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Abstract

In this paper, we employ the Mond—Pecari¢ method to establish some reverses of the operator Bellman
inequality under certain conditions. In particular, we show

p
n n
S+ ) ;¥ (U —AD) = (Y wj®iUw—AD) |
j=1 i=1
where A; (I < j < n) are self-adjoint contraction operators with 0 < milzy < A; < My, ¢;
are unital positive linear maps on B(J¢), w; € Ry (1 < j < n) such that 27‘:1 w; = 1,8 =
_p_ )
1-p) (%W) =y UiM)(]im)]CI:i,iim)(]*M)l and 0 < p < 1. We also present some

refinements of the operator Bellman inequality.
© 2015 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let B(s¢) denote the C*-algebra of all bounded linear operators on a complex Hilbert space
2 with the identity /. In the case when dim J# = n, we identify B(7¢) with the matrix
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algebra M,,(C) of all n x n matrices with entries in the complex field. An operator A € B(57)
is called positive if (Ax, x) > 0 for all x € S and in this case we write A > 0. We write
A > 0if A is a positive invertible operator. The set of all positive invertible operators is denoted
by B(s#)+. For self-adjoint operators A, B € B(J¢), wesay A < B if B — A > 0. Also, an
operator A € B(7) is said to be contraction, if A*A < I 4. The Gelfand map f(t) — f(A)
is an isometrical x-isomorphism between the C*-algebra C(sp(A)) of continuous functions on
the spectrum sp(A) of a self-adjoint operator A and the C*-algebra generated by A and [ 4. If
/.8 € C(sp(A)), then f(r) > g(¢) (t € sp(A)) implies that f(A) > g(A).

Let f be a continuous real valued function defined on an interval J. It is called operator
monotone if A < B implies f(A) < f(B) for all self-adjoint operators A, B € B(J¢) with
spectra in J; see [4] and references therein for some recent results. It is said to be operator
concave if L f (A)+(1—21) f(B) < f(LA4(1—A)B) for all self-adjoint operators A, B € B(5¢)
with spectra in J and all A € [0, 1]. Every nonnegative continuous function f is operator
monotone on [0, +00) if and only if f is operator concave on [0, +00); see [5, Theorem 8.1].
A map ¢ : B(s) — B(X) is called positive if $(A) > 0 whenever A > 0, where % is a
complex Hilbert space and is said to be unital if @(1 ) = I . We denote by Py [B(2), B(J£)]
the set of all unital positive linear maps @ : B(J7) — B(%).

The axiomatic theory for operator means of positive invertible operators have been developed
by Kubo and Ando [7]. A binary operation o on B(.%) is called a connection, if the following
conditions are satisfied:

(i) A<Cand B < Dimply AcB < Co D;
(i) A, | Aand B, | B imply A,0 B, | Ao B, where A,, | A means that A > A> > ---and
A, — A asn — oo in the strong operator topology;
(iii) T*(AoB)T < (T*AT)o(T*BT) (T € B(s¢)).

There exists an affine order isomorphism between the class of connections and the class of
positive operator monotone functions f defined on (0, 00) via f ()1 z = Lypoyr(tly) (t > 0).
In addition, AoyB = A%f(A_%BA_%)A% for all A, B € B(5¢). The operator monotone
function f is called the representing function of o r. A connection o s is a mean if it is normalized,
ie. Iyosly = 1. The function fy,(t) = (1 — p) + ut and f;, (1) = t* on (0, oo) for
w € (0, 1) give the operator weighted arithmetic mean AV, B = (1 —u)A+ B and the operator
weighted geometric mean Aff;, B = A2 (A’% BA’%)M A%, respectively. The case u = 1/2, the
operator weighted geometric mean gives rise to the so-called geometric mean AfB.

Bellman [2] proved that if p is a positive integer and a, b, a;, b; (1 < j < n) are positive real
numbers such that 2?21 af < a? and 2?21 bf < b?, then

n 1/p n 1/p n 1/p
<a1’ - Zaj.’) - (bP - be) < ((a +b)P = (aj + bj)P) .
Jj=1 j=I1

j=1

A multiplicative analogue of this inequality is due to J. Aczél; see [1] and its operator version
in [10]. In 1956, Acz€l [1] proved thatif a;, b; (1 < j < n) are positive real numbers such that
ai =i ,a; > 0o0rbi — 3}, b7 > 0, then

(£ o))
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Popoviciu [11] extended the following Aczél’s inequality

n n n p

<a‘1" — Zaf) (b'f — be) < (albl — Za‘/bj) s
j=2 j=2 j=2

where p > 1 and af — > af > 0or b} — > b;’ > 0.

