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Abstract. We give an estimation for the eigenvalues of matrix power func-
tions. In particular, it has been shown that

M(A+ B)") S A2 (A" + BP —41)) (p>2)

for all positive semi-definite matrices A, B, where ~ is a positive constant. This
provides a sharper bound for the known estimation for eigenvalues.

1. Introduction and preliminaries

Assume that M, is the algebra of all n x n complex matrices and M| is
the subset of all positive semi-definite matrices. For A € Ml', assume that
A(A) is the row vector (A1(A),...,\,(A)) of eigenvalues of A arranged in
decreasing order. For two positive semi-definite matrices A, B we say that

A(A) is weakly majorized by A(B) and we write A(A) <, A(B) if

We say that A(A) < A(B) if \;(A) < \i(B) for every i = 1,...,n. It is known
that

A< B = MA) <AB) = AA) <y, A(B).
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Ando and Zhan [2] showed that

(1) AMAP + BP) <w AM((A+B)P) (p=1)
and
(2) M(A+B)) <o NAP+B%) (0<p<1).

Aujla and Silva [3] gave an upper bound for (1) and a lower bound for (2)
by showing that

(3) AM(A+ B)P) < A2P7HAP + BP)) (p>1)
and
(4) A2P7H AP+ BP)) < A(A+ B)P) (0<p<1).

Similar results concerning the eigenvalue inequalities can be found in [5,6,9,
10]. The main aim of this paper is to present better bounds for the inequal-
ities (3) and (4). We will provide some computational examples to give a
clear result. For our purposes, we need a class of functions.

DEFINITION 1.1 [1, Definition 2.1]. A function f: [0,00) — R is su-
perquadratic if for all > 0 there exists a constant C, € R such that

fy) = flx) + Caly — ) + f(ly — )
for all y > 0.

The reader is referred to [1] for properties of these functions. It is clear that
a non-negative superquadratic function is convex. Moreover, Definition 1.1
implies that

() fltx+ (1 —-t)y) <tz +(1-t)y —tf(1-t)|lz —y|) = (A=) f(t]z —y|)

for all z,y > 0 and t € [0, 1].
Kian [7,8] proved a matrix Jensen type inequality for this class of func-
tions.

LEMMA 1.2 [7]. If f:]0,00) — R is a superquadratic function, then

(6) FUAE€) < (f(A)E,€) — (F(IA— (AL, €)])E.€)

for every A > 0 and every unit vector &.

Note that for Z € M,,, the matrix |Z| is the absolute value of Z defined
by |Z| = (Z*Z)'/?. We need the following well-known result.
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LEMMA 1.3 [4]. If A e M, is a Hermitian matriz, then

k k
D A(A) =max Y (Auy,uy)
Jj=1 Jj=1
for every k =1,... n, where the maximum is taken over all sets of orthonor-

mal vectors in C™.

2. Main results

Assume that f: [0,00) — R is a continuous function. We need some no-
tation. For every s € [0,1] and all positive semi-definite matrices A, B, C,
we set

Jw,w) :w € C", |w|| = 1}

(A— B)w,w)|) : w e C", [|w| = 1}

=}
Q=
I
=
=
~—
—~ i )
Q
|
= Q
kS
g

B4 = max{(£(1C — (Cw, w) [Jw,w) : w e C", ul| =1},
In the case where f(x) = 2P, we will use ag, a¢, s and f¢, briefly.
First we give a general result.

THEOREM 2.1. If f:[0,00) — R is a continuous superquadratic function
then

AMf(tA+ (1—-t)B))
<w AE(F(A) = (of + ad)1) + (1= ) (F(B) = (a]_, + o)1)

for every t € [0,1] and all positive semidefinite matrices A, B.

PRrooF. Consider ¢ € [0,1] and positive semi-definite matrices A and B.
Assume that {v;} is a set of orthonormal eigenvectors corresponding to the
eigenvalues \; of tA + (1 —t)B, which are arranged in such a way that f(\;)
> f(A2) > -+ > f(A\n). Then for every k=1,...,n,

k

S N(ftA+(1-1)B)) =

j=1

f(\(tA+ (1 -t)B))

M-

<
Il
-

=> F{((tA+ (1 = 1) B)vj, v))) = Zf(t<AUj7Uj> + (1 = t)(Bvj,v))).

j=1 7=1
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It follows from (5) that

ZA (tA+ (1—t)B

f((Avs,v5)) = F((A=)((A = B)vj, v5)])]

HM»

n

+(1=1) Y [F((Buj,v3)) — F(E((A = B)vj,0)])].

j=1

It follows from the definition of a£ that

(7) ZA (tA+(1—1t)B))
k k
Z ((Avj,vj)) (1—1) Z ((Bvj,vj)) a{ft].
— J=1

Moreover, Lemma 1.2 implies that

(8) F({Avj,v5)) < (f(A)vj,v5) — (F(|A = (Avj,v5)])vj, v5)

and

(9) F(Buj,v3)) < (F(B)vj,v5) — (F(IB = (Bvj, v;)|)vj, v5)-
It follows from (7), (8) and (9) that

(10) Z)\ ftA+ (1 —1t)B))

k
tz A)vj,v;) — (f(JA = (Avj, vj)])vj,v;) ]

