > 4/) is decreasing in 2’ . Now, if x > 2/, y < ¢/

P(X >2,Y >y)
P(X>2.Y >y)
P(X >2,Y >y)
P(X>2,Y >y)
= PX>uz,Y>ylX>2Y >vy),

PX>zY >yX>2Y>y) =

then, P(X > z,Y > y|X > 2/, Y > ¢/) is decreasing in y/. Similarly for x < a/,
y >y, P(X >xY >ylX >2|Y > 1) is decreasing in /. Also for z < 2/,
y<y,P(X>zY >ylX >2,)Y >y') =1. Therefore (X,Y) is RCSD. O

Example 1.7.7. i) Let for all z,y > 0 and A1, Mg, A2 >0

F(l’, y) = exp[—)\lx - )\2y - )\12 maX{$7 y}]

Show that F(z,y) is TP2 and so is we have RCSI(X,Y).
ii)-Let for all z,y >0 and 0 <0 <a+1,a > 0.

Fz,y)=[1+z+y+0xy]™°

. i) Show that F(z,y)is TP2if 0 <6 < 1.

it) F(z,y)is RR2if1 <6 <a+1.

Theorem 1.7.8. Let X and Y be continuous random variables with joint distri-
bution F, and density f.

i) PLRD(X,Y) = SI(Y|X),SI(X|Y),LCSD(X,Y),RCSI(X,Y)

ii) NLRD(X,Y) = SD(Y|X),SD(X|Y),LCSI(X,Y),RCSD(X,Y)

Proof For part i) refer to Joe(1997) and Nelsen (2006).For part ii) we have two
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method
Method 1 :(based on Joe,1997)

NLRD(X,Y) <« f(z,y).f(a",y) = f(z,9).f(a",y) <O ¥V 2z <a’,y <y

- /m ' /m /y [f(t’ 5).f(t/,8/) — f(t, 8/)‘f(t/75)]dt/d8/dtds <0

IN

[F(z,y") = F(z,y)].[F (', y) — F(a,y)]

Y
— F(z,y).F(«',y) < F(x,y).F(«',y) & LOSI(X,Y).

Similarly we can show that NLRD(X,Y) = RCSD(X,Y).
Method 1 :(based on Nelsen,2006)

NLRD(X,Y) < f(yilz1)-f(y2lw2) < f(yilze)-f(yelr), V 1 <x2,91 <2
oo ry

1 +oo  ry1
— flt|z1).f(s|ze)dtds < / f(t|zr).f(s|za)dtds
Y2 —o0

Y2 —0o0

— PlY <y|X =x1].P[Y > y|X = x2] < P[Y <y|X = x2].P[Y > y|X = x1],
adding PlY > y|X = 21].P[Y > y|X = x9] to both side final inequality. We get

PlY >yl X =x1] < P[Y > y|X = 9] & SD(Y|X).

1.8 Negatively hazard and Local dependence

Let X and Y be absolutely continuous random variables having joint density
f(z,y) and survival function F(x,y). Basu [3] introduced bivariate hazard func-
tion by 7(z,y) = f(z,y)/F(x,y). In the independent case the bivariate hazard
function is equal to product of conditional hazard functions, 8%[— log F(z,y)]
and a%[_ log F(x,y)]. If equality failed we deal with dependent (positive or neg-
ative) random variables. Oluyede [17] and [18] has obtained some properties
and inequalities for positively hazard and local dependence. More details about
notions of dependence are in Lehmann [14], Karlin [13], Esary and Proschan

[5], Joe [10] and Shaked and Shanthikumar [20]. In this paper we use notions
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of negatively hazard and local dependence, say HND, LND, and investigate
relationship between these concepts with some other concepts of dependence. Fi-
nally, we obtain measures of association as ©-measure (known as Clayton-Oakes
measure), ¢-measure and y-measure for some bivariate distributions family, then
evaluate the relationship between these measures and HND(LN D).

Let (X,Y) be an absolutely continuous random vector with distribution func-

tion F(z,y) and survival functionF(z,y). Next, we need the following definitions.

Definition 1.8.1. ([17]) Absolutely continuous random variables X and Y hav-

ing a joint density function f(x,y) are hazard negative (positive)dependence,

HND(HPD), if and only if
< [ e = e »

f(zy)

where Flry) is the bivariate hazard rate function, and
f u y du 0 f x,v)dv 0 _
= log FF d = _—_[-logF
- oyl loEF@.y). an o] = apl e F )

are conditional hazard functions. Note that, equality holds in (1) if and only if

X and Y are independent.