During the last decades several generalizations, refinements and applications of the Bellman
inequality in various settings have been given and some results related to integral inequalities are
presented; see [3,8,9,12] and references therein.

In [9] the authors showed an operator Bellman inequality as follows:

b ((Ly — APVilly — B)') < (8(Ly — AViB)?,

whenever A, B are positive contraction operators, @ is a unital positive linear map on B(5¢)
and 0 < p < 1. They also [8] showed the following generalization of the Bellman operator
inequality

n n n p
(1% - Z;Aj) ofr (1320 - ZlBj) < (1%0 — (Z: AjofBj>) : (1.1)
J= J= J=

where A, B (1 5. j < n) are pf)sitive operators such that Z'}zl Aj < Iy, Z;f:l Bj <
I 7, 0y is amean with the representing function f and 0 < p < 1.

In this paper, we use the Mond—Pecari¢ method to present some reverses of the operator
Bellman inequality under some mild conditions. We also show some refinements of (1.1).

2. Some reverses of the Bellman type operator inequality

The operator Choi—Davis—Jensen inequality says that if f is an operator concave function
on an interval J and ¢ € Py[B(J7),B(¥)], then f(®P(A)) > &(f(A)) for all self-
adjoint operators A with spectrum in J. The Mond—Pecari¢ method [5, Chapter 2] present
that if f is a strictly concave differentiable function on an interval [m, M] with m < M and
P € Py[B(0), B(A)],

_ W) = fim) _ Mjfm) —mf(M)
= T Vi =

M—m U —m and
10 2.1
yf:max{m :mfth},
then
vr®(f(A) = f(D(A)). 2.2)

In inequality (2.2), if we put $(X) = V(A" 2W(AV2XA2)w(A)~1/2 where ¥ is an
arbitrary unital positive linear map and take f to be the representing function of an operator
mean o s, then we reach the inequality

[
(rnr?raffw ot Vf) VidoyB) 2 F(AorvB) 2.3)

whenever 0 < mA < B < MA.
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Finally, if we take ¥ in (2.3) to be the positive unital linear map defined on the diagonal

blocks of operators by ¥(diag(Aq, ..., Ap)) = - Z;‘ 1 Aj, then

n n n
VfZAjUfBj > (Z Aj) of (Z Bj) , 2.4)
= = =

where yris givenby (2.1)and0 <mA; < B; < MA; (1 <j <n).
In the following theorem we show a reversed operator Bellman type inequality.

Theorem 2.1. Suppose that 0 < mA; < Bj < MA; (1 < j < n)and 0 < m(lj;ﬂ —

Yf Z’}-zl Aj) <ILy—vyf Z’}zl Bj <M (I%o — s Z;f:] Aj)for some positive real numbers
m, M such thatm < 1 < M, yy is given by (2.1), oy is an operator mean with the representing
Sfunction f and p € [0, 1]. Then

n n P n P
y;((I%—ZlA])Uf (]%—ZlB])) Z(ij-)/f(ZlAijBj)) . 2.5)
J= J= J=

Proof. By using (2.4) we have
n+1 n+1 n+1
vr Y Xjop¥iz (Z Xj) of (Z Yj) ,
j=l1 j=1 j=1

where 0 < mX; <Y; < MX; (1 <j<n+1.Ifwetake X; = A;,Y; =B; (1 <j <
n), Xn+1 =I{yf—27~:1AJ~ > 0and Y41 =ny—2’}:1 B; > 0, then

| () (o) () oo o)

> Iyporly = 1y,

whence

(1%—iAj>af<1%—ZB>>—1f—( >of<j2:13j>. (2.6)

It follows from inequality (2.6) and the Lowner—Heinz inequality [5, Theorem 1.8] that

(o) Eom)] = [50e - (E) ()] @

Lemma 2.2. Suppose that C, X € B(JZ) such that C is a contraction operator, 0 < ml zp <
X < M1y, f is a concave and operator monotone function on [m, M] and yy is given by (2.1).
Then

v [CTFXOC + fm) Uy — C*O)] = F(C*XCO). 2.7

Proof. Let D = (I — C*C)%. Consider the positive unital linear map ¢ ([)é 2]) =C*XC+
D*YD (X,Y e B(s)). Using inequality (2.2) and the operator monotonicity of f we
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have

f(C*XC) < f(C*XC + D*mD)

