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Refinements of a reversed AM—GM operator inequality
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We prove some refinements of a reverse AM—GM operator inequality due to
M. Lin [Studia Math. 2013;215:187-194]. In particular, we show the operator
inequality

oP (AV,,B +2rMm(A~lve~! - A_lﬁB_l)> <aP®P (Af,B),

where A, B are positive operators on a Hilbert space such that0 <m < A, B <
M for some positive numbers m, M, ® is a positive unital linear map on B(7¢),

(M+m)?  (M+m)?

ve[O,l],r:min{v,l—v},p>0anda=max{ T 2
4P Mm
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1. Introduction and preliminaries

Let B(Z) denote the C*-algebra of all bounded linear operators on a complex Hilbert space
¢, with the identity . In the case when dim.7Z = n, we identify B(27") with the matrix
algebra M, of all n x n matrices with entries in the complex field. An operator A € B(J¢)
is called positive if (Ax, x) > 0 for all x € 57, and we then write A > 0. We write A > 0
if A is a positive invertible operator. For self-adjoint operators A, B € B(J#°) we say that
A < Bif B— A > 0. The Gelfand map f(¢) — f(A) is an isometrical *-isomorphism
between the C*-algebra C (sp(A)) of continuous functions on the spectrum sp(A) of a self-
adjoint operator A and the C*-algebra generated by A and I. If f, g € C(sp(A)), then
f(@) > g@) (t € sp(A)) implies that f(A) > g(A). A linear map ® on B(J7) is positive
if ®(A) > 0 whenever A > 0. It is said to be unital if ®(I) = I.

Let A, B € B(J7) be two positive invertible operators and v € [0, 1]. The operator
weighted arithmetic, geometric l)and harmonic means are defined by AV,B = (1 —v)A +
VB, Af,B = AZ (A%IBA’T‘) Az and AL B = ((1—v)A~" +vB~1) ™", respectively.

In particular, for v = % we get the usual operator arithmetic mean V, the geometric mean
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fi and the harmonic mean ! The AM—GM inequality reads
A+ B
2

for all positive operators A, B.Itis shownin [1] the following reverse of AM—GM inequality
involving positive linear maps

A+ B\ _(M+m)?
q>( : ) < T PAZB), (1.1)

> A#B

where 0 <m < A, B < M and ® is a positive unital linear map on B(J7).
For two positive operators A, B € B(), the Lowner—Heinz inequality states that, if
A < B, then

AP < B?, O=<p=1. (1.2)

In general (1.2) is not true for p > 1. Lin [1, Theorem 2.1] showed however a squaring of
(1.1), namely that the inequality

2
,(A+B (M+mf) )
D ( > )5( A D°(AB) (1.3)
as well as
2
,(A+B (M+mﬂ> 5
@ ( 5 > < ( AMm (P (AP (B)) (1.4)
hold. Using inequality (1.2) we therefore get
A+ B (M +m)2\?
d>”< > )5( AMm ) P (AEB) O<p=2 (1.5)
and

A+ B M 2\"?
cbf’( ; )5(( &f) @(A)ID(B)”  (O<p<2). (16

where 0 < m < A, B < M and & is a positive unital linear map on B(77).
In [2], the authors extended (1.3) and (1.4) to p > 2. They proved the inequalities

2 p
oP <A-;B> < ((M2+m) ) @p(AﬁB) (P > 2) (1.7)
47 Mm
and
A+ B M 2\*
‘D”( ; )S(—( z+m)) (@(AED(B)’  (p>2), (1.8)
4r Mm

where 0 <m < A, B < M. In [3,4] the authors showed that
®? (Ao B) < a?®” (ATB), (1.9
and

P (Ao B) < o (®(A)TD(B))?, (1.10)
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where 0 < m < A, B < M, ® is a positive unital linear map on B(J7), o, T are two
(MAm)> (MA4m)? }
M 4%Mm
and p > 0. For further information about the harmonic and arithmetic means we refer the
reader to [5,6] and references therein. Choi’s inequality (see e.g. [7, p.41]) reads

arbitrary means between harmonic and arithmetic means, « = max

oA <dah, (1.11)

for any positive unital linear map ® on B(57) and operator A > 0. Choi’s inequality
cannot be squared,[1] but a reverse of Choi’s inequality (known as the operator Kantorovich
inequality) can be squared, see e.g. [8].