Definition 1.8.2. ([18]) Absolutely continuous random variables X and Y hav-
ing a joint density function f(x,y) are locally negative (positive) dependence,

LND(LPD), if and only if

F(x,y)f( / fuydu/ flx,v)d (1.3)
Note that, equality holds in (2) if and only if X and Y are independent

Definition 1.8.3. A non-negative function h on A? , where A C IR , is reverse
rule of order 2 ( RRy ) if for all 1 < 29 and y1 < yo , with z;,y; € A i = 1,2
j=12

h(x1, y1)h(z2, y2) < h(z1,y2)h(w2,41). (1.4)

Definition 1.8.4. Let X and Y be continuous random variables.Then;
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e X and Y are right corner set decreasing,( which we denote RCSD(X,Y)),
if
P(X >zY >yl X >2Y >) (1.5)

is decreasing (non-increasing) in 2’ and in ¢’ , for all z and y .
e X and Y are left corner set increasing, LCST(X,Y) , if
P(X <a,Y <y|X <Y <) (1.6)
is increasing (non-decreasing) in 2’ and in 3/ , for all z and y .

Definition 1.8.5. Let Fy(x) be a family of distribution functions. This fam-

ily is called monotone decreasing likelihood ratio, (MDLR)(monotone increasing

likelihood ratio, (MILR)) if for all n > 6 , ?Z% is decreasing (increasing) in z.

1.8.1 Some results

In this section, we obtain some useful results about HND and LND which show

relation of these concepts with other notions of dependence.

Proposition 1.8.6. Let (X,Y) be an absolutely continuous random vector with

distribution F(z,y) and survival function F(x,y) .Then
i) F(z,y) is RRy if and only if for all x1 < x2 and y1 < yo ,

P(X>x2,Y>y2) P(a:1<X§a:2,y1<Y§y2)

< P(l’l <X SJEQ,Y >y2)P(X > T2,y < Y < y2017)

ii) F(x,y) is RRy if and only if for all x1 < xo and y1 < y2,

P(X <z1,Y <y1) Ple1 < X <z,y1 <Y < 1)

S PX <z, <Y <yp)P(ry < X <2, Y < yy(L.8)
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Proof. We prove part (7). The part of (ii) is similar. Note that F(z,y) is RRz

, t.e. for all x1 < x9 and y1 < Yo

P(X >z1,Y >y1) P(X >x1,Y > )

< (1.9)
P(X>:c2,Y>y1) P(X>x2,Y>y2)
It is easy to show that (8) is equivalent to
Plo1 < X <x9,1 <Y < Pl < X <x9,Y >
(z1 < @2, Y1 <y2) P(x < 9 Y2) <0, (1.10)
P(X >x,51 <Y <o) P(X > 22,Y > y)
and (9) is equivalent to (6). This completes the proof. O

The following proposition gives a relationship between RRs and HND(LND).

Proposition 1.8.7. Let (X,Y) be an absolutely continuous random vector with

distribution function F(z,y) and survival function F(x,y). Then,
i) F(x,y) is RRy = HND(X,Y).

ii) F(x,y) is RRy , = LND(X,Y).

Proof.

i) Letxy =2, 29 =2+ Az, y1 =y, y2 =y + Ay where Az, Ay > 0. By using
(6) and dividing the result by AzAy and letting Az — 0,Ay — 0, the

result follows.
ii) The proof is similar, to (i).
O]
Corollary 1.8.8. Under the assumptions of Theorem 2.3 and Proposition 2.2
i) RCSD(X,Y)= HND(X,Y).

ii) LCSI(X,Y) = LND(X,Y).
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Theorem 1.8.9. Let Fy(x) and Go(y) be two families of distribution functions.

For any mizing distribution K , consider the distribution

Ha) = | Fi@Gon)dK(6)
where €} is a Borel set in IR™ and K is a probability measure on € .
(1) If one of the family is MILR and the other is MDLR , then H(x,y) is LND.
(13) If Fy(x) and Go(y) are both MDLR or MILR, then H(z,y) is LPD.

Proof. We prove part (i) . The proof of part (i) is similar . Let Fy(x) be MDLR
and Gy(y) be MILR , so that for x <2/ , y <y and n > 0 (n,0 € Q) , we have

[Fy (@) Fy () = Fy () Fy ()]G () Go (') — Gn(y)Go(y)] < 0.

After some simple calculation we obtain H(x,y)H(2',y') < H(x,y)H(2',y).
Therefore the distribution function H is RRs, and hence H is LN D. [

Assadian et al. (2009).

1.9 Dependence DTP(m,n) and DRR(m,n)

5. The bivariate failure rate (Basu (1971)). The failure rate of a random vector

(X,Y) having joint density f(x,y) and distribution function F(x,y) is given by

f(z,y)
F(z,y)

Johnson and Kotz (1975) defined the hazard gradient as a vector

T(CE,y) =

(r(z|Y > y),r(y|X > z)) where r(z|Y > y) is the hazard rate of the conditional
distribution of X given Y > y. Similarly r(y|X > x) is the hazard rate of the

conditional distribution of Y given X > .

6. Arnold and Zahedi (1988) defined The vector (m(x|Y > y), m(y|X > x))
where m(y|X > z) = E[Y —y|X > 2,Y > y] is the mean residual life func-
tion of Y with the additional information that X > z . In general m(y|X € A) =
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ElY —ylX € A)Y >y] . m(z|Y € A) is defined similarly.