(i 2D)
(68 ) e

=y [C*F(X)C + D* f(m)D].
whenever 0 < mlyy < X <M. O

IA

Lemma 2.3. Let 0 < mA < B < M A with A contraction. Let oy be an operator mean with the
representing function f and h be an operator monotone function on [0, +00). Then

vu[h(f )Ly — A) + (Aonor B)] = h (AosB), (2.8)
_ R =h(fm) . DR )= fmh(f (M) _ . . h(t)
where ju, = == Ftmy Vb = DTG and yp = Max fmy<t<f M) 30,

Proof. It follows from f(m) < f (A~1/2BA~'/2) < f(M) and inequality (2.7) that
h(AorB) =h (A2 f (4712BATI2) A1)

=i (420 (£ (A72BATR)) A2 4 (e = M) (S ) (L = )'72)
(by (2.7))
= v [(AGhos B) + h(f(m)) Ly — A)] O
Applying the operator monotone function f(t) = (1 — A) + At (A € [0, 1]) in Theorem 2.1,

due to

£(0) (1= 2) + ht
Yf= max ————— = max ————— =1
m<t<M [Lgt +vy m=<t<M (1 — L) + At

and using Lemma 2.3 for the special case 4(¢t) = t? (p € [0, 1]), due to
vi=  max tr _ pPUM) = fm)(f (M) f(m)P — f(m) f(M)PyP~!
" em=i=ron uat + vy (1= p)P=H(f(M)P = f(m)P)P

we have the following result; see [5, p. 77].

Corollary 2.4 (A Reverse Operator Bellman Inequality). Let0 < mA; < Bj < MA; (1 <j <

n) and 0 < m (I_}{J =i Aj> <Ily—-3i1Bj=M (I%J -2 Aj)for some positive
real numbers m, M such thatm < 1 < M and p € [0, 1]. Then

8 (f(m)p <Z Aj) + (ij - ZAj) O((1=)+An)P (1%7 - Z Bj))
i=1 = i=1

j=1

(o)

P _ p_ pyp—1
RN LD LML g f(5) = (1= 3) + 1t G € [0, 1],

v

where § =
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Proof. We have

8 (f(m)” (Z Aj) + (1% - ZAj> O((1=2)+A0)P (bf -2 Bj))
j=1 j=1 Jj=1
n n p
> ((1%—2:@) Vi <I%—ZBj>> (by (2.8))
j=1

j=1

n p
> (1% — (ZAjVABj>> (by (2.5)). O
j=1

In [6], the authors showed another way to find a reverse Choi—Davis—Jensen inequality. If f
is a strictly concave differentiable function on an interval [m, M] with m < M and @ is a unital
positive linear map, then

Brlw + ¢(f(A) = f(P(A)), 2.9)

where A € B(J) is a self-adjoint operator with spectrum in [m, M] and By = max,</<m
{fO) —ppt—vrh.

In inequality (2.9), if we put ¥(X) = T(A) 2P AYV2X A2y W (A)1/2, where ¥ is an
arbitrary unital positive linear map and take f to be the representing function of an operator
mean o s, then we reach the inequality

Br¥(X)+ ¥(XosY) > U(X)op¥(Y), (2.10)

where 0 < mX < Y < MX, oy is an operator mean with representing function f and
By = maxy<;<p {f(t) — st — vy} that is the unique solution of the equation f'(1) = pur,

whenever p 5 = W and vy = Mf(n;/)l:r";f(M).

Applying (2.10) to the positive unital linear map defined on the diagonal blocks of operators
by W(diag(X1, ..., Xu11) = + Y14} X, we get

n+1 n+1 n+1 n+1
BrY Xj+)Y YiorX; > (Zx,-) oy (ZY]), 2.11)
j=1 j=1 j=1 j=1

where 0 < mX; <Y; < MX; (1 < j < n+1),0y is an operator mean with representing
function f and By = max,;</<m {f(t) —uft — vf} .
Now, we have the next result.