Jj=1

k
(L= 3 [(FBvjy) = (1B = (Bogoog) oy, o) = ol

For every positive semidefinite matrix C, let
of, = min { (f(|C = (Cw,w)|)w,w) : w € C", |Jw]| =1},

whence (10) gives
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k
StZ[(f(A)vj,U] t aA]—i- (1—1) Z B)vj,vj) a{_t—aé]
7j=1
k
= " {[t(f(A) = (of +ad)I) + (1= 1) (£(B) — (], + af)I)Jvj, v;)

k
Z —(af +ad)I) + Q= t)(f(B) — (af_, + af)])),

where the last inequality follows from Lemma 1.3. [

The power function f(z) = xP is superquadratic if p > 2. Theorem 2.1
yields

(11) M(tA+ (1 —1t)B)?)
<w )\(t(Ap — (¢ +a))+ (1 —t)(B? — (a1_¢ + aB)I)),
where
=(1- s)pmin{|<(A — Byw,w)P):w e C", ||w| = 1} (s €10,1])
and

ac = min {{|C — (Cw,w)[Pw,w) : w e C", |lwl| =1}, (CeM}).

Moreover, for p € [1,2], the function f(z) = —aP is superquadratic. This
fact gives
(12) A(tAP + (1 —t)BP)

<w A((FA+ (L= 8)B)P + (B + Ba) + (1 = t)(Bi—s + B))]),

where
Bs = (1 = s)P max {|{(A - Bjw,w)|") :w € C", |Jw| =1}, (s €[0,1])
and
Be = max{(|C’ — (Cw, w)|Pw,w) : w e C", ||w|| = 1}, (C e M),

ExaMPLE 2.2. Consider the superquadratic function f: [0,00) — R de-
fined by f(z) = 2% Put

3 0.3 0.2 0
A:<0.3 2>’ BZ(O 0.5>’
so that A and B are positive matrices.
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Using the computer algebra system “Mathematica” we get
aa~0.12, ap~002, o ~4231-1) oy, ~4.23t%
Now, for example with ¢t = 1/3, we obtain
MfEA+(1—-t)B))~1.98, X(f(tA+(1—-t)B))~0.8
and
Atf(A)+ (1 —t)f(B)) ~ (30.12,4.53).
It follows that
(0.8,1.98) <y, (0.841.02,1.98 + 1.02) <,, (4.53,30.12).

REMARK 2.3. Let A, B be positive definite matrices. If p > 2 and
t =1/2, it follows from (11) that

ARUP(A+ BYP) <w A(AP + B = (2012 + a4 + ap)]).

This gives a better majorization than those in [3]. Moreover, if p € [1,2] and
t =1/2, then (12) yields

(13)  A2P7H(AP + BP)) < A((A+ B)? +2°71(2B )2 + Ba + Bp)1).

This provides a converse to the results of [3].

EXAMPLE 2.4. Consider the superquadratic function f(z) = —22. As-
sume that A and B are positive definite matrices as in Example 2.2. Then

Bam 034, Bp~002, B ~821(1—1t) [~ 821t
With ¢ = 1/2 we obtain

AN2(A% + B?)) ~ (7.81,19.12), A (A + B)?) ~ (5.7,10.96)
and

A(A+ B)* +2(2B1/2 + Ba + Bp)1) ~ (14.63,19.89).
It follows from (13) that

A(A+ B)?) <uw M2(A% + B?) < A((A+ B)? +2(2B1/5 + Ba + B5)I).

It gives
(5.7,10.96) <, (7.81,19.12) <,, (14.63,19.89).
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COROLLARY 2.5. If f:[0,00) — R is a continuous superquadratic func-
tion, then

H|ftA+1—t |H
< |||E(FA) = (of +al)I) + 1 = )(f(B) — (af_, + ap)D)|||

forall A,B >0, t €[0,1] and every unitarily invariant norm.

REMARK 2.6. In [3], it was shown that if f is an increasing (or decreas-
ing) convex function on an interval J, then

(14) MfEA+(1—1)B)) < A(tf(A) + (1 —t)f(B))

for all Hermitian matrices A, B with eigenvalues in J and for all ¢ € [0, 1].
Using a similar argument as in [3, Theorem 2.9], it can be shown that if a
continuous superquadratic function f: [0,00) — R is increasing (or decreas-
ing), then

Mf(tA+ (1 —=1t)B))
< AE(f(A) = (af +al)I) + (1 = 1)(F(B) = (af_, + ap)])).

This provides a better bound than (14). For example, if p > 2, then the
superquadratic function f(x) = 2P is increasing. Therefore

MEA+ (1=t)B)P) < A(t(A? = (ar+aa)l) +(1—1)(BP — (a1—¢+ap)I)).

Furthermore, if 1 < p < 2, then f(z) = —2P is decreasing and superquadratic.
We obtain

ME(AP = (Be+Ba)T) + (1—1)(B? — (B11+Bp))) < A(tA+ (1 - 1) B)P),
which gives a converse to (14). With ¢ = 1/2 we have
A(A+ B)P) < A(2P7H (AP + BP = (2010 + aa + a)l)) (p>2)
and
A(2P7H (AP + BP — (2815 + Ba+ Bp)I)) S AM(A+B)P) (1<p<2).

Acknowledgement. The authors would like to thank the referee for
careful reading of the manuscript and useful comments.
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