7. Dependent by total positivity of order two.

Shaked (1977b) proposes some nested definitions of dependence. Let

Ymn(T,y) = fyoo f;:_l fyolo f;o f;:l_l fxof f(xo,yo)dxodzy...dTp—1dysdy; ...dyn—1,
for m,n > 0, and for m = 0,n = 0 define Yo o(z,y) = f(z,y). For m,n > 0 the
random vector (X,Y) , or its distribution function F , or its Survival function F

is said to be dependent by total positivity of order two with degree (m,n) (denoted
by DTP (m,n)) if ¢pn(x,y) is TPy in x and y (z,y € R).

Remark 1.9.1. Let (X,Y) be a random vector with joint distribution function F'
and joint density function f and suppose that (X,Y") is absolutely continuous,
based on definition and Proposition 3.3 of Shaked (1977b), the random vector
(X,Y) is:

(1) DTP(0,0) or equivalently LRD, when the joint density f(x,y) is TPs .

(1) DTP(0,1), when —B%F(x,y) is TP, , similarly DTP(1,0) when —(%F(:U,y)
is TPs.

(i) DTP(1,1), when F(z,y) is TP; .

(iv) DTP(0,2) (DTP(2,0)), When the mean residual life function,

mylX=z)=E[Y —y|lX =2,V >y|(mz]Y =y) = FE[X —z|X >=z,Y =y])

increasing in y(z) for all z(y)
(v) DTP(1,2) (DTP(2,1)), when m(y|X > x) (m(z|Y > y)) is increasing in x (y)
for all y (x) .

Bivariate decreasing failure rate.

Brindley and Tompson (1972) proved that if X , Y are non-negative random

variables with joint distribution function F(x,y) then F(z,y) is decreasing fail-

ure rate (DFR) if % is increasing in « and y for each A > 0 and all

x,y >0, such that F(x,y) >0 .
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9. Let X,Y be non-negative random variables, denote the conditional hazard
function of X given Y € A by
x

R(|Y € A) = / r(t]Y € A)dt = —log P(X > 2|V € A).
0
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1.10 Copula function and dependence

It is well known and easily verified that F;(X) and F5(Y'), where F; and Fy are
the marginals distributions of X and Y respectively, are two uniform variables
if F} and F, are continuous. Hence if the marginals F} and F5 of the bivariate
distribution F' are continuous, there exists a unique copula, which is a cumulative

distribution function, with its marginals being uniform. Formally a function

C :[0,1]2> — [0,1] such that
F(z,y) = C(Fi(z), Fa(y))

is a copula. on other hand, if C'(u1,uz) and continuous F; and F, are given, then

there exists and F' such that:
Clur,uz) = F(F; (u1), Fy ' (ug)).

Fi(t),i = 1,2 is continuous and non decreasing, but could be constant on some

intervals. In that case, one defines a quasi-inverse by

Fl(t) = inf{z : Fy(z) > t}.

)

Using copulas allows us to separate the study of dependence from the study of the
marginals, since one is then reduced to study of the relation between two uniform
variables. The purpose of this section is to present results on copulas scattered

in diverse literature with the emphasis on dependence concepts and properties.

Definition 1.10.1. A bivariate copulas is a function C : [0, 1]?> — [0, 1] subject
to

i) C(z,0) = C(0,y) =0, for all z,y € [0, 1].

ii) C(z,1) = C(1,y) =y, for all z,y € [0, 1].

iii) C is joint-increasing i.e. for every 2-box J = [z1,22] X [y1,92] € [0,1]?,

the associated C-volume Vi (J) satisfies

Ve(J) = Cxa,y2) + C(z1,y1) — C(21,92) — C(22, 1) > 0.
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Theorem 1.10.2. (Sklor, 1959) Let F be a joint distribution function with

marginal Iy and Fy. Then, there exists a copula C subject to
Yo,y € Ry Flz,y) = C(Fi(z), Fa(y)). (1.11)

If F1 and F5 are continuous, then C' is unique. Otherwise, C' is uniquely
determined on Rain F} x Rain F5. Conversely, if C' is copula and F; and F5 are
distribution functions, then the function F' as defined in 1.11 is a joint distribution

function with marginal F; and F5.

Corollary 1.10.3. Under the assumptions of Theorem 1, we have
Cu,v) = F(Fy ' (u), Fy ' (v)),
where, F~1(u) = sup[z : F(z) <u] =inflz: F(x) > ul.

Example 1.10.4. 1) FGM: F(x,y) = FiFo[l + 0F F) then, C(u,v) = uv[l +
O(1 —u)(1—v)]
2) Gumbel, F(z,y) = exp—(z +y +0xy), © >0, y >0, 0 <0 < 1. Then,

we can show that
Co(u,v) =u+v—14+(1—u)(l —v)exp{—0In(1 —u)(1—v)}

Corollary 1.10.5. Under the assumptions of Theorem 1, we obtain that

i) f(x,y) = f1foC(F1, Fy),

.. 82C
i) c(u,v) = #

1.11 Some elementary properties
1) Continuity: The copulas C satisfies in Lipschitz’s condition as the following
|C(u2,v2) — Clur,v1)| < ug — | + |va — v1].