Proposition 2.5. Suppose that 0 < mA; < B; < MA; (1 < j < n)and 0 < m(I;;a -

Z';:l Aj) < Ly — Z’}:l Bj <M (I%o - Z';:l Aj) for some positive real numbers m, M
such thatm < 1 < M and oy is an operator mean with representing function f. Then

whenever p € [0, 1] and By = max,<;<m {f(t) —uft — Vf} .
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Proof. If we take X; = A;,Y; = B; (1 < j < n), Xyy1 = Ly — Z?:l Ajand Y,y =
Ly — > 7i_; Bj in inequality (2.11), then we get

Brly + (1%0 — ZA,) of (1%; -3 B,) > (1%; — (Z AjafB/)) . (2.12)

j=1 j=1 j=1
By the operator monotonicity of 4(¢) = ¢” and (2.12) we reach the desired inequality. [
Corollary 2.6 (A Reverse Aczél Type Inequality). Let 0 < mA; < B; < MA; (1 < j <

n),0 <m (It%ﬂ -2 Aj) <Iyp-3i1Bj<M (I,f D A.,'>f0r some positive real
numbers m, M such thatm <1 < M. Then

n n p n p
j=1 j=1 j=1

P
where p, € [0, 1] and ¢ = (1 — p) Mgz )71 — Mugzmdt?,

We can generalize the operator Bellman inequality in Corollary 2.2 of [9] as follows

n p n
(@ (1%—2ij,->> > @(ij(ljf—Aj)P>, (2.13)
j=l1

j=1

where @ € Py[(J7), (X)], A; are contractions, 0 < p < 1 and w; are real positive numbers
such that 37} w; = 1.

In [9], the authors presented an equivalent form of Bellman inequality. With a similar
argument in the proof of [9, Theorem 2.5], the following theorem holds.

Theorem 2.7. The following equivalent statements hold:

(i) If m, n are positive integers, 0 < p < 1, w1, ..., w, are any finite number of positive real
numbers such that Z;’ (wj =landa;j (j =1,...,n, i =1,...,m) are positive real
numbers such that y_ 7" | a llj/p <lforall j=1,...,n, then

n m 1 p m n 1\?
Soi(1-300f) = (1- D)) 21
i=1 i=1 i=1 j=1

(1) (Generalization of Classical Bellman Inequality) If n is a positive integer, 0 < p < 1
and Mi,a;; (j = 1,...,n, i = 1,...,m) are nonnegative real numbers such that

an La l]j/p < Ml/pforallj =1, , n, then

Z(MZ> (ZM) 2(2> | 219
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Proof. Let m, n be positive integers, 0 < p < l,wy,...,0, € R4 are any finite number
of positive real numbers such that Z?:l wj =1landag; (j=1,....,n, 1 =1,...,m) are
1
positive real numbers such that Z:-"zl ailj/p <lforallj=1,...,n.SetA; = [ZT_I af; O] €
0 1

Ma(C) (j =1,...,n). Then

n m 1
1 r Ea)a; 0
J
(Iz_zijj) B [O 1} {;111 !
j=1

(e}
—_

j=li=
0 0
T/ n m 1
. (Za)] (1—Zal’;)> 0
- j=1 i=1
i 0 0
and
m_1 P
1 1 1-— a’” 0
ij(lz—Aj)pZZ(l)j ; 2
= = 0 0
n m.1 P
_ Zw, (1—2615) 0
j=1 i=1
0 0

It follows from (2.13) with the identity map @ that

S -5l)

A
PR
[+
S
~.
—~
—_
|
NgE
8
<Is=
N—"
SNS—
=

IA

(by the convexity of VP for0 < p < 1),

which gives (2.14).
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(H)=(i) Setw; = Z”M—IM and replace a;; by a;;/ M, respectively, in (2.14) to get
j=1Mj
1 & 1oom o\ o m gL\
» Py _ j Gij\»
0 Z(Mj _Z“ij) =23 (1_Z<M-)
3> M; =l i=1 j=1 M; i=1 "
j=1 j=1
n LA 1\?
-3 (1-35(2))
j=1 i=1 J

IA
S
—
|

ngh
—
=
(S
~
|§=
~
N—"
S |=
SNS—
hS]

p
m n 1
N Z M;  aij )p
! M
i=1 j=I1 Z M;
j=1
p

el

We therefore deduce the desired inequality (2.15).
(ii)=(i) Set M; = w;, and replace a;; by w;a;; in (2.15) to get (2.14). [

Let A; € B(2#) (1 < j < n) be self-adjoint operators with sp(A;) € [m, M] for some

scalarsm < M, @; be unital positive linear maps on B(72"), wy, ..., w, € R4 be any finite num-
ber of positive real numbers such that };_; w; = 1 and f be a strictly concave differentiable
function. If we take the positive unital linear map @(diag(Aq, ..., Ap)) = Z?zl wjPi(Aj),in

inequality (2.9), then

ﬂf17f+2w/ (f(Ap) = f<Zw,¢ (A )) (2.16)

where B = maxy<i<m | (1) — wyst — vy} see also [5, Corollary 2.16].
Now, we state reverse of (2.13) by following result.