In this paper, we present some refinements of inequalities (1.5) and (1.6) under some
mild conditions for 0 < p < 1 and some refinements of inequalities (1.7) and (1.8) for the
operator norm and p > 2.

2. Main results

We need the following lemmas to prove our results.
LEmma 2.1 [9, Theorem 1] Let A, B > 0. Then
1 2
IABI < ZllA+ BJI".

Lemma 2.2 [10, Corollary 1] Let A, B > 0and p > 1. Then

AP + BP|| < [(A+ B)|l.
LEmMa 2.3 Let A,B > 0and o > 0. Then A < o B if and only Q‘I|A%B%l|| < Ot%.

Proof Obviously, A < «B if and only if BZ AB? < a. By definition, this holds if and
1 =1
only if |A2 B ||> < « and the proof is complete. Il

LEmMa 2.4 [3,Lemma2.1] Let0O <m < A, B < M, ® be a positive unital linear map
on B(J) and o, t be two arbitrary means between harmonic and arithmetic means. Then

®(AcB) + Mm® ' (AtB) < M + m.
The next proposition complements (1.7)—(1.10).

ProrosiTION 2.5 Let0 <m < A, B < M, ® be a positive unital linear map on B(77),
o, T be two arbitrary means between harmonic and arithmetic means and p > 0. Then

®” (AcB) d 7 (AtB) + ® 7 (ArB) ®” (Ac B) < 2a?,

(M+m)*  (M+m)* }

wherea:max{ m T
4P Mm
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tlI X

X tI) > 0, for
any X € B(J¢).1f0 < p < 1, thena = (AZ;;’,"n)z. Applying inequality (1.9) and Lemma
2.3 we get

Proof By [11, Lemma 3.5.12] we have that || X|| < ¢ if and only if <

|®P (Ao B) P (ATB) || < .

Hence,
all ®? (Ao B) =P (ATtB) -0
o~ P (AtB) ®? (Ao B) all -
and
all O~ P (AtB) ®” (Ao B) =0
®P (Ao B) @~ P (AtB) alI -
Hence,
2aP ] &P (ATB) ®” (Ao B) + ®” (Ac B) P (ATB)
®P (Ao B) P (ATB) + ® P (ATB) ®” (Ao B) 2aP]

is positive and the desired inequality for 0 < p < 1. Using inequality (1.9) with the same
argument, we get the desired inequality for p > 1. [l

We need the following lemma, proved in [12]; (see also [13]).

LeEmma 2.6 [12, Theorem 2.1] Leta,b > Qand v € [0, 1]. Then
a'" b’ +r(va — vb)* < (1 —v)a + vb, 2.1
where r = min{v, 1 — v}.
Now, we are ready to present our main result.

TaeEOREM 2.7 Let0 <m < A, B < M, ® be a positive unital linear map on B(77),
vel0,1]and p > 0. Then

®P (AV,,B +2rMm(A~'VBT! - A’lttB’l)> < aPdP (A, B) 2.2)
and

®P (AV,,B +2rMm(A"'VBT! - A‘lﬁB_l)) <a” (®(A)t,® (B),  (2.3)

2 2
where r = min{v, 1 — v} and @ = max {M M}

4Mm 2
4P Mm
Proof We prove first the inequalities (2.2) and (2.3) for 0 < p < 2. Since 0 < m <
A, B < M we get
(M —A(A-m)A"'>0 and (M —B)(B-m)B~'>0,

whence
A+MmA_1 <M+m and B+MmB_1 <M + m.
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Therefore, for a positive unital linear map ® on B(7°) we have
DA+ MmPA Y <M+m

and
®(B) + Mm®(B~") < M +m.