2) Differentiability:

. 0C (u,v) 0C (u,v)
l)Ongl,OSTSI,
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. 820 (u,
i) e(u,v) = 6u(gvv)

3) The survival function of a Copula:

C(u,v) =PU >u,V>v) = 1-—PU<u)—P(V<v)+PU<uV <o)
= 1l—u—v—C(u,v).
We have
C(u,1) = C(1,v) =0 and C(u,0) =C(0,v) = 1.

3)
F(z,y) = C(Fy(x), Fy(y)) where

Clu,v)=u+v—-14+C(1—u,1—0).

F(z,y) = 1—Fi(z) = F(y) + F(z,y)
= Fi(z)+ F(y) — 1+ C(1 - Fi(z),1 — Fy(y)).

So if we define, C'(u,v) = u+v — 1+ C(1 —u,1 —v), we have

F(z,y) = C(Fi(z), Fa(y))-
Then,
Clu,v) = F(Fy, " (u), B (v)).
The C (u,v) is a copula and we refer to C as the survival Copula of X and Y.
Remark 1.11.1. If C(u,v) =1 —u — v + C(u,v) = C(1 —u,1 — v) then
Clu,v) =u4+v—1+C(1—u,1—0).

Example 1.11.2.

Flz,y)=[1+x+y+0xy]™* 0<0<a+10, a>0, xz,y>0.

Assume that u = Fy(x) = (1+2)7% v = Fy(y) = (1 + y)~% Then, we have

l+z=u""" and 1—|—y:v_1/“.
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So,

r=u""Y"—1 and y=v"1"—1.

Therefore,

Clu,v) = Fu™V*—1,07Y2 1)
= N+u Vo140V 1401 —u V) (1 — v V))e

= w40 1401 —u YY1 — v V) 0<u<], O0<v<l.
Then,
C(u,v) = utv—1+{(1—u) Vo4 1—0) Vo141 (1—u) V) [1—(1—0v) ")} ~/e,

Theorem 1.11.3. Let X andY be continuous r.v.’s with copula Cyy. If o and 3
are strictly increasing on Rain X and Rain'Y', respectively. Then, Cy(x), BY) =

Cxy. Thus, Cxy is invariant under strictly increasing transformation of X and

Y.

Proof. Let a(X) ~ Gy and B(Y) ~ Go. Then Gi(z) = Fi(a~!(z)) and
Ga(y) = Fa(B71(y)). Since a(.) and 3(.) are strictly increasing, we have

Ga(x)s0)(t,s) = Pla(z) <t,B(Y) <s]=P[X <a '(t),Y <37'(s)]
= F(a™'(t),87'(s)) = Cx,y[Fi(a™ (1)), Fa(B7"(5))]
= Gxy(Gi(t),Ga(s)). (1.12)

Also,
Gax),5v)(t,8) = Corx),pv) (G1(t), Ga(s)). (1.13)

Then from (1.12) and (1.13)
CQ(X)ﬂ(y) (u,v) = GX’y(u, v), Y(u,v) € 1% (1.14)

Since X and Y are continuous, hence RanG1 = RanGy =1 = [0, 1].
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Theorem 1.11.4. Let X and Y are continuous random variables with Copula
Cxy. Let o and (3 be strictly monotone on Ran(z) and Ran(Y'). Then i) If o

18 strictly increasing and (8 is strictly decreasing, then
Cax),pv)(u,v) =U — Gxy(u,1 —v).
ii) If a(.) is strictly decreasing and ( is strictly increasing, then
Cowy,pv)(u,v) =V = Gxy(1 —u,v).
ii1) If a and B are both strictly decreasing, then

Cox)p)(Uv) =U+V —1-Gxy(l —u,1-0).

1.12 Copula function and Dependence

1- We define m = u.v. Let X and Y are continuous random variables with joint
distribution function F' and with Copula function C(u,v). Then

i) If C(u,v) > w(u,v) =uv = PQD(X,Y)

i) If C(u,v) < 7(u,v) =uv = NQD(X,Y)

Example 1.12.1. In FGM family, we have
i) Cop(u,v) = wv[l +6(1 —u)(1 —v)]
ii) Cp is PQD if 6 >0
iii) Cp is NQD if 6 <0

Exercise: Prove that
i) pc =12 [;»{C(u,v)-uv}dudv.
ii) 7¢ = 4 [;2C(u,v)dC(u,v)-1.

Theorem 1.12.2. i) If X and Y are PQD random variables, then 37 > p > 0.
it) If X and Y are NQD random variables, then 37 < p < 0.