Corollary 2.8 (A Second Type Reverse Operator Bellman Inequality). Let Aj, ¢, w;,j =

1,...,n be as above, Aj be contractions such that 0 < mly < A;j < MIypand 0 < p < 1.
Then
n p
81f+Za)J (IJf Aj )p <Za)jq5j(1%;—Aj)> , (2.17)
j=1 j=1

P
—1

where&:(l_p)<lw)

+ A-M)1—m)?—(1—m)(1— M)l’
M—m

—m
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Proof. Note that the function g(¢) = t" is operator concave on (0, o) when 0 < r < 1 and so
is the function f(¢) = (1 — t)” on (0, 1) when 0 < p < 1. It follows from the linearity and the
normality of @; that

n p n 14
(Z wj®j(Ly — A./)) = (Z wi(Ly — 9; (Aj))>
]=1 j=1 n p

- (1% - o, qu(A,-))

j=1
=f (Zw] @,-(Ap)
j=1

= ij Di(f(A))+ Brly (by(2.16))

Jj=
—Zw, (e — ADP) + Brly.

Since f(t) = (1 — t)? is a differentiable function on (0, 1), the function A(t) := (1 — 1) —

— P_(1— P — pP_ — p . . . .
a Mg‘,,_f,: m?P, . Md m)M_’Zl(l M (m < t < M) attained its maximum value in 7y =
1

1— (1 W)ﬁ which is equal to

§= max h(t) = (1—

)(l(l—m)l’—(l—M)P>ppl
P

m<t<M M m
(l—M)(l—m)p—(l—m)(l—M)p .
M—m
Corollary 2.9. If m, n are positive integers, 0 < p < 1, w1, ..., w, € Ry are any finite number
of positive real numbers such that Z’f (wj =landa;j (j=1,...,n, 1 =1,...,m) are
positive real numbers such that 1 > Zl 1 al/p (j=1,...,n), then

s n m 1\ P m n 1\?
(l_p)p17p+2wj (1—;‘%3) z(l—zzwja/;> . (2.18)
J= 1= =

Proof. Let m, n be positive integers,0 < p < 1,0 <w; <landg;; 1 <j<n, 1 <i <m)

. m /p ;. _ _Zm r g
are positive real numbers such that 1 > )" | a;;” (j=1,....n).Set Aj = |~ = i | €
Mo(C) (j=1,...,n). Then

m
n n
;wj(lz—Aj)p=j2:;w1 [(l) (1)] ;al

0 1

|—
<

0

—_
s

n

s [(-£)

0 0

s
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0 0
and
» m.1 p
n n 14
1 0 a”> 0
<ij(12 - Aj)) = ij |:0 1i| - ; Y
=1 =1 0o 1
n m.1 p
_ Za)] (I_Zai.l;) 0
j=1 i=1
0 0
B n m 1 p
. (1 - Z ijal’j’) 0
- j=li=1
0 0

It follows from (2.17) with the identity map @ that

n m  1\7? nom 1\?
. _ p _ P
| o (1-20t) o] L[ (-2 emt) o]
j=1 i=1 - j=li=1
0 0 0 0

where § = (1 — p)p% by taking m = 0 and M = 1in (2.17), which gives (2.18). O

Corollary 2.10. Let ¢ € Py[B(J7), B(2#)],0 < mlyp < Aj < M1y be positive operators
and0<w; <1(j=1,...,n) suchthatZ;f:] wj = 1. Then

1
1 Mm M—m n 1
log [; (mM> L(m, M)} + & (E w;j logAj) > log (E le fﬂAﬂ)
j:

=1

b—a
where L(a, b) = { logh—loga ¢ 70 is the logarithmic mean of positive real numbers a and b.
a b

ja=

Proof. Put () =logt and ¢; = $in (2.16). [
3. Some refinements of the Bellman operator inequality

In this section, we present some refinements of the operator Bellman inequality by using some
ideas of [3]. First we need the following lemmas.