Obviously we have also the inequalities
D((1 —v)A) + Mmd (1 — Ay <1 —v)M+ (1 —v)m

and

d(vB) + MmCID(vB_l) <vM + vm.
for any v € [0, 1]. Summing up, we therefore get
®(AV,B) + Mm®((1 —v)A™ +vB™) < M +m. 2.4)
Moreover, by using the inequality (2.1) and functional calculus for the positive operator
1 1
A2B~1A2 we have
1
Lo 1\V 11 Loy 1\2 1o
(AzB A2> tr (A2B A 41 —2<A2B Az) > <(1—v)+vA?B A3

Multiplying both sides of the above inequality both to the left and to the right by A7 we
get that

A, B! +or (A*VB*1 _ A’lttB’l) <(1—wA'4uvB".  @5)
Applying (1.11), (2.4) and (2.5) and taking into account the properties of ® we have
H(D(AV,,B 42 Mm(A~'WB~ — A"'¢B 1)) + Mmd~ (At B) H

< )CD(AVVB F 2 Mm(AT'VB™ = A7'4B ) + MmCD(A_anB_l)H

(by inequality (1.11))
‘@(AV,,B) + Mmd(A~ '8, B~ + 2/ (A 'VB~! — A7 18B))) H

< |oavyB) + Mmad (1 = v)a~! + vB_l)H (by inequality (2.5))
<M-+m (by inequality (2.4)). (2.6)
Therefore,

ch (AVUB +2rMm(A~'VB~! = A’lﬁB’l)) Mmd)’l(AtivB)H

1 2
<7 ”(D(AVUB + 2 Mm(AT'VB = A7 '5B ) + MmCD_l(Ajij)H
(by Lemma 2.1)

1
= M+ m)? (by inequality (2.6)),
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whence

M 2
ch (AVVB +2rMm(A~'VB! - A*lﬁB*I)) qu(AuvB)H < %.
m

Hence, by Lemma 2.3

(M + m)?

2
2
i ) 2 (A4, B).

o2 (AVUB +2rMm(A”'VB! — A‘lttB‘l)) < <

Since 0 < p/2 < 1, by inequality (1.2) we have

(M +m)?

P
P
v ) O’ (A4, B).

Y (AVUB +2rMm(A~'VB~! — A‘lﬁB‘l)) < (

Thus we get the inequality (2.2) for 0 < p < 2. We prove now (2.3) for 0 < p < 2.
Applying Lemma 2.1, then the inequality [14, Theorem 5.8]

(A, P(B) > (AL, B) (v € [0, 1)), 2.7
where A, B are positive operators and using inequality (2.2) we have
ch (AVVB + 2 Mm(A"'VB! — A’lﬁB’l)) Mm(®(A)2, d(B))"! H
< % ch(Ava +2rMm(A'VB™! — A7Y4B ) + Mm(®(A)g,d(B)) ™! Hz
(by Lemma 2.1)
< % HdD(AV,,B F 2 Mm(A"'VB~ — A" 4B ) + Mmdfl(AttuB)Hz
(by inequality (2.7))
< %(M +m)?  (by inequality (2.6)).

Hence, we get the inequality (2.3) for 0 < p < 2.
Now, we prove the inequalities (2.2) and (2.3) for p > 2. Then, by Lemmas 2.1 and 2.2
we get

MEm?® | % (AVUB + 2 Mm(A~'VB~! — A—luB—l)) qﬁ"(Aan)H

- H@g (AVUB +2rMm(A~'VB! - A‘ljiB_l)) Mgmg¢%p(AﬁvB)“

/4 Aop-l _ a-lup-l popop 2
O3 (AVLB +2rMm(A~'VB~' — A~'¢B ))+M2m2cI>2(Atth)H
2

IA

1
4
1 3
Z (CID(AVUB +2rMm(A~'VB~' — A~14B7 1)) + Mm(b‘l(Atth)> 2

®(AV,B + 2rMm(A~'VB~' — A~'4B~ 1)) + Mm@‘l(Ajij)Hp

=

(M +m)? (by inequality (2.6)).