Proof. In FGM family, we have

Co(u,v) =uwv+Ouv(l —u)(1—v), 0<u<l, 0<wv<l.
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Then
1 1
pc = 12/ /{C’(u,v)—uv}dudv
0 JO
1 1
= 12/ / Ouv(l —u)(1 — v)dudv
0 JO

1,1
= 120 [ {[| (u—u®)du}v(l—v)dv

Since dCp(u,v) = [1 + 0(2u — 1)(2v — 1)dudv], we obtain that

11 11
/ / Co(u,v)dCy(u,v) = / / {uwv + Ouv(l —u)(1 —v) {1+ 0(2u — 1)(2v — 1) }dudv
0 JO 0 JO

N
418
So,
1,1
TC = 4/ / Coy(u,v)dCy(u,v) — 1
0o Jo
_
= 3
Then
3TC — _ w0
Cc—pCc = 3 3
_ ¢
= 3

Therefore, if 0 < 0 < 1 then X and Y are PQD random variables and so 37¢ —
pc > 0. Also, if —1 < 0 <0 then X and Y are NQD random variables and so

3¢ — pc < 0.

Theorem 1.12.3. Let X and Y are continuous random variables with copula
function C. Then

i) LTD(Y|X) & Yo € [0,1]: €8 N\ in .

ii) LTD(X|Y) & Vu € [0,1]: €92 N in 0.

iii) RTI(Y|X) & “=CW) N in u, Yo € [0,1].

iv) RTIX|Y) & “=CW) N in o, vu € [0,1].
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Proof.
LIDY]X) & F(:p )\ inz, vy & uv) \L in u, Vo.
{U=F(X), V=FY)}= w

RTI(Y|X) & CL;) C(Fi(x), Fa(y))

o
Fi(

So, we conclude

F(x’y/mx vy < =) N inu, Yo € [0, 1.

% < @, a.s. Yu.

Corollary 1.12.4. i) LTD(Y |X) &

ii) LTD(X|Y) & 290un) < Cur) 1y s vy,
iii) RTI(Y|X) & 26luv) < v=0lue) -y vy,

;
iv) RTI(X|Y) & 2Cluv) 5 uzClun) -y o vy,

Proof. i) If ) () \_ in u, then

Q[C(u,v)] _ u2-C(u,v) — C(u,v) <0 9C (u,v) < C(u, U).
ou" u? ou u

The other parts are prove as the same method.

Theorem 1.12.5. Under the assumptions of Theorem 1.12.3, we have
i) SIIY|X) & Yv € [0,1], for almost all u: W \\ i u.
ii) SI(X|Y) & Yu € [0,1], for almost all v: W N\, in .

Proof. i)
SI(Y|X) & Ply < y|X =2z] \,in z, Vy.
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And

Ply<ylX =] = /yfmwﬁ

1 O0F(z,y) 0Fi(x)
1(3:) Fi(z) Ox

= )\znu Yo € [0,1].

Corollary 1.12.6. Under the assumptions of Theorem 1.12.5, we have i) SI(Y'|X)

< Yo € [0,1], C(u,v) is concave function with respect to u.

i) SIX|Y) < Yu € [0,1], C(u,v) is concave function with respect to v.

Theorem 1.12.7. We have the similar results for ND case:
i) LTIY|X) « €W 7 in .
WRMWWMM%%@/MM
iii) LTIY|X) & 29ur) > Clur),

. oC (u,v v—C'(u,v
iv) RTD(Y|X) & 29uv) < v=Clun)

v) LSD(Y|X) < C(u,v) is a convez function with respect to u.
vi) RTI(Y|X) < C(u,v) is a convex function with respect to u.
vii) SD(Y|X) & 2508 2 in . o € [0,1].

)
iiz) SD(Y|X) < C(u,v) is a conver function with respect to u.

Example 1.12.8. Let C(u,v) = wo[l14+0(1—u)*(1—-v)?], 0<u<1, 0<wv<1.
Then

Co(u,v) = uwv[l+20(1 —u)(1 —v)(1+u+v—2uwv)]. (Hutchinson — Lai, 1990)

So, we obtain that
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CO(Z’U) = v+20v(1 —v)(1 —u)[l +u(l—2)+v(l—u)
= v +20v(1 —v)[(1 —u) + (1 —v)u(l —u) + vl —u)?
= v420v(1 —v)(1 —u) +20v(1 — v)?u(l —u) + 2003 (1 — v)(1 — u)?.
Therefore
5[09(5’”)] = —200(1 —v) + 200(1 — v)2 — 46v2(1 — u)(1 — )
= —20v(1 —v)[1—(1—v)(1—2u)+20v(1—v)]
= —20v(1 —v)[v+ 2u — 2uv + 2v — 2uv]
= —20v(1 —v)[v+2u(l —v)+ 2v(1 — u)l.

Then if —1 < 0 < 0, we have %[%] > 0. On the other hand if 0 < § < 1,
we get &[] < 0.

So, LTD(Y|X) < 0<6 < % and LTI(Y|X) & —1 <6 <0.

i) RTI(Y]X) < =202\ in 4. And

v —C(u,v)

l = v —20uv(l —v)[1+u+v—2uv|
—u

= v —20uv(l —v) — 20u*v(1 — v)? — 20uv*(1 — v)(1 — u).

So, we obtain that

0 v—C(u,v)

8u[ = | = —20v(1 —v) — 40uv(l — v) — 200%(1 — v)(1 — 2u)

= —20v(1 —v)[1+2u+v(1l —2u)]
= —20v(1 —v)[1 +v+2u(l—v).