Lemma3.1. Let A, B, Aj, Bj, (1 < j =< n) be positive operators such that Z?:] Aj < A,
Z?:l B; < B and let o be an operator mean with the representing function f. Then

n

(A—ZA,-) of (B—ZB,-) < (AosB) = > (AjosBj). 3.1
j=1 j=1

=1
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Proof. The subadditivity of operator mean says that [5, Theorem 5.7]

n+1 n+1 n+1

> (XjorY)) (ZX )af <ZY> (3.2)

j=1
where X;,Y;, (1 < j < n+ 1) are positive operators. If we put X;=A;Y;=B;(1=<j=<
n), Xp+1 = A — Z7=1 Ajand Y11 = A — Z?:[ B; in inequality (3.2), then we reach

n n

3™ (40,8)) ( ZA)of<B_ZB,->§AUfB_

j=1 j=1

Therefore

<A—;;Aj>af< ZB) (AosB) J;AofB O

N

Lemma 3.2 ([8, Lemma 2.1]). Let A, B € B(J7) be positive operators such that A is contrac-
tion, h is a nonnegative operator monotone function on [0, +00) and oy be an operator mean
with the representing function f. Then

Aocpor B < h(AoyB).
In the next theorem, we show a refinement of (1.1).

Theorem 3.3. Let Aj, Bj, (1 < j < n) be positive operators such that Z;f:l Aj < Ly,
Z';:l Bj < I, oy be an operator mean with the representing function f and p € [0, 1]. Then

inwhichk =1,2,...,n— 1.

Proof. Fork =1,2,...,n — 1 we have
n n
(1%’ - Zl‘h‘) of <1,;f - Bj)
j=1 Jj=
k n
e S0 5o (e o) 550
j=k+1

j=1 Jj=k+1
< (1,)7 -

k n
A,)o (If ZB]) Z(A,-ofB,-) (by (3.1))

j=1 Jj=k+1

M»

1

~.
Il M ~ .
- Il
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<1;faf1%ﬁ Z(A ofB; )) Z (AjorBj) (by (3.1)

Jj=k+1

=Ly — Z (AjorBj)),
j=1

whence for the spacial case g(t) = t” (p € [0, 1]) we have

n n
<1%: - ZAj) ofr (1%0 -y Bj>
j=1 j=1

[ T )

< ((w :’Xk;Aj> of <1f iB,) Z (AjoyB, ))

j=1 Jj=k+1
)4
=<1%;—Z(Ajof3j)> . O
j=1

Using the same idea as in the proof of Theorem 3.3 we improve inequality (1.1) in the next
theorem.

Theorem 3.4. Let Aj, Bj, (1 < j < n) be positive operators such that Z?:l Aj < Iy,
Z?‘:l Bj < I, oy be an operator mean with the representing function f and p € [0, 1]. Then

<I_;{J—ZAJ'> ofp (ij-ZBj)
j=1 j=1
n n n p
< ((1;{ - thAJ) of (1%' - ijBj) -2 -1 (AJGfBj))
=1 =1 =1
n p
< (ij - (AijBj)) 7

j=1
wheret; € [0,1] (j =1,...,n).

Proof. Let1; € [0,1] (j = 1,...,n). It follows from I, — Z;'.:l tjiA; > Z'j’.:l(l —1))Aj,
Ly — 3 i—1tjBj = > (1 — ;) B; and inequality (3.1) that

(w-ZAj) of (I%—ZB])
=1 =1
= (([_;g)—leAj) —Z(] —l‘j)Aj) of <<I%0—th3j) —Z(l —tj)Bj)
Jj=1 Jj=1 j=1 j=1
< ((]_;{J—thAj)Gf([%ﬂ—thBj) —
Jj=1 j=1

((1 — l‘j)AjUf(l — l‘j)Bj))

j=1
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(by (3.1))

n n n
= (bf - ijAj)Gf (Iﬁf - thBj) — > (1—1))(AjorB))
j=1 j=1 j=1
(by property (iii) of operator means)

(Lyposly) — Z(tjA,afszj) — Z(l —1)) (AjorB;) | (by (3.1)
j=1 j=1

n n
= If—le(AijBj)—Z(l —tj) (AjOfBj)
=1 =1

(by property (iii) of operator means)

IA

n

= I%—Z(AjafBj) . (3.3)
=i

Using Lemma 3.2, the operator monotone function g(t) = t (p € [0, 1]) and inequality (3.3)
we get the desired result. [
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