Bl
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Hence, we get the inequality (2.2) for p > 2. Further, we have

SIS

)4
2

MEm?s |t (AV.,B +2rMm(A”'VB! — A—luB—l)) (P (A)£,® (B) 7
- ch% (AVVB 2 Mm(AT'VB! - A‘ljjB_l)) MEm% (@A) 5,0 (B) T
< ‘1-‘ OT(AV,B +2rMm(A~'VB™' — A"Y4B™ 1)) + Mm% (® (A) 1, ® (B) T ’
< ‘1-‘ (CD(AVUB L2 Mm(ATIVB™ = A7 YB ) & Mm (@ (A) £, ® (B)) ™! >g ’
_ 4]_‘ ®(AV, B + 2rMm(A~'VB™' — A7 14B™1)) + Mm (& (A) £, @ (B))~! H"
< % ®(AV,B +2rMm(A~'VB~' — A~14B 1)) + Mmcb*‘(AmvB)Hp

(by inequality (2.7))

1
< Z(M + m)P (by inequality (2.6)).

Thus we get the inequality (2.3) for p > 2 and this completes the proof of the
theorem. O

Remark 2.8 Let0 <m < A, B < M and ® be a positive unital linear map on B(J7). If
0 < p < 1, then, obviously,

®” (AV,B) < ((b (AV,B) + 2r Mm® (A—IVB—1 - A‘lﬁB_1)>p 28

Hence, the inequality (2.8) shows that Theorem 2.7 is a refinement of inequalities (1.5) and
(1.6)for0 < p < 1.
We also have

®P (AV, B) < ® (AV, B) + (2r Mm)P P (A—‘VB—1 — A_ljiB_l),
where p > 1, v € [0, 1] and » = min{v, 1 — v}. Hence,
| o7 (AV, B)| < H ®” (AV, B) + (2r Mm)P &P (A_IVB_l - A‘ltiB_1>”
< H CDP(AVUB +2rMm (A_IVB_l - A‘ltiB‘1> ) H (by Lemma 2.2).

Therefore, Theorem 2.7 is a refinement of the inequalities, (1.7) and (1.8) for the operator
norm and p > 2.

The following examples show that inequality (2.2) is a refinement of (1.5) and (1.7).

L D(X) = Jr(X) (X € My),

2.1250 0.4665
0.4665 1.8750

Example 2.9 1f A = < 175 0'433>, = (2'5 0.5

0.433 1.25 0525
m=1 M =3, v = landp:?;,thenAV,,B = (

2
2.1601 0.4260

) and AV, B +
0.4260 2.0016)' Hence,

2rMm (A7'VB~! — A7 14B7!) = (
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@3 (AVVB + 2 Mm (A”VB*‘ - A*‘uB*‘)) — ®3(AV,B) = 9.0095 — 8 = 1.0095 > 0.

V2 A2
Example 2.10 Let ®(X) = T*XT (X € Mpy), where T = _%ﬁé .
2 2
_ (5 2 (475 0433 B B L 7
A= (—2 5)’3 - (0.433 4.25)”” =3 M=7v = adp = 3,

4.8750 —0.7835
then AVvB = { _( 7835 4.6250

< 5.0283 —O.7730>
. Hence,

) and AV,B + 2rMm (A~'VB~! — A714B7!) =
—0.7730 4.7909
—1.0172 0.7199

o3 (AVVB +2rMm (A—lwe—l - A_lﬁB_l)> — ®3(AV,B) = < 0.7838 _1~0172> 0.

CoroLLARY 2.11 Let0 <m < A, B < M and ® be a positive unital linear map on
B(S). Then

A+ B
q>l’< er —i—Mm(AlVBl—AlﬂBl))gaPCI)”(AﬁB)

and
A+ B
v < 3 MmaT VB - AlﬁB‘)) <o (B (A) 10 (B)) .
where p > 0 and o = max {%’ (Mz-i-m)z }
47 Mm
Proof Take r = v = 4 in Theorem 2.7. 0

If the positive unital linear map ®(A) = A (A € B()), then we get from Theorem 2.7
the following reverse AM—GM inequalities, which improve the reversed AM—GM inequality

(1.1).

CoroLLARY 2.12 LetO <m < A, B < M. Then, the inequalities

p 2\ P
<A+B+Mm(A_1VB_1—A_11:tB_1)) S(M> (AgB)Y (0<p<2)
4Mm
and
A+ B o R M +m)*\"
( +Mm(A~'VB™' — A7!¢B 1)) < (%) (AEB)? (p >2)

hold.
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