So, RTI(Y|X) < 0< ¢ < % and RTD(Y|X) & —1 <6 <0.
iii) LOSD(Y|X) & Cis TD & &< >,

Theorem 1.12.9. Let X and Y be continuous random variables with copula
function C. Then
i) LSCD(X,Y) & C is TP;.
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i) RCSI(X,Y) < C is TP,.
iii) LCSI(X,Y) < C is RR;.
w) RCSD(X,Y) < C is RRy.

Lemma 1.12.10. i) f is TP, < %12L > 0.

i) f is RRy < %;gyf <0.

Proof. Let (X,Y) has a joint distribution function F' with Copula function
C. Then

) LOCSD(X,Y)
x,y)F(£,9) > F(x,9)F(£,y) for all x < fandy < §
(z), Fa(y)).C(F1(£), Fa(9)) = C(F1(z), F2(9))-C(F1(£), Fa(y))

¢ ¢ ¢ ¢ ¢
Q
;q

ii)RCSD(X,Y) < Fis RRy

i3

for all x < dandy < 4
(z,y)-F(,9) < F(&,y).F(z,9)
C(Fi(x), Fa(y)).C
C(u,v).C(d,0) <
C(u,v) is RR,.

STl

S

Corollary 1.12.11. Under the assumptions of Theorem 1.12.12, we have
i) LSCD(X,Y) & ZEWY > gnd ROSI(X,Y) < £500) > g,
A
i) LOSI(X,Y) & £E0n) < ¢ and ROSI(X,Y) & L2500 <,

Theorem 1.12.12. Let X and Y be continuous random wvariables with joint
density function F and Copula function C. Then

i) PLRD(X,Y) & M/ in v, Yu < 1.

ii) NLRD(X,Y) < C \ in v, Yu < 1.
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Proof.

i)PLRD(X,Y) flx, ) f(Z,9) > f(z,9)f(£,y) for all x < Tandy <

C(u,v).C(4,0) > C(i,v).C(u,v)
C(u0) S C(t,v)
C(u,0) = C(u,v)
C(4,v)
C(u,v)

where u = Fy(z), 4 = F3(z), v = Fi(y) and ¥ = F5(y) and

t ¢ 3

i

S an v, Yu < 14,

9*C(Fi(x), Fa(y))

@y = 1@ W)= m om0

- flfgC(U,’U),

where C(u,v) = 82&%;”).

i#)NLRD(X,Y) flx,9)f(&,9) < f(x,9)f(£,y) for all x < fandy <y

C(u,v).C(4,90) < C(4,v).C(u,d)
C(av) < C(1d,v)
C(u,0) = C(u,v)
C(4,v)
C(u,v)

t ¢ ¢

i3

N in v, Yu < .

1.13 Archimedean Copulas

Definition 1.13.1. Let ¢ be a continuous *** decreasing function from I —
[0, +00] such that ¢(1) = 0. The Pseudo-inverse of ¢ is the function ¢!~ with
Dom¢l=1 = [0, +oc], Rpl=1 = I given by

¢[%w{¢1@ ;02 6(0)

0 13 6(0) (1.15)

Note that ¢[~! is continuous and non-increasing on [0, +-00] and strictly decreas-

ing on [0, ¢(0)]. Furthermore, ¢[~(4(u)) = u on I. So

Lo 0SS0 s

$(o~ (1) =
o {¢<o>,¢<o><t<oo



42

Finally if $(0) = +o00, then ¢l=1) = ¢~1.

Lemma 1.13.2. Let ¢ be a continuous, strictly decreasing function ¢ : I =
[0,1] — [0, +0c] subject to (1) = 0 and ¢[=Y be the Pseudo-Inverse of ¢ defined
above. Let C': I? — I given by

C(u,v) = 97 ((u) + 6(v)).
Then if and only if C' is a Copula function, ¢ is conver.

In this case ¢ is to be said generator of the Copula C' and C' is to be said
Archimedean Copula.
C(u,v) = ¢~ Hop(u)+d(v)] = ¢[C(u,v)] = ¢(u)+¢(v). Then by differentiating

relative to u (v) of both side of the last equation, we have

¢(C) 5 = ¢'(u)

. ot ) (1.16)
¢'(C) 5y =¢'(v)
So,
5 = 1)
o _ o (1.17)
ov T ¢'(0)
Therefore,

PC _ ¢'(C) (w)¢' (v)
oudv @"%(C) '

Since C(u,v) > 0, then if and only if ¢ is convex and decreasing function, ¢! is

convex and decreasing function.

Remark 1.13.3. If A(0) is a distribution function with A(0) =0 and ¥(¢) = O+°°,

then ¢ = W1, Also, if ¥ is the Laplace transform of a distribution, then
Cu,v) = WU~ (u) + 0 (v)],

where F(u) = exp{—V¥~!(u)} and G(v) = exp {—¥~1(v)}.
Let M be a univariate distribution function of a positive random variables

(M(0) =0) and ¥ be the Laplace transform of M as:

+oo
U(s) = Ee ¥ = / e %dM(9). s>0
0
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Then
i) (Joe, 1997) For an arbitrary univariate distribution function F', there exists
a unique distribution G subject to
+00

F(x) = i GY(x)dM (0) = W[—log G(x)].

So, G(t) = exp[~ U~ (F (1))
There is a similar relationship for survival functions as

+o0

F(e)= | B (@)db(6) = W~ log A(x)

where H = exp[— VU~ 1(F(t))].
Next, consider the bivariate class F(Fy, Fy) forall j = 1,2, let G; = exp[—¥~}(F})].
Then the following term is a distribution function in F(F, F»):
+00

GYGSdM(0) = W[—log Gy — log Gy
0

= U HFR)+ T HR).
The Copula distribution function for F; and Fy is
Clu,v) = WO (u) + U (v)],

where U1 = ¢. Therefore, ¢ = U1 is a generator of C.
Similarly, one could work with survival functions to get
“+oo

HHSAM(0) = U[-log H; — log H]
0

= W)+ (),
where H; = exp[—-V~1(F})], j=1,2.

Example 1.13.4. Let M ~ T'(a = %,ﬁ =1). For v > 0, we have

1
Nt
= (1+1t)75.

S

s=w(t) = (



44
Then, s =1+t and ¢(t) = ¥1(t) =t% - 1. So

Co(u,v) =7 [p(u) + ¢(v)] = ¢ 'u’—1+0v7"—1]

= [wl+ov?- 1]_% is a Copula function.

Example 1.13.5. If M(#) ~ EXP(f). Then ¥(t) = 1. So with s =

have U1 = % — 0. Therefore

1
o1 Ve

Colurr) = 67 [0(u) + ()] = 67 + 1 28
= [9+1+3—9}—1
u v
B l 1_ 1 uv
N [u+v d w4 v—Ouv

Theorem 1.13.6. A Copula C is Archimedean, if and only if there exists a
mapping f: (0,1) — (0,+00) subject to

oC

on S

oC = F()

Vi<u,v<1

Then ¢(t) = ftl f(u)du.

Example 1.13.7. i) In Lomax distribution with joint distribution function
Flr,y)=[1+z+y+0xy] ™ 0<0<a+1.

Then

Clu,v) = [(1—u) Vo4 (1—v) Vo= 140[1—(1—u) " [1—(1—v) V) " +utv—1.

i) Cy(u,v) = utv—1+(1—u)(1—v)e ?lell=wloeld—v) " ( < § < 1 and we have

oC _ —0log(1—u)log(1—v) 0 IOg(l - U) —0log(1—u)log(1—v)
5 = 1—(1-v)e + - (1—u)(1—v)e ,
and

% —1— (1 _ u)e—Glog(l—u) log(1—v) + (9h)1g(_1;11)(1 _ u)(l _ U)e—elog(l—u) log(1—v)
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1.14 Empirical copula function

In this section we will show that there are expressions for the sample versions of
several measures of association analogous to those whose population versions were
seen. The population versions can be expressed in terms of copulasthe sample
versions will now be expressed in terms of empirical copulas and the correspond-

ing empirical copula frequency function.

Definition 1. Let {(z4,yx)};_; denote a sample of size n from a continuous

bivariate distribution. The empirical copula is the function C,, given by

o (1 j) number of pairs (x,y) in the sample with x < x(;),y < y(j)
ni\ =
n’'n n

where z(;y and y(;), 1 < 4,7 < n, denote order statistics from the sample. The

J)
empirical copula frequency ¢, is given by
17 1/n, if (x(),Y()) is an element of the sample
C —_, — =
"\n'n 0, otherwise

Note that C,, and ¢, are related via

. (Z/) _c, <’L,J)_Cn(l—1,ﬂ)_cn <Z,J—1>+Cn (z—lg—l)_
n n n n n n n n n n

Empirical copulas were introduced and first studied by Deheuvels (1979), who

called them empirical dependence functions.

For continuous random variables X and Y with copula C, recall the population

versions of Spearman’s p, Kendall’s 7, and Gini’s «, respectively,

p— 12//12 (€, v) — uv]dudy,

1 1 o
T= 2/ / / / [C(u,v)c(u/,v/) — c(u,v)e(u, v)} dudvdu'dv’,
0o Jo JO 0
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and

7:4{/010(%1—u)du—/ol[u—C(u,u)]du}.

In the next theorem, we present the corresponding version for a sample (we use
Latin letters for the sample statistics):

Theorem 1Let C, and ¢, denote, respectively, the empirical copula and the
empirical copula frequency function for the sample {(zg,yr)}p_q. If r, t and g
denote, respectively, the sample versions of Spearman’s rho, Kendall’s tau, and

Gini’s gamma, then
)

036 3{ YCE)BE) E

(1.19)
m [, (i i " T i i )
sz ch Eal_ﬁ —Z E_Cn wn . (1.20)
i=1 i=1
Proof. We will show that the above expressions are equivalent to the expressions
for r, t, and g that are usually encountered in the literature. The usual expression

for r is (Kruskal 1958; Lehmann 1975)

1 , (1.21)

ZkRk_ w
k=1

12
r = —-——=-
n(n?—1)

where Ry = m, whenever (z(x), () is an element of the sample. Since

to show that (1) is equivalent to (4), we need only show that
Sy e (Z j>_1§n:kRk (1.22)
i=1 j=1 "A\n'n [yt .
Observe that a particular pair (z(4), y(m)) in the sample contributes 1/n to the

double sum in (5) for each pair of subscripts (i,j) with ¢« > k and j > m. That is,
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the total contribution to the double sum in (5) by a particular pair (z(x), Y(m)) is
1/n times (n — k4 1)(n —m+ 1), the total number of pairs (i,j) such that i > k

and j > m. Hence, writing Ry for m and summing on k, we have ,

iicn <;i> = izn:(n—kﬂ)(n—}zkﬂ)

k=1

= izn:{(n+1)2+k:Rk—k(n+1)—Rk(n+1)}

k=1
1< 2(n+1) ¢
_ 2, - _ -7
= (n+1) +nZk:Rk - >k
k=1 k=1
1 n
- ISR,
n
k=1

Next we show that (2) is equivalent to definition of Kendall’s tau, i.e., the differ-
ence between number of concordant and discordant pairs in the sample divided
by the total number (Z) of pairs of elements from the sample. Note that the
summand in (2) reduces to (1/n)? whenever the sample contains both (), y(,))
and (2(;),y(;)) , a concordant pair because x(,) < z(; and y) < y(;); reduces
to —(1/n)? whenever the sample contains both (z(,),y(;)) and (z(;),y()) , a dis-
cordant pair; and is 0 otherwise. Thus the quadruple sum in (2) is (1/n)? times
the difference between the number of concordant and discordant pairs, which is
equivalent to definition of Kendall’s tau. Evaluating the inner double summation

in (2) yields

M e e i g i—1 j—1 i j—1 i—1 j
t = n\ n ) —Yn | n -
n—14 Z[C (n n)c ( n n> ¢ <n n >C < n on

n n i—1j—1 .. . .
_ 2n Z e (L 1), (2 g)_c ra4y,. (P J
n—14—<4 "\n'n) "\n'n "\n’n) "\n'n/|"

If p; and ¢; denote the ranks of z; and y;,i = 1, ..., n, respectively, then(Gini 1910)

g:Wl/Q]{Dpﬁqi—n—u—Dm—qi\} (1.23)
=1 =1
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hence to show that (3) is equivalent to the sample version of Gini’s gamma in

(6), we need only show that

; ’pi - Qi| = 2”; [n - Oy <n7 n)} (1-24)

n n—1 . .
Z\Pi+q¢—n—1|:2n2(]n<;,nnZ). (1.25)
i=1 =1

We give only the proof for (7); the proof for (8) is similar. The sample {(zx, yx) 1,
can be written {(zp,,9q,)};,- Because nCy(i/n,i/n) is the number of points
(Zp;, Yq) in the sample for which p; <14 and ¢; < ¢, the sample point (x,,,yq,) is
counted (n — max(p;, ¢;) + 1) times in the sum n )" | Cp(i/n,i/n). Thus

2ni [; —C, (7’ Z)} = n(n+1)— 2Zn:[(n + 1) — max(p;, ¢;)]

=1

= 2 Z max(pi, ¢;) —n(n+1)
i=1
nn+1) n(n+1)

n
= QZmax(pi,qi) - 5 - 5
1=1

n n n
= 2> maz(piq)— Y pi— > G
=1 i=1 =1
n
= > 2max(pi,a;) — (i + )]
=1

But 2maz(u,v) — (u+v) = |u — v|, and hence
2 —=Cp|— )| = i — gl O
v (o) = Sl

1.15 Particular cases and relationships

Implications 1:( among concepts of Positive Dependence )

SI(Y|X) = LTD(Y|X), RTI(Y|X) = PA(X,Y) = PQD(X,Y)
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PLRD(X,Y) = SI(Y|X) = RTI(Y|X) < RCSI(X,Y) < PLRD(X,Y)

SI(Y|X) = LTD(Y|X) = PQD(X,Y) < RTI(Y|X)

SI(X|Y) = LTD(X|Y) = PQD(X,Y) < RTI(X|Y) < SI(X|Y)

PLRD(X,Y) = LCSD(X,Y) = LTD(X|Y) < SI(X|Y) <« PLRD(X,Y)

Implications 2:( among concepts of Negative Dependence )

SD(Y|X) = LTI(Y|X),RTD(Y|X) = NA(X,Y) & NQD(X,Y)

NLRD(X,Y) = SD(Y|X) = RTD(Y|X) < RCSD(X,Y) <« NLRD(X,Y)

SD(Y|X) = LTI(Y|X) = NQD(X,Y) < RTD(Y|X)

SD(X|Y) = LTI(X|Y) = NQD(X,Y) < RTD(X|Y) < SD(X|Y)



